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Abstract. We perform an algebraic analysis of a generalization of the augmented Lagrangian
method for solution of saddle point linear systems. It is shown that in cases where the (1,1) block
is singular, specifically semidefinite, a low-rank perturbation that minimizes the condition number
of the perturbed matrix while maintaining sparsity is an effective approach. The vectors used for
generating the perturbation are columns of the constraint matrix that form a small angle with the
null-space of the original (1,1) block. Block preconditioning techniques of a similar flavor are also
discussed and analyzed, and the theoretical observations are illustrated and validated by numerical
results.
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We dedicate this paper to Michael Saunders, a kind gentleman and
outstanding scientist, on the occasion of his 60th birthday. Among his
many contributions to numerical linear algebra and optimization, Michael
has played a pivotal role in the software implementation of robust algo-
rithms for solving the type of indefinite linear systems discussed in this
paper. We thank Michael for the tireless devotion and unflagging patience
with which he spends countless hours with colleagues, helping to improve
the quality of their work and writing.

1. Introduction. We introduce a generalization of the augmented Lagrangian
method for saddle point linear systems, and demonstrate its effectiveness. The dis-
cussion is algebraic, with focus on the discrete problem without relating it to any
particular underlying continuous problem. Our starting point is the following ‘stan-
dard’ saddle point linear system:

Hu = b ≡
(

A B
BT 0

)(
x
y

)
=

(
c
d

)
. (1.1)

The matrix A is n×n, and B is n×m, with m < n (possibly m ¿ n); these matrices
are typically structured and sparse, attributes that could be taken advantage of when
solving the linear system. Linear systems of the form (1.1) arise in numerous areas,
ranging from nonlinear programming to the solution of discretized partial differential
equations for fluid flow problems, elasticity problems, and many others, cf. [24] for
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references. The numerical treatment of these linear systems depends strongly on the
properties of the (1,1) block, A. The case of a symmetric positive definite A has been
extensively investigated theoretically and experimentally in many papers and books.
The case of a nonsymmetric A has also been subject to much research in the last
few decades, due to the importance of applications that lead to such linear systems,
a notable example being the Navier-Stokes equations, where A is real positive. The
matrix A could be singular, for example when it corresponds to certain discretized
operators arising from elliptic PDEs with Neumann boundary conditions. Singular
A’s frequently arise also in numerical optimization. The matrix B could be rank
deficient as well, for example when it corresponds to a discretized gradient operator,
as in the Stokes or Navier-Stokes equations, but this implies that the matrix H is
singular. A common stabilization/regularization approach in this case involves the
modification of the (2,2) block from zero to a ‘convenient’ nonzero matrix.

In [24] (and in the earlier technical report [23]), the first two authors showed that
replacing (1.1) by the mathematically equivalent system

(
A + BWBT B

BT 0

)(
x
y

)
=

(
c + BWd

d

)
(1.2)

may be numerically advantageous. Here W is an m×m symmetric positive semidefi-
nite matrix, and is to be determined. The new (1,1) block is frequently referred to in
the sequel and deserves to be defined:

M(W ) = A + BWBT . (1.3)

For notational convenience we also define

H(W ) =
(

A + BWBT B
BT 0

)
. (1.4)

The approach of replacing (1.1) by (1.2) can be regarded as a generalization of
the classical augmented Lagrangian method (also known as the method of multipliers)
for saddle point linear systems, whereby the (1,1) block is given by A + γBBT , γ a
positive scalar. With a slight abuse of notation, in the sequel we denote the saddle
point matrix corresponding to this specific choice as H(γ). One obvious advantage
of forming (1.2) is that even when A is singular, the associated Schur complement
is well defined, whereas in (1.1) there is no Schur complement associated with a
singular A. Our goal is to use (1.2) to obtain a positive definite (1,1) block, and apply
block preconditioners with positive definite block elements, that can be conveniently
used during the course of solving the linear system using Krylov subspace solvers like
MINRES [48].

Extensive investigation of augmented Lagrangian methods has been done by
numerous researchers, in areas ranging from fluid flow, electromagnetics and solid
mechanics, to numerical optimization and statistics. Arrow & Solow [1], and later
Hestenes [35] and Powell [51], proposed the method. Several books and papers have
been written on the subject, of which we mention in particular the 1983 book of
Fortin & Glowinski [19], where many interesting linear algebra aspects of the tech-
nique are discussed within the framework of discretized fluid flow problems, and the
book of Bertsekas [6], that provides a thorough analysis of the method in the context
of constrained optimization. The choice of the optimal parameter for the classical
augmented Lagrangian method is discussed, for example, in [6, Sec. 2.2.2-2.2.4]. A
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concise overview of the method and some of its features in the context of nonlinear
optimization can also be found in [20].

Since our algebraic framework is first and foremost connected to numerical linear
algebra aspects, an extensive overview of the augmented Lagrangian approach and
its applications is beyond the scope of this paper; the interested reader can consult
[6, 8, 19, 22, 45] and references therein. Those references contain many important
results that are relevant to the discussion here.

In [24] we mainly considered the specific choice W = γI. We showed that there
is a range of values of γ for which the condition number of H(γ), as well as the
condition numbers of its (1,1) block and the associated Schur complement, form a
set that is (generally) numerically superior to the equivalent set of condition numbers
associated with the original matrix, H ≡ H(0). We experimentally observed that
the choice based on scaling, γ = ‖A‖2/‖B‖22, is typically effective. For large enough
values of γ we also showed that the negative eigenvalues of H(γ) tend to cluster near
−1/γ, hence giving rise to faster convergence of Krylov iterative solvers, but at the
same time for large γ the condition number becomes larger compared to the condition
number of H. A preliminary analysis of related block preconditioning approaches was
provided in the technical report [23]. The point made in [24] was that for a positive
semidefine A and the choice W = γI there exists a range of (typically moderate)
values of γ for which the spectral properties and the conditioning of the associated
matrix are possibly better than those of the original matrix. The viability of such a
choice of the parameter stands in line with analytical observations made in [6, 7, 19]
and elsewhere, although those references do not necessarily focus on linear algebra
aspects of the augmented Lagrangian method.

In this paper we devise a general technique that is not restricted to seeking a
single parameter. There are desired goals like minimizing the condition number,
maintaining sparsity, obtaining positive definiteness, and other considerations, not
all of which can be satisfied simultaneously. We aim to obtain desired favorable
spectral properties while maintaining proper sparsity and reduced computational costs
in solving the linear system. This, as we show, can be done by choosing W to be a
diagonal nonnegative matrix, and our approach amounts to selecting the set of nonzero
entries of W so that sparse columns of B are chosen, that are as much as possible
aligned with the null-space of A. The choice of the nonzero values of W is determined
so as to minimize the condition number of the perturbed matrix. Here we mention
that in [7], P. Bochev & Lehoucq provide helpful insight into the role of the null-space
of A and low-rank perturbations. A variational analysis of the augmented Lagrangian
method applied to the pure Neumann problem is provided, as well as an SVD-based
algebraic analysis [7, Sec. 5.1,5.2.2].

