
Hydrodynami
 stru
ture of the augmentedBorn-Infeld equationsYann Brenier�Abstra
tThe Born-Infeld system is a nonlinear version of Maxwell's equations. We�rst show that, by using the energy density and the Poynting ve
tor asadditional unknown variables, the BI system 
an be augmented as a 10� 10system of hyperboli
 
onservation laws. The resulting augmented system hassome similarity with Magnetohydrodynami
s (MHD) equations and enjoyremarkable properties (existen
e of a 
onvex entropy, galilean invarian
e, fulllinear degenera
y). In addition, the propagation speeds and the 
hara
teristi
�elds 
an be 
omputed in a very easy way, in 
ontrast with the originalBI equations. Then, we investigate several limit regimes of the augmentedBI equations, by using a relative entropy method going ba
k to Dafermos,and re
over, the Maxwell equations for low �elds, some pressureless MHDequations for high �elds, and pressureless gas equations for very high �elds.1 Introdu
tionThe Born-Infeld equations were originally designed [BI℄, [Bo℄ as a nonlinear
orre
tion to the linear Maxwell equations allowing �nite ele
trostati
 �eldsfor point 
harges. After the emergen
e of Quantum Ele
trodynami
s, theBorn-Infeld model be
ame obsolete, although its remarkable properties hadnot been forgotten by theoreti
al physi
ists. More re
ently, the BI model
ame ba
k as an a
tive player in the �eld of D-brane and string theory [Po℄.We refer to G. Boillat [BDLL℄ and D. Serre [Se℄ for some mathemati
alanalysis of the BI equations and to G. Gibbons [Gi℄ for their relevan
e in
ontemporary high energy Physi
s. The BI model was also an attempt [dB℄�CNRS, LJAD, Universit�e de Ni
e, Institut Universitaire de Fran
e, on leave fromUniversit�e Paris 6, brenier�math.uni
e.fr 1



1 INTRODUCTION 2to des
ribe matter in a purely ele
tromagneti
 way. Parti
les were thoughtto 
orrespond to zones of very intense ele
tromagneti
 energy. The BI equa-tions belong to the family of nonlinear systems of hyperboli
 
onservationlaws (for whi
h many textbooks are available, su
h as [La℄, [Go℄, [Ma℄, [Se℄,[Ho℄, [Da℄, ...). They were designed on purpose to be 'linearly degenerate' (or'ex
eptional' a

ording to Boillat's terminology) so that sho
k waves wouldnot form and, this way, no further mi
ros
opi
al theory would be needed to
omplete the model. Solutions of linearly degenerate system of hyperboli

onservation laws are in general believed to be smooth or to blow up in supnorm, not in Lips
hitz norm (see [Ma℄, p.89, [Li℄). Thus, solutions of the BIequations are very likely to provide peaky solutions, behaving as parti
les.Of 
ourse, there are di�erent and more 
lassi
al ways to derive parti
le equa-tions out of wave equations, mainly through stationary phase arguments or,more re
ently, by weak 
onvergen
e te
hniques (su
h as H-measures, Wignertransforms et
..., 
f. [Ta℄, [GMMP℄, [Ta2℄,...). The goal of this paper isto provide some mathemati
al 
on�rmation that the BI model establishes anonlinear transition between wave and parti
le behaviours a

ording to theintensity of the ele
tromagneti
 �eld.The main steps of our analysis are as follows1) First, we lift the original 6� 6 BI system to a 10� 10 system of 
onserva-tion laws, by adding the 
onservation of both the energy and the Poyntingve
tor as additional 
onservation laws. The resulting augmented BI system(ABI) provides, in a natural way, a set of equations 
oupling the ele
tro-magneti
 �eld and a virtual 
uid having the ele
tromagneti
 energy as massdensity and the Poynting ve
tor as momentum. This 
an also be seen as amathemati
al formalization of the 
lassi
al idea in Physi
s (at least at Born'stime) that matter 
ould be of pure ele
tromagneti
 origin. Of 
ourse, the ap-parent 
oupling in the ABI equations is somewhat arti�
ial. Indeed, amongall solutions of the ABI system, only those with initial 
onditions valued ina spe
i�
 6 dimensional algebrai
 submanifold of R10 -that we 
all the BImanifold- genuinely 
orrespond to the original BI equations. For them, the'
uid part' is entirely subordinate to the 'ele
tromagneti
 part'. However, ifwe 
omplete, through weak 
onvergen
e (say in L2), the set of initial 
ondi-tions valued in the BI manifold, we get all (say L2) fun
tions valued in the
losed 
onvex hull of the BI manifold. But, it turns out that this 
losed 
on-vex hull is fully 10 dimensional! So, for most 'generalized' initial 
onditionsobtained after weak 
ompletion, the 
uid part and the ele
tromagneti
 partlook independent.



2 THE AUGMENTED BORN-INFELD SYSTEM 32) The ABI system enjoys remarquable properties, keeps the linear degen-era
y of the BI system, but has the Galilean invarian
e of 
uid me
hani
s,whi
h provides an entropy fun
tion (in the sense of the theory of hyper-boli
 
onservation laws) of almost quadrati
 nature. This enables us to usea 'relative entropy method' (going ba
k to Dafermos and DiPerna [Di℄, seemore details in [Da℄) for a rigorous asymptoti
 analysis of the ABI system inthree di�erent regimes, a

ording to the strength of the ele
tromagneti
 �eld.When �elds are low, we re
over the linear Maxwell equations, on large timeintervals. When �elds are high, on short time intervals, we re
over (depend-ing on the relative strengths of the ele
tri
 and the magneti
 �elds) eithera pressureless gas system (
orresponding to purely inertial non intera
tingparti
les) or a pressureless MHD system (des
ribing the motion of non inter-a
ting strings). Let us point out that these asymptoti
 results are essentiallyin
omplete, for two reasons.First, our results require the existen
e of smooth solutions for the limitequations. There is no problem for the linear Maxwell equations, obtainedin the low �eld regime. However, for the high �eld limits, the limit equationsonly provide smooth solutions for short times. So our asymptoti
 results areessentially lo
al.Next, we admit the existen
e of solutions to the ABI system on suÆ
ientlylarge time intervals. As usual for systems of multidimensional hyperboli

onservation laws, only the existen
e of lo
al smooth solutions for smoothinitial data 
an be insured. Be
ause the BI equations are fully linearly de-generate, the existen
e of global smooth solutions 
an be expe
ted, at leastfor data satisfying some smallness 
ondition. As a matter of fa
t, for smoothinitial data depending only on one spa
e variable, there is a pre
ise 
ondi-tion of that sort, as dis
ussed in Appendix C, following [Se℄. This shows, inparti
ular, that the BI and the ABI system are not globally well-posed. Letus �nally point out, more positively, that our error estimates do not involveany a priori bound on the solutions of the ABI system and do not require,in parti
ular, these solutions to be smooth.2 The augmented Born-Infeld system2.1 A short review of nonlinear Maxwell theoriesFor this subse
tion and the next one, we refer to Boillat [BDLL℄ and Gibbons[Gi℄. Generally speaking, nonlinear Maxwell equations 
an be obtained by



