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tWe give a ne
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erules admissible in S4. Using this 
ondition we des
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tion, MotivationInvestigation of inferen
e rules for non-standard logi
s has nowadays many aspe
ts.One of them is exploration of admissible inferen
e rules - those whi
h do not enlargethe set of provable theorems being adjoined to arbitrary axiomati
 system of a givenlogi
 (
f. Lorenzen ([6℄, 1955). Thus these rules are invariant for any given logi
 � -they do not depend on the 
hoi
e of axiomati
 systems for �, and they are the greatest
lass of rules whi
h are 
ompatible with the provability in �.At the beginning the attention was fo
used primary to algorithms and tools forre
ognizing admissibility of inferen
e rules. It turns out that the majority of superin-tuitionisti
 logi
s, as well as IPC itself, and most part of transitive modal logi
s withfmp, whi
h have been under 
onsideration, have algorithms determining admissibility(
f. [10, 12℄). A pure algebrai
 
ounterpart for these results is the de
idability of quasi-equational theories of free algebras from 
orresponding varieties of algebras. Thereforeit was of interest to 
onsider elementary theories of 
orresponding free algebras, andit turns out that they are very often unde
idable (see [8℄). Some pure algebrai
 resultsabout stru
ture of these free algebras were obtained in [2℄, [3℄ and [1℄. The questionsabout �nite bases for admissible rules were investigated (
f, for example [12℄) also.Stru
turally 
omplete logi
s - those for whi
h 
lasses of admissible and derivable rules
oin
ide - were also an a
tive area for resear
h. For instan
e, hereditarily stru
turally
omplete superintuitionisti
 logi
s were des
ribed by A.Citkin [4℄, and a similar de-s
ription lately was given for transitive modal logi
s [10℄. Next question for resear
hwas study the preservation of admissible rules. The matter is the logi
s generally655L. J. of the IGPL, Vol. 7 No. 5, pp. 655{664 1999 
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656 Des
ription of Modal Logi
s Inheriting Admissible Rules for S4speaking do not inherit admissible rules while extending logi
s themselves. And in[7℄ a 
omplete des
ription of all superintuitionisti
 logi
s with fmp whi
h preserve allrules admissible in IPC was found. The des
ription employs the so-
alled 
o-
overproperty - the property to preserve the truth of theorems of given logi
 � w.r.t. ad-joining 
o-
overs for anti
hains of 
lusters of any �nite rooted �-frame. Then similardes
ription for modal logi
s inheriting admissible rules of S4 was given in [9℄ (and wasreprodu
ed in [12℄). In this paper the idea of 
o-
over posters from [7℄ was an initialpoint for the te
hnique employed. But it turns out that using this approa
h has asmall gap sin
e the dire
t transforming the notion of the 
o-
overs posters for the 
aseof superintuitionisti
 logi
s to the 
ase of modal logi
s is not 
orre
t (be
ause, for anygiven single-element 
luster C, no p-morphisms from C onto any proper 
luster). Itleads us to re
over the employed te
hnique and we are doing this in the present paper.First we give a 
orre
t for our aims notion of 
o-
overs poster and the 
orrespondingnotion of 
o-
over property for modal logi
s. Then we establish, for any modal logi
with fmp, a ne
essary and suÆ
ient 
ondition to inherit all inferen
e rules admissiblein S4 (re
all, by the inheriting we mean that any rule admissible in S4 is alsoadmissible in this logi
). This 
ondition is given in terms of the 
o-
over property.Finally, by using this 
riterion we des
ribe tabular modal logi
s inheriting all rulesadmissible for S4.2 Denotation, Preliminary Fa
tsWe are assuming reader to be aware of algebrai
 and Kripke semanti
s for modal logi
sand also assume a 
ertain knowledge of basi
 fa
ts 
on
erning inferen
e rules and theiradmissibility, though we re
all below brie
y 
ertain ne
essary fa
ts and notation (fordeep a
quaintan
es 
onfer [12℄ for advan
ed te
hnique 
on
erning inferen
e rules, and[5℄ for general te
hnique 
on
erning modal logi
s). For any frame F := hF;Ri, andany element a 2 F , C(a) will denote the 
luster 
ontaining a. For any subset Xof F XR := fa j 9b 2 X (bRa)g; i.e. XR is the upwards 
one generated by X , andXR+ := fa j 9b 2 X (bRa)&8
 2 X (:(aR
))g. For any anti
hain Y of 
lusters fromF , a 
luster C is a 
o-
over for Y if and only ifCR+ = [C12Y(CR1 [ C1);an element is a 
o-
over if the 
luster 
ontaining this element is a 
o-
over. We sayan element a (or 
luster C) R-sees an element b (or a 
luster C1) if aRb (CRC1,respe
tively). Also we will say b is R-visible from a, or R-seen from a. An elementa (
luster C) is an immediate R-su