Beyond the choice of a matrix W in the context of forming system (1.2), we
explore also how this approach can be incorporated into the general framework of block
preconditioners. Popular classes of preconditioners such as constraint preconditioners
[19, 26, 39, 42, 50, 52] and block positive definite preconditioners [9, 13, 14, 15, 16,
40, 41, 44, 56] have been analyzed and widely used in saddle point linear solvers.
Useful insights into the spectrum of the saddle point matrix can be found in [53].
Other interesting preconditioners for saddle point linear systems are based on the
Hermitian/Skew-Hermitian splitting [3, 4, 54]. Finally, we mention the class of null-
space and projection methods, that lead to a smaller linear system. For this class
of methods there is a variety of techniques for obtaining the null-space of BT , and
various solution approaches, cf. [28, 45] for a description and several references.
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The rest of this paper is organized as follows. In Section 2 we introduce our
approach of low-rank perturbations to A that minimize the condition number of the
(perturbed) matrix. Section 3 is devoted to block preconditioners related to the
choices made in Section 2. In Section 4 we provide a set of numerical examples that
validate our analysis. In Section 5 we draw some conclusions.

2. Minimization of the condition number of the (1,1) block. At the
center of our discussion is the question: In which circumstances is approach (1.2)
superior to solving the linear system using (1.1)? The choice of W is critical. We
start by clarifying the circumstances in which positive definiteness and simultaneous
diagonalization are accomplished.

The following early result was an important step towards the derivation of the
augmented Lagrangian method:

Lemma 2.1. (Debreu, 1952 [10]) If A is symmetric matrix and if xT Ax > 0 for
every x 6= 0 satisfying BT x = 0, then, for ρ sufficiently large, A + ρBBT is positive
definite.

Debreu’s result is important in that it shows that by following the augmented
Lagrangian procedure it is possible to obtain a positive definite (1,1) block even if
the original matrix was not positive definite. It also allows us to state the following
related observation.

In the following two propositions, the following assumptions are made:
• A is a square positive semidefinite matrix with rank(A) ≥ n−m > 0.
• B is n×m with full column rank.
• null(A) ∩ null(BT ) = {0}.
• W is m × m, symmetric positive semidefinite, and positive definite on the

null-space of BT .
Proposition 2.2. Under the above stated assumptions A+BWBT is symmetric

positive definite.
Proof. Since W is positive semidefinite, W 1/2 is well defined. Denote C = BW 1/2,

and suppose that CT = UΣV T is the singular value decomposition of CT . Since BT

is of rank m, and since no null vector of W belongs to the range space of BT , it
follows that CCT is of rank m and has the same null vectors as BT . Since null(A)
and null(BT ) do not nontrivially intersect, the desired result follows.

Next, we present the circumstances in which simultaneous diagonalization occurs.
Related results can be found in [25, 38].

Proposition 2.3. Given the above stated assumptions, suppose that A, B and W
are such that M(W ) = A+BWBT is positive definite. Then there exists a nonsingular
matrix X such that both DA := XT AX and DC := XT (BWBT )X are diagonal.

Proof. Let M(W ) = FFT . Then I = F−1AF−T + F−1BWBT F−T . Let
F−1AF−T = QDAQT be a spectral decomposition, where DA is diagonal and Q is
orthogonal, and define X = F−T Q. Clearly, XT AX = DA. Now,

XT (BWBT )X = QT F−1BWBT F−T Q
= QT

(
I − F−1AF−T

)
Q

= I −DA = DB .

As mentioned in the Introduction, one of the difficulties in forming M(W ) is the
potential loss of sparsity, which could occur if A and B have substantially different
sparsity patterns. Moreover, BBT is typically not as sparse as B, and so from a
linear algebra point of view the popular choice of W = γI could at times result
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in a computationally costly solution procedure that may void the advantages of a
better spectral distribution and faster convergence (in terms of iteration counts) of
iterative solvers. We propose to deal with this difficulty by setting W to be a diagonal
nonnegative matrix such that M(W ) is sparse:

W = diag(wj) , wj ≥ 0. (2.1)

We allow several of the entries in the diagonal of W to be 0. This means that
in setting the perturbed matrix M(W ) we are using only some of the columns of B;
dense columns could be excluded a priori. We then set the nonzero entries of W so
that the condition number of the resulting matrix is minimized.

While the introduction of only a small number of parameters (namely the nonzero
elements of the diagonal of W ) may be helpful in maintaining the sparsity, an im-
portant requirement is that the procedure of setting W be significantly cheaper than
solving the linear system itself, as this is a ‘preprocessing’ stage. (This requirement
can be relaxed if the linear system is repeatedly solved, as part of a nonlinear solve.)

When W is diagonal we can write the (1,1) block as a sum of rank-1 perturbations
of A,

M(W ) = A +
∑

j∈S
wjbjb

T
j , (2.2)

where bj is the jth column of B, and S is the set of indices j for which wj 6= 0. The
number of nonzero entries of W cannot be arbitrarily small, as the following result
clarifies.

Corollary 2.4. Suppose that A is symmetric positive semidefinite and its null-
space does not nontrivially intersect with the null-space of BT . A necessary and
sufficient condition for the existence of a diagonal nonnegative matrix W such that
A + BWBT is positive definite is that the number of nonzeros in W be equal to at
least the nullity of A.

The proof of the proposition follows from Prop. 2.2, and is based in part on the
observation that each time a rank-1 perturbation is applied, a single zero eigenvalue is
mapped into a nonzero one, by the Cauchy interlacing theorem. Note that this means
that we must have rank(A) ≥ n−m. However, the numerical usefulness of Prop. 2.4
is limited in situations where nonzero eigenvalues of A are numerically close to zero,
since in these cases some of the nonzero perturbed eigenvalues are also close to zero.

2.1. Minimizing of the condition number of a semidefinite matrix with
nullity 1. Let us restrict the discussion to the case of a rank-1 perturbation of a
matrix of nullity 1:

M(w) = A + wbbT . (2.3)

The following assumptions are made throughout this section, unless otherwise
stated:

1. w > 0 is a scalar.
2. b is a known vector and is not orthogonal to the null vector of A.
3. A has nullity 1.
4. The largest eigenvalue of the matrix A is also simple:

λ1 > λ2 ≥ λ3 ≥ · · · ≥ λn−1 > λn = 0.
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The strategy we take in selecting w is to minimize the condition number of M(w):

min
w>0

κ2(A + wbbT )

For notational convenience, let us define

κ2(w) ≡ κ2(A + wbbT ) ; λi(w) ≡ λi(A + wbbT ).

The problem of minimizing the condition number of a matrix or minimizing its
maximal eigenvalue, and other problems of a similar flavor, have been subject to thor-
ough investigation and analysis, notably by Overton and his collaborators, within the
framework of large-scale eigenvalue optimization. See for example the comprehensive
paper [47] and many related references therein. The paper [46] provides a quadrati-
cally convergent algorithm for minimizing the maximal eigenvalue of a matrix A(x),
an algorithm that was later used by Greenbaum & Rodrigue [30] for computing an
optimal preconditioner, given a prescribed sparsity pattern. The authors showed how
to find a positive definite symmetric matrix N with a given sparsity pattern that min-
imizes the spectral condition number of N−1/2CN−1/2, where C is a given symmetric
positive matrix. The algorithm was applied to the tridiagonal matrix associated with
the discretized Laplace operator in one dimension.

