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this and other related quasi-orders. In parti
ular, we establish a num-ber of 
onne
tions between stru
tural properties of these quasi-ordersand traditional 
ow/
oloring problems. Parti
ulary we etablish theexisten
e of arbitrarily large �nite anti
hains with respe
t to the 
y
le
ontinuous order. (Even the existen
e of anti
hains of size 2 was aproblem). Our framework also leads to a variety of new questions.For instan
e, the following problem 
on
erns a basi
 property of �whi
h we have been unable to resolve. Is there an in�nite set ofin
omparable graphs under the order �?1 Introdu
tionSome of the most striking 
onje
tures in stru
tural graph theory have analgebrai
 
avour. These in
lude Tutte's 
onje
tures on 
ows, a varietyof polynomials asso
iated with 
ombinatorial phaenomena, the Hedetniemiprodu
t 
onje
ture, and Ulam's re
onstru
tion 
onje
ture. In all these 
asesnot only one 
an formulate these problems involving some familiar algebrai
notions and 
onstru
tions but in all of these 
ases some of the (
urrently)best results were obtained after the proper algebrai
 
ontext was realized,see e.g. [6, 20, 22, 23, 24, 11, 13℄. It is perhaps not surprising that many ofthese problems 
an be expressed as statements about partially ordered (orquasi-ordered) sets and 
lasses. In some of the situation su
h a formulationis straightforward as the problem deals dire
tly with the 
ategory of graphsand standart maps, su
h as homomorphisms. This is the 
ase e.g. for theprodu
t 
onje
ture, see e.g. [20, 14℄. However in the other situations a dif-ferent algebrai
 and order-theoreti
 formulation is far from obvious and theright de�nitions were sought for a long time. Sometimes strangely lookingde�nitions are far from arbitrary as they re
e
t the experien
e gained withdealing with 
on
rete problems (su
h as 4CC) and other algebrai
 
on
eptssu
h as matroids, 
ows and tensions. The later notions are the subje
t ofthis paper.The immediate motivation for this paper was provided by e�orts tounderstand a paper of Fran�
ois Jaeger [7℄ in its relationship to Petersen
ows and various maps between 
y
le spa
es and to the later development.It appeared us soon that the �ne distin
tions in possible interpretations ofJaeger's insightfull approa
h leads to a variety of orders with interestinginterplay and results. 2



We de�ne nine orders for graphs. Although many of these orders looksimilar a small 
hange in the de�nition has sometimes (well, in most 
ases)profound in
uen
e on the behaviour and problems related to the parti
ularorder. It is the essen
e of this approa
h that seemingly simple lookingquestions yield diÆ
ult problems.We try to establish some of the basi
 properties of the orders we estab-lish. For ea
h order we try to determine the maximal/minimal elements,s
ales, atomes and similar order-theoreti
 
on
epts. In some 
ases, we havebeen unable to resolve even very basi
 properties about our orders. Theseopen problems may be of some interest.We do not aim for generalities for their own sake. Instead we want to puton solid ground 
onje
tures (both small and grand) and all the observationsand experien
e whi
h was assembled and whi
h in many instan
es is trulyfolkloristi
. Perhaps surprisingly this relates many di�erent areas by newlinks. Parti
ularly, it displays prominently the role of the 
riti
al problem[18℄ (in many of its forms) as one of the only monotonne invariant whi
h isat our disposal.Our approa
h has some similarities to [10℄ where the authors are alsointerested in various maps between graphs (and mostly between edges).However despite of some formal similarities our approa
h is very di�erent(although it is manifested in some subtle di�eren
ies): our mappings arede�ned by "
ontinuous"-type 
ondition (for example: by requiering thatpreimage of every 
y
le is a 
y
le), whereas mappings in [10℄ are mostly"open" (for example 
y
le preserving). Motivation of [10℄ is matroid theory(and strong maps are one of the 
lasses 
onsidered). Our motivation is 
owand 
oloring problems (following the original Tutte's approa
h). For thesetype of questions our "
ontinuous" approa
h seems to be more suited. Thisis also indi
ated by the pleasing fa
t whi
h we are going to prove in Se
tion4 Theorem 4.7 that homomorphisms (i.e. mappings of verti
es whi
h areedge preserving) are just "
ut-tension 
ontinuous maps". (Homomorphisms,
alled 
olor maps in [10℄, do not �t the matroidal s
heme of [10℄.)
3



2 Basi
 De�nitionsAll graphs 
onsidered in this paper are assumed to be �nite unless it isexpli
itly stated otherwise. Graphs may have both loops and multiple edges.Frequently, we will have need to refer to both an oriented graph and theunderlying undire
ted graph. If G is an undire
ted graph, then we may use~G or �G to denote an orientation of G. If ~G or �G is de�ned to be an orientedgraph, then it is understood that G is the underlying undire
ted graph.Let G be a graph and let C � E(G). We say that C is a 
y
le ifevery vertex of the graph (V (G); C) has even degree. A 
ir
uit is a non-empty 
y
le whi
h is minimal with respe
t to in
lusion. We de�ne theodd-girth 
o(G) of a graph G to be the size of the smallest 
ir
uit of G ofodd 
ardinality (or 1 if none exists). If X � V (G), then we will let �(X)denote the set of edges with one end in X and one end in V (G) n X . Fora vertex v 2 V (G), we use �(v) to denote �(fvg). Any set of edges of theform �(X) for some X � V (G) is de�ned to be an edge-
ut. A bond is anon-empty edge-
ut whi
h is minimal with respe
t to in
lusion. We de�ne�o(G) to be the size of the smallest bond of G of odd 
ardinality (or 1 ifnone exists). A single edge e 2 E(G) is a 
ut-edge if feg is an edge-
ut.If ~G is an oriented graph and X � V (~G), then we let �+(X) denotethe set of edges with tail in X and head in V (~G) n X . We de�ne ��(X)to be �+(V (~G) nX) and as before, for a vertex v 2 V (~G), we let �+(v) =�+(fvg) and ��(v) = ��(fvg). If C � G is a 
ir
uit and e; f 2 E(~G), thene and f are either given the same orientation relative to C or the oppositeorientation relative to C. A dire
tion of C is a pair (X;Y ) of disjoint subsetsof E(C) with union E(C) so that every e 2 X and f 2 Y have oppositeorientation with respe
t to C. We 
all the edges in X forward edges andthe edges in Y ba
kward edges. We say that an edge e 2 E(~G) is a 
ut-edgeif the 
orresponding edge is a 
ut-edge of the underlying undire
ted graphG. Let M be an abelian group, let ~G be an oriented graph, and let � :E(~G)!M be a map. We say that � is a 
ow or an M -
ow ifXe2�+(v)�(e) = Xe2��(v)�(e)4



holds for every vertex v 2 V (~G). We say that � is a tension or anM -tensionif Xe2A�(e) =Xe2B �(e)holds for every 
ir
uit C � G where (A;B) is the dire
tion of C.We now follow the framework of Jaeger in [8℄ by de�ning a restri
ted
lass of 
ows and tensions. Let B � M and assume that �B = B. If� : E(~G) ! M is a 
ow (tension) and �(E(~G)) � B, then we say that� is a B-
ow (B-tension). We say that a 
ow (tension) � is nowhere-zeroif it is a (M n f0g)-
ow (tension). We say that � : E(G) ! Z is a k-
ow (k-tension) for a positive integer k if � is a B-
ow (B-tension) whereB = f�(k�1); : : : ;�1; 0; 1; : : : ; k�1g. If � is a B-
ow (B-tension) of ~G andwe reverse the orientation of some edge e 2 E(~G), then by repla
ing �(e)by its additive inverse, we maintain that � is a B-
ow (B-tension). Thus,for an unoriented graph G, we have that some orientation of G has a B-
ow(B-tension) if and only if every orientation of G has a B-
ow (B-tension).In this 
ase, we say that G has a B-
ow (B-tension). Similarly, we saythat G has a nowhere-zero M -
ow or k-
ow (M -tension or k-tension) ifsome (and thus every) orientation of G has su
h a 
ow (tension). Next wemention a famous 
onje
ture of Tutte on nowhere-zero 
ows.Conje
ture 2.1 (The 5-
ow 
onje
ture (Tutte)) Every graph with no
ut-edge has a nowhere-zero 5-
ow.In this introdu
tion, we will fo
us most of our attention on B-
ows.However, we wish to mention here that the theory of B-tensions is quiteri
h and is 
losely 
onne
ted with graph 
oloring. Indeed, it is an easy fa
tthat a graph has a B-tension if an only if it has a homomorphism to a
ertain Cayley graph. For 
ompleteness, this property is proved in the nextse
tion. Here we mention a 
orollary of this fa
t whi
h gives eviden
e of the
onne
tion to graph 
oloring.Proposition 2.2 A graph G has a nowhere-zero k-tension if and only if itis k-
olorable.Jaeger initiated the study of B-
ows and B-tensions and observed that anumber of important questions in graph theory may be phrased in terms ofthe existen
e of 
ertain B-
ows. Here we list three famous 
onje
tures. For5



ea
h of these problems we o�er two equivalent formulations. The �rst is thetraditional statement of the problem, the se
ond is an equivalent statementin terms of B-
ows.Conje
ture 2.3 (The �ve 
y
le double 
over 
onje
ture)(1) For every graph with no 
ut-edge, there is a list of �ve 
y
les sothat every edge is 
ontained in exa
tly two.(2) Every graph with no 
ut-edge has a B-
ow for the set B � Z52
onsisting of those ve
tors with exa
tly two 1's.Conje
ture 2.4 (The orientable �ve 
y
le double 
over 
onje
ture)(1) For every oriented graph with no 
ut-edge, there is a list of �ve2-
ows �1; �2; : : : ; �5 with P5i=1 �i = 0 su
h that every edge isin the support of exa
tly two of these 
ows.(2) Every graph with no 
ut-edge has a B-
ow for the set B � Z5
onsisting of those ve
tors with exa
tly three 0's, one 1, and one�1.Conje
ture 2.5 (Fulkerson)(1) For every 
ubi
 graph with no 
ut-edge, there is a list of 6 perfe
tmat
hings so that every edge is 
ontained in exa
tly two.(2) Every graph with no 
ut-edge has a B-
ow for the set B � Z62
onsisting of those ve
tors with exa
tly four 1's.For the history of these 
onje
tures see e.g. [2, 21, 8, 5℄ and also theoriginal papers [4, 19, 3℄.In addition to de�ning B-
ows, Jaeger de�ned a type of mapping be-tween graphs whi
h is 
losely related to one we give here. We will dis-
uss the relationship between our and Jaeger's de�nitions in Se
tion 9of this paper. Let ~G and ~H be oriented graphs, let M be an abeliangroup, and let f : E(~G) ! E( ~H). We say that f is M -
ow-
ontinuous(M -tension-
ontinuous) if � Æ f is a M -
ow (M -tension) of ~G for everyM -
ow (M -tension) � of ~H (see Figure 1). The name 
ow-
ontinuous(tension-
ontinuous) is used here sin
e in su
h a map every 
ow (tension)of ~H lifts to a 
ow (tension) of ~G. Note that if f is a 
ow-
ontinuous(tension-
ontinuous) map from ~G to ~H and we reverse the dire
tion of anar
 e 2 E( ~H), then by reversing the ar
s f�1(feg) in ~G, we maintainthat f is 
ow-
ontinuous (tension-
ontinuous). Also note that if f is M -
ow-
ontinuous (M -tension-
ontinuous), then f is alsoMn-
ow-
ontinuous6



(Mn-tension-
ontinuous) for every positive integer n. Here we mention thekey property of 
ows and 
ontinuous maps (this property is also satis�edby Jaeger's maps). This property may be viewed as the motivation for ourstudy.
E(G) E(H)