essor of an element b (
luster C1) if aRb(CRC1) and no elements 
 su
h that aR
, 
Rb and :(
Ra), :(bR
) ( CR
, 
RC1 and:(
RC), :(C1R
)). Similarly we de�ne immediate R-prede
essor. For a pair offrames F1;F2, F1 v F2 is the abbreviation for F1 is an open subframe of F2.We are saying a frame F is a �-frame for a logi
 � if all theorems of � are valid atF , and �(F) is the logi
 generated by the frame F . A frame F is rooted, or sharpif 9a 2 F su
h that 8b 2 F , aRb, then we say C(a) is the root of F and denote that
luster by root(F). Sm(F) denotes the set of all elements of F of depth not ex
eedingm, and Slm(F) is the set of all elements of depth m from F .



2. DENOTATION, PRELIMINARY FACTS 657A rule r := �1; :::; �n=� is admissible for a given logi
 � i�, for any substitution "of arbitrary formulas in pla
e of variables,[8j; 1 � j � n; (�"j 2 �)℄)[�" 2 �℄:The book [12℄ 
ontains a 
onstru
tion of n-
hara
terizing Kripke models Ch�(n) and
riteria for re
ognizing admissibility, whi
h are important for understanding our pa-per. Therefore we re
all brie
y the 
onstru
tion of Ch�(n). Given a modal logi
 �with �nite model property (fmp) whi
h extends K4 and a set Pn := fp1; :::; png ofpropositional letters. The �rst sli
e S1(Ch�(n)) 
onsists of the 
olle
tion of all 
lus-ters with all possible valuations V of letters from Pn whi
h do not have doubling -elements with the same valuation, and no 
lusters whi
h are identi
al as Kripke mod-els. Assuming Sm(Ch�(m)) to be 
onstru
ted, we put in Slm+1(Ch�(m)) the 
lustersas follows. We 
hose any anti
hain Y of 
lusters from Sm(Ch�(m)) having at leastone 
luster of depth m and put in Slm+1(Ch�(n)) any 
luster C from S1(Ch�(n))assuming C to be immediate prede
essor for 
lusters from Y but only provided that(i) the frame CR is a �-frame and(ii) if Y := fC1g then C is not a Kripke submodel of C1.Iterating this pro
edure we get as the result the model Ch�(n). Re
all, we aresaying a model M is n-
hara
terizing for a logi
 � if, for any formula �, whi
h isbuilt up out of letters from Pn, � 2 � i�M �. Re
all 
ertain ne
essary results �rstone isTheorem 2.1 [12℄ For any modal logi
 � with fmp extending logi
 K4, the modelCh�(n) is n-
hara
terizing for �.An element a from a Kripke model M is de�nable in M if there is a formula �su
h that 8x 2 M(x V �),x = a, where V is the valuation from M. A subset Xof M is de�nable if there is a formula � su
h that 8x 2 M(x V �),x 2 X . Andthe valuation V is de�nable in M if, for any letter p from the domain of V , V (p) isde�nable.Theorem 2.2 [12℄ For any modal logi
 � having fmp and extending K4, any elementof the model Ch�(n) is de�nable in Ch�(n).We need a des
ription of admissible rules by n-
hara
terizing models. For a givenframe F , a given valuation V and a given inferen
e rule r := �1; :::; �n=�, we say ris valid at F under V , and write F V r, if as soon as 8x 2 F ;8i(x V �i), we have8x 2 F(x V �). A rule r is valid at a frame F if r is valid at F under any valuation,we write then F r. Lemma 3.4.2, Theorem 3.5.1. and Corollary 3.5.9 from [12℄immediately implyTheorem 2.3 [12℄ (Semanti
 Criterion) An inferen
e rule r is admissible in S4 i�r is valid at the frame ChS4(n) for any n under any valuation.Theorem 2.4 ([12℄, Theorem 3.3.3) For any modal logi
 � having fmp and extendingK4 and for any inferen
e rule r, r is admissible in � i� r is valid in the frame ofCh�(n) for any n under any de�nable valuation.



