
Separating Disbeliefs from Beliefs inAutoepistemic Reasoning ?Tomi JanhunenHelsinki University of Technology, Digital Systems Laboratory,P.O.Box 1100, FIN-02015 HUT, FinlandE-mail: Tomi.Janhunen@hut.�Abstract. This paper investigates separated autoepistemic logic whichis a generalization of Moore's autoepistemic logic with separate modali-ties for belief and disbelief. Along the separation of beliefs and disbeliefs,the relationship between autoepistemic logic and default logic becomesvery intuitive. Straightforward ways of translating default theories intoseparated autoepistemic theories and back are presented. These trans-lations are shown to preserve a variety of semantics of default theoriessuch as those based on default extensions, weak extensions and stationaryextensions. These classes of extensions are captured by their analogs inseparated autoepistemic logic, and vice versa. A particular novelty of theapproach is that a reasonable notion of separated stationary expansionscan be established.1 IntroductionThe interconnection of Reiter's default logic [26] and Moore's autoepistemiclogic [17] has been intensively studied since late eighties. Numerous transla-tions from default theories into autoepistemic theories have been proposed (seee.g. [8, 13, 19, 28, 31]) to establish a correspondence between extensions of adefault theory and expansions of the translation. So far, the results cover Re-iter's extensions [26] Marek and Truszczy«ski's weak extensions [26] that havecorresponding notions of expansions in autoepistemic logic. However, there arepromising notions of extensions of default theories without a reasonable coun-terpart in autoepistemic logic. An example is the notion of stationary extensions[22] by Przymusinska and Przymusinski. This paper introduces separated au-toepistemic logic � a reconstruction of autoepistemic logic that captures Reiter'sextensions, weak extensions and stationary extensions of default theories as wellas stable expansions [17] of conventional autoepistemic theories through naturaltranslations. Our results provide new insight to default and autoepistemic logicsand the principles behind stationary extensions in particular. A summary on theresults of the paper follows.In Section 2, we introduce autoepistemic theories with separate modalitiesfor belief and disbelief and generalize the notions of stable [17] and iterative [13]? The reported research has been �nanced by Academy of Finland and Helsinki Grad-uate School in Computer Science and Engineering.



expansions. The relationship to conventional autoepistemic logic [17] is inves-tigated: it turns out that Moore's stable expansions are faithfully captured bytheir counterparts in the novel variant. This result is established using an axiomschema forcing the consistency of beliefs. In Section 3, we devise a �nitary char-acterization of separated stable and iterative expansions. The full set approachused by Niemelä [18] and Gottlob [6] is generalized for separated stable anditerative expansions in a straightforward way.In Section 4, we study how the separation of beliefs and disbeliefs a�ects therelationship to Reiter's default logic [26]. In light of earlier results by Konolige [8],Marek and Truszczy«ski [14], Niemelä [19] and others, it is non-trivial to trans-late default theories into autoepistemic theories such that Reiter's extensionsare faithfully captured. By separate modalities for beliefs and disbeliefs, thesedi�culties are avoided. Reiter's extensions and weak extensions are preservedby a Konolige-style translation [8] of default theories into separated autoepis-temic theories. Surprisingly, there is also a translation in the other direction.The translation of standard autoepistemic theories proposed by the author [7]generalizes for separated autoepistemic theories in a straightforward way. Viathis translation, separated stable and iterative expansions are captured by theircounterparts in default logic.Section 5 is devoted to Przymusinska and Przymusinski's stationary exten-sions [22] of default theories. It is shown that stationary extensions are capturedby their analogs in separated autoepistemic under the presented translations.The same applies to the well-founded semantics [29] of normal logic programswhich is captured by stationary default extensions under a suitable translationof normal logic programs into default theories. A key property is that separatedautoepistemic logic is capable of handling consistently belief states where some-thing is believed and disbelieved simultaneously. McDermott's non-monotoniclogics [15] � including Marek and Truszczy«ski's strong autoepistemic logic [13]� are shown to lack this property as well as a reasonable notion of stationaryexpansions.In Section 6, we return to semantical questions. We address Moore's critique[17] on McDermott and Doyle's Non-monotonic modal logic I [16] by identifyingsets of beliefs that are propositionally consistent, but inconsistent at the levelof beliefs. This distinction is useful. It is possible to exclude belief inconsistentsets of beliefs if necessary. Moreover, even belief inconsistent sets of beliefs mayprovide useful information and can be used for drawing inferences. This is incontrast with Moore's autoepistemic logic where belief inconsistent sets of beliefsare inherently propositionally inconsistent. Finally, belief consistent separatedstable expansions are characterized in terms of modal axioms in analogy withthe results of Marek, Schwarz and Truszczy«ski [12].In Section 7, a comparison is made with related work. We consider approachesthat (i) capture the well-founded semantics of normal logic programs [3, 23, 24,25, 31] (ii) are non-monotonic logics based on two modalities [10, 11] and (iii)provide yet alternative notion of extensions for default theories [2, 30]. Theconclusions of the paper are presented in Section 8.