2 THE AUGMENTED BORN-INFELD SYSTEM 4varying a Lagrangian of form Z L(E;B)dxdt;with respe
t to (E;B) subje
t to�tB +r� E = 0; r �B = 0: (1)Here E and B are time dependent ve
tor �elds in R3 and the 'Lagrangiandensity' L has to be de�ned. The resulting system of equations 
ombines (1)and�tD = r�H; r �D = 0; D = �L�E (E;B); H = � �L�B (E;B): (2)whi
h is a nonlinear substitute for the usual linear Maxwell equations. Theobtained equations 
an be expli
itely written as evolution equations in thevariable (D;B), after introdu
ing the 'energy (or Hamiltonian) density'h(D;B) = supE E �D � L(E;B);and setting E = �h�D (D;B); H = �h�B (D;B):Of 
ourse, Maxwell equations 
orrespond toL(E;B) = E2 � B22 ; h(D;B) = B2 +D22 :2.2 The Born-Infeld modelLet us introdu
e the 'ele
tromagneti
 tensor' F0BBB� 0 E1 E2 E3�E1 0 B3 �B2�E2 �B3 0 B1�E3 B2 �B1 0 1CCCA (3)and the Minkowski metri
 tensor g0BBB� �1 0 0 00 1 0 00 0 1 00 0 0 1 1CCCA (4)



2 THE AUGMENTED BORN-INFELD SYSTEM 5The Born-Infeld Lagrangian is given byL(E;B) = �q�det(g + F ) = �q1 +B2 � E2 � (E �B)2:Born, Infeld and their followers found out that this Lagrangian density L is
hara
terized by the following properties :1) L depends only on B2 � E2 and E � B whi
h are the invariants of theele
tromagneti
 tensor.2) The equations are 'self-dual', i.e. una�e
ted by the 
hange of unknown(D;B)! (�B;D).2) The 
orresponding nonlinear Maxwell equations are hyperboli
 and lin-early degenerate.Noti
e that the 
lassi
al Maxwell theory is re
overed in the limit E << 1,B << 1.The Born-Infeld energy density h is given (after tedious 
al
ulations) byh = q1 +B2 +D2 + jD �Bj2; (5)where j � j stands for the Eu
lidean norm. We get, for E and H, the followingexpressions E = �h�D = D +B � Ph ; H = �h�B = B �D � Ph ; (6)where P = D � B (7)is the Poynting ve
tor. (Noti
e that P is also E�H!) Thus, the BI equations
an be written�tD +r� (�B +D � Ph ) = �tB +r� (D +B � Ph ) = 0; (8)r �D = r �B = 0:The energy density h satis�es the additional 
onservation law�th +r:P = 0: (9)A 
lassi
al suÆ
ient 
ondition for a system of 
onservation laws to be hyper-boli
 is the existen
e of an additional 
onservation laws for a smooth stri
tly



2 THE AUGMENTED BORN-INFELD SYSTEM 6
onvex fun
tion (usually 
alled 'entropy') of the 
onserved unknowns. In-deed, this property implies that the system is symmetrizable, and, thereforehyperboli
 (see [Da℄, for instan
e). Here, h is a stri
tly 
onvex fun
tion of Band D only in a neighborhood of the origin, but not in the large. Therefore,it is not obvious that the BI equations are hyperboli
 in the large, from theentropy point of view.2.3 Lifting of the BI systemAlthough h, de�ned by (5), is not a globally 
onvex fun
tion of B and D, itis trivially a 
onvex fun
tion of B, D and P = D � B. Thus it is naturalto look at the evolution equation satis�ed by the Poynting ve
tor P . Aftertedious 
al
ulations, we getProposition 2.1 Any smooth solution (D;B) of the BI system satis�es theadditional 
onservation laws,�tP +r:(P 
 P � B 
 B �D 
Dh ) = r( 1h); (10)where h and P are de�ned by (5,7).The proof is given in Appendix A. So, adding equations (8), (9), (10), weget a 10� 10 system of 
onservation laws in the variables (B;D; h; P ) whi
hwe 
all augmented BI (ABI) equations. Of 
ourse, all solutions (B;D) ofthe BI equations solve this augmented system, provided h; P are de�ned by(5,7). So the BI equations 
orrespond to the ABI system, with spe
ial initial
onditions, valued in the 6 dimensional submanifold of R10 (5, 7), that we
all the BI manifold. At this point, it is not 
lear that the new system ishyperboli
. However, we proveTheorem 2.2 Let us introdu
e the smooth stri
tly 
onvex fun
tion(D;B; P; h > 0)! S(D;B; P; h) = 1 +B2 +D2 + P 22h : (11)Then, all smooth solutions of the ABI system (8-9-10) satisfy the additional
onservation law�tS +r:(SPh ) = r:fP �D �B + (B � P )B + (D � P )Dh2 g; (12)whi
h makes the ABI system symmetrizable and hyperboli
. In addition, theABI system is linearly degenerate.



2 THE AUGMENTED BORN-INFELD SYSTEM 7The proof of (12) is given in Appendix B. Let us re
all that a system of
onservation laws is automati
ally symmetrizable and hyperboli
 wheneverit admits a smooth stri
tly 
onvex entropy fun
tion. The linear degenera
yof the ABI system will be investigated in the next subse
tion.Remark 1The entropy fun
tion S is just... h=2 (written in a di�erent way) along theBI manifold (5), (7)!Remark 2A similar situation o

urs in elastodynami
s where the original equationsla
k the existen
e of a 
onvex entropy. However, they 
an be augmented,by adding additional 
onservation laws. The resulting equations do have astri
tly 
onvex entropy. (See a dis
ussion in [Da℄, [DST℄, and also [GG℄ forrelated topi
s.)Remark 3An intermediate extension of the BI system 
an be obtained by i) adding to(8) the 
onservation of P (10), ii) relaxing (7). Then, we get a 9� 9 systemof 
onservation laws, with unknowns D;B; P . Here h is not an unknownvariable, but rather a smooth stri
tly 
onvex fun
tion of D;B; P de�ned byh = p1 +B2 +D2 + P 2: (13)The 
orresponding 
onservation law reads�th+r � P �r � (P �D � Bh2 ) +r:((D � P )D + (B � P )Bh2 ) = 0 (14)(and not (9)!). Thus h is an entropy and the 9 � 9 system is automati
allysymmetrizable and hyperboli
. However the 
omputation of propagationspeeds and 
hara
teristi
 �elds is 
umbersome.2.4 Propagation speeds and 
hara
teristi
 �eldsIn 
ontrast with the BI system, the 
omputation of propagation speeds and
hara
teristi
 �elds for the ABI system is straightforward. Sin
e the ABI