658 Des
ription of Modal Logi
s Inheriting Admissible Rules for S4Now de�ne the 
o-
over property for the 
ase of modal logi
s extending S4. First weneed to re
over the notion of the 
o-
overs poster for the 
ase of modal logi
 whi
hwas in
orre
tly given in [9℄.Given an arbitrary �nite frame F := hF;Ri. A 
o-
overs poster of F is the frame
onstru
ted out of the frame F by a �nite number of the following steps. First, 0-step,if F does not have a single-element R-maximal 
luster we add to F an R-maximalsingle-element 
luster and we get the frame F1. Otherwise let F1 := F . Then inany next step we 
hoose (the 
hoi
e is random, not deterministi
) some non-trivialanti-
hain X of 
lusters from the frame Q whi
h we got at the previous step (initiallyQ is F1). If Q does not have a 
o-
over for X we adjoin to Q a new element whi
h isa 
o-
over for X . Otherwise we do not 
hange Q.De�nition 2.5 We say that a logi
 � extending S4 has the 
o-
over property if,for every rooted �nite �-frame F , any 
o-
overs poster of F is a �-frame also.Thus, 
omparing with [9℄, the de�nition of the 
o-
overs-poster (and 
onsequentlythe de�nition of the 
o-
over property) is 
hanged only in one respe
t: if the initialrooted frame does not have R-maximal single-element 
luster then we adjoin su
h a
luster to the frame. This alteration is only we need in order to make our te
hniqueworking. But this alteration involves ne
essity to revise the proof from [9℄, and thisrevised proof is presented below.De�nition 2.6 We say a logi
 �1 inherits (or preserves) all rules admissible in alogi
 � if any rule r admissible for � is admissible for �1 also.It is evident that if �1 inherits all rules admissible for � then � � �1, the 
onversedoes not hold generally speaking, whi
h 
an be simply demonstrated with examples.3 Preservation of AdmissibilityLemma 3.1 If a modal logi
 � extending S4 has the 
o-
over property and the �nitemodel property then � inherits all rules admissible in S4.Proof. We des
ribe only steps of proof whi
h are distin
t from the proof of the similarresult in [9℄. Again we 
onsider only rules with a single premise. Assume �=� is a rulewhi
h is admissible for S4 but is not admissible for �. Then there are formulas 
i su
hthat �(
i) 2 � but �(
i) 62 �. Formulas 
i 
ontain a �nite number of propositionalletters, say n letters. Then, for the n-
hara
terizing model Ch�(n) of � (
f. Theorem3.3.6 from [12℄), the following holds: Ch�(n) V �(
i), Ch�(n)�� V �(
i). Thus thevaluation S(xi) := V (
i) invalidates �=� in a subframe aR of Ch�(n). Let F0 := aR�,and let F(1) be a single-element re
exive frame. The frame F1 is de�ned as follows.F1 = � F0 if 9 
luster C 2 Sl1(aR)(jjCjj = 1)F0 t F(1) if 8 
lusters C 2 Sl1(aR)(jjCjj > 1)F1 is a 
o-
over poster of F0 (0 -steps are needed). Sin
e � has the 
o-
over property,F1 is an open submodel of Ch�(n). Assume the frame Fm is 
onstru
ted. The frameFm+1 is obtained from Fm as follows. We take every non-trivial anti-
hain X of
lusters of Fm whi
h has no 
o-
overs in Fm and add to Fm a single re
exive elementwhi
h is the 
o-
over for X . By our 
onstru
tion Fm+1 is a 
o-
overs poster of Fm and,