2 Separated Autoepistemic TheoriesIn the sequel, we introduce separated autoepistemic theories and de�ne sets ofbeliefs associated with them. Let LBD denote an autoepistemic language basedon a set of atomic propositions P , propositional connectives and modalities B(belief) and D (disbelief). The corresponding conventional autoepistemic lan-guage LB (without the modality D) is a sub-language of LBD. The sentences ofthe forms B� and D� are treated as atomic propositions, so that the total setof atomic propositions in LBD is PBD = P [ fB� j� 2 LBDg [ fD� j� 2 LBDg.Models of separated autoepistemic theories � � LBD are simply subsets of PBD.The set of logical consequences Cn(�) of � � LBD is the set f� 2 LBD j� j= �g.Given a set of initial assumptions � � LBD we de�ne the resulting sets ofbeliefs below. An ideal and rational agent believes exactly the logical conse-quences of �, its beliefs B� = fB� j� 2 �g obtained by positive introspectionand its disbeliefs D� = fD� j� 2 LBD ��g obtained by negative introspection.This de�nition is analogous to that of stable expansions by Moore [17] wherethe equation � = Cn(� [ B� [ :B�) is used. The di�erence is that we use anextended language LBD instead of LB and express disbeliefs as atoms D� ratherthan negative literals :B�. The same applies to autoepistemic theories � � LBDof our interest: referring to disbeliefs takes place with D.De�nition 1. A set � � LBD is a separated stable expansion of an autoepis-temic theory � � LBD if and only if � = Cn(� [ B� [D�).We extend the same idea of separation to the strong autoepistemic logicproposed by Marek and Truszczy«ski [13]. Their logic considers only iterativeexpansions of an autoepistemic theory � that are stable expansions of � satis-fying also the equation � = CnB(�[:B�)2. In De�nition 2, we have rephrasedthe notion of iterative expansions for our framework with separate modalities.With iterative expansions, positive introspection is de�ned in terms of the ne-cessitation rule. This excludes stable expansions with self-supporting beliefs. Forexample, � = fp; : : :g is a separated stable expansion but not an separated it-erative expansion of � = fBp ! pg. It is easy to show that separated iterativeexpansions of an autoepistemic theory � � LBD are separated stable expansionsof �, but not vice versa.De�nition 2. A set � � LBD is a separated iterative expansion of an autoepis-temic theory � � LBD if and only if � = CnB(� [D�).The separate modality D for disbeliefs makes autoepistemic logic more �ex-ible. For example, we can express that our beliefs with respect to a sentence� are complete using the sentence B� _ D�. De�nitions 1 and 2 ensure thatseparated stable/iterative expansions contain this sentence for every � 2 LBD.2 Here CnB(� ) is simply the closure of � with respect to propositional consequenceand the necessitation rule � ` B�. We let � `B � denote that � is B-provable from� in Gottlob's sense [6] so that � `B � if and only if � 2 CnB(� ).



This not necessarily the case for separated stationary expansions to be intro-duced in Section 5. Another important sentence is :(B� ^ D�) expressing thatour beliefs about � are consistent, i.e. � is not believed and disbelieved simul-taneously. A shorthand C� is also used for this sentence. The correspondingsentences B� _ :B� and :(B� ^ :B�) are propositional tautologies in conven-tional autoepistemic logic. This indicates that new aspects of beliefs becomedistinguishable separate modalities for belief and disbelief.Enforcing the belief consistency of each � 2 LBD is necessary to capturestable expansions [17] of conventional autoepistemic theories � � LB in the newvariant. Therefore the translation function of Theorem 3 extends a conventionalautoepistemic theory � with C� for each � 2 LBD. We let [�] denote a rewriteof � 2 LBD such that D is recursively replaced by :B, i.e. [D�] = :B[�]. Thetranslation function TrC is shown to be faithful in Theorem 3 which relatesstable expansions of � � LB and separated stable expansions of TrC(�). Infact, a one-to-one correspondence results.Theorem3. Let TrC(�) be the translation �[fC� j� 2 LBDg of a conventionalautoepistemic theory � � LB. (i) If a set � � LB is a stable expansion of� � LB, then �0 = f�0 2 LBD j [�0] 2 �g is a separated stable expansion ofTrC(�). (ii) If a set �0 � LBD is a separated stable expansion of TrC(�), then� = [�0] is a stable expansion of � � LB.Proof sketch. (i) For any � � LBD and � 2 LBD, � j= � implies [� ] j= [�].Thus TrC(�) [ B�0 [D�0 j= � implies [TrC(�) [ B�0 [D�0] j= [�]. It fol-lows that � [ B� [D� j= [�], [�] 2 � and � 2 �0. For the converse, letTrC(�) [ B�0 [D�0 6j= � hold, i.e. there is a modelM of TrC(�)[B�0 [D�0such that M 6j= �. Then M0 =M\ (P [ BLB) is a model of � [ B� [ :B�so that M0 6j= [�]. Thus � [ B� [ :B� 6j= [�], [�] 62 � and � 62 �0. (ii) It canbe shown by structural induction that �0 $ [�0] 2 Cn(TrC(�) [ B�0 [ D�0)for all �0 2 LBD. It follows that �0 2 �0 i� TrC(�) [ B�0 [D�0 j= �0 i�[TrC(�) [ B�0 [D�0] j= [�0] i� � [ B� [D� j= [�0]. This implies for � 2 LBthat � 2 � i� � [ B� [D� j= �. 23 Finitary CharacterizationSeparated stable and iterative expansions of an autoepistemic theory � � LBDare in�nite sets of sentences. In order to implement reasoning based on thiskind of expansions, a crucial step is establishing a �nitary characterization forseparated stable and iterative expansions. In this section, we give a �nitarycharacterization of separated stable and iterative expansions based on full setsintroduced by Niemelä [18] and Gottlob [6]. Decision procedures of separatedautoepistemic logic can be based on algorithms computing full sets, but weleave this as a task of further research. Nevertheless, we need full sets to proveexistence of expansions in Sections 4 and 5.Generally speaking, the idea behind full sets is that we restrict our attentionto sentences � for which B� or D� appears in the premises � (and a possible



