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Abstract. We present a polynomial time algorithm for the computa-
tion of the market equilibrium in a version of Fisher’s model, where the
traders have Leontief utility functions. These functions describe a mar-
ket characterized by strict complementarity. Our algorithm follows from
a representation of the equilibrium problem as a concave maximization
problem, which is of independent interest. We also show how to apply
this representation to a more general market setting, where the traders
have utility functions from a wide family which includes CES utilities.

1 Introduction

Back in 1891, Fisher [2,17] introduced a market model given by a set of buyers
and a set of divisible goods. Buyers have specified incomes, goods are available
in given amounts, and the preferences of each buyer are expressed in terms of a
concave utility function. The equilibrium problem consists of finding prices (of
goods) and allocations (of goods to buyers) which clear the market and allow
each buyer to maximize her utility function.

Devanur et al. [5] introduced a polynomial time algorithm for the linear
version of Fisher’s model, i.e., for the special case where the buyers have linear
utility functions. Their approach is based on a primal-dual scheme, and boils
down to a number of max-flow computations. A polynomial time algorithm for
the linear case of Fisher’s model was already implicit from the work of Gale ([10],
pp. 281-287). Gale showed that the allocation which leads to equilibrium prices
can be obtained by maximizing a concave function subject to linear constraints.
The solution to this program can be approximated in polynomial time by using
the ellipsoid algorithm. As pointed out in [5], since the equilibrium prices (in the
linear case) are rational, the ellipsoid method indeed returns the exact solution.

The above results for the linear case are relevant because they are a valuable
starting point for our understanding of computational and structural properties
of equilibrium problems. However linear utility functions are realistic only for
very particular markets or for the analysis of small price variations. In real world
markets, utilities are typically concave functions.
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In this paper, we consider the equilibrium problem for a more realistic version
of Fisher’s model, where traders have utility functions which are known as Leon-
tief utility functions, or fized proportions utility functions. These functions have
the form u(z1,...,2,) = min{3,..., 32}, where b; > 0, and z = (21,...,2y)
represent a bundle (or basket) of goods. These utilities express strict comple-
mentarity in the preferences. Indeed a buyer with this utility wants to get a
basket of goods proportional to (by,...,b,) (see, e.g., [18], p. 1009).

Leontief utilities are an important special case of a rather general and widely
used family of utility functions, known as constant elasticity of substitution (see
next section for definitions and properties.)

Our result builds upon the construction of a constrained nonlinear maximiza-
tion problem, where the constraints are linear and express the feasibility of the
allocations. The function to be maximized is simply the product, over all buyers,
of the individual utility of each buyer raised to her income. Using a duality-type
argument, we prove that from the solution to this maximization problem we can
derive equilibrium allocations, from which we can in turn compute equilibrium
prices by Linear Programming.

We also show that, unlike in the linear case, the equilibrium prices need not
be rational. Therefore there is no choice but to settle for an approximation.

From the above properties, we immediately derive a polynomial time approx-
imation scheme for computing market clearing prices:

1. we first use the ellipsoid method to find the values of the individual utilities
which maximize the product of the utilities;

2. from such values, we then compute the optimal allocations, by matrix by
vector multiplication;

3. we finally use Linear Programming to compute the equilibrium prices by
finding a nonnegative solution to a system of linear equations which relates
equilibrium prices to optimal allocations.

This paper shows that there is a realistic market setting for which the equi-
librium problem can be solved in polynomial time; it also shed some further light
on the structure of the market equilibrium problem. Indeed, as it happens for
Gale’s construction for the linear case, our solution is based on the existence of
a function which aggregates the preferences of the buyers in a simple way, and
which leads, at equilibrium prices, to the optimization of the individual prefer-
ences, thus essentially translating an equilibrium problem into an optimization
problem. More precisely, our work shows that the optimal allocations are given
by the values which maximize the product of the buyers’ utilities raised to their
respective incomes, subject to constraints dictated by the data which describe
the market problem.

We also show that our approach extends to a more general scenario when
the utility functions can be chosen from a fairly general class, which includes
constant elasticity of substitution utility functions. We sketch the ideas of this
extension in this paper, and report the details in a joint paper with Jain and
Vazirani [3].