2 THE AUGMENTED BORN-INFELD SYSTEM 8system is 
learly isotropi
 with respe
t to the x variable, it is enough to
onsider solutions whi
h do not depend on x2, x3. Noti
e �rst that�tB1 = �tD1 = 0; �1B1 = �1D1 = 0;immediately follows from (8), whi
h means that B1 and D1 are just 
onstant.Thus, we just have to 
onsider the resulting one-dimensional 8�8 ABI systemde�ned by : �th+ �1P1 = 0; (15)�tP1 + �1(P 21 � (1 +D21 +B21)h ) = 0; (16)�tD2 + �1(B3 +D2P1 �D1P2h ) = 0; (17)�tD3 + �1(�B2 +D3P1 �D1P3h ) = 0; (18)�tB2 + �1(�D3 +B2P1 � B1P2h ) = 0; (19)�tB3 + �1(D2 +B3P1 �B1P3h ) = 0; (20)�tP2 + �1(P1P2 �D1D2 �B1B2h ) = 0; (21)�tP3 + �1(P1P3 �D1D3 �B1B3h ) = 0: (22)Sin
e Z = q1 +B12 +D12 is a 
onstant, the one-dimensional ABI systemun
ouples. Equations (15,16) form a well known system whi
h des
ribes a
ompressible isentropi
 gas, often 
alled a Chaplygin gas, for whi
h the speedof sound is Z=h. This 2�2 system is linearly degenerate and its propagationspeeds are �+ = P1 + Zh ; �� = P1 � Zh :Next, we observe that, on
e P1, h are known, equations (17,18, 19,20,21,22)form a 6�6 linear symmetri
 system of 
onservation laws. The propagationspeeds � are solutions of�2(h2�2 � Z2)2 = 0; � = �� P1h : (23)



2 THE AUGMENTED BORN-INFELD SYSTEM 9Thus, we get again the previous propagations speeds �+ and ��, whi
h,therefore, have multipli
ity 3 ea
h, and, in addition,�0 = P1h ;with multipli
ity 2. The 
orresponding 
hara
teristi
 �elds 
an be easily
omputed and the propagation speeds are un
hanged along them, whi
hmeans that the ABI system is fully linearly degenerate. (This also followsfrom Boillat's theorem [Boi℄ (see also [Se℄ or [Da℄), sin
e ��, �+ and �0 aremultiple roots -with 
onstant multipli
ity- of equation (23).) Noti
e thatthese easy 
al
ulations do apply to the original BI system, just by restri
tionon the BI manifold (5), (7)! So lifting the original 6� 6 system to a 10� 10system has the e�e
t of a drasti
ally simpli�ed algebra.2.5 Hydrodynami
 features of the ABI systemThe ABI system has a lot of similarities with Hydrodynami
s and, morespe
i�
ally, Magnetohydrodynami
s (MHD), for whi
h we refer, for instan
e,to Boillat's le
ture in [BDLL℄. Indeed, h and P may be interpreted as themass density and the impulse of the 
uid, whi
h 
orresponds to the oldphysi
al idea that matter may be of pure ele
tromagneti
 nature. Introdu
ingthe 
orresponding velo
ity �eld v v = Ph ; (24)we 
an write the ABI system as follows�th+r:(hv) = 0; (25)�t(hv) +r:(hv 
 v � B 
B �D 
Dh ) = r( 1h); (26)�tB +r:fB 
 v � v 
 Bg+r� (Dh ); (27)�tD +r:fD 
 v � v 
Dg � r� (Bh ) = 0:Also noti
e that, in spite of the fa
t that the original BI system is fully
ompatible with spe
ial relativity, the ABI system is just as Galilean as
lassi
al 
uid Me
hani
s! Indeed, a 
hange of frame (t; x) ! (t; x + ut),



2 THE AUGMENTED BORN-INFELD SYSTEM 10where u is any �xed 3 dimensional ve
tor leaves the ABI system un
hangedprovided we set(B;D; h; v)(t; x+ ut) = (B;D; h; v)(t; x) + (0; 0; 0; u): (28)Noti
e that, in sharp 
ontrast, E de�ned by (6), 
hanges asE(t; x + ut) = E(t; x) + u� B(t; x):RemarkThe Galilean nature of the augmented system seems to single out the BImodel among all other ele
tromagneti
 models. In parti
ular, augmentingthe Maxwell equations by adding the 
onservation laws for the energy h andthe Poynting ve
tor P = hv would lead to the following system�th+r:(hv) = 0; �t(hv)�r:(B 
 B +D 
D) +rh = 0;�tD �r� B = �tB +r�D = 0; r �D = r �B = 0;whi
h does not share the Galilean invarian
e of 
lassi
al 
uid me
hani
s anddoes not exhibit a genuinely 
oupled stru
ture.2.6 Convex hull of the BI manifoldDue to the linear degenera
y of the ABI system, one may spe
ulate that thissystem is 'weakly stable'. (This would mean that all weak limits of the ABIsystem -with suitable uniform bounds- are still solutions of the system.) Asa matter of fa
t, this is true for spe
ial solutions depending on a single spa
evariable, as shown in Appendix C, following [Se℄. Therefore, it is naturalto investigate whi
h initial 
onditions 
an be weakly approximated (say, inthe L2 sense) by (say, smooth) initial 
onditions valued in the BI manifold(5); (7). It is well known (see [Ta3℄), that su
h inital 
onditions are pre
iselythose (say L2) fun
tions that are valued in the 
losed 
onvex hull of the BImanifold.Theorem 2.3 The 
losed 
onvex hull of the six dimensional BI manifold(5,7) in R10 has dimension 10. It 
ontains the 
onvex setfh � 1 + jDj+ jBj+ jP jgand is 
ontained in fh � p1 +D2 +B2 + P 2g.



3 ASYMPTOTIC ANALYSIS : RESULTS 11A proof is provided in Appendix D. From this result, we infer that,through weak 
ompletion, we may 
onsider, for the ABI system, all kinds ofinitial 
onditions with full dimensionality, where the '
uid variables' (h; P )are 
learly distin
t from the 'ele
tromagneti
 variables' (B;D).3 Asymptoti
 Analysis : ResultsIn this se
tion, several asymptoti
 regimes of the ABI system are investi-gated. For low �elds, we re
over the Maxwell equations. Conversely, forhigh �elds, depending on the 
hosen s
aling, we re
over either a pressurelessMagnetohydrodynami
s system or a pressureless gas dynami
s system. Forsimpli
ity, we only 
onsider spatially periodi
 solutions of period 1 and allspa
e integrals will be performed on the unit 
ube. We say that a 
olle
tionof Lebesgue integrable fun
tions (D;B; h � 0; P ) is an entropy weak solutionof the ABI system if t! Z 1 +B2 +D2 + P 22h dxis a bounded non in
reasing fun
tion of t � 0 and equations (8,9,10) aresatis�ed in the sense of distributions. Noti
e that we do not require thesesolutions to satisfy the 
orresponding 'entropy inequality'�tS +r:(SPh )�r:fP �D � B + (B � P )B + (D � P )Dh2 g � 0:In parti
ular, we do not require(1 +B2 +D2 + P 2h )Phto be integrable. As pointed out in the introdu
tion, the global existen
eof su
h solutions is not known, as usual for multidimensional systems ofhyperboli
 
onservation laws. However, our error estimates do not requireany a priori bound on the solutions of the ABI system.Let us �rst state our results, in the next three subse
tions. Our proofs arepostponed to se
tion 4.3.1 High �eld limit toward pressureless MHDLet us �rst 
onsider solutions of the ABI system for whi
h B, P and h areof high intensity and s
ale as � >> 1, while D stays of order 1. Noti
e that