query �). More formally, we let RBa(�) denote the set of belief atoms thatappear in � recursively. For instance, RBa(D(Bp_Dq)) is fD(Bp_Dq);Bp;Dqg.For a theory � � LBD, the set RBa(�) is S�2� RBa(�). In De�nition 4 weadopt Niemelä's conditions [18] to provide a �nitary characterization of separatedstable expansions.De�nition 4. Let � � LBD be an autoepistemic theory. A set � � RBa(�) is�-full if and only if for every B� 2 RBa(�) and D� 2 RBa(�):1: B� 2 � i� � [ � j= � and 2: D� 2 � i� � [ � 6j= �:Given a separated stable expansion � of � the corresponding full set iseasily obtained by a simple intersection as described in Theorem 5. However,reconstructing a separated stable expansion from a full set is a more tedious task.For this purpose, we de�ne for each i a sublanguage LiBD = f� jBD(�) < ig. Herethe belief depth BD(�) of � is the maximum nesting level of belief operators Band D in �. For D(Bp_Dq) above, the belief depth is 2. Note that L0BD = ; andL1BD = L. A layer-wise reconstruction of separated stable expansions is providedin De�nition 6 and Theorem 7.Theorem5. Let � � LBD. If � � LBD is a separated stable expansion of �,then � = SFS�(�) = (B� [D�) \ RBa(�) is �-full.Proof sketch. It can be shown for a set of belief atoms � and a sentence � 2 LBDthat � [ � j= � if and only if � [ � j= � where � = � \RBa(�[f�g). Consider� = B� [ D� and any B� 2 RBa(�), so that RBa(� [ f�g) = RBa(�) and� = � \RBa(�). Now B� 2 � i� � 2 � i� � [ � j= � i� � [ � j= �. Similarly,D� 2 � i� � [ � 6j= � holds for D� 2 RBa(�). 2De�nition 6. Let � � LBD and � � RBa(�) a set of belief atoms. De�ne�0 = ; and �i+1 = Cn(� [ � [ B�i [ D�i) \ LiBD where �i = LiBD ��i forall i � 0. Finally, de�ne SSE�(�) = S1i=0�i.Theorem7. Let � � LBD. If � � RBa(�) is �-full, then � = SSE�(�) is aseparated stable expansion of � such that � = SFS�(�).Proof sketch. De�ne �i for i � 0 as in De�nition 6. It can be shown by inductionon i that (i) (B�i [D�i) \ RBa(�) � �, (ii) �i = �i+1 \ LiBD and (iii) �i =�i+1 \ LiBD. For the limit � = S1i=0�i we obtain � = Cn(� [ � [ B� [D�).Since also � = (B� [ D�) \ RBa(�), it follows that � = Cn(� [ B� [ D�),i.e. � is a separated stable expansion of �. 2Gottlob [6] extends Niemelä's full set approach for iterative expansions ofconventional autoepistemic theories. In De�nition 8, we have reformulated Got-tlob's condition to �t it in our framework. In the de�nition, [�]D denotes the setfD� jD� 2 �g. In Theorem 9, it is shown that the condition really characterizesseparated iterative expansions.



De�nition 8. Let � � LBD. A set � � RBa(�) is B-ground if and only if forall B� 2 RBa(�): B� 2 � i� � [ [�]D `B �.Theorem9. Let � � LBD. (i) If � � LBD is a separated iterative expansionof �, then � = SFS�(�) is �-full and B-ground. (ii) If � � RBa(�) is �-fulland B-ground, then � = SSE�(�) is a separated iterative expansion of � suchthat � = SFS�(�).Proof sketch. (i) It can be shown for a set of belief atoms � and a sentence� 2 LBD that� [ � `B � if and only if � [ � `B � where � = �\RBa(�[f�g).Consider � = D� and any B� 2 RBa(�), so that RBa(�[f�g) = RBa(�) and[�]D = � \ RBa(�). Now B� 2 � i� � 2 � i� � [D� `B � i� � [ [�]D `B �.(ii) It can be shown by induction on the lengths of B-proofs for every separatedstable expansion � that CnB(�[D�) � �. The inclusion in the other directionfollows by augmenting the proof of Theorem 7 by showing that �i � CnB(� [D�). For the limit � = S1i=0�i, we obtain � � CnB(� [ D�). Thus � is aseparated iterative expansion of �. 24 Relationship to Default LogicWe have designed separated autoepistemic logic so that a straightforward re-lationship with Reiter's default logic [26] is established. Conventional autoepis-temic theories and default theories are already closely related, but a variety oftranslations and groundedness conditions have been proposed to capture Reiter'sextensions with stable expansions. In this section, we capture Reiter's extensions[26] and Marek and Truszczy«ski's weak extensions [14] of a default theory withseparated iterative and separated stable expansions of a translation, and viceversa. Most importantly, these correspondences are established using very intu-itive translations involving the modality D in a major role and with a grounded-ness condition corresponding to separated iterative expansions only. This makesthe connection between separated autoepistemic logic and default logic consider-ably simpler compared to the connection between standard autoepistemic logicand default logic.Let us now introduce Reiter's default theories [26]. Such a theory is a pairhD;W i where D is a set of default rules of the form �:�1;:::;�n
 3 and W is apropositional theory in a propositional language L. For a set of default rules D,we let P(D) and J(D) denote the sets of prerequisites � and justi�cations � thatappear in the rules of D. A default rule can be applied, if the prerequisite �has been derived and the justi�cations �1; :::; �n can be consistently assumed.The sets of conclusions associated with a default theory are typically calledextensions. For the moment, we shall consider only Reiter's extensions [26] andweak extensions [14] as de�ned by Marek and Truszczy«ski [14]. They use two3 A default rule contains a prerequisite �, justi�cations �1; :::; �n and a consequent 
.A default rule is prerequisite-free if � = >. In this case, � is often omitted.



Translation ReferenceTrK B� ^ :B:�1 ^ ::: ^ :B:�n ! 
 Konolige [8]TrMT B� ^ :BB:�1 ^ ::: ^ :BB:�n ! 
 Marek and Truszczy«ski [13]TrT B� ^ B:B:�1 ^ ::: ^ B:B:�n ! 
 Truszczy«ski [28]Table 1. Translations of �:�1;:::;�n
 into an autoepistemic sentencereductions of a set of default rules D with respect to a theory E. The reduct DEis the set of inference rulesf�
 j � : �1; :::; �n
 2 D and :�1 62 E; :::;:�n 62 Eg 4and the reduct DE is the set of sentencesf
 j � : �1; :::; �n
 2 D;� 2 E and :�1 62 E; :::;:�n 62 Eg:For a set R of inference rules, the theory CnR(W ) is the closure of a propositionaltheory W under propositional consequence and the rules of R.De�nition 10 (Marek and Truszczy«ski [14]). Let hD;W i be a defaulttheory. A set E � L is an extension (resp. a weak extension) of hD;W i i�E = CnDE (W ) (resp. E = Cn(W [DE)).4.1 Embedding Default Logic in Separated Autoepistemic LogicSince the introduction of autoepistemic logic, its relationship to default logic hasreceived much attention. It turned out soon that embedding default logic intoautoepistemic logic is not as trivial as one would expect. A number of translationswere proposed. In Table 1 we have listed three di�erent ways of translating adefault rule into an autoepistemic sentence. There are also other possibilities [4,p. 275 in Konolige's article], but we have listed only the ones relevant for ourforthcoming discussion. We let TrK, TrMT and TrT denote the correspondingtranslation functions for defaults, respectively. Given a default theory hD;W iand a translation function Tr for defaults of D, the translation Tr(hD;W i) ofthe whole theory hD;W i is simply W [ fTr(d) j d 2 Dg.The goal is to establish a bijective relationship between extensions E ofhD;W i and a stable expansions � of the translation Tr(hD;W i). Unfortunately,a translation Tr(hD;W i) tends to have more stable expansions than hD;W ihas extensions. This problem is typically approached by considering only sta-ble expansions of Tr(hD;W i) that satisfy an additional groundedness condition.Konolige's translation [8] requires a groundedness condition that is based on a4 Note that � is consistent with a propositionally closed theory E i� :� 62 E.