Polynomial time algorithms for market equilibrium problems are known only
in a few other instances. There is a polynomial time algorithm for markets with
Cobb-Douglas utilities, which are concave functions maximized when the buyers
spend a fixed fraction of their income on each of the goods (see next section
for precise definitions). The algorithm has been introduced by Curtis Eaves [8],
and is based on simple linear algebra considerations which make it possible to
translate the equilibrium problem into that of finding the nonnegative solution
to a particular linear system. Eaves shows how to compute such solution in a
direct way, avoiding Linear Programming, and achieving a cubic time bound.

The rest of this paper is organized as follows.

In Section 2 we provide background on both existential and computational
results concerning market equilibria.

In Section 3 we present our main results. We show that equilibrium prices
for the Leontief setting can be computed from allocations which solve a convex
optimization problem. We also show that the equilibrium prices can be irrational,
thus pointing out the need of shooting for approximate solutions.

In Section 4 we sketch some more general results, which show that the ap-
proach of Section 3 extends to a fairly general class of utility functions, which
include CES functions.

2 Background and some history

We now concisely describe the market model. Let us consider m economic agents
which represent producers and/or consumers of n goods. Each agent has a utility
function u : R" — R, which represents her preferences for the different baskets
of goods, and an initial, typically suboptimal, endowment of goods w € R". At
given prices m € R”, each agent will sell her endowment, and get the basket of
goods z € R™ which maximizes u subject to her budget constraint 77z < 77 w.

Arrow-Debreu celebrated Theorem [1] states that, under some quite mild
assumptions on the utility functions, there is a price vector 7 such that the
solution to the above maximization problem by each agent leads to an allocation
z(7) which clears the market. These prices are called equilibrium prices.

The proof of Arrow-Debreu Theorem follows from Kakutani’s Fixpoint the-
orem, which is a generalization of Brouwer’s Fixpoint theorem.

The above described market model is usually called Arrow-Debreu model. If
we restrict the model by getting rid of the production component, we obtain
a market where all the agents are traders which want to exchange their initial
endowments in order to get a basket of goods which maximizes their utilities.
This setting is called the exchange model. If we assume that the goods are initially
available in the market, and that agents go to the market with fixed amounts
of money (their income), then we get Fisher’s model, where all the agents are
buyers.

The market equilibrium problem, as well as the related problem of finding a
Nash equilibrium in the mixed strategies for a two person nonzero sum game,



has been analyzed from a computational viewpoint by Papadimitriou in [15]. Pa~
padimitriou explores the nature of these problems, as revealed by their intimate
connection with fixpoint theorems, pointing out that they are characterized by
inefficient proofs of existence. Indeed the fixpoint theorems provide existential
proofs which can be used a basis for (inefficient) computations. The actual com-
putational complexity of this family of problems turns out to be wide open and
of great relevance in computational complexity (see [16], Sections 2 and 5).

Many attempts have been made to find efficient algorithms for the solution
of the market equilibrium problem, using the interplay with the computation of
fixed points. In particular, it is worth mentioning the work of Scarf and some
coauthors [9,11,17, 18]. For example, in [17] Scarf suggested an algorithm for the
approximation of fixed points of continuous mappings of a simplex into itself. In
[13], Kuhn showed the connection between Scarf’s result and Sperner’s lemma
and proposed a technique for the subdivision of the simplex, which yields a
simple algorithm for the simplicial approximation of fixed points.

Unfortunately, none of these results lead to algorithms with polynomial run-
ning time.

As already mentioned in the Introduction, efficient algorithms have been
obtained for Fisher’s model, when the utilities are linear [5]. The result in [5]
has been extended in several directions. For instance, it has been used as the
main ingredient in approximation schemes for the exchange model with linear
utilities [12,7]. It has also inspired the definition of a new model, the spending
constraint model [6], to which the technique used in [5] can still be applied.