The problem of finding the eigenvalues of low-rank perturbations of symmetric
matrices is lucidly discussed in the books [11, 25, 49, 57] and in other places. During
the 1990s, it was subject to investigation in the context of a stable computation of
eigenvalues of symmetric tridiagonal matrices using the divide and conquer method,
see [31, 32].

Our above defined problem requires solving the nonlinear scalar equation

dκ2(A + wbbT )
dw

≡ dκ2(w)
dw

= 0. (2.4)

Since A is assumed to be symmetric, κ′2(w) is a function of the largest and smallest
eigenvalues, and their derivatives. The eigenvalues of the perturbed matrix are the
zeros of the function f in the so-called secular equation [25, p. 443]: f(w) = 1 +
w

∑
i

b̃2i
λ−λi

, where λi are the eigenvalues of the original (unperturbed) matrix, and
b̃i = UT bi, with U being the left singular vector of A: A = UΣV T .

By the interlacing property, the ith eigenvalue, λi(w), of the perturbed matrix
A + wbbT is bounded between λi−1(A) and λi(A), i = 2, . . . , n, and λ1(w) > λ1(A).
(Note that we order the eigenvalues so that λ1 is the largest.) We assume that the
function κ2(w) is smooth and convex.

Suppose w is given, and

M(w)u(w) = λ(w)u(w).

Consider the following perturbed eigenvalue problem, where for notational conve-
nience M(w) is denoted simply by M :

(M + δw · E)(u + δw · u′ + (δw)2 · u′′ + · · · )
= (λ + δw · λ′ + (δw)2 · λ′′ + · · · )(u + δw · u′ + (δw)2 · u′′ + · · · ).
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The leading order term gives (M−λI)u′ = λ′u−Eu, and multiplying by uT on the left
yields an expression for λ′, which is the Rayleigh Quotient λ′ = uT Eu

uT u
. Substituting

E = bbT and taking a normalized eigenvector, ‖u(w)‖2 = 1, we get

dλ

dw
= [bT u(w)]2. (2.5)

Minimizing the condition number κ2(w) =
λ1(w)
λn(w)

implies λ′1(w)λn(w)−λ′n(w)λ1(w)
λ2

n(w) = 0.

Proposition 2.5. Suppose that A is a symmetric positive definite matrix, and
let b be an arbitrary vector. Suppose that Au1 = λ1u1 and Aun = λnun define the
largest and smallest eigenpairs, respectively, of A, and λ1&λn are simple. Then a
sufficient condition for κ′2(0) < 0 is

√
κ2(0) >

|bT u1|
|bT un| . (2.6)

This condition straightforwardly extends to the case of a matrix B in place of a vector
b:

√
κ2(0) >

‖BT u1‖2
‖BT un‖2 . (2.7)

Proof. Write κ′2(0) = λ′1(0)λn(0)−λ′n(0)λ1(0)
λ2

n(0) The condition κ′2(0) < 0 holds if
λ′1(0)
λ1(0)

<
λ′n(0)
λn(0) , which, together with (2.5), readily follows if (2.6) is satisfied. The

equivalent result for a matrix B follows by using the same technique.
The following result is related to the effective condition number of a matrix. The

proof follows from the orthogonality of the eigenvectors and is omitted.
Proposition 2.6. Suppose that A is a symmetric positive semidefinite matrix

with nullity 1, and suppose that (0, un) and (λ1, u1) are the eigenpairs with the smallest
and the largest eigenvalues of A (known to be simple), and λn−1 > 0 is the smallest
positive eigenvalue of A. Then the function κ2(A+wunuT

n ) is strictly decreasing in w
for 0 = λn < w < λn−1, constant for λn−1 ≤ w ≤ λ1, strictly increasing for w > λ1,
and is explicitly given in terms of the eigenvalues of A as follows:

κ2(A + wunuT
n ) =

max(λ1, w)
min(λn−1, w)

. (2.8)

The smallest positive eigenvalue of a singular matrix plays an important role, and
the rate of convergence of Krylov solvers is determined largely by the nonzero eigen-
values [2, Chapter 13],[55, Chapter 10]. As is pointed out in [7], the computational
cost of matrix-vector products associated with a rank-1 perturbation (even if it is
dense) is only very modestly higher than for the original matrix, since matrix-vector
products of the form (A+vvT )x with a column vector v can be performed as a matrix
vector product with A and two inner-products.

Propositions 2.5 and 2.6 lead us to the following conclusion: we should take
columns of B that are well aligned (i.e. form an angle as small as possible) with the
null vector(s) of A. Note that for those columns B that are strongly aligned with the
direction of the null vector un, from orthogonality of the eigenvectors it follows that
those vectors are nearly orthogonal to u1, which may make it easier to obtain the
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condition (2.6). With this observation in mind, we propose the following strategy.

The choice of a (single) nonzero diagonal entry of W :
Given (1.1) with a symmetric positive semidefinite A of nullity 1 and a
normalized null vector un, choose the column of B, say bk, that forms the
smallest angle with un, and compute the scalar w for which κ2(A + wbkbT

k )
is minimized.

The numerical procedure for computing the scalar that minimizes the condition
number is to be discussed in Section 2.2. This approach can be generalized to a higher
nullity of A and a larger number of columns of B, using concepts of angles between
linear subspaces; see [25, pp. 603-604]. The choice of columns of B can be made from
a set of preselected ‘sufficiently sparse’ columns. These issues are not further pursued
here.

Example. A 500× 500 dense random matrix of rank 499 was generated using the
following Matlab script, with n = 500:

A=randn(n);
A=A*A’;
A=A-min(eig(A))*eye(n);

The matrix A has nullity 1, and the smallest positive eigenvalue was computed to
be λn−1 = 0.0021. The largest eigenvalue of A was found to be λ1 = 2025.2 We
then computed a series of condition numbers of the matrices A + wbbT , where b is a
random vector that forms a small angle with the null vector of A. Figure 2.1 shows
our results. Note the logarithmic scale. The initial decline of the condition number is
very rapid and by the time w becomes of order 10−3, the condition number reaches
its minimum.

−10 −8 −6 −4 −2 0 2 4 6 8 10
10

6

10
7

10
8

10
9

10
10

10
11

10
12

10
13

10
14

10
15

10
16

Fig. 2.1. A graph of κ(A + wbbT ) for the 500 × 500 matrix mentioned in the example. The
circles correspond to the 21 values that were computed: condition numbers for log10 w = [−10 : 10].
The x-coordinate corresponds to log10 w and the y-coordinate shows the condition number.