3. PRESERVATION OF ADMISSIBILITY 659sin
e � has the 
o-
over property, ea
h Fm 
an be 
onsidered as an open subframeof Ch�(n) and also Fm is an open subframe of Fm+1. Thus F1 := Sm<1 Fm is anopen subframe of Ch�(n), i.e. F1 v Ch�(n) in our denotation.Sin
e the valuation S invalidates the rule �=� in a subframe aR of F1, the rule�=� is false in F1 w. r. t. the valuation S. Moreover, a

ording to its 
onstru
tion,the model ChS4(n) has 
o-
overs for any non-trivial anti-
hain of 
lusters, and, as it
an be easily seen, Ch�(n) v ChS4(n).From this together with the property of F1 to have 
o-
overs for all non-trivial�nite anti-
hains of 
lusters, we 
an derive that there exists a p-morphism f of theframe ChS4(n) onto F1. The distin
tion from the proof in [9℄ is that F1 has nowsingle-element 
lusters whi
h are maximal by a

essibility relation, and this allows usto 
onstru
t mentioned above p-morphism.We omit details of this 
onstru
tion whi
h are the same as in [9℄. Using this p-morphism f and Theorem 2.3 we 
an 
on
lude that �=� is not admissible in S4 bythe same argument as in [9℄. Thus � inherits all admissible rules of S4.Lemma 3.2 If a modal logi
 � extending S4 inherits all admissible rules of S4 andhas the �nite model property then � has the 
o-
over property.Proof. Again we will 
on
entrate only on the steps of the proof whi
h are distin
tfrom given ones in [9℄. Let � � S4 be a logi
 with the fmp. Assume � does not havethe 
o-
over property, i.e. there is an open subframe F := aR of Ch�(n) generatedby an element a and there exists a sequen
e F0; :::;Fk of open �nite subframes ofCh�(n) whi
h have the following properties: (i): F0 := F and F1 is either F if F hassingle-element R-maximal 
luster or F0; = F tfug, where fug is a 
ertain R-maximalsingle-element 
luster. (ii): All anti
hains of 
lusters from Fi of depth less than ihave in Fi some 
o-
overs. (iii): The frame Fi+1 is obtained from the frame Fi wheni < k as follows: We 
onsider the set Ai 
onsisting of all non-trivial anti-
hains of
lusters from Fi having at least one 
luster of depth i. If all anti
hains from Ai have
o-
overs in Fi then we set Fi+1 := Fi. Otherwise, for every anti-
hain X from Aiwhi
h has no 
o-
over, we add to Fi a single re
exive 
o-
over for X . (iv): Thereexists an anti
hain � of 
lusters from Fk whi
h has no 
o-
over in Ch�(n) and has a
luster with depth k. Then, in parti
ular, all anti
hains of Fk with depth of elementsnot ex
eeding k � 1 have 
o-
overs in Fk.From this point the proof is the same as in [9℄. We only give below its s
hemeand the sequen
e of steps. First we introdu
e spe
ial modal formulas. Let M :=Sk(Ch�(n)) [ Fk and M1 := Slk+1(Ch�(n)) [ M. Any 
luster from Ch�(n) is asubset of M1 or M or has empty interse
tion with M1 and M. For ea
h 
lusteri � M1 (now it will be more 
onvenient to denote 
lusters by small letters likeindexes), we introdu
e a new propositional variable pi (new means that pi is not avariable from the domain of the valuation from Ch�(n)). The spe
ial formulas f(i)for 
lusters i of M1 are introdu
ed by indu
tion on the depth of i as follows (if i andj are 
lusters then iRj is denotation for j � iR). If a 
luster i belongs to S1(M1)then f(i) := 2pi.If the formulas f(i) are already introdu
ed for all 
lusters i from St(M1), and j isa 
luster from Slt+1(M1), then we putf(j) := '(j) ^ '1(j) where'(j) := 2pj ^^f:2piji 6= j; i � Slt+1(M1)g and