Another instance where price equilibria can be found efficiently arises when
the utilities are Cobb-Douglas functions. A Cobb-Douglas utility function is a
function of the form u(z) = [];_, z?j where )~ a; = 1. In this case, Eaves has
shown a nice and simple cubic time algorithm which works for the exchange
model [8]. It is not difficult to show that a trader with a Cobb-Douglas utility
spends a fixed fraction of her income on each good. In what follows we will assume
that there are m traders and n goods. Then the market can be described in terms
of two n x m matrices, A and W, whose entries are the utility exponents and the
initial endowments, respectively. More precisely, the i-th column of the matrix A
(W, resp.) contains the vector of utilities (initial endowments, resp.) of player .
Using the special properties of Cobb-Douglas utility functions, Eaves has shown
that the equilibrium prices can be obtained from the solution of a linear system
associated with the matrix £ = W AT, which leads to an algorithm consisting
of one matrix multiplication and one application of Gaussian elimination.

Leontief, Cobb-Douglas, and linear utilities are special cases of constant elas-
ticity of substitution (CES, for short) utility functions. A CES function has the
form

e
o—1

n
1 o—1
u(z1y...y2n) = gajf’zj" ,
J=1

where o is the constant representing the given elasticity of substitution.



Leontief utilities are obtained in the limit as o tends to zero, with zero elas-
ticity of substitution, i.e., strict complementarity, while Cobb-Douglas utilities
(obtained as o tends to one) correspond to unitary elasticity of substitution.
Conversely, note that the case of linear utilities (obtained as o tends to infinity)
represents a situation where goods are perfect substitutes. (For more precise def-
initions and properties of the most popular utility functions, see [19], Chapters
land7.)

We conclude this section by mentioning a related stream of work, which
has been devoted to analyzing the equilibrium in markets with indivisible com-
modities [4]. In such case, an equilibrium is not guaranteed to exist (due to
indivisibility), and thus approximation algorithms have to be brought into the
problem, which becomes that of finding market clearing prices for which the
agents’ utilities are close to their maximum value. In particular, in [4] the notion
of deficiency (the smallest decrease in the agents’ utilities for which the market
still clears) has been isolated. Unfortunately, it has been proven that it is NP-
hard to approximate the deficiency, even in the case of linear utilities. Efficient
algorithms have instead been obtained under suitable restrictions on the number
of players and/or of goods.

3 Main Results

3.1 Preliminaries

We consider a market with a set B = {1,...,m} of buyers and a set G =
{1,...,n} of goods. For each 1 < i < m, let the real number e; > 0 denote the
initial endowment (or money) of buyer . Associated with buyer i, there is also
a vector a; = (@13, - - -, Gni), With a;; > 0, that describes her utility function. We
will use the variable ;; > 0 to denote the amount of the j'th good in buyer ¢’s
basket, and the vector z; = (14, ...,2Zn;) € R™ to denote a basket of buyer i.
The utility function u;(x;) of buyer i is given by!
1<j<n agj;

Let g; > 0 denote the amount of good j in the market, for 1 < j < n.

Given a market with a set B of buyers, with a vector a; and endowment e; for
buyer ¢, and a set G of goods, with an amount g; for each good j, an equilibrium
is given by a price vector ™ = (71,...,7,) € R", where 7; > 0 is called the price
of good j, and a basket Z; = (Z1;,...,Zni) € R for each buyer i, where each
Zj; > 0, satisfying the following conditions:

1. For each buyer i, the basket Z; maximizes her utility given the price vector @
and her endowment e;. That is, Z; is the vector that maximizes u;(z;) subject
to the constraint that 77 2; < e;. Note that in our case this is equivalent to
the requirement that u,;(Z;) = e;/ (ﬁTai) and 77z, = e;.

! This definition implies that buyer ¢ has some interest in each good. Our approach
readily generalizes to the scenario where there is a subset G; C G of goods and
UZ(ZCZ) = minjgci :rji/aji.



2. Each good j is cleared, that is, Z:r;l Zj; = qj foreach 1 < j < n.

3.2 Computing the Equilibrium

Let M be a market with a set B = {1,...,m} of buyers and aset G = {1,...,n}
of goods, with a vector a; € R™ and endowment e; > 0 for each buyer i, and a set
G ={1,...,n} of goods, with an amount g; > 0 for each good j. In this section
we give a new proof of the existence of an equilibrium for such a market. This
proof immediately implies an efficient algorithm for computing an equilibrium.