2.2. A numerical procedure for evaluating the parameter that mini-
mizes the condition number. Looking at Figure 2.1, we see that the condition
number decreases rapidly with w, before starting to increase again. The rapid de-
crease of the condition number and the large range of possible values of the optimal
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parameter for different problems, suggests that logarithmic re-scaling of the parameter
w may be beneficial. We thus re-define the minimization problem accordingly:

dκ2(A + eρ(w)bbT )
dw

= 0, (2.9)

where ρ(w) = ln w. In order to avoid computing second derivatives, we employ a
secant scheme for solving the scalar equation. Since ‖A‖/‖B‖2 has experimentally
proven to be an effective choice in many experimental tests, we use it as an initial
guess. Since

dκ2(A + eρbbT )
dw

= eρ · (bT u1)2 · λn − (bT un)2λ1

λ2
n

, (2.10)

the same nonlinear equation as before is obtained:

f(ρ) = (bT u1(ρ))2 · λn(ρ)− (bT un(ρ))2λ1(ρ) = 0, (2.11)

except now (λ1(ρ), u1(ρ)) and (λn(ρ), un(ρ)) are the extreme eigenpairs of the matrix
A + eρbbT .

Referring to the function f defined in (2.11), our scheme is as follows:

• Set ρ0 = log ‖A‖ − 2 log ‖B‖, compute f(ρ0) as in (2.11), and ρ1 = ρ0 − ε,
ε > 0.

• For i = 1, 2, . . . until satisfied:
– Evaluate the extreme eigenpairs (λ1(ρi), u1(ρi)) and (λn(ρi), un(ρi)) and

compute f(ρi).
– Compute ρi+1 = ρi − f(ρi)

(f(ρi)−f(ρi−1))/(ρi−ρi−1)
.

Upon termination, w = exp(ρi) is the desired parameter.

2.3. Discussion of computational costs. As mentioned before, the numerical
procedure stated above must be computationally inexpensive, because it is used at
the ’preprocessing’ stage, before the linear system is solved. The following remarks
address the issue of assuring a low computational cost:

1. An inexact/incomplete procedure is sufficient. There is no need to obtain an
exact solution to the problem. As long as the condition number of the per-
turbed matrix is reasonably small, mission has been accomplished. Therefore
no more than two or three iterations should be carried out, and/or a low
threshold as a stopping criterion can be imposed.

2. Rapid factorizations associated with low-rank corrections. There are well-
known inexpensive techniques to factorize a low-rank perturbation of a matrix
given the factorization of the original matrix. If Ã is a positive definite matrix
with Ã = FFT , then Ã+wbbT = F (I+wccT )FT , where Fc = b, and a variety
of possibilities to proceed exist.

3. The cost is reduced if the null-space of A is known. In some cases the null-
space of A is known, in which case no factorizations are required and the cost
of the procedure reduces dramatically.

4. Use of factorization at the linear system solve stage. The factorization of
A + ewbbT from the last iteration in this procedure can be used later in the
iterative solution of the linear system.
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5. Derivative-free algorithms. The algorithm proposed above can be replaced
by a derivative-free algorithm, i.e. one that does not require solving for the
derivative of κ. If the function of the condition number is convex, an iterative
minimization procedure such as the successive parabolic iteration [34, p.273]
can be used. Here a condition number estimator that involves no eigenvalue
computations [36] can be used.

6. Cost of procedure compared to the overall computations. Finally, we note that
in some cases (e.g. certain instances of nonlinear optimization) the overall cost
of computing the parameters involved, even if high, may be small compared
to the entire solution procedure.

3. Related block preconditioning approaches. Staying within the frame-
work of a low-rank perturbation of the (1,1) block, we now move to consider block
preconditioners with the same flavor.

Notation. For the preconditioners we discuss in this section, we denote by M
approximations to the (1,1) block. Also, let us define two matrices that are to be
frequently referred to in the sequel. The first is given by

K = M−1/2AM−1/2 . (3.1)

The second matrix is an orthogonal projector onto range(M−1/2B), given by

P = C(CT C)−1CT , (3.2)

where

C = M−1/2B. (3.3)

The block preconditioners we refer to are:
• Constraint preconditioners, to which we attach the subscript ‘C‘:

MC(M) =
(

M B
BT 0

)
. (3.4)

• Positive definite block diagonal preconditioners, to which we attach the sub-
script ‘P ‘:

MP (M) =
(

M 0
0 BT M−1B

)
. (3.5)

Finally, we define the generalized eigenvalues {λi}

Ax = λBWBT x. (3.6)

3.1. Constraint preconditioning. An increasingly popular technique is con-
straint preconditioning [12, 26, 39, 42, 50, 52], in which the preconditioner has the form
(3.4) for some M . An attractive property of these preconditioners is that the con-
straints are left intact, and thus, the solution always stays on the constraint manifold.
The block decomposition

(
M B
BT 0

)
=

(
I 0

BT M−1 I

) (
M 0
0 −BT M−1B

)(
I M−1B
0 I

)
(3.7)
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clarifies, as is pointed out in [52], that constraint preconditioning with a positive def-
inite (1,1) block allows for using positive definite solves throughout the computation,
despite the fact that the original formulation involves an indefinite preconditioner
applied to an indefinite linear system.

In the context of a modified (1,1) block related to the approach discussed in this
paper, the following result is stated in [24]. (See also [17],[18, Chap.12].) Suppose A
is a general n×n matrix, B and C are full column rank n×m matrices (m ≤ n), and
W is a m×m matrix. If

H̃(W ) =
(

A + BWCT B
CT 0

)
,

then for any W 6= 0 such that H̃(W ) is nonsingular,

H̃−1(W ) = H̃−1(0)−
(

0 0
0 W

)
. (3.8)

The next result immediately follows.
Proposition 3.1. If H(W ) (defined in (1.4)) is used as a preconditioner for solv-

ing the linear system (1.1) by applying a minimum residual Krylov subspace solver,
convergence is obtained (if roundoff errors are ignored) within at most m + 1 itera-
tions.

Proof.

H−1(W )H =
{
H−1 −

(
0 0
0 W

)}
H =

(
I 0
WBT I

)
. (3.9)

Hence all eigenvalues are equal to 1. Recall that the (1,1) block of the above
matrix is of size n× n; thus convergence will depend on the Jordan blocks associated
with the lower blocks (m rows) of the matrix, and in any case will not exceed m + 1
iterations.

Solving a linear system whose associated preconditioning matrix is H(W ) is likely
to be too computationally costly in most cases. However, the observation made in
Prop. 3.1 is useful as a starting point, with the goal of generating approximations of
A + BWBT for which rapid convergence can still be obtained.

For notational convenience, when there is no ambiguity with regard to M we
denote below MC(M) simply by MC . Expressions for the preconditioned matrix
MC−1H have been obtained elsewhere (see e.g. [5, 26]), and here we perform the
calculation in order to express the preconditioned matrix in terms of the matrices

K and P , defined in (3.1) and (3.2) respectively. Suppose MC−1H =
(

X Y
V Z

)
,

where X is n× n and Z is m×m. Then
(

M B
BT 0

) (
X Y
V Z

)
=

(
A B

BT 0

)
.

From the expressions for the (1,2) and (2,2) blocks, we have respectively MY +
BZ = B and BT Y = 0. Multiplying the former by BT M−1, and using the latter,
we immediately obtain Z = Im, from which it follows that MY = 0, and by the
nonsingularity of M we obtain Y = 0.