reduction of the premises. This makes the involved notion of groundedness syn-tax dependent: propositionally equivalent premises may have di�erent stronglygrounded stable expansions. Marek and Truszczy«ski [13] restrict to iterativeexpansions of TrMT(hD;W i). The notion of groundedness corresponding to iter-ative expansions is attractive, since it is syntax independent. Truszczy«ski [28]investigates a range of non-monotonic modal logics N � SF4 to establish cor-respondence for TrT. Expansions in the weakest non-monotonic modal logic inthis range are exactly iterative expansions.We agree with Marek and Truszczy«ski that iterative expansions form a nat-ural counterpart of default extensions on the autoepistemic side. This is mainlybecause reasoning with inference rules of the form �
 is naturally captured by au-toepistemic implications of the form B�! 
 when the necessitation rule � ` B�is present. For example we can infer �n from f�0g[fB�0 ! �1; :::;B�n�1 ! �ngthrough n applications of the necessitation rule. This captures inferring �n from�0 by the inference rules �0�1 ; :::; �n�1�n . More precisely, the following can be es-tablished:Proposition11. Let W be a propositional theory and R a set of inference rules.Then CnR(W ) = CnB(W [ fB�! 
 j �
 2 Rg) \ L.The translation functions TrK, TrMT and TrT behave di�erently what comesto capturing extensions of hD;W i with iterative expansions of the translationbut without further restrictions. Example 1 di�erentiates TrK from TrMT andTrT which avoid the unwanted iterative expansion. Example 2 shows that thetranslation TrT is faithful if only propositionally consistent iterative expansionsare considered. Niemelä [19] uses TrT, but rules out the iterative expansion ofExample 2 using a notion of B-hierarchic expansions.Example 1 (Marek and Truszczy«ski). Let D = f::p:p ; ::pp g and W = ;. Thedefault theory hD;W i does not have extensions. On the other hand, the transla-tion TrK(hD;W i) = fB::p! p;B>^:B::p! pg has an iterative expansioncontaining p, since p is B-provable from TrK(hD;W i) directly.Example 2 (Niemelä [19]). Let D = f:b::a ; :b:bg andW = fag. The default theoryhD;W i has no extensions at all, whereas the translation TrT(hD;W i) i.e. thetheory fa;B:b ! :a;B> ^ B:B:b ! :bg has a propositionally inconsistentiterative expansion, since ? is B-provable from TrT(hD;W i).It is clear by these examples that the way in which the consistency conditions�1; :::; �n of a default rule �:�1;:::;�n
 are translated is of crucial importance. Inour opinion, Konolige's translation is the most intuitive one, because the con-sistency of a justi�cation is naturally expressed as :B:� on the autoepistemicside. The problems demonstrated in Examples 1 and 2 can be avoided if weexpress :B:� by D:�. This leads to the natural translation function presentedin De�nition 12. In Theorem 13, a two-level correspondence between extensionsand separated expansions of the translation is established. First of all, the sep-arated stable expansions of TrDK(hD;W i) correspond to the weak extensions of



hD;W i. This result was established for TrK and standard autoepistemic logicby Marek and Truszczy«ski [14]. Moreover, the Reiter's extensions of hD;W iare captured if the separated iterative expansions of TrDK(hD;W i) are consid-ered. Let us yet emphasize that Theorem 13 is not restricted to propositionallyconsistent extensions/expansions.De�nition 12. A default theory hD;W i is translated into an autoepistemictheory TrDK(hD;W i)=W [ fB� ^D:�1 ^ ::: ^D:�n ! 
 j �:�1;:::;�n
 2 Dg.Theorem13. A set E � L is an extension (resp. a weak extension) of a defaulttheory hD;W i i� there is a separated iterative expansion (resp. separated stableexpansion) � of � = TrDK(hD;W i) such that E = � \ L.Proof sketch. ()) For an extension (resp. a weak extension) E of hD;W i, let� be the set of belief atoms containing for all � 2 P(D) and � 2 J(D) (i) theatom B� whenever � 2 E and (ii) the atom D:� whenever :� 62 E. Now �is �-full. Moreover, if E is an extension of hD;W i, the set � is also B-ground.Consequently, there is a separated iterative (resp. separated stable) expansion of� such that E = �\L. (() If � is a separated iterative expansion of �, the setE = �\L = CnB(�[D�)\L = CnB(W[fB�! 
 j �
 2 DEg)\L = CnDE (W )is an extension of hD;W i by Proposition 11. If � is a separated stable expansionof �, the set E = � \ L = Cn(� [ B� [ D�) \ L = Cn(W [ DE) is a weakextension of hD;W i. 2Let us now reconsider Examples 1 and 2. In Example 3, it is essential that thetranslation� does not entail B::p_D::p. To the contrary, the sentence B::p_:B::p is a tautology in conventional autoepistemic logic. Thus p is B-provablefrom the standard Konolige-style translation fB::p ! p;B> ^ :B::p ! pgand the only stable expansion is also an iterative one.Example 3. Consider the theory � = fB::p! p;B>^D::p! pg which is thetranslation TrDK(hf::p:p ; ::pp g; ;i). The theory � has a separated stable expansion� containing p, but � is not a separated iterative expansion, because p is notB-provable from � [D�. Here note especially that ::p 62 �.In Example 4, the B-proof of ? from the translation is no longer possible,because D:b has replaced B:B:b and D:b cannot be concluded. In both ex-amples, there is a weak extension E = � \ L of the default theory in questionas implied by Theorem 13.Example 4. Consider the theory � = fa;B:b! :a;B>^D:b! :bg which isthe translation TrDK(hf:b::a ; :b:bg; fagi). The theory � has a propositionally incon-sistent separated stable expansion � = LBD, but � is not separated iterative,since ? is not B-provable from � [D� = �.4.2 Embedding Separated Autoepistemic Logic in Default LogicThe author has recently proposed a translation of standard autoepistemic the-ories into default theories [7]. The translation is based on an intuitive principle