Let A be the n x m matrix whose entry in the j'th row and i’th column is
aj;. That is, the i'th column of A is the vector a;. Let ¢ € R™ be the vector
(q1,---,qn)- Let 8 = (B1,...,0m) stand for a variable in R™. Consider the
following optimization problem, which we call CP:

maximize (B7' % 052 % - - - * 5;m)1/2i e;
Subject to Z a;iB; < g5, for 1 <j<n
1<i<m
B; >0, for1 <i<m.

Since each aj; > 0, the set of feasible solutions for this problem is bounded,
hence compact, and so the continuous objective function attains its maximum.
The objective function is concave, and so CP is a convex optimization problem.
CP can be concisely stated as:

maximize (87! * G52 % -+ % %m)l/zi €i
Subject to A3 < ¢
G; >0, for 1 <i<m.

Let 3 = (Bl, e ,Bm) be an optimal solution to CP. We must have that
(B % BS2 % -+ % Bem )1/ Ziei > 0. This is because for a sufficiently small § > 0,
the point (4,...,0) € R™ is feasible for CP (since each ¢; > 0) and the value of
the objective function at this point is 6 > 0.

There is one constraint in CP corresponding to each good j, namely the
constraint Y ..., ajifi < q;. Let G* be the subset of goods for which the

corresponding constraint is tight at 4. That is, Gt = {j| Yoi<i<m ajiﬁi =q;}.
Let G' denote the remaining goods. G* is non-empty because otherwise for a

sufficiently small 6 > 0 the solution (1 + 6)0 is feasible for CP and has an
objective function value of

(L4 0) (B # 5 5w B )M s > (B x 52w B )V 2t

Let D* denote the m x m diagonal matrix, with diagonal entries (,31, e 7Bm).
Then AD* is the matrix whose (j,¢)-th entry is 8;a;;. That is, the ¢’th column



of AD* is the vector Bzaz We claim that the vector (eq,...,e,) € R™ is in the
cone of the vectors {(B1a;1, ..., Bmajm)| 7 € G'} (the row vectors of AD* that
correspond to goods in GY).

Claim 1. For each good j € G*, there exists ; > 0 such that for each 1 < i <
m, we have Zjth TjBias; = e;.

Proof. If the claim is false, then by Farkas Lemma [14] there is a vector (t1,...,tmn) €
R™ such that e;t; + -+ + emt;,n > 0 and for each j € G, Zlgigm tiBiaj; < 0.
We will argue that, for a sufficiently small § > 0, the vector B = (5(1+
6t1), ..., Bm(140t,,)) is a feasible solution for CP and the value of the objective
function at 3 is larger than at 5 This contradicts the fact that ﬁ is an optimal

solution for CP.
For each j € Gt, we have

Z Biaj; = Z Biaji +4 Z ti@iaji <q; +0=gj,

1<i<m 1<i<m 1<i<m

so (3 satisfies the constraint in CP corresponding to j. For each j € G!, we have

Z Biaji = Z Biaji +0 Z tifiaji < qj + 0 Z tiBiagi,

1<i<m 1<i<m 1<i<m 1<i<m

so for a sufficiently small § the point (3 satisfies the constraint in CP correspond-
ing to j. Finally, we must have B; > 0 for otherwise the value of the obJectlve
function at 3 is 0. This implies that, for a sufficiently small §, 3; = 61(1+5t ) >

as well. So the point 3 is a feasnble solution for CP. Now, using the Taylor ex-
pansion,

(7?*'” T)’L) (ﬁ '*Bf;{")
B e B4 B e n bt - 1)
= (B7t - x B ) (S(erty + -+ emtm) +6°(-- ) + 0(5°))
>0,
for sufficiently small ¢, since ety + - + epty > 0 and Bfl EEEE Bfnm > 0. But

this means that the value of the objective function at 3 is greater than that at
3. This finishes the proof of the claim.? O

Theorem 2. Let 3* be an optimal solution to CP, and assume that there are
values 7j for each j € G' as in Claim 1. Let 7; = 0 for each j € G'. Set

ZTj = Biaji, for each j € G* and each 1 < i < m. Also set T;; = Biaji, for each
jeGl and each 2 < i <m. Set

Tj1=¢qj — E Biaji = qj — E Tji,
2<i<m 2<i<m

2 The proof can also be established using the Kuhn-Tucker stationary-point necessary
optimality theorem ([14], page 105).



for each j € G'. Then the vector © € R™ and the vectors T; = (Z14,...,Tn;), for
1 <i<m, are an equilibrium for the market M.