Next, we consider the expressions for X and V . For the latter, we have BT X =
BT , from which it follows that X − In ∈ null(BT ). While the size of X − In is n× n,

11



its rank cannot exceed n−m. The equation MX +BV = A is multiplied by BT M−1,
and we use BT X = BT to obtain V = −S−1BT (I −M−1A), where S = BT M−1B.
Notice that I −M−1A is of the classical form of an iteration matrix associated with
the splitting A = M − (M −A).

Having an expression for V , we can now obtain an explicit expression for X. From
the relation X = M−1(A−BV ) we obtain X = M−1A + M−1BS−1BT (I −M−1A).
Since P = P 2 = M−1/2BS−1BT M−1/2, we have X = M−1A + M−1/2PM1/2(I −
M−1A). The expression for X can be further simplified, as follows:

X = M−1/2
(
M−1/2AM−1/2 + P − PM−1/2AM−1/2

)
M1/2,

which can be rewritten as X = M−1/2(K + P − PK)M1/2.
We thus have

M−1H =
(

X Y
V Z

)
=

(
M−1/2(K + P − PK)M1/2 0
−S−1BT (I −M−1A) Im

)
. (3.10)

For computing the eigenvalues of this matrix, it is now clear that it is the eigenval-
ues of K+P−PK that we need to analyze. As we shall see in the next subsection, this
establishes an interesting connection between the eigenvalues of the matrix MC−1H
and those of the matrix MP−1H: Both are associated with eigenvalue problems that
can be expressed in terms of K and P .

It is straightforward to show that substituting M = A + BWBT in (3.10) leads
back to (3.9); the algebraic details are omitted. The spectrum of the matrix K +P −
PK plays a central role in convergence of solvers based on constraint preconditioners,
and further observations can be made in connection to the specific choice of W .

3.2. Positive definite block preconditioning. The middle matrix in (3.7)
can also be used as a preconditioner, and in [9, 23] preconditioners of this form are
discussed. We consider using MP as defined in (3.5) as our preconditioner.

Murphy, Golub and Wathen showed in [44] that if A is nonsingular, then the
preconditioner

M̃ =
(

A 0
0 BT A−1B

)
(3.11)

has the attractive property that the associated preconditioned matrix M̃−1H has at
most four distinct eigenvalues: 0, 1, 1

2 ±
√

5
2 . Thus, when this matrix is nonsingu-

lar, a minimum residual Krylov solver terminates within three iterations. However,
inverting A and thus computing the Schur complement could often be prohibitively
expensive. Moreover, if A is singular, which is often the case in applications in opti-
mization and other areas, it is impossible to apply this procedure. Replacing A by a
nonsingular matrix provides an immediate benefit.

Consider the preconditioned matrix MP−1H. Let ν be an eigenvalue of this

matrix with eigenvector
(

u
v

)
. Then

(
A B

BT 0

)(
u
v

)
= ν

(
M 0
0 BT M−1B

)(
u
v

)
. (3.12)

Substituting v = 1
ν (BT M−1B)−1BT u, we get a quadratic expression (in ν) for u:

[
ν2M − νA−B(BT M−1B)−1BT

]
u = 0. (3.13)

12



Denote ũ = M
1
2 u. Then it readily follows that

(ν2I − νK − P )ũ = 0, (3.14)

where K and P are as in (3.1) and (3.2) respectively. We thus have a quadratic
eigenvalue problem here, expressed in terms of K and P . Recall that for constraint
preconditioning, discussed in Section 3.1, the eigenvalues of the preconditioned matrix
could also be expressed in terms of those two matrices.

Note that the case M = A corresponds to K = I, and we are back to (3.11).
Suppose M is selected such that P is a projector of rank m; then it has m eigenvalues
equal to 1, and n − m eigenvalues equal to 0. The matrix K has eigenvalues that
are equal to those of the matrix M−1A, hence indicating that the quality of the
preconditioner for the saddle point problem is strongly related to the quality of the
approximation M ≈ A. This matches observations made by Golub & Wathen in [26].

Lemma 3.2. For M = A + BWBT , where W is symmetric positive semidefinite,
the (normal) matrices P and K commute, and thus share the same eigenvectors.

Proof. Using definitions (3.2) and (3.3) for P and C respectively, we have

I − CWCT = M−1/2(M −BWBT )M−1/2 = M−1/2AM−1/2 = K. (3.15)

It immediately follows that

PK = C(CT C)−1CT (I − CWCT ) = KP = P + K − I. (3.16)

Hence K and P are commuting normal matrices and therefore [21, p. 291] share the
same eigenvectors.

Theorem 3.3. Suppose nullity(A) ≤ m, and M = A + BWBT is symmetric
positive definite, with a symmetric positive semidefinite matrix W . Then the following
holds:

1. The matrix K has an eigenvalue equal to 1 of algebraic multiplicity n −m.
The eigenvectors are the same ones associated with the n−m zero eigenvalues
of P , and span the null-space of BT .

2. The rest of the eigenvalues of K are all between 0 and 1, and are given
explicitly in terms of the generalized eigenvalue problem (3.6), as follows.

µi =
λi

λi + 1
. (3.17)

Proof. Suppose Kxi = µixi. Then µi is also an eigenvalue of M−1A, with
eigenvector zi = M−1/2xi, and we have Azi = µi(A+BWBT )zi. If A is singular, then
the matrix M−1A has nullity(A)) zero eigenvalues, and the corresponding eigenspace
is null(A). On the other hand, for µi 6= 0 we have Azi = µi

1−µi
BBT zi, from which

item 2 in the statement of the theorem follows.
Now, the null-space of BT is of dimension n − m, and thus the set of vectors

zi = null(BT ) must be eigenvectors. For those eigenvectors, the associated eigenvalues
are infinite, and by (3.17) µi = 1 is an eigenvalue of algebraic multiplicity n−m.

In the specific case W = γI we can show that in addition to the mathematical
observations on K and P made in Theorem 3.3 there is an explicit formula that
connects P and K.

Theorem 3.4. Suppose W = γI. The projection matrix P is a polynomial of
degree m in the matrix K, and it is given explicitly by P = I − f(K), where f is the
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Lagrange interpolant

f(t) =

m∏

i=1

(
t− λi

λi + γ

)

m∏

i=1

(
1− λi

λi + γ

) , (3.18)

and {λi} are the eigenvalues of the generalized eigenvalue problem Ax = λBBT x.
Proof. Let W = γI and denote L = 1

γ (I −K). Then L = CCT = C(I)CT , and
thus Lp = C(CT C)p−1CT for any positive integer p. Since P = C(CT C)−1CT , and
since by the Cayley-Hamilton theorem (CT C)−1 is a polynomial of degree m in CT C,
it follows that P is a polynomial of degree m in L and hence a polynomial of degree
m of K.

The polynomial connection is now established, and we can seek an explicit ex-
pression. Denote the eigenvalues of K by {µi}. Since K = M−1/2AM−1/2, we have
that eig(K) = eig(M−1A) = eig(A − µM). Thus {µi} = eig(A − µ(A + γBBT )) =
eig((1 − µ)A − µγBBT ), and the eigenvalues of K are related to the eigenvalues of
the generalized eigenvalue problem (A− λBBT )x = 0 as follows.