of representing autoepistemic introspection in terms of default rules. To applythe same principle in the context of separated autoepistemic theories, we aug-ment an autoepistemic theory with default rules of the forms �:B� and ::�D� tocapture positive and negative introspection of � 2 LBD. De�nition 14 gives theresulting translation TrDL(�). The language of the translation is a propositionallanguage L based on the set of atomic propositions PBD = P [fB� j� 2 LBDg[fD� j� 2 LBDg5. From this point of view, the languages LBD and L coincide.It is established in Theorem 15 that TrDL preserves separated stable expansionsand separated iterative expansions.De�nition 14. A autoepistemic theory � � LBD is translated into a defaulttheory TrDL(�) = hf �:B� j� 2 LBDg [ f ::�D� j� 2 LBDg; �i.Theorem15. A set � � LBD is separated iterative expansion (resp. separatedstable expansion) of � � LBD i� � � L is an extension (resp. a weak extension)of the translation TrDL(�).Proof sketch. Let D be the set of default rules of De�nition 14 and R the set ofinference rules f  B j 2 LBDg. Since � is closed with respect to propositionalconsequence, the reduct D� = R[f >D j 2 �g and the reduct D� = B�[D�.It follows that CnD�(�) = CnR(� [D�) = CnB(� [D�) and Cn(� [D�) =Cn(� [ B� [ D�). Under these equalities, the de�nitions of extensions (resp.weak extensions) and separated iterative expansions (resp. separated stable ex-pansions) coincide. 2Few remarks on the presented translations follow. (i) The translation TrDLis not computationally feasible, since an in�nite set of default rules is involved.However, this set of default rules can be signi�cantly reduced if we aim at captur-ing full sets rather than complete expansions. In this setting, the required trans-lation is TrfDL(�) = hf �:B� jB� 2 RBa(�)g [ f ::�D� jD� 2 RBa(�)g; �i. which �-nite for �nite autoepistemic theories � � LBD. Using this technique, (separated)autoepistemic reasoning can be implemented [7] using an existing default rea-soning system. (ii) The presented translation functions are modular, i.e. localchanges in a theory cause only local changes in the translation. We take this asa strong indication that separated autoepistemic logic and default logic are ofequal expressive power under the notions of expansions and extensions consid-ered in this paper. (iii) The obvious compositions of the translations TrDK, TrDLand TrfDL lead to self-embeddings of separated autoepistemic logic and defaultlogic. Especially, every default theory hD;W i can be translated to a default the-ory TrfDL(TrDK(hD;W i)) which contains only default rules of the simple forms�:B� and ::�D� introduced by TrfDL.5 Alternatively, belief atoms B� and D� can be rewritten as new propositional atomsb� and d�, respectively.



5 Capturing Stationary Extensions of Default TheoriesIn Example 1 we encountered a default theory without extensions. In a way, the�x-point condition of De�nition 10 is too strict to be satis�ed in some cases.One possibility is to loosen the condition somehow. This is what Przymusinskaand Przymusinski [22] do when they propose stationary extensions for defaulttheories. In De�nition 16, we have de�ned stationary extensions using Marekand Truszczy«ski's reduction of default rules. This is already a third kind ofextensions considered in this paper. One of the attractive properties of stationaryextensions is that every default theory has the least stationary extension whichcan be iteratively constructed as the least �x-point of a monotonic operator [22].In this section, we introduce a natural counterpart of stationary extensions forseparated autoepistemic logic, namely separated stationary expansions. It is thenshown that such expansions are in a one-to-one correspondence with stationaryextensions under the translation functions that were introduced in Section 4.This is a further indication of the close relationship of separated autoepistemiclogic and default logic.De�nition 16. A pair hE1; E2i 2 2L�2L is a stationary extension of a defaulttheory hD;W i i� E1 = CnDE2 (W ), E2 = CnDE1 (W ) and E1 � E2.In De�nition 17, we have phrased an analogous de�nition for separated au-toepistemic theories. A separated stationary expansion h�1; �2i partitions LBDinto three disjoint sets of sentences. The sentences of �1 are considered to bebeliefs while the sentences of �2 are considered to be disbeliefs. The sentencesin �2��1 remain unde�ned. In this way, separated stationary expansions havea three-valued interpretation at the level of beliefs despite expansions have beende�ned in terms of two-valued propositional logic.De�nition 17. A pair h�1; �2i 2 2LBD � 2LBD is a separated stationary ex-pansion of an autoepistemic theory � � LBD i� �1 = CnB(� [ D�2), �2 =CnB(� [D�1) and �1 � �2.Example 5 provides the least stationary expansion for a separated autoepis-temic theory. In this example, �2 contains both Bp and Dp, since assuming Dpallows deriving p and Bp using the implication Dp ! p and the necessitationrule. Despite of this inconsistency at the level of beliefs �2 remains proposition-ally consistent. We take this as a crucial property which is achieved by separatingdisbeliefs from beliefs in terms of the second modality D and selecting a suitableclass of (propositional) models.Example 5. Consider � = fDp ! p;Dq ! rg having no separated stable ex-pansions. This theory has a separated stationary expansion h�1; �2i where�1 = fDq; r;Br; : : :g and �2 = �1 [ fDp; p;Bp; : : :g. The sentence p is un-de�ned while r is believed and q is disbelieved.