Proof. Note that z;; > Blajl because ﬁ is a feasible solution for CP. Each
component of 7 is nonnegative by construction. We have Z;; > §;a;; > 0 for any

1 <i<mand1<j<n, since each BZ > 0 and each aj; > 0. We now establish
that the two conditions for equilibrium hold.

1. Since J_Tji > ﬂiaji, we have

_ . Tiio o5
(7)) = 2 s 3.
Uy (mz) 12%1” a; = B,
for each good i. In fact, u;(z;) = Bl since Z;; = Biaji for each good j € G®.
Now the price of the basket Z; is

Z ;T4 + Z MiTj; = Z ﬁjﬁiaﬁ +0=¢;.

JEG? JEG! JjEG?

We have, for each 1 <7 < m,

Z 7iBiag; = Z Bz + Z TiBiag = ei+0 = e,

1<j<n JEG?H JEG!

Thus w;(Z;) = Bl =e¢;/ (ﬁTaz-), and so we have established that Z; maximizes
u; for the given prices 7 and the endowment.
2. For each j € G, we have

Z Tji = Z 31%‘1‘ =qj

1<i<m 1<i<m

by definition of G*. For each j € G, we have Y 1<i<m ZTji = qj by construc-
tion of the Z;;. Thus all goods are cleared. T O

The Algorithm

The proof that an equilibrium exists yields the following algorithm for computing
an equilibrium. We first solve the convex optimization problem CP to obtain 3.
We then find the sets G* and G' by direct inspection. We then find values 7; > 0
for each j € G* such that, for each 1 < i < m, Zjth ﬁjﬁiaﬂ = ¢;. Note that
this problem, which we denote by FP, involves finding a feasible solution for a
system of linear inequalities and equalities. We set 7; = 0 for each j € G'. We
then use (3 to compute the baskets z; for each buyer i as described in the proof.
Since both CP and FP can be solved in polynomial time using the ellipsoid
algorithm, we obtain a polynomial time algorithm to compute the equilibrium.

As we show below, the vector 3 can unfortunately consist of irrational num-
bers. This means that we have to settle for an approximation to B , and therefore
an approximate equilibrium, where the baskets and prices are such that the
goods are almost cleared and the basket of each buyer almost optimizes her
utility, given the prices and her endowment.



3.3 An Alternative Formulation
We can formulate the problem of computing an equilibrium in an alternative

way as a feasibility problem with convex constraints. The problem FEAS is to
find B1,...,08m and 71, ..., T, satisfying

> Biaji<gifor1<j<n

1<i<m
ﬁi E WjajiZeiforlgigm
1<j<n
> mag = e
1<i<n %

m; > 0forl <j<n
B; >0 forl <i<m.

It is not hard to show that any solution Bl, e ,ﬁm and 7q,...,7T, of FEAS
yields an equilibrium for our setting, and the prices and utilities at any equi-
librium are a solution to FEAS. Note that this formulation does not guarantee
the existence of such a solution. Also note that the second constraint of FEAS
defines a convex set for non-negative values of the §; and the 7, so this is indeed
a convex feasibility problem.

3.4 Uniqueness of Utilities at Equilibrium

We now argue that the utilities at equilibrium are unique and can be irrational.
We first establish the following theorem that, combined with the fact that CP is
maximized at a unique point, implies that the utilities at equilibrium are unique.
Note that our market is a classic case where the equilibrium prices need not be
unique.

Theorem 3. Let M be a market with a set B ={1,...,m} of buyers and a set
G ={1,...,n} of goods, with a vector a; € R™ and endowment e; > 0 for each
buyer i, and an amount g; > 0 for each good j. Let # € R™ be the vector of prices
and T; € R™ be a basket for buyeri, for each 1 < i < m, so that the prices and the
baskets constitute an equilibrium for the market M. Let B; = mini<j<y, Z;i/a;i
denote the utility of buyer i at equilibrium, and let 3 = (B1,. .., Bm) € R™. Then
B is an optimal solution to CP.