M

φ

f

φ f

Figure 1: M -
ow(tension)-
ontinuousProposition 2.6 If there is a M-
ow-
ontinuous (M-tension-
ontinuous)map from ~G to ~H and H has a B-
ow (B-tension) for some B �Mn, thenG also has a B-
ow (B-tension).Proof: We prove the proposition in the 
ow-
ontinuous 
ase. The tension-
ontinuous 
ase follows by the same argument. If f : E(~G) ! E( ~H) is M -
ow-
ontinuous, then it is alsoMn-
ow-
ontinuous. Thus, if � : E( ~H)! Bis a B-
ow of H , then � Æ f is a B-
ow of G. �The above proposition is espe
ially interesting be
ause it suggests a dif-ferent approa
h to showing the existen
e of a B-
ow. To prove that G hasa B-
ow, it suÆ
es to show that some orientation of G has an M -
ow-
ontinuous map to an orientation of a graph H whi
h is known to havea B-
ow. Based on this property, we now de�ne for every abelian groupM the relations �fM and �tM as follows. For any two unoriented graphsG, H , we write G �fM H (G �tM H) if there exists an M -
ow-
ontinuous(M -tension-
ontinuous) map between some orientation of G and some ori-entation of H . We write G 6�fM H or G 6�tM H if no su
h map exists. Arelation is a quasi-order if it is re
exive and transitive. Next we prove thatthese relations are quasi-orders. 7



Figure 2: P10Proposition 2.7 The relations �fM and �tM are quasi-orders on the 
lassof �nite graphs.Proof: For 
onvenien
e, we give the proof only for�fM . The same argumentalso works for �tM . For any graph G, and any orientation ~G of G, theidentity map from E(~G) to E(~G) is M -
ow-
ontinuous, so G �fM G. Toprove that �fM is transitive, let F;G;H be graphs with F �fM G �fM H .Then there exists a 
ow-
ontinuous map f from an orientation ~F of F toan orientation ~G of G and a 
ow-
ontinous map f 0 from an orientation �Gof G to an orientation ~H of H . By possibly reversing the dire
tion of somear
s in ~G and reversing the 
orresponding ar
s in ~F (as des
ribed above),we may assume that ~G = �G. Now, for any M -
ow � of ~H , the map � Æ f 0is a 
ow of ~G = �G and the map � Æ f 0 Æ f is a K-
ow of F . Thus, the mapf 0 Æ f is a M -
ow 
ontinuous map from ~F to ~H and we have that F �fM Has required. �The main purpose of this paper is to investigate the stru
ture of thequasi-orders �fM and �tM . We will establish some basi
 properties and
onne
tions between these orders and raise some new open problems. Herewe mention a fas
inating 
onje
ture of Jaeger 
on
erning the order �fZ2whi
h we view as powerful motivation for the study of the 
ow-
ontinuousquasi-orders. We use P10 to denote the Petersen graph (see Figure 2).Conje
ture 2.8 (Jaeger) If G has no 
ut-edge, then G �fZ2 P10.8



If this 
onje
ture is true, then so is the �ve 
y
le double 
over 
onje
tureand Conje
ture 2.5 of Fulkerson. This impli
ation follows immediately fromProposition 2.6 and the se
ond formulations of these 
onje
tures given inthe introdu
tion and the fa
t that these 
onje
tures hold for the Petersengraph.In general, to prove that every graph in some set X of �nite graphshas a B-
ow, it suÆ
es to establish a set Y of graphs with the propertythat every graph in Y has a B-
ow and every graph in X has an M -
ow-
ontinuous map to some graph in Y. Here we suggest another problem ofthis type whi
h may be viewed as an oriented version of the above 
onje
tureof Jaeger. An aÆrmative answer to this problem would imply the 5-
ow
onje
ture, the orientable �ve 
y
le double 
over 
onje
ture, and 
onje
ture2.5 of Fulkerson. We let Kn denote the 
omplete graph on n verti
es.Problem 2.9 Does every graph G with no 
ut-edge satisfy G �fZ K4 orG �fZP10?This paper is organized as follows. After establishing some general prop-erties of 
ow and tension-
ontinuous maps in the next two se
tions, we in-vestigate ea
h of the orders �fZ2, �fZ, �tZ2, and �tZ in a separate se
tion.Also a se
tion is devoted to Jaeger order �J and its 
omparison to our ap-proa
h (whi
h we believe is more streamlined). The last two se
tions aredevoted to \positive 
lone 
ows and tensios".For the 
onvenien
e we review here some simple 
hara
teristi
s of partialorders whi
h we will investigate in all of these 
ases. Let � be an order on S.Two elements x; y 2 S are 
omparable if either x � y or y � x. We say thatx dominates y if x � y and we say that x and y are equivalent if x � y andy � x. An element x 2 S is maximal (minimal) if x is equivalent to everyelement y for whi
h y � x (x � y). A set Y � S is an anti
hain if no twoelements in Y are 
omparable. A set X � S is a 
hain if every two elementsin X are 
omparable but not equivalent. An in
reasing (de
reasing) 
hainis a sequen
e fxng1n=1 su
h that xj � xi if and only if j � i (j � i). Anin
reasing 
hain fxng1n=1 is said to be a s
aling 
hain if every y 2 S whi
his not maximal is dominated by xi for some i � 1. An element y 2 S is anatom if every x 2 S whi
h is not minimal dominates y. Finally, we say thata fun
tion f : S ! Z is monotone if either x � y implies f(x) � f(y) orx � y implies f(x) � f(y). 9



3 Flow/Tension-
ontinuous maps over ringsBefore we study the orders generated by some parti
ular groups, we wish tomention some general properties satis�ed by all 
ow or tension-
ontinuousmaps over rings. This will shorten and unify some of our statements below.Our approa
h is the standard one.Throughout this se
tion, we will assume that K is a ring. For everyoriented graph ~G, we reguard KE(~G) as a module over K. It follows fromthe de�nitions that the set of K-tensions and K-
ows are both submodulesof KE(~G). If �;  2 KE(~G), we say that � and  are orthogonal, written� ?  , if Pe2E(~G) �(e) (e) = 0. It is an elementary fa
t that every K-
ow is orthogonal to every K-tension. Furthermore, a map  : E(~G)! Kis a K-
ow (K-tension) if and only if it is orthogonal to every K-tension(K-
ow).Next we state a key equivalen
e. If f : X ! Y and  : X ! K, thenwe let  f : Y ! K be given by the rule  f (y) =Px2f�1(fyg)  (x).Theorem 3.1 Let ~G and ~H be oriented graphs and let f : E(~G)! E( ~H).Then f is K-
ow-
ontinuous (K-tension-
ontinuous) if and only if  f is atension (
ow) of ~H for every tension (
ow)  of ~G.Proof: We prove the theorem only in the 
ow-
ontinuous 
ase. The tension
ontinuous 
ase follows by a similar argument. Let f : E(~G) ! E( ~H) be amap, let  be a K-tension of G and let � be a K-
ow of H . Then we havethe following equations :Xe2E(H) �(e) f (e) = Xe2E(H) �(e) Xs2f�1(feg) (s)= Xe2E(H) Xs2f�1(feg) �(f(s)) (s)= Xs2E(G)(� Æ f)(s) (s)If we assume that f is K-
ow-
ontinuous, then (� Æ f) is a 
ow on G, sothe last line in the above equation evaluates to zero. In this 
ase, we havethat  f ? �. Sin
e � was an arbitrary 
ow, it follows that  f is orthogonalto every 
ow, so  f is a tension as desired.10



If we assume that  f is a tension of H , then the �rst line in the aboveequation evaluates to zero. In this 
ase, we have that  ? (� Æ f). Sin
e  was an arbitrary tension, it follows that �Æf is orthogonal to every tension,so � Æ f is a 
ow as desired. �Next we prove that for every graph H , there is a subspa
e B � Kn with�B = B, su
h that G �fK H (G �tK H) if and only if G has a B-
ow (B-tension). This useful fa
t was �rst dis
overed by Jaeger. Although Jaegeronly 
onsidered the ring Z2, his arguments extend naturally to arbitraryrings. Let A be a matrix with entries in K and 
olumns indexed by E(G),and let a1; a2; : : : ; an denote the rows of A. We say that A represents the
y
le-spa
e (
o
y
le-spa
e) of G if every ai is a K-
ow (K-tension) and forevery K-
ow (K-tension)  of G, there exist x1; x2; : : : ; xn 2 K su
h that =Pni=1 xiai.Theorem 3.2 Let ~H be an oriented graph, let K be a ring, let A be ann � m matrix over K whi
h represents the 
y
le-spa
e (
o
y
le-spa
e) of~H, and let B = fx 2 Kn j x or �x is a 
olumn of Ag. Then for everygraph G, we have that G �fK H (G �tK H) if and only if G has a B-
ow(B-tension).Proof: Again, we prove the statement only in the 
ase when A representsthe 
y
le-spa
e of H . A similar argument proves the statement when Arepresents the 
o
y
le-spa
e of H . Let a1; a2; : : : ; an denote the row ve
torsof A. We think of ai as a map from E(H) to K and we let � : E(H)! Knbe the map given by the rule �(e) = (a1(e); a2(e); : : : ; an(e)). Let ~G be anorientation of G, and let f : E(~G) ! E( ~H) be a map. Next we establishthe following 
laim.Claim: f is K-
ow-
ontinuous if and only if � Æ f is a 
ow.Proof: If f is K-
ow-
ontinuous, then ai Æ f is a 
ow for 1 � i � n, so �is also a 
ow. On the other hand, if � Æ f is a 
ow and  : E( ~H) ! Kis any K-
ow of H , then we may 
hoose xi 2 K for 1 � i � n so that =Pni=1 xiai. Sin
e � Æ f is a 
ow, ai Æ f is a 
ow for 1 � i � n and we�nd that  Æ f =Pni=1 xiai Æ f is also a 
ow. Sin
e  was an arbitrary 
owof ~H, it follows that f is K-
ow-
ontinuous. This 
ompletes the proof ofthe 
laim.Let B0 denote the set of 
olumns of the matrix A. It follows from theabove 
laim that G �fK H if and only if there exists an orientation ~G of11



G and a map  : E(~G) ! B0 so that  is a 
ow. By reversing edges, thelatter 
ondition is equivalent to the statement that G has a B-
ow. This
ompletes the proof. �Let M be an abelian group and let p : V (~G) ! M be a map (p forpotential). We de�ne the 
oboundary of p to be the map Æp : E(~G) ! Mgiven by the rule Æp(e) = p(v)� p(u) if e is dire
ted from u to v. It is easyto see that Æp is always a tension. The following well known lemma showsthat every tension arises in this manner from a potential.Lemma 3.3 For every tension � : E(~G) ! M , there exists a map p :V (G) ! M so that Æp = �. Further, if G is 
onne
ted and Æp = � = Æp0,then there is a �xed x 2M so that p(v)� p0(v) = x for every e 2 E(~G).Proof: De�ne the height of a walk W to be the sum of � on the forwardedges ofW minus the sum of � on the ba
kward edges ofW . Sin
e � is a ten-sion, the height of every 
losed walk is zero. Now, 
hoose a vertex u and de-�ne the map p : V (~G)!M by the rule p(v) = the height of a walk from u to v.It follows from the fa
t that every 
losed walk has height zero that p is wellde�ned. Furthermore, by 
onstru
tion Æp = �. To prove the se
ond state-ment in Lemma 3.3, let p0 : V (~G)! K satisfy Æp0 = �. Now for any edge edire
ted from u to v, we have that p0(v)�p0(u) = �(e) = p(v)�p(u). Thus,p(v)� p0(v) = p(u)� p0(u) and Lemma 3.3 follows. �If G;H are undire
ted graphs. A homomorphism from G to H is a mapf : V (G) ! V (H) with the property that f(u) � f(v) whenever u � v. Itis easy to see that there is a homomorphism from G to Kn if and only if Gis n-
olorable. Thus, we may view homomorphisms as a generalization ofgraph 
oloring.For any abelian group M and any subset B �M with B = �B, we letCayley(M;B) denote the simple (undire
ted, but not ne
essarily loopless)graph with vertex set M in whi
h two verti
es x; y 2 M are adja
ent ifand only if x � y 2 B. Note that Cayley(M;B) is an in�nite graph if Mis in�nite. The following proposition is a well-known equivalen
e whi
h wesket
h a proof of for 
ompleteness.Proposition 3.4 LetM be an abelian group and let B �M with �B = B.Then a graph G has a B-tension if and only if there is a homomorphismfrom G to Cayley(M;B). 12