The construction of De�nition 17 is not successful for McDermott-style non-monotonic modal logics [15] which are based on monotonic modal logics S withthe modality B subject to the necessitation rule. In these logics, expansions aresolutions to � = CnS(� [:B�). De�ning stationary expansions in the spirit ofDe�nition 17 leads to conditions �1 = CnS(� [ :B�2), �2 = CnS(� [ :B�1)and �1 � �2. Three cases arise. (i) If CnS(�) is inconsistent, then hLB;LBiis the least stationary expansion. Then assume that � = CnS(�) is consistent.(ii) In practical cases, we can pick a sentence � 2 � such that :B� 2 �. Thenboth B:B� and :B:B� belong to CnS(�[:B�) which is therefore inconsistentand h�;LBi is the least stationary expansion. (iii) Otherwise, � = CnS(�) =CnS(� [ :B�) and h�;�i is the least stationary expansion of �. By the cases(i � iii), the stationary semantics collapses to CnS(�) for non-monotonic modallogics S and stationary extensions of default theories cannot be captured underany reasonable translation. This is also the case with Marek and Truszczy«ski'sstrong autoepistemic logic [13] based on the iterative expansions of the premises.Theorems 13 and 15 generalize for the translation functions TrDK and TrDLand the notions of extensions and expansions introduced in De�nitions 16 and17. Przymusinska and Przymusinski [22] have shown that stationary extensionscapture the well-founded semantics of normal logic programs [29]. On the basisof Theorem 18, the same holds for separated stationary expansions.Theorem18. A pair hE1; E2i 2 2L � 2L is a stationary extension of a defaulttheory hD;W i i� there is a separated stationary expansion h�1; �2i 2 2LBD �2LBD of TrDK(hD;W i) such that Ei = �i \ L for i 2 f1; 2g.Theorem19. A pair h�1; �2i 2 2LBD�2LBD is separated stationary expansionof � � LBD i� h�1; �2i is a stationary extension of TrDL(�).Separated stationary expansions are appealing approximations of separatediterative expansions. In analogy to the least stationary extension [22], the leastseparated stationary expansion of � � LBD can be iteratively constructed as theleast �xed point lfp(SIE2� ; ;) of a monotonic operator SIE2� which correspondsto applying twice the operator SIE� de�ned by SIE�(�) = CnB(� [ D�) for� � LBD. In addition, lfp(SIE2�; ;) is contained in all iterative expansions of�. This suggests that lfp(SIE2� ; ;) should be used as the �rst approximationwhen the separated iterative expansions of � are determined. The �nitary char-acterization separated iterative expansions presented in Section 3 extends forseparated stationary expansions. This allows representing separated stationaryextensions of a �nite autoepistemic theory � in a �nite space. Moreover, thereis a �nitary counterpart of the operator SIE2� that constructs a pair of full setscharacterizing the least separated stationary expansion. This leads to a basicalgorithm for deciding whether a sentence belongs to the least separated sta-tionary expansion. It is to be expected that the resulting algorithm is tractablein restricted cases (e.g. premises containing Horn-clauses only) like in [22].



6 Characterizing Separated Stable ExpansionsMoore proposed autoepistemic logic as a reconstruction of Non-monotonic modallogic I (NML I) by McDermott and Doyle [16]. In this section, we study howMoore's criticism should be taken into account with separated autoepistemictheories. This leads us to identify separated stable expansions that are consistentat the level of beliefs. Starting from this notion of consistency, we devise acharacterization for separated stable expansions using modal axiom schemasinvolving the modalities B and D.According to Moore, expansions in NML I are semantically unsatisfactory.Much of this criticism can be demonstrated by a theory fp;M:pg in NMLI where the modality M expresses propositional consistency (with respect tothe current set of beliefs). The point is that the given theory has a consistentexpansion in NML I despite having p true and :p consistent simultaneously iscontradictory. Moore singles out the lack of positive introspection as a reasonfor this semantical problem. This is why he de�nes stable expansions using theequation � = Cn(� [ B� [ :B�). In fact, the corresponding conventionalautoepistemic theory fp;:Bpg has only a propositionally inconsistent stableexpansion. The corresponding separated autoepistemic theory follows.Example 6. The theory � = fp;Dpg has a propositionally consistent separatedstable expansion � = fp;Bp;Dp;Bp ^Dp : : :g.As it is apparent from De�nition 1, positive introspection is performed withseparated autoepistemic theories. In spite of this, the separated stable expan-sion � of Example 6 remains propositionally consistent. This is clearly due toseparated modalities for representing the results of positive and negative in-trospection. On the other hand, the expansion � is inconsistent at the level ofbeliefs, i.e. is contains a sentence B�^D� for some � 2 LBD. In De�nition 20, wedistinguish separated stable expansions that are belief consistent with respectto every � 2 LBD simultaneously. A belief consistent separated stable expan-sion is always propositionally consistent. Example 6 is a counter-example for theconverse result.De�nition 20. A separated stable expansion � of � � LBD is belief consistentif and only if � [ fC� j� 2 LBDg is propositionally consistent.On the basis of the criticism presented by Moore, we might argue that a theo-ries like fp;Dpg above should have only propositionally inconsistent expansionsassociated with them. This would require a more strict class of models com-pared to our choice of propositional models made in Section 2. Unfortunately,this would invalidate the results of Section 5 on capturing stationary default ex-tensions with separated stationary expansions. Therefore we prefer the notion ofbelief consistency of De�nition 20. Moreover, even belief inconsistent separatedexpansions can be sources of useful information, e.g. for debugging knowledgebases. In Example 6, we can understand Dp as an integrity constraint requiringthat p should not be believed. This is violated by the fact p (in a more realistic