Proof. We begin with some simple observations on the equilibrium. We must
have 7; > 0 for at least one good j and B; > 0 for each buyer i. By definition
of our utility functions, we have z;; > Biaji for each good j and buyer i. Let
G* denote the set of goods j for which Z;; = B;a;j; for every buyer i. Let G
denote the remaining goods. For each good j € G!, there is a buyer i such that



T > Blvaji; the fact that the basket x; optimizes ¢’s utility at prices 7 forces
7j =0. Thus 7; = 0 for any j € G'. This also implies that for each buyer i,

g TiBiaji = E ML i = E T i = e,

jEG! jEG? JjE€EG

where the last equality follows from the fact that for ’s utility to be optimal at
the given price 7, she must spend her entire endowment.
In other words, the vector (eq,...,em,) € R™ is in the cone of vectors

{(Braj1, ..., Bmajm)| j € G'}.

In the rest of this section we essentially reverse the direction of the argument in
the previous section to show that 3 is an optimal solution to CP. We first check
that (3 is a feasible solution for CP. For each good j € G*, we have

Z Biaji = Z Tji = gy

1<i<m 1<i<m

For each good j € G', we have

Z Biaji < Z Tji = qj-

1<i<m 1<i<m

Let us assume that (3 is not an optimal solution to CP and that B is an optimal
solution. Let 7 = B — /3. We express T as (Bltl, . ,Bmtm); this is possible since
each 3; > 0. Let t = (t1,...,tm)-

We claim that the vector ¢ satisfies two properties: (1) >, ..., tifiaj; <0
for each j € G*, and (2) e1t; + -+ + emtm > 0. The claim implies, by Farkas
Lemma [14], that the vector (eq,...,e,) € R™ does not lie in the cone spanned
by the vectors {(B1a;1,- .., Bmajm)| j € G'}, which is a contradiction. We now
show that the vector ¢ does satisfy the two properties.

1. Since the feasible region of CP is convex, the vector 3+ §7 must be feasible
for CP for sufficiently small § > 0. So for any j € G* and sufficiently small
0 > 0, we have

Z Bi(1+ 0ti)aj; < gj

1<i<m

= Z Biaji + 0 Z tiBiaji < q;
1<i<m 1<i<m
=q;+0 Z tifiagi < g
i<i<m
= Z tiﬁiaﬁ <0

1<i<m



2. Because the objective function of CP is concave, the objective function at
B+ must be strictly greater than the objective function at 3 for sufficiently
small § > 0. This implies that

II sea+otye— I 8 >o0

1<i<m 1<i<m

for sufficiently small § > 0. Now, using the Taylor expansion,

IT sra+sey— T 8 =

1<i<m 1<i<m

1 _

6 > eiti +6°5(( S et = > et +06) [[ 57
1<i<m 1<i<m 1<i<m i

If Y7 c;<om €iti < 0, the coefficient of 0 in the above expression is negative,
so the expression is negative for sufficiently small 6 > 0. If >, _, . e;t; =0,
the coefficient of § in the above expression is 0 but the coefficient of 62 is
negative, so the expression is negative for sufficiently small § > 0. So we
must have >, ., e;t; > 0.

This finishes the proof of the theorem. O

Uniqueness and Irrationality

We have established that the utilities at equilibrium must be an optimal solution
to CP. It is easily verified that the objective function of CP is strictly quasi-
concave and therefore CP has a unique optimal solution. Thus the utilities at
equilibrium are unique. We now present an example of a market with two goods
and three buyers for which the utilities at equilibrium are irrational. We have
1 =¢q =3,e1 =e3 =e3 =1, and a; = (1,1/2), ay = (1/2,1), and a3 =
(1/4,1/5). The utilities at equilibrium are the solution to the program:

maximize (0 * o * 53)1/3

Subject toﬁl—&-@—l—@ <3

ﬁl+52+@<

51207 forlg < 3.