λi =
µiγ

1− µi
. (3.19)

Note that this relation is slightly different than (3.17) due to the presence of the
parameter γ. Since rank(BBT ) = m, the n − m infinite generalized eigenvalues λi

map into µi = 1 in (3.19). There are m finite generalized eigenvalues λi, and for those,
(3.17) holds. The m eigenvalues of K that are not equal to 1 thus satisfy 0 ≤ µi < 1.

As for the matrix P , since n − m of its eigenvalues are equal to 1, we know
that the function f defined in the statement of this theorem satisfies f(1) = 1 and
f

(
λi

λi+γ

)
= 0, and thus, since we established a polynomial connection, f is the

Lagrange interpolant of degree m, given by (3.18).

The explicit polynomial connection introduced in Theorem 3.4 holds if W =
γI. For any other W such a polynomial connection does not necessarily exist, (in
particular if W is singular) but we can still obtain a useful result related to the
clustering of the eigenvalues.

Theorem 3.5. If A is positive semidefinite, the eigenvalues of the preconditioned
matrix are bounded within the two intervals:

[−1,
1
2
−
√

5
2

]
⋃

[1,
1
2

+
√

5
2

].

The eigenvalue 1 is of algebraic multiplicity n−m+nullity(A). Also, there are at least
nullity(A) eigenvalues equal to -1.

Proof. Since null(BT ) is the space of eigenvectors associated with the n−m zero
eigenvalues of P and the n−m eigenvalues of K that are equal to 1, we get that n−m
eigenvalues of the preconditioned matrix MP−1H satisfy ν2 − ν = 0, and assuming
that the preconditioned matrix is nonsingular, we see that ν = 1 are those eigenvalues.

For the rest of the eigenvalues, by (3.14) we have the connection λ2 − λµ = 1,
which leads to

λ =
1
2

(
µi ±

√
µ2

i + 4
)

. (3.20)
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The zero eigenvalues of A are mapped into λ = ±1. On the other hand, from
what we know about the eigenvalues of K (namely that they are all bounded between
0 and 1, see Theorem 3.3) we can deduce that

1 ≤ 1
2
(µ +

√
µ2 + 4) ≤ 1

2
(1 +

√
5) ≈ 1.618,

and

−0.618 ≈ 1
2
(1−

√
5) ≥ 1

2
(µ−

√
µ2 + 4) ≥ −1.

We conclude that all the eigenvalues of the preconditioned matrix are within two
narrow intervals whose ends are fixed. The construction of this preconditioner in its
current form may still be costly for large problems, and it is therefore necessary to
find efficient approximations to its block elements.

3.3. Numerical properties of the Schur complement. The Sherman-Mor-
rison formula (see, e.g. [25, p. 50]) states that for an n× n nonsingular matrix A and
n × k matrices U and V the following relation holds (provided that I + V T A−1U is
nonsingular):

(A + UV T )−1 = A−1 −A−1U(I + V T A−1U)−1V T A−1.

Given a nonsingular matrix Ã, a vector b, and a scalar w, using the formula with
U = V =

√
wb, we have

(Ã + wbbT )−1 = Ã−1 − w

1 + w · bT Ã−1b
Ã−1bbT Ã−1.

We can thus obtain an expression for the Schur Complement:

BT (Ã + wbbT )−1B = S − w

1 + w · bT Ã−1b
uuT ,

where S = BT Ã−1B and u = BT Ã−1b. It thus follows that the Schur Complement of
the perturbed matrix is merely a low-rank perturbation of the original Schur comple-
ment, the one associated with Ã.

Further observations can be made for the Schur complement associated with
H(W ). Consider the matrix A + BWBT , and let

S(W ) = BT (A + BWBT )−1B. (3.21)

For notational convenience, denote S(0) = BT A−1B simply by S. Suppose that
W is symmetric positive semidefinite. Using the Sherman-Morrison formula with
U = V = BW 1/2 we have

S(W ) = BT (A + BWBT )−1B
= BT

(
A−1 −A−1BW 1/2(I + W 1/2BT A−1BW 1/2)−1W 1/2BT A−1

)
B

= S − SW 1/2
(
I + W 1/2SW 1/2

)−1
W 1/2S

= S · (I −W 1/2(I + W 1/2SW 1/2)−1W 1/2S
)
.

Proposition 3.6. If W 1/2 and S commute, then

S(W ) = S ·
(
I + W 1/2SW 1/2

)−1

. (3.22)
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Proof. If W 1/2S = SW 1/2 then

W 1/2S(I + W 1/2SW 1/2) = (I + W 1/2SW 1/2)SW 1/2.

In this case,

(
I −W 1/2(I + W 1/2SW 1/2)−1W 1/2S

) · (I + W 1/2SW 1/2)
= I + W 1/2SW 1/2 −W 1/2(I + W 1/2SW 1/2)−1W 1/2S(I + W 1/2SW 1/2)
= I + W 1/2SW 1/2 −W 1/2(I + W 1/2SW 1/2)−1(I + W 1/2SW 1/2)SW 1/2

= I + W 1/2SW 1/2 −W 1/2SW 1/2 = I.

Proposition 3.6 leads to the following useful result.
Proposition 3.7. If S and W 1/2 commute, then S and S(W ) commute too.
Proof. Express S(W ) as in (3.22) and (I + W 1/2SW 1/2)−1 as a Neumann series.

Propositions 3.6 and 3.7 lead us to make the following conclusion with regard to
the conditioning of the Schur complement.

Theorem 3.8. If S and W 1/2 commute, then the eigenvalues of S(W ) satisfy

λi =
µi

µiαi + 1
, (3.23)

where µi are the eigenvalues of S, and αi are the eigenvalues of W . As a result, if S
is positive definite and W is positive semidefinite, and

κ2(S(W )) ≤ κ2(S). (3.24)

Proof. Let λ be an eigenvalue of S(W ), µ an eigenvalue of S, and α an eigenvalue
of W . From Propositions 3.6 and 3.7 it follows that those three matrices share the
same eigenvectors, y, and (µ− λµα)y = λy. Hence (3.23) and (3.24) follow.

One obvious case where the commuting condition holds is W = γI. This leads to
the following result.

Corollary 3.9. Suppose A is symmetric positive semidefinite, and let S(γ) be
as defined in (3.22), with W = γI. Let S ≡ S(0) ≡ BT A−1B have eigenvalues {µi}.
Then S(γ) = S (I + γS)−1. Consequently the eigenvalues of S(γ) are µi(γ) = µi

1+γµi
,

and S(γ) is better conditioned than S for all γ > 0.
We end this subsection with a remark that clarifies the limits of our analysis.

Commuting of S and W 1/2 does not hold in most cases, including the case of a
diagonal matrix W whose entries are not all equal to each other. Theorem 3.8 thus
has a limited practical value. However, it is possible that even when the commuting
condition does not hold, the results stated in the theorem still nearly hold, and the
conditioning of S(W ) is better than that of S for most choices of W .