setting, p could follow from a larger theory). In this way, detecting that an ex-pansion is belief consistent amounts to �nding out that an integrity constraintis not violated. In contrast to this, an autoepistemic theory entailing p and :Bpcan have only inconsistent expansions in conventional autoepistemic logic. Bythis inevitable inconsistency, all beliefs about the remaining theory are lost. InTheorem 21, we identify a subclass of separated autoepistemic theories for whichpropositional consistency and belief consistency of separated stable expansionscoincide. Note that translations TrDK(hD;W i) of default theories hD;W i belongto this class.Theorem21. Assume � � LBD contains only sentences of the form B�1 ^ :::^B�n ^D 1 ^ ::: ^D m ! � where � 2 L. Then every propositionally consistentseparated stable expansion � of � is also belief consistent.Proof sketch. Let � be any propositionally consistent separated stable expansionof �, i.e. � = Cn(� [B�[D�) and there is a modelM of �. It can be shownthat also M0 = (M\ P) [ B� [ D� is also a model of �. In this model, allinstances of the schema C are true. ThusM0 is also a model of CnC(�), i.e. theseparated stable expansion � is belief consistent. 2Stalnaker's stability conditions [27] are easily modi�ed to �t our approach.The conditions are (i) � j= � implies � 2 �, (ii) � 2 � implies B� 2 �and (iii) � 62 � implies D� 2 � with the last condition obviously modi�ed.From De�nition 1 we can verify that these conditions are met by separatedstable expansions. Moreover, our notion of belief consistency provides a way ofcharacterizing separated stable expansions in terms of modal axiom schemas (seebelow). These axiom schemas are obtained from propositional equivalents of thestandard axiom schemasK, D, 4 and 5 by replacing :B by D and they describethe relationship of the modality D to the propositional connectives! and : andthe modality B.KC : C� ^C ! K0 : B� ^D ! D(�!  )(B� ^D ! D(�!  ))DC : C�! (B�! D:�) D0 : B�! D:�4C : CB�! (DB�! D�) 40 : DB�! D�5C : CD�! (DD�! B�) 50 : DD�! B�Theorem22. A separated stable expansion � of � � LBD contains all instancesof axiom schemas KC, DC, 4C and 5C.Proof sketch. It is su�cient to consider only propositionally consistent separatedstable expansions � = Cn(� [ B� [D�) of �. By modi�ed Stalnaker's condi-tions it is easy to see that B� _ D� 2 � for every � 2 LBD. Thus every modelM of a separated stable expansion � is a model of B� or a model of D�. As anexample, we consider DC. Assuming C�! (B�! D:�) 62 � impliesM j= C�,M j= B� andM 6j= D:� for a modelM of �. ThusM is a model of :(B�^D�)as well as B:� _ D:� implying that M 6j= D� and M j= B:�. Since M is a



model of B� [D�, it follows that � 2 � and :� 2 �. But this contradicts thepropositional consistency of �. 2To develop a further characterization, we restrict to a fragment of separatedautoepistemic logic where the sentences fC� j� 2 LBDg are taken as axioms.In the sequel, we assume that these axioms are included in the premises �directly so that we need not rede�ne separated stable expansions. It is obviousthat Theorem 21 extends for this kind of separated autoepistemic theories. InTheorem 23, we characterize separated stable expansions in terms of the schema50 which replaces positive introspection. This is an analog of the result by Marek,Schwarz, and Truszczy«ski [12] stating that propositionally consistent stableexpansions � of a conventional autoepistemic theory � � LB satisfy a similarcharacterization � = CnB5(� [ :B�) where B denotes the necessitation ruleand 5 is the standard schema :B:B�! B�.Theorem23. Let � � LBD such that fC� j� 2 LBDg � �. Then � = Cn(� [B� [ D�) if and only if � = CnB50(� [ D�) for propositionally consistenttheories � � LBD.Proof sketch. ()) Now B� 2 B� implies D� 62 � and DD� 2 �, since C� 2� and � is propositionally consistent. It follows that B� 2 CnB50(� [ D�)which contains the instance DD� ! B� of 50. Hence B� and � are subsetsof CnB50(� [ D�). Note that � contains all instances of 50 by Theorem 22,since CD� 2 � � �. Then CnB50(� [D�) � � can be shown by induction onthe lengths of B-proofs. (() Now � = CnB50(� [ D�) implies � = Cn50(� [B� [ D�), since � is closed with respect to the necessitation rule. It can beshown that all instances of 50 are contained in Cn(�[B�[D�). It follows that� = Cn50(� [ B� [D�) = Cn(� [ B� [D�). 27 Related WorkIn Section 4, we placed a lot of emphasis on analyzing the relationship betweenseparated autoepistemic logic and default logic and discussed several approachesto embed default logic into conventional autoepistemic logic. These approachesare not further analyzed, since relevant comparisons were already made. In thesequel, we discuss related work under three further topics. In Section 7.1, we lookat other autoepistemic characterizations of stationary extensions and comparethem with our approach. The other approaches are only concerned with thewell-founded models [29] of normal logic programs. These models correspond tostationary extensions of the default theory obtained by translating program rulesp  q1; :::; qn;�r1; :::;�rm into defaults q1^:::^qm::r1;:::;:rmp [22]. In this sense,autoepistemic characterizations of well-founded models are also autoepistemiccharacterizations of stationary extensions. Note also that various semantics ofnormal logic programs can be captured by translating the program rules intoBq1 ^ ::: ^ Bqn ^ Dr1 ^ ::: ^ Drm ! p directly. In Section 7.2, we explore non-monotonic modal logics based on two modalities and observe that stationarysemantics does not easily extend for them. Alternative notions of extensions areconsidered in Section 7.3.



7.1 Autoepistemic Characterizations of Stationary SemanticsPrzymusinski [25] has studied a variant of autoepistemic logic which is basedon three-valued propositional logic. He introduces a notion of three-valued au-toepistemic expansions which capture the well-founded models of normal logicprograms [29] under a suitable translation. Przymusinski's characterization re-sorts to a three-valued implication which is closer to two-valued implicationthan the three-valued implication based on Kleene's strong tables. In contrast,our approach is based on standard two-valued propositional logic where impli-cation has a unique, well-understood interpretation. The three-valued characterof expansions is achieved by de�ning separated stationary expansions in analogyto stationary extensions of default theories.Przymusinski has proposed also further derivatives of autoepistemic logic[23, 24] by replacing negative introspection by a new primitive corresponding toLifschitz's parallel circumscription [9]. This leads to the notion of the static se-mantics of disjunctive logic programs. For normal logic programs, this semanticscoincides with the well-founded model. In this way, Przymusinski's approach pro-vides a further autoepistemic characterization of the well-founded model thoughparallel circumscription is used for negative introspection. By our results, it isnot necessary to change the negative introspection principle of autoepistemiclogic in order to capture well-founded models. The same e�ect is obtained bychanging the notion of expansions.Bonatti [3] has studied the semantics of logic programs in terms of a three-valued autoepistemic logic. His system captures various models of logic programsincluding stable models [5], well-founded models [29] and supported models [1].To achieve this, Bonatti employs di�erent translations of the program rules.Marek and Truszczy«ski [14] have shown that Reiter's extensions and weak ex-tensions capture the stable and supported models of a normal logic programs,respectively. The same is achieved with separated stable/iterative expansionsby Theorem 13. Thus our system captures various models of normal logic pro-grams (including stable, well-founded and supported) using the same translationfunction but di�erent kinds of separated expansions (iterative, stationary andstable). This speaks for a uniform view that TrDK preserves the mentioned modelsof normal logic programs.Yuan [31] proposes an autoepistemic logic of �rst order. Our comparison willrestrict to the propositional case. In Yuan's approach, the scope of the beliefoperator B is restricted to propositional atoms whereas separated autoepistemiclogic is based on a full modal language. To embed default logic in his system,Yuan translates a default rule to a sentence Bp�^:Bp��1 ^ :::^:Bp��n ! 
 wherep� and p��1 ; :::; p��n are new atoms. Moreover, he needs additional equivalencesp� $ � and p��i $ :�i for 0 < i � n. Compared to this, our approach is muchsimpler: we can do without extra atoms because of the full modal language andthe separate modality D for disbeliefs. In addition, Yuan's results cover onlyReiter's extensions.