660 Des
ription of Modal Logi
s Inheriting Admissible Rules for S4'1(j) := ^jRi;:(iRj)3f(i) ^^f:3f(i)j:(jRi); i � St(M1)g ^ '2(j) where'2(j) := ^:(iRj):2pi ^ u(j) andu(j) := 2['(j) ^ ^jRi;:(iRj)3f(i)^ ^jRi;:(iRj) :f(i)℄ _ _jRi;:(iRj) f(i):Applying these denotations we introdu
e the inferen
e rule r as follows. Let g :=Vi2M1 :f(i) ^Wi2Slk+1(M1)3f(i), and r := Wff(i)ji � M1g _ g=:f(a), where a isthe root of the frame F0.Lemma 3.3 The rule r is not admissible in �.Proof. Dire
t, as in [9℄Lemma 3.4 The rule r is admissible in S4.Proof. Assume not. Then by Theorem 2.4 there is a de�nable valuation W in somen-
hara
terizing model ChS4(n) disproving r, i.e.W( _i2M1 f(i) _ g)) = jChS4(n)j; and W(:f(a)) 6= jCh�(n)j (3.1)It entails 9ba 2 jChS4(n)j: ba Wf(a). Applying de�nition of f(i) it follows, 8bi 2jChS4(n)j,[(bi Wf(i))&(j �M1)&(iRj)&:(jRi)℄)9bj [biRbj Wf(j)℄ (3.2)Assume bi Wf(i), bj Wf(j) and biRbj hold. If :(iRj) then bj W:2pi and alsobi Wf(i), therefore bi W2pi. This and biRbj imply that bj W2pi, a 
ontradi
-tion. Using the same argument as in [9℄ we 
an show that 8bi; bj 2 ChS4(n)[(bi Wf(i))&(bj Wf(j))&:(iRj)):(biRbj)℄ and by (3.2) (3.3)bi Wf(i)&(iRj)&:(jRi))9bj [(biRbj)&:(bjRbi)&(bj Wf(j))℄ (3.4)bi Wf(i)&(bj Wf(j)&(biRbj))iRj (3.5)[bi Wf(i)℄&[bj Wf(j)℄&:(jRi)):(biRbj)&:(bjRbi) (3.6)(bi Wf(i))&(biRd))9j[(iRj)&(d Wf(j))℄ (3.7)8j(aRj))9bj [(baRbj) ^ (bj Wf(j))℄: (3.8)Using all these properties and reasoning further by the same s
heme as in [9℄ wederive a 
ontradi
tion.Lemmas 3.3 and 3.4 
on
lude the proof of Lemma 3.2. And from Lemmas 3.1 and3.2 we immediately derive



4. TABULAR LOGICS INHERITING ADMISSIBLE RULES OF S4 661Theorem 3.5 In order for a modal logi
 � extending S4 and possessing fmp to inheritall rules admissible in S4 it is ne
essary and suÆ
ient that � to have the 
o-
overproperty.It is possible to show that there are 
ontinuously many logi
s with fmp over S4whi
h preserve all rules admissible in S4. We 
an prove this exa
tly as in [9℄ sin
e inthis paper only posets were employed in the proof and, for posets, the de�nitions of
o-
over property from mentioned paper and our new one 
oin
ide.4 Tabular Logi
s Inheriting Admissible Rules of S4In the light of Theorem 3.5 in order to give des
ription of these logi
s it is suÆ
ient to
lassify pre
isely whi
h tabular logi
s have the 
o-
over property. Sin
e this propertydefers now from given one in [9℄ we have to 
larify how it in
uen
es the inheritan
eof admissible rules for tabular logi
s.Re
all that any tabular modal logi
 � has a representation: � := �(F1 t � � � t Fn),where F1 t � � � t Fn is the disjoint union of 
ertain rooted �nite frames, where logi
s�(Fi) are in
omparable. We �x some su
h kind representation for any given tabularlogi
. First we re
all a simple general fa
t:Lemma 4.1 A tabular modal logi
 � := �(F1 t � � � t Fn) extending S4, preserves allinferen
e rules admissible for S4 i� ea
h logi
 �(Fi) does.Proof. Ne
essity. Assume the rule r := 2�(xk)=2�(xk) is admissible in S4 but isnot admissible in �(Fj). Then there exist formulas 
k su
h that 2�(
k) 2 �(Fj) but2�(
k) 62 �(Fj). Consider the rule 2� _ 2z=2� _ 2z, where z is a new variable noto