The solution to this program is 3; = 2/v/3, 32 = 1+ 1/v/3, and B3 = 10 —
10/+/3. So the utilities at equilibrium are irrational for this market. This implies
that both the price vector and the baskets must contain irrational elements.



4 Generalizations

Let M be a market with a set B = {1,...,m} of buyers and aset G = {1,...,n}
of goods, with a concave utility function u; : R” — R and endowment e; > 0 for
each buyer 4, and an amount g; > 0 for each good j. As before, we will denote
by the variable z;; the amount of good j in buyer i’s basket, and by the vector
x; = (X14,. .., Tn;) the basket of buyer 3.

Consider the following optimization problem CPG:

1
maximize ( H i (i) ) T Fem
1<i<m
Subject to Z 5 < qy, for 1 <j<n
1<i<m

Since each u; is a concave function, the objective function of CPG is con-
cave, so this is a convex programming problem. Let z € R™" denote the vector

(37117...7$n1,$12,...,1‘n2,...7a;‘1m,.”,xnm). Let
0(x)=—( ] w(a;)% ) ¥ Fem
1<i<m

gj(x) = Z zj; —q;, for 1 <j<n
1<i<m

hﬂ(l‘> = —Tyji, for 1 S ) S m, 1 S] S n.
Then CPG can be restated as a minimization problem:

minimize 6(x)
Subject to gj(xz) <0, for1 <j<n

Let us assume that the utility functions wu; satisfy some fairly general differ-
entiability conditions. A vector T € R™” and real numbers

7?17"'7ﬁnaA117--'7An17A12a-~'a)‘n27"'7A1’m7---a/\nm7

if they exist, are said to solve the Kuhn-Tucker stationary-point problem (KTP)
if they satisfy the following four conditions ([14], page 94):

L VO(z) + 32, T Vg;(7) + 32, AjiVhji(z) = 0.

2. T is a feasible solution to CPG.

3. Zj T;g; (z) + Zj,i Ajlhﬂ(j),: 0.

4. ;> 0,for 1 <j<m,and Aj; >0,for 1 <j<mand1l<i<m.

The Kuhn-Tucker stationary-point necessary optimality theorem ([14], page
105) states that if Z is an optimal solution to CPG, then there exist 7; and A;; so



that z, the 7;, and the S\ﬂ are a solution to KTP. The four requirements of KTP
then imply that the baskets corresponding to  and prices obtained by multiply-
ing the vector (71,...,7,) by a suitable number yield a market equilibrium for
M, provided each utility function w; satisfies certain additional conditions. One
sufficient condition is that

axu
1<j<n 7

Observe that this sufficient condition is satisfied by linear utility functions,
Cobb-Douglas utility functions, CES utility functions (and indeed all differen-
tiable scalable utility functions [19]). This yields a proof for the existence for an
equilibrium when each utility function u; is one of these types of functions. Also
observe that the u; are not required to be all of the same type.

This proof of existence also yields an efficient algorithm for computing an
equilibrium: once we have solved the convex program CPG using the ellipsoid
algorithm, we can immediately read off the prices from the four requirements of
KTP. This becomes evident if we explicitly write out the four requirements in
our case. (There is no need to solve a linear program as we did in the case of
Leontief utilities.)

Leontief utilities, and in general utility functions defined as a minimum of a
set of linear functions that have a value of 0 at the origin, are not differentiable
and hence cannot be plugged directly into this paradigm but they can be dealt
with using a slight variant.

Note that all the utility functions u we mentioned in this section are scalable,
that is, they have the property that u(az) = au(z) for any real @ > 0 and any
basket z € R™. That is, if we scale each component of a basket by a number, the
utility scales by the same number. We point out that this is not as restrictive as
it may seem at first since a utility function can be viewed as simply specifying
a preference relation over all the baskets. Thus for example the function \/u(z)
yields the same preference relation as u(z). In closing, we wish to point out that
it is unclear if our approach can be generalized even further without some kind
of normalization like the sufficient condition described above.

5 Conclusions

In this paper we have investigated the problem of computing a market equi-
librium in Fisher’s model. In Section 3 we have shown that the equilibrium
problem can be solved efficiently for markets with Leontief utility functions, and
in Section 4 we have suggested significant extensions, which are reported in [3].
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