Proof: Let ~G be an orientation of G. If there is a homomorphism p from Gto Cayley(M;B), then the map  = Æp is a B-tension. If  : E(~G)!M isa B-tension, then by the above lemma, we may 
hoose a map p : V (~G)!Mso that Æp =  . Sin
e V (~G) = V (G), the map p is a homomorphism fromG to Cayley(M;B) as desired. �Based on the above proposition and Theorem 3.2, we now have thefollowing 
orollary.Corollary 3.5 Let ~H be an oriented graph, let K be a ring, let A be an n�m matrix over K whi
h represents the 
o
y
le-spa
e of ~H, and let B = fx 2Kn j x or �x is a 
olumn of Ag. Then G �tK H if and only if G �homCayley(Kn; B).Proof: By Theorem 3.2, G �tK H if and only if G has a B-tension. ByProposition 3.4 this is equivalent to the existen
e of a graph homomorphismfrom G to Cayley(Kn; B). �4 Comparing the quasi-ordersIn this se
tion we 
ompare the quasi-orders indu
ed by 
ow-
ontinuous(tension-
ontinuous) maps over di�erent groups. At the end of this se
-tion, we introdu
e a quasi-order based on graph homomorphisms and we
ompare this to the tension-
ontinuous orders. We begin with a de�nitionof 
ir
uit-
ows and 
ut-tensions followed by an easy (folkloristi
) proposi-tion whi
h we prove for the sake of 
ompleteness.Let ~G be an oriented graph and let M be an abelian group. For everyX � V (~G) and every z 2M , de�ne the map 
zX : E(~G)!M by the rule
zX(e) =8<: z if e 2 �+(X)�z if e 2 ��(X)0 otherwiseFor any map � : E(~G) ! M , we say that � is a 
ut-tension if there existX � V (G) and z 2M so that � = 
zX . If su
h an X; z exist with the addedproperty that �(X) is a bond, then we say that � is a bond-tension. Thefollowing observation follows from the de�nitions.13



Observation 4.1 If ~G is 
onne
ted and � is a 
ut-tension of ~G, then everyp : V (~G)!M whi
h satis�es Æp = � must have jp(V (~G)j � 2.If C � G is a 
ir
uit and (A;B) is a dire
tion of C, and then z 2M ,themap �zC : E(~G)!M given by the rule zC(e) = 8<: z if e 2 A�z if e 2 B0 otherwiseis a 
ow. We de�ne any 
ow of this form to be a 
ir
uit-
ow. Cir
uit-
owsare dual to bond-tensions. Sin
e we will not need the 
ow analogue of a
ut-tension, we will not de�ne it.Proposition 4.2 For every 
ow (tension) � of ~G, there exist 
ir
uit-
ows(bond-tensions) �1; �2; : : : ; �n su
h that � =Pni=1 �i.Proof: We prove the proposition in the 
ase that � is a 
ow. The 
ase when� is a tension follows by a similar argument. We pro
eed by indu
tion onSupp(�). The proposition is trivially true if Supp(�) = ;, so we may assumethat this is not so and 
hoose an edge e 2 E(~G) with �(e) = x 6= 0. It followsimmediately from the de�nitions that there is no edge-
ut C 
ontaining ewith the property that �(f) = 0 for every f 2 C n feg. Thus, we may
hoose a 
ir
uit D with e 2 D su
h that D � Supp(�). Let �1 : E(~G)!Mbe a 
ir
uit-
ow with Supp(�1) = D and with �1(e) = x. By indu
tion,we may 
hoose a list of 
ir
uit 
ows �2; �3; : : : ; �n with Pni=2 �i = � � �1.By 
onstru
tion, �1; �2; : : : ; �n is a list of 
ir
uit 
ows with the requiredproperties. �All this looks very easy, however on this level of generality one 
an-not expe
t many results. Yet we 
an 
hara
terize the minimal and maximalelements in the 
ow and tension 
ontinuous orders over every group. In par-ti
ular, the following shows that the minimal elements in the 
ow (tension)
ontinuous order are independent of the group.Theorem 4.3 A graph is minimal in �fM (�tM) if an only if it 
ontains a
ut-edge (loop). A graph G is maximal in �fM (�tM) if and only if there isan orientation ~G of G su
h that every 
onstant map from E(~G) to M is a
ow (tension). 14



Proof: We prove the proposition only for the 
ow order �fM . The same ar-gument works for �tM if we repla
e every o

uran
e of \
ow" with \tension"and inter
hange the use of the words \loop" and \
ut-edge".Let ~H be an oriented graph with a 
ut-edge s and let ~G be any orientedgraph. We 
laim that the map f : E(~G)! E( ~H) given by the rule f(e) = sfor every e 2 E(~G) is M -
ow-
ontinuous. To see this, let � be a 
ow of ~H.Then �(s) = 0, so � Æ f is identi
ally zero and we have that it is a 
ow.To see that these are the only minimal graphs, let ~G be an orientedgraph without a 
ut-edge and let ~H be an oriented graph with a single edges whi
h is a 
ut-edge. By the above argument G �fM H . We 
laim thatH 6�fM G. To see this, let f : E( ~H) ! E(~G) be a map and let e = f(s).Sin
e e is not a 
ut-edge of ~G, there is a 
ir
uit 
ontaining e, so we may
hoose a 
ir
uit-
ow � : E(~G) ! M with e 2 Supp(�). Now � Æ f is not a
ow of ~H .Let G be a graph with an orientation ~G su
h that every 
onstant mapfrom ~G to M is a 
ow. Let ~H be an oriented graph, let s 2 E( ~H) be anedge and let f : E(~G) ! E( ~H) be the map given by the rule f(e) = s forevery e 2 E(~G). Then for every 
ow � : E( ~H) ! M , the map � Æ f is
onstant, so by assumption it is a 
ow.To see that these are the only maximal graphs, let H be a graph withno orientation satisfying the property above and let ~H be an orientation ofH . Let ~G be an orientation of a graph with a single edge s whi
h is a loop.By the above argument G �fM H . We 
laim that H 6�fM G. To see this, letf : E( ~H) ! E(~G) be a map and 
hoose x 2 M su
h that the fun
tion onE( ~H) whi
h is 
onstantly x is not a 
ow. Then the map � : E(~G) ! Mgiven by the rule �(s) = x is a 
ow, but � Æ f is not. The 
laim follows.� We 
an also prove that the order �fZ (�tZ) is the most restri
tive amongthe 
ow (tension) 
ontinuous orders.Theorem 4.4 If G �fZH (G �tZH), then G �fM H (G �tM H) for everyabelian group M .Proof: We prove the proposition only for the 
ase G �tZ H . The 
ow-
ontinuous 
ase follows by a similar argument. Let f : E(~G) ! E( ~H) be a15



Z-tension 
ontinuous map from an orientation of G to an orientation of Hand let � : E( ~H) ! M be a tension. By Proposition 4.2, we may 
hoosebond-tensions �z1X1 ; �z2X2 ; : : : ; �znXn of ~H su
h that � = Pni=1 �ziXi . Sin
e � Æf =Pni=1 �ziXi Æ f , it suÆ
es to show that �ziXi Æ f is a tension for 1 � i � n.Let i 2 f1; 2; : : : ; ng and 
onsider the bond-tension 
1Xi : E(~G) ! Z. Byassumption, 
1Xi Æ f is a Z-tension of ~H, but it follows immediately fromthis that 
ziXi Æ f is an M -tension of ~H. Sin
e 1 � i � n was arbitrary, wehave that � Æ f is M -tension-
ontinuous as required. �Next we turn our attention to the quasi-order related to graph homomor-phisms: we de�ne the relation �hom by the rule G �hom H if there exists ahomomorphism from G to H . Sin
e the identity map is a homomorphismand the 
omposition of two homomorphisms is a homomorphism, �hom isa quasi-order.We also de�ne homomorphisms between oriented graphs as mappingspeserving dire
tion of ar
s. Ea
h homomorphism f : ~G ! ~H indu
es amapping f ℄ : E(~G) ! E( ~H) de�ned by f ℄(x; y) = (f(x); f(y)). This in-du
ed mapping will be 
alled 
hromati
 mapping E(~G) ! E( ~H) (indu
edby f). It is easy to see that for every homomorphism p : V (G) ! V (H)and every orientation ~H of H , there exists an orientation ~G of G and a mapf : E(~G) ! E( ~H) whi
h is 
hromati
 with respe
t to p. So in parti
ular,G �hom H if and only if there is a 
hromati
 map from some orientation ofG to some orientation of H . The following proposition gives a key propertyof 
hromati
 maps.Proposition 4.5 Let M be an abelian group and let f : E(~G) ! E( ~H) bea 
hromati
 map. Then � Æ f is a 
ut-tension of ~G for every 
ut-tension� : E( ~H)!M of ~H.Proof: Let p : V (G) ! V (H) be a homomorphism so that f is 
hromati
with respe
t to p and 
hoose z 2 M and X � V (~G) so that � = 
zX . Itfollows from the de�nitions that �Æf = 
zp�1(X), so �Æf is anM -
ut-tensionas required.Our next theorem applies the above proposition to show that every 
hro-mati
 map is M -tension 
ontinuous.Theorem 4.6 If f : E(~G) ! E( ~H) is 
hromati
, then f is M-tension
ontinuous for every abelian group M .16



Proof: If � : E( ~H) ! M is a tension, then by Proposition 4.2 we may
hoose 
ut-tensions �1; �2; : : : ; �n su
h that Pni=1 �i = �. By the aboveproposition, �i Æ f is a 
ut-tension, so in parti
ular it is a tension. Thus,� Æ f =Pni=1 �i Æ f is a tension of ~G. Sin
e � was arbitrary, it follows thatf is M -tension 
ontinuous as required. �The following proposition proves perhaps a surprizing 
onverse of Propo-sition 4.5, thus giving an equivalent formulation of graph homomorphismsin terms of \
ut-tension-
ontinuous maps".Theorem 4.7 Let ~G and ~H be 
onne
ted oriented graphs and let f : E(~G)!E( ~H). Then f is 
hromati
 if and only if � Æ f is a 
ut-tension of ~G forevery 
ut-tension � : E( ~H)! Z of ~H.
E(G) E(H)