3.4. Regularization using a nonzero (2,2) block. Regularizing the system
may remedy potential accuracy problems. Common regularization techniques are
based on modifying the (originally zero) (2,2) block so as to obtain a better conditioned
matrix. See for example [45, chap. 17] and [14].
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We limit our discussion below to the case d ≡ 0 in (1.1) and a positive definite
(1,1) block. Throughout this section we attach subscripts to the matrices associated
with the regularization. Let the regularized linear system be

HV uV ≡
(

A B
BT −V

)(
xV

yV

)
=

(
c
0

)
. (3.25)

Let SV = V + BT A−1B. S0 is the Schur complement of H ≡ H0. For

H−1 =
(

X Y
Y T Z

)
. we have [26]

X = A−1 −A−1B(BT A−1B)−1BT A−1 = A−1 −A−1BS−1
0 BT A−1.

Since A is assumed to be symmetric and positive definite, by observing that

P̃ = A−1/2B(BT A−1B)−1BT A−1/2

is a projection matrix, we can rewrite X in a simpler form: X = A−1/2(I− P̃ 2)A−1/2.
Since x = Xc, x can be expressed in a form that shows how far the unconstrained
solution (namely A−1c) is from the constrained one: x = A−1c−A−1BS−1

0 BT A−1c.
From the last two equations a bound for ‖x‖ can be obtained.

Consider now the regularized linear system (3.25). Let

H−1
V =

(
XV YV

Y T
V ZV

)
.

Proposition 3.10. The (1, 1) block of H−1
V is given by

XV = A−1 −A−1BS−1
V BT A−1. (3.26)

If V = µI, µ > 0, then

XV ≡ Xµ = (A +
1
µ

BBT )−1. (3.27)

Proof. Write
�

A B
BT −V

��
XV YV

Y T
V ZV

�
=

�
I 0
0 I

�
, and write down the equa-

tions for the (1, 1) and (2, 1) blocks:
{

AXV + BY T
V = I;

BT XV − V Y T
V = 0.

(3.28)

By substituting BT XV = BT A−1−BT A−1BY T
V in the bottom equation of (3.28)

we get Y T
V = S−1

V BT A−1, from which (3.26) follows.
If V = µI, we can instead proceed from (3.28) by substituting Y T

µ = 1
µBT Xµ in

the top equation of (3.28), and (3.27) readily follows. The matrix to be inverted in
that equation is guaranteed to be nonsingular, because H is.

We note that interestingly, (3.27) is not defined for µ = 0, yet the limit exists.
The error in the computed solution is given by uV −u = (XV −X)c. From Proposition
3.10 it follows that

XV −X = (A−1 −A−1BS−1
V BT A−1)− (A−1 −A−1BS−1

0 BT A−1)
= A−1B

(
S−1

0 − S−1
V

)
BT A−1.
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In general, for any two nonsingular matrices M and N , M−1−N−1 = M−1(N −
M)N−1. Hence S−1

0 − S−1
V = S−1

0 V S−1
V , and XV − X = −A−1BS−1

V V S−1
0 BT A−1.

Therefore xV − x = −A−1BS−1
V V S−1

0 BT A−1c, and the norm of the error is bounded
by

‖xµ − x‖ = ‖A−1BS−1
V V S−1

0 BT A−1c‖ ≤ ‖V ‖‖S−1
V ‖ · ‖BT A−1||2||S−1

0 || · ‖c‖.
All the quantities in the expression for the error except ‖V ‖‖S−1

V ‖, depend on the
given problem, not on the regularization parameter. The latter can be determined so
as to make the error as small as desired.

Proposition 3.11. For V = µI, ‖V ‖‖S−1
V ‖ ≡ ‖µS−1

µ ‖ tends to 0 for µ ¿ 1, is
monotonically increasing as µ grows larger, and is bounded by 1.

Proof. Suppose SV ≡ Sµ = µI + BT A−1B. Then µS−1
µ =

(
I + 1

µS0

)−1

. Thus

µS−1
µ is positive definite and

‖µS−1
µ ‖2 =

1
λmin(I + 1

µS0)
=

µ

µ + λmin(S0)
. (3.29)

The latter is a monotonic function in µ, that tends to 0 when µ → 0, and tends to 1
as µ →∞.

We end this subsection by noting that from the error equation we can obtain

BT (xµ − x) = BT A−1BµS−1
µ S−1

0 BT A−1c.

In general, for any matrix M and a scalar µ, we have M(µI +M)−1 = (µI +M)−1M.
Thus S0 and S−1

µ commute, and as a result we have BT (xµ − x) = µS−1
µ BT A−1c.

Since BT x = 0, we can also say that BT xµ = µS−1
µ BT A−1c. While the un-regularized

solution component x belongs to the null-space of BT , the perturbed vector xµ does
not, and this relation shows its distance from the null-space.

4. Numerical examples. Our experiments were done using Matlab, on a
Linux based machine with a 2.5 GHz processor. Most of the matrices (with self gen-
erated right-hand side vectors) are taken from the CUTE/CUTEr set of optimization
problems [29]. However, since our interest is in numerical linear algebra aspects of
the problems, we ran the experiments for the matrices as given, without reducing
them as is typically done in quadratic programming, in accordance with the active
and inactive constraints.

Example 4.1. The genhs28 problem from the CUTE collection is tiny, a 28×28
saddle point matrix, where A is 10 × 10. According to the CUTEr documentation ,
this is a multi-dimensional extension of problem 28 in [37]. A = tri[2, 4, 2], but with
A1,1 = A10,10 = 2, so that the matrix is singular. B is 10 × 8 with values 1, 2 and
3 along its main diagonal, first subdiagonal, and second subdiagonal, respectively.
We use this example because it provides analytical knowledge that is typically not
available for larger problems. In particular, A has nullity 1, and its spectrum and null
vector are known.

The eigenvalues of A are

λi = 8 sin2

(
πj

2n

)
, j = 0, . . . , n− 1.

Here n = 10 is the size of the matrix, and so λmin = λ10 = 0, λ9 = 0.1958..., and
λmax = λ1 = 7.8042....
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The null vector of A is v = α · (−1, 1,−1, 1,−1, 1,−1, 1,−1, 1)T . It follows that
the eight columns of B form only two different angles with the null vector of A.
Figure 4.1 shows that the condition number of the perturbation of the matrix A by
its null vector, and the condition number of the matrix obtained by perturbing A by
the fourth (arbitrary choice) column of B behave qualitatively in the same manner.
The perturbation with the null vector results in a smaller condition number, yet
the perturbation with a column of B maintains sparsity. For the latter, only two
additional nonzero entries are generated in comparison with the nonzero structure of
A. Note that the condition number of A + wvvT can be obtained analytically by the
result stated in Proposition 2.6.

It is also worth noting that the range of values of w for which a nearly optimal
condition number is obtained is fairly large and both minκ2(A+wvvT ) and min κ2(A+
wbbT ) are small (recall that A is singular). The choice w = ‖A‖/‖B‖2 gives log10 w =
−0.6367, which is well within the range of values for which the condition numbers in
the plot are close to the minimum.
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Fig. 4.1. Example 4.1: Condition numbers of A + wvvT (curve with circles) and A + wbbT

(starred curve), where v is the null vector of A and b is the fourth column of B. The matrix is
genhs28 from the CUTE collection.