3 ASYMPTOTIC ANALYSIS : RESULTS 12su
h a s
aling is 
ompatible with the BI manifold (5), (7). (Just take B oforder � and D of order 1.) The res
aled �elds~B = B=�; ~P = P=�; ~h = h=�;are formally approximate solution, up to O(1=�) error, to the homogeneoussystem derived from the ABI system (8,9,10)�tB +r� (B � Ph ) = 0; (29)�th +r:P = 0; (30)�tP +r:(P 
 P �B 
Bh ) = 0: (31)The 
orresponding 'homogeneous' BI manifold, obtained by res
aling theoriginal BI manifold (5), (7), is given by :B � P = 0; h = pB2 + P 2; (32)Naturally, this manifold is preserved by the equations (whi
h 
an be dire
tly
he
ked). System (29,30,31) 
an be seen as a pressureless version of the 
las-si
al MHD equations. It is not obvious that it admits lo
al smooth solutions.However, at least for parti
ular initial data, this system turns out to be inte-grable by writting its (smooth) solutions as superpositions of non-intera
tingstrings, as explained in Appendix E. We haveTheorem 3.1 Let (B�; P �; h�) = (h�b�; h�v�; h�) be a smooth solution of the'pressureless MHD system' (29,30,31) de�ned on a �nite time interval [0; T ℄.Let D� = h�d� be a smooth solution of the 
ompanion linear equation�tD� +r:(D� 
 P � � P � 
D�h� ) +r� B�h� = 0(where B�, P �, h� are known). Let (D;B; P; h) = (hd; hb; hv; h) be a weakentropy solution of the ABI system (8,9,10). Then, there is a 
onstant C � 1depending only on T and (D�; B�; P �; h�), su
h that, for all � >> 1,1R hdx Z h2fjv � v�j2 + jb� b�j2 + jd� d�� j2 + (1h � 1�h� )2gdx � C 1�4 (33)holds true for all t 2 [0; T ℄, provided it holds true at t = 0 with C = 1. Inaddition, we then have, for all t 2 [0; T ℄,Z fjP � �P �j+ jB � �B�j+ jD �D�j+ j1� h�h� jgdx � C 0 (34)for some other 
onstant C 0 depending only on T and (D�; B�; P �; h�).



3 ASYMPTOTIC ANALYSIS : RESULTS 133.2 Very high �eld limit toward pressureless gas dy-nami
sWe now 
onsider solutions of the ABI system for whi
h both B and D areof high intensity and s
ale as � >> 1, while P and h are even higher of size�2. (Again, this s
aling is 
ompatible with the BI manifold (5), (7).) Theres
aled �elds ~P = P=�2; ~h = h=�2;are formally approximate solution, up to O(1=�2) error, to the new homoge-neous system derived from the ABI system (8,9,10)�th+r:P = 0; �tP +r:(P 
 Ph ) = 0: (35)The 
orresponding 'homogeneous' BI manifold, obtained by res
aling theoriginal BI manifold (5), (7), is justh = jP j (36)and is preserved by the equations. This homogeneous system des
ribes apressureless gas ('dust'), and, more spe
i�
ally, a gas of 'photons', on
e re-stri
ted along the homogeneous BI manifold. Geometri
ally, it des
ribes a
ontinuum of parti
les moving along straight lines (rays) at 
onstant speedwithout intera
tions. (Along the homogeneous manifold, this speed is one.)Smooth solutions exist for short times and usually blow up, be
ause of rayfo
using. See more details on Appendix E. We haveTheorem 3.2 Let (P �; h�) = (h�v�; h�) be a smooth solution of the pressure-less gas equations (35) de�ned on a �nite time interval [0; T ℄. Let B� = h�b�,D� = h�d� be smooth solutions of the 
ompanion linear equations�tD� +r:(D� 
 P � � P � 
D�h� ) = 0;�tB� +r:(B� 
 P � � P � 
D�h� ) = 0;(where h�, P � are known). Let (D;B; P; h) = (hd; hb; hv; h) be a weak en-tropy solution of the ABI system (8,9,10). Then, there is a 
onstant C � 1depending only on T and (D�; B�; P �; h�), su
h that for all � >> 1,1R hdx Z h2fjv � v�j2 + jb� b�� j2 + jd� d�� j2 + (1h � 1�2h� )2gdx � C 1�4 (37)holds true for all t 2 [0; T ℄, provided it holds true at t = 0 with C = 1.



4 ASYMPTOTIC ANALYSIS : PROOFS 143.3 Low �eld limit toward Maxwell's equationsFinally, let us 
onsider the opposite regime when the �elds are weak. Morespe
i�
ally, we now 
onsider solutions of the ABI system for whi
h both Band D are of law intensity and s
ale as � << 1, while P is even lower of size�2. (In addition, we assume here h� 1 to be of order �2, in full 
ompatiblitywith the BI manifold (5), (7).) The res
aled �elds~D = D=�; ~B = B=�;are formally approximate solution, up to O(�2) error, to the 
lassi
al linearMaxwell equations�tB +r�D = 0; �tD �r� B = 0: (38)We haveTheorem 3.3 Let (D�; B�) be a global smooth solution of the Maxwell equa-tions (38) and T > 0. Let (D;B; P; h) = (hd; hb; hv; h) be a weak entropysolution of the ABI system (8,9,10). Then, there is a 
onstant C � 1 de-pending only on (D�; B�) and T , su
h that, for all � << 1,1R hdx Z h2fv2 + jb� �b�j2 + jd� �d�j2 + (1h � 1)2gdx � C�4 (39)holds true for all t 2 [0; T ℄, provided it holds true at t = 0 with C = 1. Inaddition, we then have, for all t 2 [0; 1�℄,Z fjP j+ jB � �B�j+ jD � �D�j+ jh� 1jgdx � C 0�2 (40)for some other 
onstant C 0 depending only on (D�; B�).4 Asymptoti
 analysis : Proofs4.1 The abstra
t relative entropy methodFollowing [Da℄, 
hapter 5.2, let�tU +r:G(U) = 0; (41)be a system of 
onservation laws admitting a smooth stri
tly 
onvex entropyU ! S(U). Let U and U 0 be two solutions of (41), both spatially periodi
.