φ

f

φ f

Z

Cut−

tension

Figure 3: Cut-tensionProof: The \only if" part of the proof is an immediate 
onsequen
e ofProposition 4.5. To prove the \if" part, we will assume that � Æ f is a
ut-tension of ~G for every 
ut-tension � : E( ~H) ! Z of ~H . For everyvertex v 2 V ( ~H) we have that 
1fvg : E( ~H) ! Z is a 
ut-tension, so by ourassumption, we may there exists Yv � V (~G) so that 
1fvg Æ f = 
1Yv .Claim 1: If u; v 2 V ( ~H) and u 6= v, then either Yu \ Yv = ; or Yu [ Yv =V (~G).Proof of Claim 1: For every A � V (~G), let �A : V (~G) ! f0; 1g be the
hara
teristi
 map given by the rule �A(v) = 1 if v 2 A and �A(v) = 017



otherwise. Clearly Æ�A = �
1A = 
1V (G)nA = 
1�A (by �A we denoted the
omplement of A). Now, 
1fu;vg = 
1u + 
1v , so we have that
1fu;vg Æ f = 
1fug Æ f + 
1fvg Æ f= 
1Yu + 
1Yv= Æ� �Yu + Æ� �Yv= Æ(� �Yu + � �Yv )Sin
e 
1fu;vgÆf is a 
ut-tension, and ~G is 
onne
ted, we have by Observation4.1 that p = �Yu + �Yv takes on at most two distin
t values. If p does takeon two distin
t values, then these values must di�er by exa
tly one sin
eÆp = 
1fu;vg Æ f . By de�nition every w 2 �Yu \ �Yv must satisfy p(w) = 2 andevery w 2 V (~G) n ( �Yv [ �Yu) must satisfy p(w) = 0, so it follows that at leastone of these sets must be empty as required.Fix distin
t verti
es u; v 2 V (~G). By possibly swit
hing the orientationsof every edge in ~G and then repla
ing Yw with V (~G)nYw for every w 2 V (G),we may assume that Yu \ Yv = ;. The next 
laim shows that now, Yw andYw0 are disjoint whenever w 6= w0.Claim 2: Yw \ Yw0 = ; if w 6= w0.Proof of Claim 2: If there is a vertex w so that Yw \ Yu 6= ;, then by Claim1, Yw [ Yu = V (~G), so in parti
ular Yv � Yw. But then by Claim 1 wemust have either Yv = ; or Yw = V (~G) and either possibility 
ontradi
tsour assumption. Thus, we �nd that Yw is disjoint from Yu for every w 2V (~G) n fug. If there exist verti
es w;w0 2 V (~G) n fug so that Yw \ Y 0w 6= ;,then Yw [ Yw0 = V (~G), by Claim 1 so either Yw \ Yu 6= ; or Yw0 \ Yu 6= ;.This 
ontradi
tion implies that Yw \ Yw0 = ; whenever w 6= w0 as required.The following observation follows immediately from our 
onstru
tion.Observation: If e 2 E( ~H) is dire
ted from u to v, then f�1(feg) � �+(Yu)\��(Yv).Sin
e H does not have any isolated verti
es, Claim 2 and the aboveobservation imply that fYw j w 2 V ( ~H)g is a partition of V (~G). Now, letp : V (~G) ! V ( ~H) be given by the rule p(v) = u if v 2 Yu. It follows from18



the above observation that f is 
hromati
 with respe
t to p. This 
ompletesthe proof. �Let us rephrase this Theorem in terms of homomorphisms:Corollary 4.8 Given two 
onne
ted oriented graphs ~G and ~H, a mappingf : V (~G) ! V ( ~H) is a homomorphism ~G ! ~H if and only if � Æ f ℄ is a
ut-tension of ~G whenever � is a 
ut-tension of ~H.This is indi
ated by Figure 4.
E(G) E(H)

φ

f

φ f

#

V(G) V(H)
f

homomorphism

Z

Cut−

tension

Figure 4: Homomorphism and 
ut-tensionThe 
ut-tension 
ontinuous mappings form a quasi-order on their ownwhi
h will be denoted by �
t. The above Theorem 4.7 then means that�
t=�hom. It follows that (despite of its similarity to �t) the 
ut-tensionorder is very ri
h (and indeed 
ountable universal) quasi-order, see [14℄.However note that �
t is a proper subset of �t. Examples are abundant.For example for any oriented bipartite graph ~G we have ~G �t ~K2 howeverthe oriented bipartite graphs ~G satisfaying ~G 6�hom ~K2 indu
e a universalposet on theire own (for example ~P2 6�hom ~K2).19



5 The order �fZ2
E(G) E(H)

φ

f

φ f

Z

cycle−

continuous

2Figure 5: Cy
le-
ontinuousWe start our investigation of parti
ular orders by the order whi
h hasperhaps the most intuitive appeal.In the ring Z2, addition and subtra
tion are the same operation. Assu
h, the orientation of the graph does not play a role, and we de�ne a map� : E(G) ! Z2 to be a 
ow of the unoriented graph G if Pe2�(v) �(e) = 0for every v 2 V (G). Note that this de�nition is 
onsistent with our earlierde�nitions sin
e a map � : E(G)! Z2 is a 
ow if and only if it is a 
ow ofsome (and thus every) orientation of G. A set X � E(G) is a 
y
le if andonly if it is the support of a Z2-
ow. Therefore, a map f : E(G) ! E(H)is Z2-
ow-
ontinuous if and only if f�1(C) is a 
y
le of G for every 
y
leC � E(H). Based on this link, we 
all su
h a map 
y
le-
ontinuous. Westart with a 
orollary of Theorem 4.3 whi
h establishes the maximal andminimal elements in this order.Corollary 5.1 A graph G is maximal in �fZ2 if and only if every vertex ofG has even degree. A graph G is minimal in �fZ2 if and only if it has a
ut-edge.Based on the above 
orollary, we 
an now restate Jaeger's 
onje
turefrom the introdu
tion as follows.Conje
ture 5.2 (Jaeger) P10 is the only atom in the 
y
le-
ontinuousorder. 20



In the �rst paragraph of this se
tion, we observed that a set of edges isa 
y
le if and only if it is the support of a Z2-
ow. Similarly, a set of edgesD � E(G) is an edge-
ut if and only if it is the support of a Z2-tension.With the help of this observation, Theorem 3.1 now gives us a monotoneinvariant of �fZ2.Proposition 5.3 If G �fZ2 H then �o(G) � �o(H).Proof: If �o(G) = 1 then there is nothing to prove, so we may assumethat �o(G) is �nite and 
hoose an edge-
ut C � E(G) of size �o(G). Let : E(G) ! Z2 be given by the rule  (e) = 1 if e 2 C and  (e) = 0otherwise. Now,  is a tension of G, so by Theorem 3.1,  f is a tension ofH . Let D be the support of  f . Now, jDj is odd sin
e jCj was odd, and Dis an edge-
ut of H . Thus, we have that �o(H) � �o(G) as desired. �For every positive integer h, we let Kh2 denote the graph on two verti
es
onsisting of h edges in parallel. For any graph G, we say that a set of edgesJ � E(G) is a postman join if E(G)nJ is a 
y
le. The following propositiongives a 
hara
terization of when G �fZ2 K2a+12 and when K2a+12 �fZ2 G.Proposition 5.41. K2a+12 �fZ2 G if and only if �o(G) � 2a+ 1.2. G �fZ2 K2a+12 if and only if E(G) 
an be partitioned into 2a+ 1postman joins.Proof: Sin
e �o(K2a+12 ) = 2a + 1, Proposition 5.3 gives us the \only if"dire
tion of (1). To prove the \if" dire
tion, let G be a graph with �o(G) �2a + 1 and 
hoose an odd edge-
ut C of G of size � 2a + 1. Next 
hoosea map f : E(K2a+12 ) ! E(G) with the property that jf�1(feg)j is odd forevery e 2 C and f�1(E(G) n C) = ;. It follows easily that this map is
y
le-
ontinuous.To see the \only if" dire
tion of (2) let f : E(G) ! E(K2a+12 ) be
y
le-
ontinuous, and note that f�1(feg) is a postman join for every e 2E(K2a+12 ) sin
e f�1(E(K2a+12 ) n feg) is a 
y
le. To see the \if" dire
-tion, let fJ1; J2; : : : ; J2a+1g be a partition of E(G) into postman joins,let E(K2a+12 ) = fe1; e2; : : : ; e2a+1g, and 
onsider the map f : E(G) !E(K2a+12 ) given by the rule f(s) = ei if s 2 Ji. It is easily veri�ed that thismap is 
y
le-
ontinuous. This 
ompletes the proof. �Based on this proposition, we have the following s
aling 
hain.21



Proposition 5.5 The graphs K12 ;K32 ;K52 ; : : : form a s
aling 
hain in �fZ2.Proof: It follows immediately from (1) of the previous proposition thatK12 ;K32 ;K52 ; : : : is an in
reasing 
hain. If G is any non maximal graph in�fZ2, then �o(G) <1 and we have by (1) of the previous proposition thatthere exists a positive integer 2a+ 1 su
h that K2a+12 �fZ2 G. �Proposition 5.4 above shows a 
onne
tion between the 
y
le-
ontinuousorder and the problem of partitioning the edge set of a graph into postmanjoins. We now state a spe
ial 
ase of a 
onje
ture of Rizzi [17℄ 
on
erningpostman joins. In the language of the 
y
le-
ontinuous order, his 
onje
tureasserts that the graph K2a+12 is 
omparable with every other graph.Conje
ture 5.6 (Rizzi) If K2a+12 6�fZ2 G, then G �fZ2 K2a+12 .Sin
e every graph dominates K12 , this 
onje
ture obviously holds fora = 0. A graph 
an be partitioned into 3 postman joins if and only if it hasa nowhere-zero 4-
ow. With this, the above 
onje
ture for a = 1 followsfrom Jaeger's 4-
ow theorem. A re
ent result of DeVos and Seymour assertsthat Rizzi's 
onje
ture holds with an added fa
tor of two.Theorem 5.7 (DeVos, Seymour) If K4a�12 6�fZ2 G then G �fZ2 K2a+12 .If Jaeger's 
onje
ture 2.8 is 
orre
t, then every graph is 
omparable withP10. If Rizzi's 
onje
ture 5.6 is 
orre
t, then every graph is 
omparable withK2a+12 for every nonnegative integer a. In light of these 
onje
tures it maynot be suprising that it is tri
ky to 
onstru
t anti
hains in this order. Inparti
ular, we 
annot solve the following problem.Problem 5.8 Does �fZ2 
ontain an in�nite anti
hain?We 
an prove that the order �fZ2 does 
ontain �nite anti
hains of arbi-trary size. We have two 
losely related families of graphs whi
h demonstratethis fa
t. One of these families 
omes from a 
lever 
onstru
tion of XudingZhu and will be given below. The se
ond family will be des
ribed here, butwe will postpone some of the proofs to an appendix.Let G be a r-regular graph with �o(G) = r < 1 (so in parti
ular, r isodd). If every edge-
ut of G of size r is of the form �(x) for some x 2 V (G)and G 6�fZ2 Kr2 , then we say that G is an r-snark. If G n e �fZ2 Kr2 forevery edge e 2 E(G), then we say that G is 
riti
al. Both of our families ofanti
hains are based on the following proposition.22