urring in r. This rule is admissible in S4 due to the disjun
tion property of S4.Let � := _i6=j2Ax(�(Fj ));where Ax(�(Fj )) is a formula axiomatizing the logi
 �(Fj) and all formulas fromthe disjun
tion do not have 
ommon variables. Consider the rule r1 obtained fromr by substitution of � in pla
e of z. We have Fj 2�(
k), therefore the premiseof r1 is a theorem of �. Sin
e Fj�� 2�(
k) and logi
s �(Fj) are in
omparable, i.e.�(Fi1) 6� �(Fi2), for every i1 6= i2, Fj�� �, and Fj�� 2�(
k). Thus the 
on
lusion ofr1 is not a theorem of � and r1 is not admissible in �.SuÆ
ien
y. Assume the rule 2�=2� is admissible in S4 but is not admissible for�. Then there exist formulas 
k su
h that 2�(
k) 2 � but 2�(
k) 62 �. Sin
e, forany j, � � �(Fj) we have 2�(
k) 2 �(Fj). And sin
e 2�(
k) 62 �, for a 
ertain j,2�(
k) 62 �(Fj), i.e. the rule is not admissible in �(Fj).Lemma 4.2 If a tabular logi
 � has the 
o-
over property and a �nite frame F is a
o-
overs poster for a rooted �-frame then the width of F does not ex
eed 2.Proof. In prin
iple the same reasoning as in [9℄ despite of distin
tion of the 
o-
over property: assume F has a 3-elements anti
hain of 
lusters. Using the 
o-
overproperty, taking 
onsequently 
o-
overs posters of F , we obtain that, for any n 2 N ,



662 Des
ription of Modal Logi
s Inheriting Admissible Rules for S4there is a frame Fn with depth n su
h that all theorems of � are valid in Fn. But� is tabular, i.e., � = �(Q) for some �nite frame Q whi
h has, say, a depth k. Then'(k) 2 �, where '(k) is the formula expressing the property of frames to be of depthnot more than k. This 
ontradi
ts the validness of � in the above mentioned framesFn for ea
h n.For our des
ription below we need the following rooted �nite frames.M1 := hfa; a1; a2; b1; 
1g; Ri; where a = root(M1); aRa1; aRa2;a1Rb1; b1R
1; a2R
1;M2 := hfa; a1; a2; b1g; Rg; Ri; where a = root(M2); aRa1; aRa2; a1Rb1;M3 := hfa; a1; a2; b1; b2g; Ri; where a = root(M3); aRa1; aRa2;a1Rb1; a1Rb2; a2Rb2;M4 := hfa; a1; a2; b1; b2; 
g; Ri; where a = root(M4); aRa1; aRa2;a1Ra2; a2Ra1; a1Rb1; a1Rb2; a2Rb1; a2Rb2; b1R
; b2R
;M5 := hfa; a1; a2; b1; b2g; Ri; where a = root(M5); aRa1; aRa2;a1Ra2; a2Ra1; a1Rb1; a1Rb2; a2Rb1; a2Rb2:For any rooted frame F we say F is properly rooted i� the root of F is single-element or if there is only one immediate su