4 ASYMPTOTIC ANALYSIS : PROOFS 15We assume U 0 to be smooth and U to be a weak entropy solutions (or, morepre
isely, to be a weak solution with t ! R S(U)dx non in
reasing). Then,we have ddt Z �(U; U 0)dx � Z r(DS(U 0)) � Z(U; U 0)dx; (42)where �(U; U 0) = S(U)� S(U 0)�DS(U 0) � (U � U 0) (43)is the relative entropy, and Z is de�ned byZ(U; U 0) = G(U)�G(U 0)�DG(U 0) � (U � U 0): (44)Noti
e that we 
an easily adapt Dafermos' 
al
ulation to the 
ase when U 0is only an approximate solution�tU 0 +r:G(U 0) = r; (45)where r is the error term. Then, we getddt Z �(U; U 0)dx � (46)Z r(DS(U 0)) � Z(U; U 0)dx� Z D2S(U 0)(r 
 (U � U 0))dx:4.2 The relative entropy method for the augmented BIsystemFor the ABI system, we use notationsU = (D;B; P; h) = (hd; hb; hv; h); U 0 = (D0; B0; P 0; h0) = (h0d0; h0b0; h0v0; h0);where U 0 is an approximate solution with rest r = (rd; rb; rv; rh). The relativeentropy (43) reads�(U; U 0) = h2fjv � v0j2 + jd� d0j2 + jb� b0j2 + (1h � 1h0 )2g: (47)Noti
e that we getZ fjP � P 0j+ jD �D0j+ jB � B0j+ j1� h=h0jgdx (48)



4 ASYMPTOTIC ANALYSIS : PROOFS 16� (1 + jjU 0jj1)sZ hdxsZ �(U; U 0)dx;where jj � jj1 denotes the sup norm, just by using both Cau
hy-S
hwartz andtriangle inequalities. (IndeedjP �P 0j = jhv� h0v0j � hjv� v0j+ jh0v0jj1� h=h0j = hjv� v0j+ jP 0jj1� h=h0jet
...) Thus the relative entropy 
ontrols the L1 distan
e between U and U 0.From the abstra
t method, we getTheorem 4.1 Let U = (hd; hb; hv; h) be a weak entropy solution of the ABIsystem on the periodi
 
ube R3=Z3. Let U 0 = (h0d0; h0b0; h0v0; h0) be a smoothapproximate solution of the ABI system with rest r = (rd; rb; rv; rh). Thenthe relative entropy �(U; U 0), de�ned by (47), satis�esddt Z �(U; U 0)dx � 
0(R1 +R2) Z hdx+ 
0(1 + L) Z �(U; U 0)dx; (49)where L, R1 and R2 are given byL = jjr(d0; b0; v0; d02 + b02 + v02 + 1=h02)jj1; (50)R1 = jjr2v + r2d + r2bh02 jj1; (51)R2 = jjr2hv02 + d02 + b02 + 1=h02h02 jj1 (52)and 
0 is a purely numeri
al 
onstant.4.3 Proof of Theorem 4.1All 
omponent of Z, de�ned by (44), 
orrespond to one of the 
onservationlaws of the ABI system. Those 
orresponding to equations (8) are given byZBi;xj = hf(bi � b0i)(vj � v0j)� (bj � b0j)(vi � v0i) (53)+�ijk(dk � d0k)( 1h � 1h0 )gZDi;xj = hf(di � d0i)(vj � v0j)� (dj � d0j)(vi � v0i) (54)��ijk(bk � b0k)( 1h � 1h0 )g;



4 ASYMPTOTIC ANALYSIS : PROOFS 17where �ijk is the signature symbol for ijk. The 
omponents 
orresponding toequation (10) are given byZPi;xj = hf(vi � v0i)(vj � v0j)� (dj � d0j)(di � d0i) (55)�(bj � b0j)(bi � b0i)� ( 1h � 1h0 )2Æijg;where Æij is the Krone
ker symbol. Finally, the 
omponent Zh;xj 
orrespond-ing to the (linear) equation (9) is null, as expe
ted from de�nition (44). Itfollows that Z jjZ(U; U 0)jjdx � 
0 Z �(U; U 0)dx; (56)where 
0 denotes, from now on, any purely numeri
al 
onstant (here depend-ing only on the 
hoi
e of the matrix norm jj � jj). As a 
onsequen
e, we getfrom (46) ddt Z �(U; U 0)dx � 
0jjr(DS(U 0))jj1 Z �(U; U 0)dx+R; (57)where R = � Z D2S(U 0)(r 
 (U � U 0))dx: (58)Let us �rst estimate R. From formula (11), we get�2S�Pi�Pj (U 0) = �2S�Di�Dj (U 0) = �2S�Bi�Bj (U 0) = 1h0 Æij;�2S�Pi�Dj (U 0) = �2S�Di�Bj (U 0) = �2S�Bi�Pj (U 0) = 0;�2S�Pi�h(U 0) = �v0ih0 ; �2S�Di�h(U 0) = �d0ih0 ; �2S�Bi�h(U 0) = �b0ih0 ;�2S�h�h (U 0) = v02 + b02 + d02 + 1h02h0 :Thus, R is given, after few rearrangements, byR = � Z rv � (v � v0) + rd � (d� d0) + rb � (b� b0)h0 hdx (59)+ Z rhv0 � (v � v0) + d0 � (d� d0) + b0 � (b� b0) + 1=h0(1=h0 � 1=h)h0 hdx:



4 ASYMPTOTIC ANALYSIS : PROOFS 18So we get, by Cau
hy-S
hwarz inequality and (47),R � 
0s(R1 +R2) Z �(U; U 0)dxZ hdx � 
0 Z �(U; U 0)dx+
0(R1+R2) Z hdxwhere R1 and R2 are de�ned by (51,52). Going ba
k to (57), we observe that(by de�nition (11))DS(U 0) = (d0; b0; v0;�d02 + b02 + v02 + 1=h022 ); (60)and �nally dedu
e (49). This 
ompletes the proof of Theorem 4.1.4.4 Proof of Theorem 3.1The proof is an appli
ation of Theorem 4.1, Let us de�ne an approximatesolution (D0; B0; P 0; h0) = (h0d0; h0b0; h0v0; h0) of the ABI system by settingB0 = �B�; P 0 = �P �; h0 = �h�; D0 = D�; b0 = b�; v0 = v�; d0 = d�=�:For this approximate solution, by de�nition (50), 
onstant L is of order O(1).Moreover, the error terms readrb = r�d0 = O(1=�); rd = rh = 0; rv = �r:(h0d0
d0)�r(1=h0) = O(1=�):Thus, by de�nition (51,52),R2 = 0; R1 = O(1=�4):It follows that the (res
aled) relative entropy1R hdx Z h2fjv � v0j2 + jb� b0j2 + jd� d0j2 + (1h � 1h0 )2gdxstays of order O(1=�4) for all t 2 [0; T ℄ if it does so at time t = 0. Sin
e, therelative entropy 
an also be writtenZ h2fjv � v�j2 + jb� b�j2 + jd� d�� j2 + (1h � 1�h� )2gdx;we have obtained (33). Finally, sin
e R hdx is a 
onserved quantity of sizeO(�) and jjU 0jj1 = O(�), we dedu
e from inequality (48) that (34) holdstrue.the proof is now 
omplete.