Proposition 5.9 If G;H are non-isomorphi
 
riti
al r-snarks with jE(G)j =jE(H)j, then G and H are in
omparable in the order �fZ2.Proof: Suppose the proposition is false and let � : E(G) ! E(H) be a
y
le-
ontinuous map. First we establish the following 
laim.Claim: the map � is a bije
tion.Proof of Claim: Sin
e G and H have the same number of edges by assump-tion, it will suÆ
e to prove that � is onto. Suppose (for a 
ontradi
tion)that � is not onto and 
hoose an edge e 2 E(H) whi
h is not in the imageof E(G). It follows that � is a 
y
le-
ontinuous map from G to H n e. Butthen we have that G �fZ2 H n e �fZ2 Kr2 whi
h 
ontradi
ts the assumptionthat G is an r-snark.Let v 2 V (G) and 
onsider the edge-
ut �G(v). The image of �G(v) isanother edge-
ut of odd size, so by assumption, it must be equal to �H(v0)for some vertex v0 2 V (H). If u and v are distin
t verti
es of G and�(�G(u)) = �H (u0) and �(�G(v)) = �H(v0) for u0; v0 2 V (H), then itfollows from the fa
t that � is a bije
tion that u0 6= v0. Thus the map whi
hsends every v 2 V (G) to the 
orresponding v0 2 V (H) is an isomorphismbetween G and H and we have a 
ontradi
tion. �Let M be a perfe
t mat
hing of the Petersen graph P10. De�ne thegraph P (a; b) to be the graph obtained from P10 by adding a � 1 paralleledges to every edge not in M and adding b� 1 parallel edges to every edgein M . Our �rst family of anti
hains is as follows.Theorem 5.10 (Zhu) For every nonnegative integer k, the set fP (2j +1; 6k � 4j + 1) j 0 � j � kg is an anti
hain in �fZ2 of size k + 1.Proof: Let Fk = fP (2j + 1; 6k � 4j + 1) j 0 � j � kg and let G 2 Fk. Itfollows from our 
onstru
tion that G is (6k+3)-regular, �o(G) = 6k+3, andevery odd edge-
ut of G of size 6k+3 is of the form �(x) for some x 2 V (G).Now, for an odd integer r, and r-regular graph G satis�es G �fZ2 Kr2 if andonly if G is r-edge-
olorable. It is well known that none of the graphs inFk are (6k + 3)-edge-
olorable. Thus, we �nd that every graph in Fk isa (6k + 3)-snark with the same number of edges. Now, it follows from atheorem of Rizzi [17℄ that for every e 2 E(G) the graph G n e 
ontains23



(6k + 3)-disjoint postman joins, so G n e �fZ2 K(6k+3)2 . It follows from thisand Proposition 5.9 that Fk is an anti
hain as desired. �The above 
onstru
tion gives us anti
hains of arbitrary size, but requiresgraphs with �o large. Our se
ond 
onstru
tion provides anti
hains of arbi-trary size with �o bounded (and thus bounded in �fZ2 by K32).Let G;H be 
ubi
 graphs, let st 2 E(G) and let x1; x2; t and x3; x4; s bethe neighbors of s and t respe
tively. Let y1y2; y3y4 2 E(H) be nonadja
entedges. Let F be a graph obtained from the disjoint union of G n fs; tg andH n fy1y2; y3y4g by adding new edges with ends xi; yi for 1 � i � 4, F isagain a 
ubi
 graph. We say that F is a dot produ
t of G with H . In anappendix, we prove the following theorem.Theorem 5.11 If G is a 
riti
al 3-snark, then every dot produ
t of G withP10 is a 
riti
al 3-snark.Sin
e the Petersen graph P10 is a 
riti
al 3-snark, any dot produ
t of P10with itself is 
riti
al. There are two nonisomorphi
 graphs on 18 verti
esknown as Blanusa's snarks [1℄ whi
h are obtained as dot produ
ts of P10with itself. By Proposition 5.9, these two graphs are in
omparable in theorder �fZ2. It is straightforward to iterate this operation to 
reate largefamilies of nonisomorphi
 3-snarks on the same number of edges, whi
h byProposition 5.9 are anti
hains. Equivalentely, there are arbitrarily largeanti
hains of graphs under K32 (in �fZ2).6 The order �tZ2As was the 
ase in the order �fZ2, the orientation of the edges does notplay any role in the order �tZ2,and thus �tZ2 relates to undire
ted graphs.Similarly as in the prevoius Se
tion we de�ne a map � : E(G) ! Z2 to bea tension of the undire
ted graph G if Pe2E(C) �(e) = 0 for every 
ir
uitC of G. As observed earlier, a set of edges is an edge-
ut if and only if it isthe support of a Z2-tension. Thus, a map f : E(G)! E(H) is Z2-tension-
ontinuous if and only if f�1(C) is an edge-
ut of G for every edge-
ut C ofH . Based on this property, we 
all su
h a map 
ut-
ontinuous. We begin bystating a 
orollary of Theorem 4.3 whi
h gives us the maximal and minimalelements in this order. 24
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ontinuousCorollary 6.1 The maximal elements in �tZ2 are the bipartite graphs. Theminimal elements are the graphs whi
h 
ontain loops.As was the 
ase with the 
y
le-
ontinuous order, Theorem 3.1 impliesthat odd girth is a monotone invariant:Proposition 6.2 If G �tZ2 H then 
o(G) � 
o(H).Proof: If 
o(G) = 1 then there is nothing to prove, so we may assumethat 
o(G) is �nite and 
hoose a 
y
le C � E(G) of size 
o(G). Let  :E(G)! Z2 be given by the rule  (e) = 1 if e 2 C and  (e) = 0 otherwise.Now,  is a 
ow of G, so by Theorem 3.1,  f is a 
ow of H . Let D be thesupport of  f . Now, jDj is odd sin
e jCj was odd, and D is a 
y
le of H .Thus, we have that 
o(H) � 
o(G) as desired. �We let Cn denote the 
ir
uit of length n for every n � 1. Let Qn denotethe graph of the n-
ube for n � 1. The vertex set of Qn is f0; 1gn and twoverti
es are adja
ent if and only if they di�er in a single 
oordinate. LetQ+2n denote the graph obtained from the 2n-
ube by adding all edges be-tween verti
es whi
h di�er in every 
oordinate. Now, we have the followingproposition whi
h 
hara
terizes when a graph dominates and is dominatedby C2a+1.Proposition 6.31. C2a+1 �tZ2 G if and only if 
o(G) � 2a+ 12. G �tZ2 C2a+1 if and only if G �hom Q+2a.25



Proof: Sin
e 
o(C2a+1) = 2a + 1, Proposition 6.2 gives us the \only if"dire
tion of (1). To prove the \if" dire
tion, let G be a graph with 
o(G) �2a + 1 and 
hoose an odd 
y
le C of G of size � 2a + 1. Next 
hoose amap f : E(C2a+1) ! E(G) with the property that jf�1(feg)j is odd forevery e 2 C and f�1(E(G) n C) = ;. It follows easily that this map istension-
ontinuous.For (2), let B � Z2a2 be the subset 
onsisting of all ve
tors with exa
tlyone 1 together with the ve
tor (1; 1; 1; : : : ; 1). Now, Q+2a �= Cayley(Z2a2 ; B),so by Corollary 3.5, it suÆ
es to see that the following 2a� (2a+1) matrixrepresents the Z2-
o
yle-spa
e of C2a+1.26664 1 1 0 110 . . . 1 ...1 37775�As was the 
ase with the graphs K2a+12 in the 
y
le-
ontinuous order,the odd 
ir
uits C2a+1 form a s
aling 
hain in the 
ut-
ontinuous order.Proposition 6.4 The odd 
ir
uits C3; C5; C7; : : : form a s
aling 
hain inthe 
ut-
ontinuous order �tZ2.Proof: It follows immediately from (1) of the previous proposition thatC3; C5; : : : is an in
reasing 
hain. If G is any non maximal graph in �tZ2,then 
o(G) <1 and we have by (1) of the previous proposition that thereexists a positive integer 2a+ 1 su
h that C2a+1 �tZ2 G. �For any graph G, we let Gn denote the graph with vertex set V (G)in whi
h two verti
es are adja
ent if and only if they are distan
e n inG. The following proposition gives a 
ondition similar to that in part 2of Proposition 6.3 for graphs dominating a 
omplete graph. Our settingprovides a short proof :Proposition 6.5 (Linial, Meshulam, Tarsi [10℄) G �tZ2 Kn if and onlyif G �hom Q2n.Proof: Let B � Zn2 be the set of all ve
tors with exa
tly two 1's. ThenQ2n �= Cayley(Zn2; B). Let A be the in
iden
e matrix of Kn 
onsidered26



as a matrix over Z2. Then A represents the Z2-
o
y
le-spa
e of Kn andfx 2 Zn2 j x is a 
olumn of Ag = B. Thus, the proposition now followsfrom Corollary 3.5 �The above proposition 6.3 demonstrates that G �tZ2 K3 if and only ifG �hom K4. We have a similar relation for the 
omplete graphs with 2nverti
es.Proposition 6.6 G �tZ2 K2n if and only if G �hom K2n.Proof: Let f be a 
ut-
ontinuous map from G to K2n and 
hoose edge-
uts D1; D2; : : : ; Dn of K2n so that Sni=1Di = E(K2n). Now f�1(Di) for1 � i � n is a list of n edge-
uts of G 
ontaining every edge. It follows that�(G) � 2n, so G �hom K2n . If G �hom K2n , then by Theorem 4.6 we havethat G �tZ2 K2n . �Thus, we �nd that K3 and K4 are equivalent and that the sequen
eK4;K8;K16; : : : is a stri
t des
ending 
hain in Z2t. For every graph G wede�ne the log-
hromati
 number �log(G) = dlog2 �(G)e = minfn : G �homK2ng. Our next proposition shows that �log is a monotone invariant withrespe
t to the 
ut 
ontinuous order.Proposition 6.7 If G �tZ2 H, then �log(G) � �log(H).Proof: Let �log(H) = n. Then we have that G �tZ2 H �tZ2 K2n so byProposition 6.6 G �hom K2n so �log(G) � �log(H) as desired. �With this last proposition, we are ready to 
onstru
t an in�nite anti
hainin the 
ut-
ontinuous order.Proposition 6.8 The order �tZ2 
ontains an in�nite anti
hain.Proof: Let G0 be an arbitrary graph. To 
reate Gi+1 given G0; G1; : : : ; Gi,
hoose Gi+1 to be a graph with 
o(Gi+1) > 
o(Gi) and with �(Gi+1) >�(Gi) (su
h a graph always exists due to the existen
e of graphs with arbi-trarily high girth and 
hromati
 number). It now follows from Proposition6.2 that there is no 
ut-
ontinuous map from Gj to Gi+1 for every 1 � j � iand from proposition 6.7 that there is no 
ut-
ontinuous map from Gi+1 toGj for every 1 � j � i. � 27



We have two monotone invariants in the 
ut-
ontinuous order, namely
o and �. The above 
onstru
tion uses these two invariants to build anin�nite anti
hain. It would be interesting to know if graphs of high 
hro-mati
 number are essential for this 
onstru
tion. In parti
ular, we o�er thefollowing problem.Problem 6.9 Does there exist an in�nite anti
hain of graphs in the 
ut-
ontinuous order whi
h have a bounded 
hromati
 number?7 The order �fZThe order �fZ is similar to the 
ow order �fZ2 ex
ept that the orientationsof edges begin to play a strong role.
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Figure 7: Z-
y
leWe begin with a 
orollary of Theorem 4.3 whi
h gives us the maximaland minimal elements in this order.Corollary 7.1 The maximal elements of �fZ are the graphs in whi
h everyvertex has even degree. The minimal elements are the graphs with 
ut-edges.We say that an oriented graph ~G is a (mod p) orientation (of G) for apositive integer p if deg+(v)� deg�(v) � 0 (modulo p) for every v 2 V (G).We say that an undire
ted graph G has a mod p orientation if there is anorientation of G whi
h is a mod p orientation. Note that if G has a mod porientation for an even integer p, then every vertex of G has even degree.28