essor 
luster for the root.Theorem 4.3 A tabular logi
 � := �(F1[� � �[Fn) inherits all inferen
e rules admis-sible in S4 i� (i) ea
h Fj is a properly rooted frame with width not ex
eeding 2 and(ii) there is a single-element R-maximal 
luster in Fj , and (iii), for all i, 1 � m � 5,� 6� �(Mi).Proof. First we verify ne
essity. Using Theorem 3.5 and Lemma 4.1 it followsthat any �(Fj) has the 
o-
over property, and by Lemma 4.2 we derive that any Fjis of width not ex
eeding 2.Lemma 4.4 � is not in
luded in �(Mi), where 1 � i � 3.Proof. Assume not and �x i. The logi
 � is tabular and M+i 2 V ar(�), thereforeapplying V ar(�) = HSP (F1t; :::;tFn) and Stone duality theorems we get, for somej, there exists an onto p-morphismfj : Qj = CR v Fj !Mi;where C is a 
luster of Fj . And we may assume C is an R-maximal 
luster with thatproperty. Reasoning further as in [9℄ we derive a 
ontradi
tion.Assume now every Fj is properly rooted and not all R-maximal 
lusters of Fj areproper and that, for i 2 1; 2; 3, � is not in
luded in �(Mi). Then the following holds.Lemma 4.5 � 6� �(Mi), where i = 4; 5.



4. TABULAR LOGICS INHERITING ADMISSIBLE RULES OF S4 663Proof. The same as in [9℄.Now suppose some Fj is not properly rooted. Then this frame has the root 
lusterwith at least two elements and with two immediate su

essor 
lusters C1 and C2. Inthis 
ase we immediately obtain a 
ontradi
tion by adding a 
o-
over 
 for C1 and C2and then by adding a 
o-
over for 
 and the root.Finally, if a 
ertain Fj has only proper R-maximal 
lusters then we generate the
o-
overs poster for Fj by adjoining new single-element R-maximal 
luster 
 and thenadd a 
o-
over u for this 
 and the root of Fj , i.e.Q := fug [ [Fj t f
g℄;where u is the root of Q. The resulting frame Q is �(Fj)-frame a

ording to the
o-
over property for �(Fj), but this frame is deeper than Fj itself - a 
ontradi
tion.Thus the ne
essity of the 
ondition in our theorem is proved.SuÆ
ien
y. We have that the width of frames Fj is 2 or smaller and all ofthem are properly rooted and have single-element R-maximal 
lusters. Also we have� 6� �(Mi), 1 � i � 5. By Lemma 4.1 and Theorem 3.5 it is suÆ
ient to show thatea
h �(Fj) has the 
o-
over property.Lemma 4.6 �(Fj) has the 
o-
over property.Proof. The same as in [9℄. This lemma 
on
ludes the proof of our theorem.To 
on
lude this paper we would like to set several open questions. It is interestingto 
onsider logi
s inheriting admissible rules of the smallest transitive normal modallogi
 K4 and to des
ribe tabular logi
s preserving admissible rules of K4. This isimportant sin
e (i) K4 is a basi
, in a sense, transitive modal logi
; (ii) these tabularlogi
s are still inside of the proposed te
hnique. Though, it seems, the presen
e ofirre
exive elements in Kripke frames of these logi
s will make all 
onsiderations more
ompli
ated. But, anyway, there is a 
han
e that the presen
e of irre
exivity 
ouldalso redu
e drasti
ally the family of su
h logi
s and, quite to the 
ontrary, the proofs
ould be even shorter. Another portion of open questions 
on
erns study of thestru
ture and properties of all modal logi
s inheriting all admissible rules of a givenmodal logi
 � with fmp, it is of interest even for parti
ular important modal logi
s.For instan
e: whether these 
lasses are 
losed w.r.t. latti
es operations; whetherthey 
ontain logi
s with parti
ular properties (without fmp, Kripke in
omplete, forinstan
e). Another open question is: whether the property to inherit all admissiblerules of S4 is de
idable for �nitely axiomatizable logi
s with fmp.A
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