4 ASYMPTOTIC ANALYSIS : PROOFS 194.5 Proof of Theorem 3.2The proof is again an appli
ation of Theorem 4.1. We �rst de�ne an ap-proximate solution (D0; B0; P 0; h0) = (h0d0; h0b0; h0v0; h0) of the ABI system bysetting D0 = �D�; B0 = �B�; P 0 = �2P �; h0 = �2h�;d0 = d�=�; b0 = b�=�; v0 = v�:For this approximate solution, by de�nition (50), 
onstant L is of order O(1).Moreover, the error terms readrd = �r� b0 = O(1=�); rb = r� d0 = O(1=�); rh = 0;rv = �r:(h0(d0 
 d0 + b0 
 b0))�r(1=h0) = O(1):Thus, by de�nition (51,52),R2 = 0; R1 = O(1=�4):It follows that the res
aled relative entropy1R hdx Z h2fjv � v0j2 + jb� b0j2 + jd� d0j2 + (1h � 1h0 )2gdxstays of order O(1=�4) for all t 2 [0; T ℄ if it does so at time t = 0. Sin
e, therelative entropy 
an also be writtenZ h2fjv � v�j2 + jb� b�=�j2 + jd� d�=�j2 + (1h � 1�2h� )2gdx;we have obtained (37). This 
ompletes the proof.4.6 Proof of Theorem 3.3Again Theorem 4.1 is used. Here we de�ne an approximate solution(D0; B0; P 0; h0) = (h0d0; h0b0; h0v0; h0)of the ABI system by settingh0 = 1; P 0 = v0 = 0; D0 = d0 = �D�; B0 = b0 = �B�;



4 ASYMPTOTIC ANALYSIS : PROOFS 20where � << 1. For this approximate solution, by de�nition (50), 
onstant Lis of order O(�). Moreover, the error terms readrd = rb = rh = 0; rv = �r:(d0 
 d0 + b0 
 b0) = O(�2):Thus, by de�nition (51,52),R2 = 0; R1 = O(�4):It follows that the res
aled relative entropy1R hdx Z h2fjv � v0j2 + jb� b0j2 + jd� d0j2 + (1h � 1h0 )2gdxstays of order O(�4) for all t 2 [0; T ℄ if it does so at time t = 0. Sin
e, therelative entropy 
an also be writtenZ h2fv2 + jb� �b�j2 + jd� �d�j2 + (1h � 1)2gdx;we have obtained (39). Sin
e R hdx is a 
onserved quantity of size O(1) andjjU 0jj1 = O(1), it follows from (48) that (40) holds true, whi
h 
ompletesthe proof.Appendix A : proof of Proposition 2.1Noti
e �rst that, for a general nonlinear Maxwell theory, we have�t(D � B) = r � (B 
H +D 
 E) +r:(h�D � E � B �H): (61)For the BI system, H and E are given byE = D +B � Ph ; H = B �D � Ph :where P = D � B. Thush�D �E �B �H = 1h(h2 �D � (D +B � P )� B � (B �D � P ))= 1h(1 + P 2 � 2(D � B) � P ) = 1h(1� P 2);sin
e P = D � B. Next,H 
B + E 
D = 1h(B 
B +D 
D + T );



4 ASYMPTOTIC ANALYSIS : PROOFS 21where Tij = �(D � P )iBj + (B � P )iDj= (DiBk �DkBi)(DjBk �DkBj) = �PiPj + P 2Æij(sin
e P = D � B). So we have obtained�t(D � B) = r(B 
 B +D 
D � P 
 Ph ) +r:( 1h);whi
h exa
tly is (10). This 
ompletes the proof.Appendix B : proof of Theorem 2.2We have to show that S de�ned by (11) satis�es (12) for all smooth solutionsof the ABI system. For this proof, we use notations u;i for �u=�xi, as wellas the 
lassi
al signature symbols �ijk and impli
it summation on repeatedindi
es. We also use notations b = B=h, d = D=h, v = P=h. We have�tS + B2 +D2 + P 2 + 12h2 ht = biBi;t + diDi;t + viPi;t= ��ijkbidk;j � bi(h(bivj � bjvi));j + �ijkdibk;j � di(h(divj � djvi));j�vi(hvivj � hbibj � hdidj);j + vj(h�1);j= (�ijkdibk);j � (b2=2 + d2=2 + v2=2);jhvj � (b2 + d2 + v2)(hvj)j+h(bibj + didj)vi;j(using that r � (hb) = r � (hd) = 0)+vi(hbibj + hdidj);j + hvj(h�2=2);j= r � (b� d) +r(h(b(b � v) + d(d � v)))�r � ((b2=2 + d2=2 + v2=2)hv)�1=2(b2 + d2 + v2 + h�2)(hvj);j + (hvjh�2=2);j:So, we have obtained (sin
e h;t + (hvj);j = 0),�tS = r�(b�d)+r�(h(b(b�v)+d(d�v)))�r�((b2=2+d2=2+v2=2�h�2=2)hv);= r � (b� d) +r � (h(b(b � v) + d(d � v)))�r � (Shv � h�2hv)= r � (B �Dh2 ) +r � (B(B � P ) +D(D � P )h2 )�r � (SP � Ph2 );whi
h is exa
tly (12) and 
ompletes the proof.



4 ASYMPTOTIC ANALYSIS : PROOFS 22Appendix C : Analysis of the ABI system in one spa
edimensionConditional existen
e of global smooth solutionsLet us 
onsider the 8� 8 one-dimensional ABI system (15, 16, 17, 18, 19, 20,21, 22). For simpli
ity, we denote by x the one-dimensional spa
e variableand we only 
onsider spatially periodi
 solutions of period 1. As alreadyobserved, this system un
ouples. The 
uid part (15,16) is just the one-dimensional Chaplygin gas equations, for whi
h the propagation speeds are�� = P1 � Zh ; �+ = P1 + Zh ;where Z = q1 +B21 +D21 and solve(�t + ��Z�x)�+ = 0; (�t + �+Z�x)�� = 0: (62)This 2�2 system is studied in detail in Serre's book [Se℄. It is integrable andadmits global smooth solutions for smooth initial data, under the ne
essaryand suffi
ient supx ��(t = 0; x) < infx �+(t = 0; x): (63)(See also [Li℄ for similar results on general linearly degenerate systems of
onservation laws.) This 
ondition exa
tly means thatjP1(t = 0; x)� h
j < q1 +B21 +D21 (64)holds true for all x and for some 
onstant 
. On
e h and P1 are known, the sixremaining equations (17, 18, 19, 20, 21, 22) form a linear symmetri
 systemof 
onservation laws with smooth 
oeÆ
ients, whi
h, therefore, admits globalsmooth solutions for smooth initial data (see [Ma℄, [AG℄...). Thus, we haveProposition 4.2 The one-dimensional ABI system (15, 16, 17, 18, 19, 20,21, 22) has global smooth spatially periodi
 solutions (D;B; h > 0; P ) forsmooth periodi
 initial data if and only if 
ondition (64) holds true at timet = 0 for some 
onstant 
.