With this de�nition, we are ready to 
hara
terize when K2a+12 �fZG andwhen G �fZK2a+12 .Proposition 7.21. K2a+12 �fZG if and only if �o(G) � 2a+ 1.2. G �fZK2a+12 if and only if G has a mod (2a+ 1) orientation.Proof: If K2a+12 �fZG, then K2a+12 �fZ2 G, so by Proposition 5.3, �o(G) �2a+ 1. If �o(G) � 2a+ 1, then 
hoose an odd edge-
ut �(X) of G of size2b+1 � 2a+1. Let ~G be an orientation of G su
h that ��(X) = ;. Let u; vbe the verti
es of K22a+1, let e1; e2; : : : ; e2a+1 be the edges of K22a+1 andlet ~K22a+1 be an orientation with edges e1; e2; : : : ; ea+b+1 dire
ted from uto v and with edges ea+b+2; : : : ; e2a+1 dire
ted from v to u. Choose a mapf : E( ~K22a+1)! E(~G) su
h that f maps fe1; e2; : : : ; e2b+1 inje
tively ontothe set �+(X) and su
h that f(fe2b+2; e2b+3; : : : ; e2a+1g) = feg for somee 2 E(~G). For every 
ow � : E(~G)! Z the map � Æ f is a 
ow of ~K22a+1,so we have that K2a+12 �fZG as desired.If G �fZK2a+12 , then let ~H be an orientation of K2a+12 su
h that everyedge has the same head and 
hoose an orientation ~G of G and a Z-
ow-
ontinuous map f : E(~G) ! E( ~H). We 
laim that ~G is a mod 2a + 1orientation of G. Let fe1; e2; : : : ; e2a+1g = E( ~H) and let Xi = f�1(feig)for 1 � i � 2a+ 1. Now for every 2 � i � 2a+ 1, the map � : E( ~H) ! Zgiven by the rule �i(e) = 8<: 1 if e = e1�1 if e = ei0 otherwiseis a 
ow. Thus �i Æ f is a 2-
ow of ~G and for every v 2 V (G) we have thatPe2�+(v) �i(e)�Pe2��(v) �i(e). It follows from this thatjX1 \�+(v)j � jX1 \��(v)j = jXi \�+(v)j � jXi \��(v)jholds for every v 2 V (G). Sin
e the above equation holds for every 1 � i �2a+1 we have that j�+(v)j�j��(v)j = (2a+1)(jXi\�+(v)j�jXi\��(v)j).Thus ~G is a mod 2a+ 1 orientation of G as desired.Let ~G be a mod 2a+ 1 orientation of G. Suppose that there is a vertexv 2 V (G) with �+(v) 6= ; and ��(v) 6= ;. Choose an edge e 2 ��(v) with29



tail u and an edge e0 2 �+(v) with head w and form a new oriented graph~G1 by deleting the edges e; e0 and adding a new edge dire
ted from u to w.Now ~G1 is still a mod 2a+ 1 orientation. Further, any M -
ow 
ontinuousmap from G1 to H naturally extends to a M -
ow 
ontinuous map fromG to H . Thus, by repeating this operation, we may assume that either�+(v) or ��(v) is empty for every v 2 V (G). Suppose that v 2 V (G)with j�+(v)j > 2a + 1. Then we may form a new oriented graph ~G2 byrepla
ing v by two new verti
es v1; v2 so that every edge in
ident with v nowatta
hes to one of v1; v2 and su
h that j�+G2(v1)j and j�+G2(v2)j are bothpositive multiples of (2a + 1). As before, ~G2 is a mod 2a + 1 orientation.Further, any M -
ontinuous map from G2 to H 
an easily be extended toa M -
ontinuous map from G to H . Thus, by repeating this operation, wemay assume that j�+(v)j = 2a+1 and ��(v) = ; or j��(v)j = 2a+1 and�+(v) = ; for every v 2 V (G). Let X = fv 2 V (G) j ��(v) = ;g and letY = V (G)nX . Then G is a (2a+1)-regular bipartite graph with bipartition(X;Y ). By K�onig's theorem, there exists a partition of E(G) into perfe
tmat
hings fZ1; Z2; : : : ; Z2a+1g. Let ~H be an orientation of K2a+12 so thatevery edge has the same head and let fe1; e2; : : : ; e2a+1g be ar
s of ~H . De�nethe map f : E(~G)! E( ~H) by the rule f(e) = ei if e 2 Zi. It follows easilythat f is Z-
ow 
ontinuous. This 
ompletes the proof. �Based on this proposition, we �nd an in�nite 
hain of graphs of the formK2a+12 as before.Proposition 7.3 The graphs K12 ;K32 ;K52 ; : : : form an s
aling 
hain.Proof: This follows immediately from part 1 of the pre
eeding proposition.� Jaeger [9℄ has 
onje
tured that every 4p-edge-
onne
ted graph has amod (2p + 1) orientation. He proved that if this 
onje
ture is true, thenboth Tutte's 3-Flow and 5-Flow 
onje
tures are also true. The followingis a slight extension of this 
onje
ture whi
h seems quite reasonable and issuggested by some work of Zhang (see [25℄) and Zhu (see [26℄).Conje
ture 7.4 (An extension of Jaeger's modular orientation 
onj.)If K4p�12 6�fZG, then G �fZK2p+12 . 30



A graph G has a nowhere-zero 3-
ow if and only if it has a mod 3orientation whi
h exists if and only if G �fZK32 . The following propositionshows that G has a nowhere-zero 4-
ow if and only if G �fZK4.Proposition 7.5 A graph G has a nowhere-zero 4-
ow if and only if G �fZK4.Proof: Tutte proved that G has a nowhere-zero 4-
ow if and only if it hasa B-
ow where B � Z4 is the set of all ve
tors with two 0's, one 1, and one�1. Thus, the proposition follows from Theorem 3.2 and the observationthat the matrix 2664 1 1 1 0 0 0�1 0 0 1 1 00 �1 0 �1 0 10 0 �1 0 �1 �1 3775represents the Z-
y
le-spa
e of K4. �Based on the above propositions, we have that the Petersen graph doesnot dominate K32 or K4 and that K32 does dominate the Petersen. It isnot diÆ
ult to verify the the Petersen graph and K4 are �fZ-in
omparable.In analogy with Jaeger's 
onje
ture on 
y
le-
ontinuous mappings to thePetersen graph, we o�er the following problem.Problem 7.6 Are P10 and K4 the atoms of �fZ?Problem 2.9 above may be out of rea
h yet, but the ordering �fZ doessuggest some more approa
hable questions. For instan
e, there is a 3 ele-ments 
hain 
onsisting of K32 �fZV8 �fZK4 (one 
an prove that K4 and V8,see �gure 8, are not equivalent in the order �fZ). Jaeger's 4-
ow theoremasserts that every 4-edge-
onne
ted graph dominates K4, while a 
onje
-ture of Jaeger (a
tually a weak version of Tutte's 3-
ow 
onje
ture) assertsthat for some k every k-edge-
onne
ted graph dominates K32 . The followingproblem is a natural weakening of that 
onje
ture.Problem 7.7 Does there exist a �xed integer k so that every k-edge-
onne
tedgraph dominates V8?
31



Figure 8: V8
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Figure 9: Z-tension8 The order �tZThe order�tZis similar to the order�tZ2 ex
ept that the orientations of edgesbegin to play a strong role and it is more related to the homomorphism order�hom.We begin by applying Theorem 4.3 to establish the maximal and minimalelements.Corollary 8.1 The maximal graphs in the order �tZare the bipartite graphs.The minimal graphs are the graphs whi
h 
ontain loop edges.As before, odd-girth 
o is a monotone invariant.32



Proposition 8.2 If G �tZH then 
o(G) � 
o(H)Proof: If G �tZH , then G �tZ2 H , so by Proposition 6.2 
o(G) � 
o(H) asrequired. �Proposition 6.6 showed that G �tZ2 K2n if and only if G �hom K2n . Thefollowing proposition gives a similar equivalen
e for the order �tZ but for amu
h ri
her 
lass of graphs.Theorem 8.3 G �tZCayley(Zn; B) if and only if G �hom Cayley(Zn; B).Proof: The \if" dire
tion is an immediate 
onsequen
e of Theorem 4.6. Toprove the \only if" dire
tion, let G be a graph with G �tZCayley(Zn; B).Then G �tZn Cayley(Zn; B). Now, Cayley(Zn; B) has a B-tension, so Galso has an B-tension. But then by Proposition 3.4 we have that G �homCayley(Zn; B). �Based on this theorem, we have the following 
orollary.Corollary 8.41. G �tZKn if and only if G �hom Kn.2. G �tZCn if and only if G �hom Cn.Proof: 1. follows from Kn �= Cayley(Zn;Zn n f0g). 2. follows fromCn �= Cayley(Zn; f�1; 1g). �Based on this proposition, we have the following in�nite 
hains.Proposition 8.5 In the order �fZ, the graphs C3; C5; C7; : : : form a s
aling
hain and K3;K4;K5; : : : form a de
reasing 
hain.Proof: This follows immediately from the above 
orollary. �We proved the existen
e of an in�nite anti
hain X in the order �tZ2.It follows from Theorem 4.4 that X is also an in�nite anti
hain in theorder �tZ. However even for the more restri
tive order �tZwe do not knowwhether there exists an in�nite anti
hain in �tZwhi
h 
onsists from graphsof bounded 
hromati
 number (this is analogy of the Problem 6.9).33



9 Jaeger's OrderAs we stated in the introdu
tion one of our main motivations for this paperwas provided by Jaeger's work. However rather than following his a
tualde�nitions we tried to follow his ideas and it is in this se
tion where we
ompare our approa
h (whi
h we believe is more streamlined one) to theJaeger's original de�nitions.In [8℄ Jaeger de�ned the following relation: Let G1 = (E1; V1) and G2 =(V2; E2) be two graphs. We say that G1 �J G2 if and only if there exitsa subdivision G01 = (V 01 ; E01) of G1 and a bije
tive mapping � from E2 toE01 su
h that, for ea
h Z2-
ow � of G01, � Æ � is a Z2-
ow of G2. We writeG1 'J G2 if G1 �J G2 and G2 �J G1. It is easy to see that �J is aquasi-order. We now have the following proposition relating �J with �fZ2.Proposition 9.1 If G1; G2 are graphs then G1 �J G2 if and only if thereexists a 
y
le-
ontinuous map � : E(G1) ! E(G2) whi
h is onto. In par-ti
ular, G1 �J G2 implies that G1 �fZ2 G2.
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Figure 10: G1 �J G2Proof: This is easy to see. The \if" dire
tion is 
lear. For the \only if"dire
tion observe that it suÆ
es to subdivide every e 2 E(G2) by jf�1(e)j�1verti
es. �It follows from this proposition that the order �J is a subset of �fZ2.The following proposition is an easy 
onsequen
e of this fa
t.34