7.2 Non-monotonic Logics with Two ModalitiesLin and Shoham [11] propose the logic of knowledge and justi�ed assumptionsGK. As suggested by the name of the logic, modalities K for knowledge and Afor assumption are used. The semantics of GK is based on Kripke-style modelsfor the two modalities. In particular, Lin and Shoham impose a preference orderon models and the semantics of a theory in GK is determined by its preferredmodels. The system GK captures propositionally consistent extensions of defaulttheories by a translation K�^:A:�1^ :::^:A:�n ! K
. Another system withtwo modalities is the logic of minimal knowledge with negation as failure MKNFby Lifschitz [10]. This logic has a strong logic programming �avor, since thesecond modality is directly the �negation as failure� operator �. MKNF is alsoable to capture extensions of default theories trough a translation K�^�:�1 ^::: ^ �:�n ! K
 of default rules.Let us now consider the default theory hf ::pp g; ;i to demonstrate that GKand MKNF are incapable of capturing stationary extensions. Lin and Shohamtranslate the above default into K> ^ :A::p ! Kp. In GK, this is equivalentto :Ap! Kp. This sentence does not have preferred models [11, Example 3.4].Lifschitz translates the same default into K> ^ �::p! Kp. In MKNF, this isequivalent to �p ! Kp which does not have models [10, Theorem 1, Part B].This suggests that the Kripke-style models of GK and MKNF are too strict andhave to changed in order to capture stationary extensions. To the contrary, thetranslation TrDK(hf ::pp g; ;i) = fB>^D::p! pg has a propositionally consistentseparated stationary expansion.7.3 Alternative Notions of ExtensionsSo far we have considered three kinds of extensions for default theories includingReiter's extensions, weak extensions and stationary extensions. There are alsoother possibilities. You and Yuan [30] have proposed regular models for normallogic programs that are maximal well-founded models with respect to set inclu-sion. The same idea can be applied to stationary extensions of default theoriesand separated stationary expansions of autoepistemic theories. The translationfunctions TrDK and TrDL preserve this semantics, since stationary extensions andseparated stationary expansions are preserved.Extension classes proposed by Baral and Subrahmanian [2] form another in-teresting approach. Such classes are closed under the operator � (E) = CnDE (W )for a default theory hD;Ei, i.e. if E belongs to a class, so does � (E). For a�nite default theory hD;W i, a non-empty and strict extension class can be rep-resented as a sequence E0; :::; En of extensions where n � 1, E0 = En andEi = � (Ei) for 0 < i � n. Non-empty and strict classes of separated iterativeexpansions �0; :::; �n of � � LBD can be similarly de�ned using an operator� 0(�) = CnB(� [ D�) for a �nite autoepistemic theory �. It can be shownthat even classes of this kind are preserved under the translation functions TrDKand TrDL. This is yet further evidence on the close interconnection of separatedautoepistemic logic and default logic.



8 ConclusionsWe have proposed a variant of Moore's autoepistemic logic based on separatemodalities for belief and disbelief. This kind of separation has several advantagesover the conventional approach: (i) there is a counterpart of stationary defaultextensions in the novel variant and (ii) there are natural ways of translatingdefault theories into autoepistemic theories and back by linear and modulartranslation functions TrDK and TrDL. These preserve various kinds of extensionsproposed for default theories � including original extensions by Reiter, weakextensions by Marek and Truszczy«ski, stationary extensions by Przymusinskaand Przymusinski, regular extensions by You and Yuan and extension classes byBaral and Subrahmanian. Moreover, (iii) conventional autoepistemic reasoningcan be also captured and (iv) it is possible to handle consistently expansionsthat are inconsistent at the level of beliefs.We take the modularity of our translation functions as a strong indicationthat separated autoepistemic theories and default theories are of equal expressivepower under the notions of extensions and separated expansions considered inthis paper. Consequently, separated autoepistemic logic and default logic can beapplied to very similar knowledge representation tasks. One of the advantages ofseparated autoepistemic logic is that it provides a uniform query language whichallows referring to disbeliefs conveniently. Default logic lacks this possibility andqueries expressing that some sentence does not belong to an extension have to berepresented somehow else. From the logic programming point of view, separatedautoepistemic logic provides a versatile framework where the modality D givesa declarative meaning to the procedural notion of �negation as failure�. Ourframework captures various semantics of normal logic programs. We expect thatalso other classes of logic programs can be handled, since our results hold forarbitrary default theories and not just for the fragment corresponding to normallogic programs.Despite some fundamental changes with respect to conventional autoepis-temic logic, many properties remain untouched. In Section 3, we provided a �ni-tary characterization for separated stable and iterative expansions. This char-acterization can be extended e.g. for separated stationary expansions and itserves as the basis for developing decision procedures for separated autoepis-temic logic. We expect that the computational complexity of major reasoningtasks is not a�ected. This view is supported the presented translation functionsthat lead to linear transformations between decision problems of default logicand separated autoepistemic logic. It seems also that e�cient implementationtechniques of conventional autoepistemic logic and default logic [20, 21] carryover to separated autoepistemic logic. Even improvements are in sight, sinceseparated autoepistemic logic has a reasonable notion of stationary expansionsproviding approximations when separated iterative expansions are computed.Finally, the concept of separated stationary expansions gives rise to a new classof tractable autoepistemic theories.
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