4 ASYMPTOTIC ANALYSIS : PROOFS 23Remark 1Clearly, 
ondition (64) is not usually enfor
ed along the BI manifold. Thus,we 
on
lude that there are smooth initial 
onditions, valued in the BI man-ifold, for whi
h neither the ABI system nor the BI system have global so-lutions. Con
erning our asymptoti
 results, namely Theorems 3.1, 3.2, 3.3,let us 
he
k what restri
tions 
ondition (64) implies on the solutions of the
orresponding limit equations, after res
aling. For theorem 3.3, whi
h 
or-responds to low �elds, we �nd no restri
tion, whi
h is not surprising. Fortheorem 3.1, we �nd that jP �1 � 
h�j < jB�1 j must hold true for some 
onstant
. For theorem 3.2, the restri
tion is P �1 = 
h�, for some 
onstant 
, whi
hmeans that the limit solution is essentially trivial.Remark 2An expli
it formula 
an be provided to solve equations (15,16), by using theone-dimensional linear wave equation. (This is not surprising sin
e theseequations are known to be nothing but the 'Eulerian' version of the one-dimensional linear wave equation.) More pre
isely, let L = R 10 h(0; x)dx.Sin
e h(0; x) is smooth, stri
tly positive and 1� periodi
 in x, formulas = Z X0(s)0 h(0; y)dyimpli
itely de�nes s! X0(s) as a di�eomorphism between R=LZ and R=Z.Then, we set V0(s) = P (0; X0(s))h(0; X0(s)and solve the linear wave equation�ttX = Z2�ssX;with initial 
onditionsX(t = 0; s) = X0(s); �tX(t = 0; s) = V0(s):We expli
itely obtain by d'Alembert's formulaX(t; s) = 12(X0(s+ Zt) +X0(s� Zt)) + 12Z Z s+Zts�Zt V0(�)d�:



4 ASYMPTOTIC ANALYSIS : PROOFS 24This formula de�nes X(t; �) as a di�eomorphism for all real t if and only ifinfs V0(s) + ZX 00(s) > sups V0(s)� ZX 00(s)whi
h exa
tly means (64) sin
eh(0; X0(s)) = 1X 00(s) :Finally, elementary 
al
ulations show thath(t; X(t; s)) = 1�sX(t; s) ; P (t; X(t; s)) = h(t; X(t; s))�tX(t; s);impli
itely de�nes a smooth solution (h; P ) to equations (15,16).Weak stabilityLet us now restri
t ourself to spe
ial solutions to the one-dimensional ABIsystem of the following formD = (0; D(t; x); 0); B = (0; 0; B(t; x)); h = h(t; x); P = (P (t; x); 0; 0);with obvious notational abuses. The resulting spe
ial one-dimensional ABIsystem is �tD + �x(B +DPh ) = �tB + �x(D +BPh ) = 0; (65)�th+ �xP = 0: (66)�tP + �x(P 2 � 1h ) = 0; (67)with 'entropy' S(D;B; h; P ) = 1 +D2 +B2 + P 2h :By using, again, Serre's results we have the following 'weak stability' resultProposition 4.3 Let (Dn; Bn; hn > 0; Pn) be a sequen
e of global spatiallyperiodi
 smooth solutions of the spe
ial 1-dimensional ABI system (65,66,67),su
h that �1 � Pn � 1hn � �2 < �3 � Pn + 1hn � �4; (68)



4 ASYMPTOTIC ANALYSIS : PROOFS 25Z 1 +D2n +B2n + P 2nhn dx � �5; (69)for some 
onstants �i, i = 1; 2; 3; 4; 5; at time t = 0.Then (Dn; Bn; hn; Pn) has at least a subsequen
e that 
onverges to some limit(D;B; h; P ) (where the 
onvergen
e holds true in the spa
e of 
ontinuousfun
tions of t valued in L2 equipped with the weak topology) and this limit isa (weak) solution of the ABI system.ProofFirst observe that the initial bounds propagate. From (68), whi
h remainstrue for all t � 0, we dedu
e that0 < infn;t hn(t; x) � supn;t hn(t; x) < +1:The initial entropy bound (69) also propagates for all t � 0, whi
h impliessupn;t Z (D2n +B2n + P 2n)(t; x)dx < +1:Thus the solutions are uniformly bounded in L1(R;L2(R=Z)) and theirtime derivatives are bounded in the sense of distributions in x, uniformly int, whi
h is enough for 
ompa
tness in the spa
e of all 
ontinuous fun
tionsof t � 0, valued in L2(R=Z), equipped with the weak topology.Next, following Serre in his analysis of equations (62), we know that (h; P )is a weak solution of the Chaplygin gas equations (66,67). By applying(three times) the Murat-Tartar div-
url lemma (see [Ta3℄, [Se℄...) to system(65,66,67), we dedu
e some weak 
onvergen
e for nonlinear 
ombinations of(Dn; Bn; hn; Pn), namely D2n �B2nhn ! D2 �B2h ;BnPn +Dnhn ! BP +Dh ;DnPn +Bnhn ! DP +Bh :This is enough to dedu
e that the limit (B;D) still satis�es (65) whi
h 
om-pletes the proof.



4 ASYMPTOTIC ANALYSIS : PROOFS 26Appendix D : Proof of Theorem 2.3Let us �rst introdu
e the indi
ator fun
tion I(D;B; P; h) of the BI manifold,with values 0 inside the BI manifold and +1 ouside. To get the 
losed
onvex hull of the BI manifold, it is enough to 
ompute the bidual fun
tionI��. We haveI��(D;B; P; h) = supÆ;�;�;�D � Æ +B � � + P � � + h� � I�(Æ; �; �; �);where I�(Æ; �; �; �) = supD;B;P;hD � Æ +B � � + P � � + h� � I(D;B; P; h)= supD;B D � Æ +B � � +D � B � � + �q1 +D2 +B2 + jD � Bj2;by de�nition of I as the indi
ator fun
tion of the BI manifold (5,7).First, we observe that I�(Æ; �; �; �) = +1 whenever � > 0.(Indeed, let us assume � > 0. If � 6= 0, by setting D = 0, B = �n and lettingn! +1, we get I�(Æ; �; �; �) = +1. By symmetry, we get the same resultwhenever Æ 6= 0. Finally if Æ = � = 0, we set B = D = (n; 0; 0), let n go to1 and again get I�(Æ; �; �; �) = +1.)Next, for � < 0, we haveI�(Æ; �; �; �) = ��K�( Æ�� ; ��� ; ��� );whereK�(Æ; �; �) = supD;B D � Æ+B ��+D�B ���q1 +D2 +B2 + jD � Bj2: (70)It follows thatI��(D;B; P; h) = sup�<0(��)(�h + supÆ;�;�D � Æ + B � � + P � � �K�(Æ; �; �))= sup�<0(��)(�h +K��(D;B; P ))takes value 0 or +1 whenever h � K��(D;B; P ) or not. This exa
tly meansthat the 
onvex hull of the BI manifold is just fh � K��(D;B; P )g, withK��(D;B; P ) = supÆ;�;�D � Æ +B � � + P � � �K�(Æ; �; �); (71)