Proposition 9.2 Let B � Zk2 for some positive integer k. If G �J H andH has a B-
ow, then G also has a B-
ow.Proof: This follows immediately from Propositions 9.1 and 2.6. �If G is a graph we will denote by �(G) the dimension of its 
y
le spa
eand we denote by �(G) the maximum number of edge-disjoint 
ir
uits of G.The following proposition proved by Jaeger now follows from the de�nitions:Proposition 9.3 If G2 �J G1 then the following holds:i: jE(G1)j � jE(G2)j;ii: �(G1) � �(G2);iii: �(G1) � �(G2)The monotone parameters appearing in the above proposition make the
onstru
tion of arbitrarily large anti
hains for �J quite simple. For in-stan
e, to form an anti
hain of size k, 
hoose graphs G1; G2; : : : ; Gk so that�o(G1) > �o(G2) > : : : > �o(Gk) and then subdivide edges of these graphsso that jE(G1)j < jE(G2)j < : : : < jE(Gk)j. Despite these simple 
onstru
-tions we do not know if there exists an in�nite anti
hain in Jaeger's order.Next we establish a s
aling 
hain in �J .Proposition 9.4 The graphs K12 ;K32 ;K52 ; : : : form a s
aling 
hain in �J .Proof: To show that K12 ;K32 ;K52 ; : : : is a 
hain we will show that K2a+12 �JK2a�12 for every a � 1. To see this, repla
e one edge of K2a�12 by a pathof length three to form the graph (K2a�12 )0. Now, let f : E(K2a+12 ) !E((K2a�12 )0) be a bije
tion. It follows easily that f satis�es Jaeger's 
ondi-tion.Let G be a graph with a vertex v of degree 2k+1 and let m = jE(Gnv)j.We 
laim that K2m+2k+12 �J G. To see this, subdivide every edge e 2E(G) not in
ident with v to form the graph G0 and let � be a bije
tionfrom E(K2m+2k+12 ) to E(G0). By 
onstru
tion, every 
y
le of G0 has aneven number of edges. Thus � demonstrates that K2m+2k+12 �J G and we
on
lude that K12 ;K32 ;K52 ; : : : is a s
aling 
hain. �If A is a matrix over Z2 whi
h represents the 
y
le-spa
e of P10 and Bis the set of 
olumns in A, then we say that a B-
ow of a graph G is aPetersen-
ow of G. In Jaeger's original arti
le, he 
onje
tured that every35



bridgeless graph G must satisfy G �J P10, G �J K32 , or G �J K11 . This isequivalent to Conje
ture 2.8, and Jaeger showed that it is also equivalentto the 
onje
ture that every bridgeless graph has a Petersen-
ow. Theseequivalent 
onje
tures are 
olle
ted in the following theorem.Theorem 9.5 For every graph G, the following statements are equivalent.(i) G �J P10 or G �J K32 or G �J K11 .(ii) G �fZ2 P10(iii) G has Petersen-
ow.Proof: The equivalen
e between (ii) and (iii) is an immediate 
onsequen
eof Theorem 3.2. Sin
e K11 �fZ2 K32 �fZ2 P10, it follows that (i) implies (ii).To see that (ii) implies (i), let � : E(G) ! E(P10) be 
y
le-
ontinuous. IfG is onto, then G �J P10 and we are �nished. Otherwise, there is an edgee 2 E(P10) not in the image of � and we �nd that G �fZ2 P10 n e �fZ2 K32 .If  is a 
y
le-
ontinuous map from G to K32 , then either  is onto andG �J K32 or there is an edge f 2 E(K32 ) not in the image of  and we �ndthat G �fZ2 K32 n f �fZ2 K11 . In this 
ase we must have G �J K11 so we aredone. �If G is a 
ubi
 graph, then a Petersen edge-
oloring of G is a 
oloringof the edges of G using edges of P10 so that any three adja
ent edges of Gmap to three adja
ent edges of P10.Proposition 9.6 If G is a 
ubi
 graph, then the following statements areequivalent.(i) G �fZ2 P10(ii) G has a Petersen edge-
oloringProof: It follows immediately that (ii) implies (i). To see the reversedire
tion, note that by Proposition 5.3, in every 
y
le-
ontinuous mappingfrom G to P10, the image of every vertex star must be a vertex star. �In Jaeger's original arti
le, he showed that Conje
ture 2.8 
ould be re-du
ed to 
ubi
 graphs, thus establishing another form of his 
onje
ture :Conje
ture 9.7 (Jaeger) Every bridgeless 
ubi
 graph has a Petersen edge-
oloring. 36



10 Dire
ted Cy
le Continuous MapsIn this and the following se
tion, we turn our attention to dire
ted graphs.In this se
tion we de�ne a dire
ted analogue of 
y
le 
ontinuous maps, andin the next se
tion we de�ne a dire
ted analogue of 
ut 
ontinuous maps.Sin
e we will not need to 
onsider di�erent orientations of undire
ted graphs,we shall use G;H to denote dire
ted graphs.If G is a dire
ted graph and C � E(G), then we say that C is a dire
ted
y
le if every vertex of the graph (V (G); E(G) n C) has indegree equal tooutdegree. If C is a nonempty dire
ted 
y
le whi
h is minimal with respe
tto in
lusion, then we say that C is a dire
ted 
ir
uit. We say that a mapf : E(G) ! E(H) is dire
ted-
y
le-
ontinuous if f�1(C) is a dire
ted 
y
leof G whenever C is a dire
ted 
y
le of H .
E(G) E(H)

φ
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φ f
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directed−
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+Figure 11: Dire
ted-
y
leWe de�ne the relation �d
y
le by the rule G �d
y
le H if there exists adire
ted-
y
le-
ontinuous map from G to H .We say that a Z-
ow � : E(G)! Z is nonnegative if �(e) � 0 for everye 2 E(G). In this 
ase, we say that � is a Z+-
ow. The following theoremgives an equivalent formulation of dire
ted 
y
le 
ontinuous maps in termsof Z+-
ows.Theorem 10.1 Let G;H be dire
ted graphs. For every map f : E(G) !E(H), the following statement are equivalent:1. f is dire
ted 
y
le 
ontinuous2. For every Z+-
ow � of H, � Æ f is a Z+-
ow of G.37



Proof: 1 ) 2: Let � be a Z+-
ow of H . Choose nonnegative 2-
ows�1; �2; : : : ; �k so thatPki=1 �i = �. Now, the support of ea
h �i is a dire
ted
yle Ci. By hypothesis f�1(Ci) is a dire
ted 
y
le. Let  i the nonnegative2-
ow of G with support f�1(Ci) (so  i(e) = 1 if e 2 f�1(Ci) and  i(e) = 0otherwise) and let  =Pki=1  i. Now �Æf =  is a Z+-
ow ofG as required.2 ) 1 Let C be a dire
ted 
y
le of H and let � be the Z+-
ow of Hgiven by the rule �(e) = 1 if e 2 C and �(e) = 0 otherwise. By hypothesis, = � Æ f is a Z+-
ow. Now,  (e) = 1 if e 2 f�1(C) and  i(e) = 0otherwise, so f�1(C) is a dire
ted 
y
le as required. �Corollary 10.2 If G;H are digraph, H has a nonnegative nowhere-zerok-
ow �, and G �d
y
le H, then G has a nonnegative nowhere-zero k-
ow.Proof: If f : E(G) ! E(H) is dire
ted 
y
le 
ontinuous, then � Æ f is anonnegative nowhere-zero k-
ow of G. �We say that G is balan
ed if E(G) is a dire
ted 
y
le. The followingproposition establishes that the maximal digraphs in the order �d
y
le arepre
isely the balan
ed digraphs.Proposition 10.3 A digraph is maximal in �d
y
le if and only if it is bal-an
ed. A digraph is minimal in �d
y
le if and only if it is not strongly
onne
ted.Proof: If G is balan
ed, then for any digraph H and any edge e 2 E(H),the map whi
h sends every edge of G to e is dire
ted 
y
le 
ountinuous.If G is a dire
ted graph with a vertex for whi
h indegree is not equal tooutdegree, then there is no dire
ted 
y
le 
ontinuous map from G to thedire
ted graph with one vertex and one loop. Thus the maximal elementsin �d
y
le are the balan
ed digraphs as 
laimed.If G is not strongly 
onne
ted, then for any edge e 2 E(G) whi
h isnot in a dire
ted 
ir
uit and for any digraph H , the map whi
h sends everyedge of H to e is dire
ted 
y
le 
ontinuous. If G is a digraph whi
h isstrongly 
onne
ted, then there is no dire
ted 
y
le 
ontinuous map from Gto the digraph 
onsisting of a single ar
 joining two verti
es. It follows thatthe minimal elements of �d
y
le are the digraphs whi
h are not strongly
onne
ted as 
laimed. � 38



We de�ne the dire
ted graph Da;b to be the loopless digraph with vertexset fu; vg and with a edges from u to v and b edges from v to u. We 
allthe edges from u to v up edges and the edges from v to u down edges. Thefollowing proposition shows a s
ale in the order �d
y
le using these digraphs.Proposition 10.4 The set fDa;b j a > bg is a s
ale in the dire
ted 
y
leorder.Proof: Let G be a digraph whi
h is not balan
ed and 
hoose X � V (G)so that j�+(X)j = a > b = j��(X)j. Choose a map � : E(Da;b) ! E(G)so that the a up edges map bije
tively to �+(X) and so that the b downedges map bije
tively to ��(X). It follows easily that � is dire
ted 
y
le
ontinuous. �The next proposition 
hara
terizes when Da;b �d
y
le D
;d.Proposition 10.5 If a; b; 
; d are positive integers with a > b and 
 > d,then Da;b �d
y
le D
;d if and only if s = (a� b)=(
�d) is an integer, a � s
and b � sd.Proof: We begin with the following auxilliary lemma.Lemma 10.6 If f : E(G) ! E(Da;b) is dire
ted 
y
le 
ontinuous, thenfor every X � V (G) there is a nonnegative integer s to that for every upedge e 2 E(Da;b) and every down edge e0 2 E(Da;b) we have the followingequalities. s = jf�1(e) \�+(X)j � jf�1(e) \��(X)js = jf�1(e0) \��(X)j � jf�1(e0) \�+(X)jProof of Lemma: If e is an up edge of Da;b and e0 is a down edgeof Da;b then f�1(fe; e0g) is a dire
ted 
y
le so jf�(fe; e0g) \ �+(X)j =jf�1(fe; e0g)\��(X)j. It follows from this that jf�1(e)\�+(X)j�jf�1(e)\��(X)j = jf�1(e0)\��(X)j� jf�1(e0)\�+(X)j. Sin
e this equality musthold for every up edge and every down edge, there must exist a �xed s withthe properties 
laimed above. �It follows from the lemma that s = (a � b)=(
 � d) must be an integerand it is 
lear that a � s
 and 
 � sd. If a; b; 
; d are positive integerssatisfying the properties above, then it is possible to 
onstru
t a dire
ted39




y
le 
ontinuous map from Da;b to D
;d by sending s up edges of Da;b toevery up edge of D
;d, sending s down edges of Da;b to every down edge ofD
;d and then sending all remaining unassigned edges of Da;b to the sameedge of D
;d. �The following proposition is an immediate 
onsequen
e of the aboveresult and establishes the existen
e of an in�nite anti
hain.Proposition 10.7 The set fD1;b j b � 0g is an anti
hain.Proof: This follows immediately from Proposition 10.5. �Next we have the following simple lemma.Lemma 10.8 Let G be a strongly 
onne
ted digraph whi
h is not balan
ed.Then D1;k is in
omparable with G whenever k > jE(G)j.Proof: Let e0 be the unique up edge of D1;k and let e1; e2; : : : ; ek be thedown edges of D1;k. First suppose that there is a dire
ted 
y
le 
ontinuousmap f : E(G) ! E(D1;k). By assumption, there is a down edge ej su
hthat f�1(fejg) = ;. Thus f�1(fe0g) = f�1(fe0; ejg) is a dire
ted 
y
le.Sin
e f�1(fe0; eig) must be a dire
ted 
y
le for every 1 � i � k, we �ndthat f�1(feig) is dire
ted 
y
le for every 1 � i � k and we 
on
lude thatE(G) = f�1(E(D1;k) is a dire
ted 
y
le. This 
ontradi
ts our assumption.Next suppose that there is a dire
ted 
y
le 
ontinuous map f : E(D1;k)!E(G). By assumption, there is an edge s 2 E(G) so that jf�1(fsg) \fe1; e2; : : : ; ekgj � 2. Sin
e G is strongly 
onne
ted, we may 
hoose a di-re
ted 
ir
uit C of G so that s 2 C. Now f�1(C) is a dire
ted 
y
le of D1;kby assumption, but f�1(C) 
ontains at least two down edges of D1;k. Sin
ethis is impossible, there must not exist su
h a map f . �We �nish the study of this order with the following proposition.Proposition 10.9 The order �d
y
le does not have any atoms.Proof: Let G be an atom of �d
y
le. It is G �d
y
le ~K2 and G is strongly
onne
ted (by proposition 10.3). Let D1;k be in
omparable with G. Thenthe disjoint union G +D1;k = G0 satis�es : G �d
y
le G0 and G0 6�d
y
le Gwhi
h 
ontradi
ts the assumption. (We 
ould also de�ne G0 as 1� sum ofG and D1;k; thus G0 
an be assumed to be 
onne
ted).� 40