4 ASYMPTOTIC ANALYSIS : PROOFS 27where K� is de�ned by (70). Just by setting D = B = 0 in (70), we imme-diately get K�(Æ; �; �) � �1:Next, we 
laim that K� = +1 unless j�j, jÆj and j�j are bounded by 1.Indeed, we have (by setting D = 0 in de�nition (70))K�(Æ; �; �) � supB B � � �p1 +B2 = �q1� �2;if j�j � 1 and +1 otherwise. Similarly,K�(Æ; �; �) � �p1� Æ2;if jÆj � 1 and +1 otherwise. Finally, assume j�j > 1 and let �� be a unitve
tor orthogonal to �. Set B = n��, D = n�� � � in (70). Then, we getD �B = n2� andK�(Æ; �; �) � supn fn�� � � � Æ + n�� � � + n2�2�q1 + n2��2 + (n�� � �)2 + n4�2g = supn n2(�2 � j�j) = +1:So, K� is in�nite, unless j�j, jÆj and j�j are bounded by 1, and bounded frombelow by �1, we dedu
e from de�nition (71) thatK��(D;B; P; h) � supjÆj�1;j�j�1;j�j�1D � Æ +B � � + P � � + 1= 1 + jDj+ jBj+ jP j:Thus, the 
losed 
onvex hull of the BI manifold, whi
h is de�ned by inequalityh � K��(D;B; P; h) 
ertainly 
ontains the 10 dimensional 
onvex set de�nedby inequality h � 1 + jDj+ jBj+ jP j. Finally, from (70), it follows thatK�(Æ; �; �) � supD;B;P D � Æ +B � � + P � � �p1 +D2 +B2 + P 2;whi
h implies K��(D;B; P ) � p1 +D2 +B2 + P 2;sin
e p1 +D2 +B2 + P 2 is 
onvex. Thus, the 
losed 
onvex hull of the BImanifold is 
ontained in fh � p1 +D2 +B2 + P 2g and the proof is now
omplete.



4 ASYMPTOTIC ANALYSIS : PROOFS 28Appendix E : integrability of the pressureless systemsThe integrability of the pressureless MHD system (29,30,31) follows from thefollowing observation. Let L > 0 andX : (t; s; a) 2 R+ � (R=LZ)� (R=Z)2 ! X(t; s; a) 2 (R=Z)3be a 
olle
tion (parameterized by a) of (
lassi
al) strings subje
t to the one-dimensional wave equation �ttX = �ssX;on the inverval 0 � s � L, with periodi
 boundary 
onditions at s = 0 ands = L. Let us introdu
e the following �eldsh(t; x) = Z Æ(x�X(t; s; a))dsda; (72)B(t; x) = Z �sX(t; s; a)Æ(x�X(t; s; a))dsda; (73)P (t; x) = Z �tX(t; s; a)Æ(x�X(t; s; a))dsda; (74)whi
h are well de�ned as Borel measures. Then, we easily get, in the senseof distributions r �B = 0; �th +r � P = 0;�tB(t; x) = r � Z (�tX 
 �sX � �sX 
 �tX)(t; s; a)Æ(x�X(t; s; a))dsda:�tP (t; x) = r�Z (�sX
�sX��tX
�tX)(t; s; a)Æ(x�X(t; s; a))dsda: (75)Let us prove, for instan
e, the last identity. We have�tP (t; x) = Z �ttX(t; s; a)Æ(x�X(t; s; a))dsda� Z �tX(t; s; a)(rÆ)(x�X(t; s; a)) � �tX(t; s; a)dsda:Thus, �tP (t; x) + Z �tX(t; s; a)(rÆ)(x�X(t; s; a)) � �tX(t; s; a)dsda= Z �ssX(t; s; a)Æ(x�X(t; s; a))dsda
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e ea
h X(�; �; a) solves the one dimensional linear wave equation)= Z �sX(t; s; a)(rÆ)(x�X(t; s; a)) � �sX(t; s; a)dsda;(by integration by part in s), whi
h 
ompletes the proof of (75).Let us now assume that, at time t = 0,(s; a) 2 (R=LZ)� (R=Z)2 ! X(t; s; a) 2 (R=Z)3is a di�eomorphism, whi
h makes h(t; x) a stri
tly positive smooth fun
tionand B and P two smooth ve
tor �elds. Sin
e the one-dimensional waveequation keeps solutions smooth, the di�eomorphism property will stay truefor at least a short time interval [0; T ℄, more pre
isely as long as h staysstri
tly positive. Then, for ea
h t 2 [0; T ℄, we haveZ (�tX 
 �sX � �sX 
 �tX)Æ(x�X(t; s; a))dsda = P 
B �B 
 Ph ;Z (�tX 
 �tX � �sX 
 �sX)Æ(x�X(t; s; a))dsda = P 
 P � B 
Bh ;whi
h makes (h;B; P ) a (lo
al) smooth solution of the pressureless MHDsystem.Now, let us 
he
k that there is, at least, a non trivial set of initial data(h;B; P )(t = 0), belonging to the homogeneous BI manifold (32), for whi
hwe 
an satisfy the di�eomorphism property. We seth(t = 0; x) = L; B(t = 0; x) = (0; 0; 1); (76)P (t = 0; x) = pL2 � 1(
os�(x); sin�(x); 0);where � is a smooth fun
tion on (R=Z)3, whi
h is 
ompatible with (32),provided that L > 1. We observe thatX(t = 0; s; a) = (a; s=L); �tX(t = 0; s; a) = (1=L)P (t = 0; a; s=L);is 
onsistent with de�nitions (73), (74) and (76). Geometri
ally speaking,this 
orresponds to a 3-dimensional 'harp' made of straight verti
al strings.Then, we expli
itely solve the one-dimensional wave equation and getX(t; s; a) = (a+ 12L Z s+ts�t P (0; a; s0=L)ds0; sL);
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h de�nes a di�eomorphism at least for a suÆ
iently short time interval[0; T ℄. Therefore, the 
orresponding �elds (h;B; P ) de�ned by (72), (73) and(74) are solutions to the pressureless MHD system on [0; T ℄ for the pres
ribedinitial data (76).Let us �nally 
onsider the pressureless gas equations (35) along the 'homo-geneous' BI manifold, (36). The integrability is very easy to 
he
k. Wejust 
onsider a family of parti
le traje
tories t ! X(t; a), parameterized bya 2 (R=Z)3, with no a

eleration�ttX(t; a) = 0; (77)and de�ne h(t; x) = Z Æ(x�X(t; a))da; (78)P (t; x) = Z �tX(t; a)Æ(x�X(t; a))da: (79)As long as a ! X(t; a) is a di�eomorphism of (R=Z)3, (h; P ) is a smoothsolution to the pressureless gas system. A typi
al example of solutions, 
om-patible with the homogeneous BI manifold (36), is provided byX(t; a) = a+ tv(a)where v is a smooth fun
tion on (R=Z)3, valued in the unit sphere S2. The
orresponding initial 
onditions for (h; P ) areh(0; x) = 1; P (0; x) = v(x) 2 S2Su
h a solution 
orresponds to a gas of photons with uniform initial density.A
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