11 Dire
ted Cut OrderIn this se
tion, we de�ne and study a dire
ted 
ut order. We have omittedseveral of the proofs from this se
tion whi
h are quite similar to argumentsappearing in the previous se
tion. If G is a dire
ted graph and X � V (G)then we say that �(X) is a dire
ted 
ut if either �+(X) = ; or ��(X) = ;.If H is a dire
ted graph, and f : E(G) ! E(H) then we say that f isdire
ted 
ut 
ontinuous if f�1(C) is a dire
ted 
ut of G whenever C is adire
ted 
ut of H .
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Figure 12: Dire
ted-
utWe de�ne the relation �d
ut by the rule G �d
ut H if there exists adire
ted 
ut 
ontinuous map from G to H . We 
all the order �d
ut thedire
ted 
ut order. This order is dual to the dire
ted 
y
le order and isrelated to the orders for undire
ted graphs based on tensions. We say thata Z-tension f : E(G) ! Z is nonnegative if f(e) � 0 for every e 2 E(G).In analogy with Theorem 10.1 we have the following basi
 result. Sin
e theproof of this theorem is quite similar to that of Theroem 10.1, we omit it.Theorem 11.1 Let G, H be dire
ted graphs. For a mapping f : E(G) !E(H) the following statement are equivalent:1. f is dire
ted 
ut 
ontinuous2. For any Z+-tension � of H, � Æ f is a Z+-tension of G.The following proposition establishes the maximal and minimal elementsin this order. In parti
ular it shows that the graphs of interest in the order�d
ut are the a
y
li
 digraphs (herafter referred to as DAG's). Sin
e thisproof is quite similar to the proof of Proposition 10.3, we omit it.41



Proposition 11.2 A digraph G is minimal in the order �d
ut if and onlyif it 
ontains a dire
ted 
ir
uit. G is maximal in �d
ut if and only if E(G)is a dire
ted 
ut.It is now easy to see that the order �d
ut has no atoms as under everyDAG H we �nd a suÆ
iently large tournament Tn. However the upper endof the dire
ted 
ut order is quite interesting: the single ar
 (i.e. the pathP1) 
overs the dire
ted path P2 of length 2 (by a 
ase analysis), howeverthe stru
ture of the graphs under P2 seems to be already very 
ompli
ated.This is indi
ated by the following whi
h relates these 
ases to 
ombinatorialoptimization:Denote by �(G) the maximal number of ar
s of G no two of whi
h are
ontained in same dire
ted 
ut of G. Similarly denote by �(G) the minimalnumber of dire
ted 
uts in G whi
h 
over all the ar
s of G (we de�ne thisfor DAG's only). Let Tn denote the transitive tournament on n verti
es.Proposition 11.3 Let G be a dire
ted graph. Theni: �(G) is equal to the maximal length of a dire
ted path Pk for whi
hPk �d
ut G;ii: �(G) is bounded from above by the minimal k for whi
h it holdsG �d
ut Tkiii: �(G) � �(H) whenever G �d
ut H.Proof: We 
ompare the de�nitions. All dire
ted 
uts of Pk are formed bysingle edges and ii: follows from iii: whi
h in turn is yet another version ofthe 
riti
al problem argument. �The number �(G) is easily 
omputable and is equal to the largest lengthof an dire
ted path in G (re
all that we are only 
onsidering a
y
li
 di-graphs), this length is also 
alled height of G and it is equal to the minimalk su
h that G � Tk (re
all, �hom is the homomorphism order intro
ued inSe
tion 4). Summarizing we have: For every a
y
li
 digraph G the followingholds: G 6�hom Pk () Tk �hom G:In this homomorphism setting this statement is one of the simplestsingleton homomorphism dualities whi
h were 
ompletely 
hara
terized forgraphs and relational stru
tures in [15℄ (all these dualities relate to DAG's(and their generalization for relational stru
tures). Several (easier) types ofthese dualities we tested for the dire
ted 
ut order and they remain valid.42



The simplest two su
h examples are the following:G 6�d
ut P2 () T2 �d
ut G:G 6�d
ut P3 () T3 �d
ut G:We do not know any other examples of su
h dualities for the dire
ted
ut order.We shall �nish this paper with another relationship of the orders �d
utand �hom whi
h points to yet another dire
tion:Proposition 11.4 For every undire
ted graph G one 
an asso
iate a DAG�(G) su
h that for any two graphs G;H there exists a homomorphism H !G if and only if there is a dire
ted 
ut 
ontinuous mapping �(H)! �(G).Formally, �(G) �d
ut �(H)() H �hom G:Proof: (a sket
h) We des
ribe �(G) = (V 0; E0) for a graph G = (V;E):Put V 0 = V � f0; 1; 2; 3; 4g and let E0 be the set of the following ar
s:((v; i); (v; i+ 1)) for i = 0; 1; 2; 3; v 2 V ;((v; 1); (v0; 3)) for every edge fv; v0g 2 E.Note that any dire
ted 
ut 
ontinuous mapping maps the set of edgesof any dire
ted path to a set of edges no two of whi
h belong to a 
ommondire
ted 
ut. In the graph �(G) the only su
h a set of edges of size 4
orresponds to a dire
ted path of length 4. Analyzing the dire
ted paths in�(G) further we see that there are two types of dire
ted paths: of length 4and these paths 
orrespond to the verti
es of G and of length 3 and thesepaths 
ontain ar
s 
orresponding to the edges of G. It is then not diÆ
ult to
on
lude that any dire
ted 
ut 
ontinuous mapping �(H) ! �(G) impliesthe existen
e of a homomoprhism H ! G. �It follows the that the dire
ted 
ut order �d
ut is indeed very ri
h: It
ontains every 
ountable partial order as indu
ed suborder. See [14℄ formore on the homomorphism order.AppendixThe purpose of this appendix is to prove Theorem 5.11. In this se
tion, itwill be helpful for us to work with maps whi
h are not ne
essarily 
ows.43



Let G be a graph, let k be a positive integer, and let � : E(G) ! Zk2. Theboundary of � is the map �� : V (G)! Zk2 given by the rule��(v) = Xe2�(v)�(e)Thus, � is a 
ow if and only if �� is identi
ally zero. The following identitywill be quite useful.Xv2V (G)��(v) = Xv2V (G) Xe2�(v)�(e) = Xe2E(G) 2�(e) = 0 (1)Next we re
ord three properties of 
riti
al 3-graphs.Proposition 11.5 Let G be a 
riti
al 3-graph, let s; t be adja
ent verti
esin G, and let x1; x2; t and x3; x4; s be the neighbors of s and t respe
tively.Let G0 = G n fs; tg and let X = fx1; x2; x3; x4g. Then we have:1. There exists a nowhere-zero map � : E(G0) ! Z2 � Z2 su
h thatsupp(��) = X and ��(x1) = ��(x2)2. For every e 2 E(G0), there exists a nowhere-zero map � : E(G0 ne)! Z2�Z2 su
h that supp(��) = X and ��(x1) 6= ��(x2)3. For every 1 � i � 4 there exists a nowhere-zero map � : E(G0) !Z2�Z2 su
h that supp(��) = X n fxig.Proof: To prove 1, 
hoose a nowhere-zero 
ow � of G n fstg. Then �0 =�jE(G0) has supp(��0) = X and ��0(x1) = ��0(x2) as desired. For 2, 
hoosea nowhere-zero 
ow � of G n e. Then �0 = �jE(G0ne) has supp(��0) = Xand ��0(x1) 6= ��0(x2) as desired. For 3, we may assume without loss thati = 1. In this 
ase, we may 
hoose a nowhere-zero 
ow � of G n sx1. Now�0 = �E(G0) has supp(��0) = X n fx1g as required. �The following proposition re
ords some similar properties of the Pe-tersen graph. Sin
e these properties are quite routine to verify, we statethis proposition without proof.Proposition 11.6 Let y1y2, y3y4 be nonadja
ent edges of P10 let P = P10nfy1y2; y3y4g and let Y = fy1; y2; y3; y4g. Then we have:44



1. For every a1; a2; a3; a4 2 Z2� Z2 n f0g with a1 + a2 + a3 + a4 = 0and a1 6= a2, there exists a nowhere-zero map � : E(P )! Z2�Z2su
h that supp(��) = Y and su
h that ��(yi) = ai for 1 � i � 4.2. For every e 2 E(P ) and every a1; a2; a3; a4 2 Z2 � Z2 n f0g witha1+a2+a3+a4 = 0 and a1 = a2, there exists a nowhere-zero map� : E(P n feg) ! Z2� Z2 su
h that supp(��) = Y and su
h that��(yi) = ai for 1 � i � 4.3. Let a1; a2; a3; a4 2 Z2�Z2 and assume that aj = 0 for exa
tly one1 � j � 4. Then there exists a nowhere-zero map � : E(P ) !Z2 � Z2 su
h that supp(��) � Y and su
h that ��(yi) = ai for1 � i � 4.With these propositions in pla
e, we are ready to prove Theorem 5.11.Theorem 5.11 For every 
riti
al snark G, the dot produ
t of G with thePetersen graph is 
riti
al.Proof: Let st 2 E(G), let x1; x2; t and x3; x4; s be the neighbors of sand t respe
tively. Let G0 = G n fs; tg and let X = fx1; x2; x3; x4g. Lety1y2; y3y4 2 E(P10) be nonadja
ent edges, let Y = fy1; y2; y3; y4g and letP = P10 n fy1y2; y3y4g. Let F be the graph obtained from G0 and P byadding edges with ends xi; yi for 1 � i � 4 and let f 2 E(F ). It suÆ
es toshow that F nf has a nowhere-zero Z2�Z2-
ow. The following observationredu
es this task to that of �nding suitable nowhere-zero maps on G0 n fand P n f .Let � : E(G0 n f)! Z2�Z2,  : E(P n f)! Z2�Z2 be maps. We saythat (�;  ) is good if � and  satisfy the following properties.(i) �;  are nowhere-zero.(ii) supp(��) � X and supp(� ) � y.(iii) ��(xi) = ��(yi) for 1 � i � 4.(iv) ��(xi) = 0 if and only if f = xiyi.If (�;  ) is good then the map � : E(F ) n f ! Z2�Z2 given by the rule�(e) = 8<: �(e) if e 2 E(G0) n f (e) if e 2 E(P ) n f��(xi) if e = xiyi 6= fis a nowhere-zero 
ow of F n f . Thus, to 
omplete the proof it suÆ
es to�nd a good pair of maps (�;  ). 45



If f = xiyi for some 1 � i � 4, then the existen
e of a good pair followsfrom part 3 of Proposition 11.5 and part 3 of Proposition 11.6. If f 2 P ,then the existen
e of a good pair follows from part 1 of Proposition 11.5and part 2 of Proposition 11.6. If f 2 G0, then the existen
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