Example 4.2. The problem cvxqp1 from the CUTE collection is a convex quadratic
problem with linear constraints. We used here a medium sized version of the problem.
(In [43] it is denoted by cvcqp1 m.) As is evident from the unusual nonzero pattern
of the matrix (Figure 4.2), direct solution methods may have difficulties dealing with
fill-in. A is 1000 × 1000, and its rank is 986. B is 1000 × 500. The smallest positive
eigenvalue of A was computed to be 9.4756 × 10−7. The rank of the 1500 × 1500
saddle point matrix is 1499 according to Matlab’s SVD-based rank command. This
means that A+BWBT must have a nullity of at least 1. We generate the right-hand
side vector so that the linear system is consistent.

Figure 4.3(a) provides support to the analysis of Section 2. We performed the
following procedure: computed the 14 null vectors of A; computed the 14 columns
of B, bk, that form the smallest angles with the null vectors, and chose W to be a
diagonal matrix whose nonzero entries correspond to those columns. In order to keep
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Fig. 4.2. Example 4.2: Sparsity pattern of the cvxqp1 matrix.
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Fig. 4.3. Example 4.2 — the CUTE matrix cvxqp1. Graph (a) depicts the 25 smallest eigen-
values of the following matrices, from bottom to top: A, A + BWBT , A + V V T , A + BBT . Graph
(b) shows the convergence of the preconditioned MINRES with the positive definite preconditioners
MP (diag(A)) (solid line) and MP (diag(A + 156.13BBT )) (broken line).

the computational cost of setting W small, the values of the nonzero entries of W are
set to be the scaling factors wk ≈ ‖A‖2/‖bk‖22, obtained by using norm estimators.

The number of nonzeros of A is 6968, the number of nonzeros of A + BWBT is
7040, and the number of nonzeros of A + γBBT is 9950. We denote by V the dense
matrix of the 14 null vectors of A. As is evident from Fig. 4.3, the perturbation
of A by the matrix of the null vectors or matrices associated with columns of B
is an effective way of mapping zero eigenvalues of A away from zero. A + V V T is
nonsingular, though dense. On the other hand, the matrix A+BBT is sparse and its
nullity is 1, which is the best we can obtain given the rank of the saddle point matrix.
Hence, the matrix A+BWBT is close in sparsity to A, but its nullity is substantially
smaller.

Figure 4.3(b) provides experimental support to the viability of the block positive
definite preconditioner analyzed in Section 3. The graph shows the convergence his-
tory of the preconditioned MINRES with the preconditioner MP (M), for two choices
of M . The broken curve represents the preconditioned iteration for MP (diag(A)).
(While A is singular, its diagonal is not.) The solid curve represents the iteration
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for MP (diag(A + γBBT )), where γ = 156.13 ≈ ‖A‖2/‖B‖22, obtained by using the
norm estimator implemented in Matlab’s normest. The saving in iterations when
the latter is used is approximately 40%, while the cost of every matrix-vector product
is only marginally higher. For a random right-hand side we obtained a count of 710
iterations vs. 541.

Example 4.3. The problem gouldqp2 is taken from the CUTE collection. The
size of A is 699. The top left 349x349 block of A corresponds to a discrete one-
dimensional Laplace operator with Neumann boundary conditions, and the rest of the
matrix is equal to 0. B corresponds to a scaled first-order one-sided difference operator
approximating the grad operator. For this problem we executed BiCG-STAB with
the constraint preconditioner MC(M). We used the solver with three choices of M :
M = diag(A), M = I, and M = diag(A+BBT ). Of the three, only the latter resulted
in convergence within the specified maximum iteration count of 2000 and relative
residual threshold of 10−10; see Figure 4.4(b). Using the diagonal of A is not effective
possibly because of the many zero diagonal elements. diag(A + BBT ) is nonsingular,
and it is seemingly more strongly related to the problem than the the choice M = I.
While the situation described here may not necessarily be representative of what
happens consistently in other problems, it shows that using A + BBT as a basis for
the constraint preconditioner can be effective when other ways of selecting a (1,1)
block are not obvious.
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(a) Sparsity pattern (b) Convergence of BiCGStab

Fig. 4.4. Example 4.3 — the CUTE matrix gouldqp2. Graph (a) depicts the sparsity pattern
of the matrix. Graph (b) shows the convergence behavior of the preconditioned BiCG-Stab method
with the constraint preconditioner MC(diag(A + BBT )). The right-hand side was constructed so
that the solution is a vector of all 1s. Constraint preconditioning with MC(diag(A)) or MC(I) did
not converge within the specified maximum iteration count and tolerance.

Example 4.4. The CUTE matrix gouldqp3 is 1048 × 1048 and its sparsity
pattern is given in Figure 4.5. The (1,1) block A is 699×699 and its rank is 697. The
smallest positive eigenvalue of A is 4.0514 · 10−5, and its largest eigenvalue is 5.2360.
According to the CUTEr documentation, this is a variant of a problem of optimal
knot placement in a scheme for ordinary differential equations with boundary values,
suggested by J. R. Kightley [27]. The null-space of A is comprised of two orthogonal
vectors: a vector of all 1s (or any other nonzero constant) except the last entry, which
is zero, and a vector of all 0s except the last entry, which is nonzero. Following the
strategy of Section 2, we find columns of B that are aligned with the null vectors of
A. The last column of B must be used, and for the other null vector there are many
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choices. We picked the first and the last columns of B; let us denote them by B1

and Bm respectively. We define V = w1B1 + w2Bm, and set M1 = A + V V T , and
set M2 = A + BBT . The number of nonzeros of all the matrices involved is given in
Table 4.1. As is evident, M1 is very close in sparsity to A.

Each of the two zero eigenvalues of the matrix A is mapped into −1 and 1 in
the preconditioned matrices M(Mi)−1H, i = 1, 2. In both cases, as predicted by
our analysis, the eigenvalues are within the interval stated in Theorem 3.5. We ran
MINRES with the above two preconditioners, and then ran MINRES again with
M(ILU(Mi, 0))−1H, i = 1, 2. Here ILU(Mi, 0) stands for the product LU of the factors
of the incomplete factorization ILU(0) of Mi. In other words, instead of solving
for M1 and M2 in each iteration, we use their incomplete factorizations. For those
factorization the analysis in Section 3 does not hold. However, as can be seen in Figure
4.6, most of the eigenvalues are still inside the intervals stated in Theorem 3.5. The
convergence behavior for the four preconditioners, as well as the eigenvalues of the
preconditioned matrices, are given in Figures 4.6 and 4.7. In terms of timing, for the
first two preconditioners an un-optimized version of the solver ran 1.33 seconds using
M1 vs. 4.57 for M2. However, for the former the stage of computing the null vectors
of A (which in this case are known and are not incorporated into the computation
stage) may significantly increase the computation time.

nnz(A) 2092
nnz(B) 1047
nnz(A + V V T ) 2105
nnz(A + BBT ) 4185

Table 4.1
Number of nonzeros in A, B, A + V V T , and A + BBT for the gouldqp3 matrix.
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Fig. 4.5. Sparsity pattern of the gouldqp3 matrix

.

Example 4.5. The following nonlinear geophysical inverse problem is described
in [33]:

min φ(u,m) =
1
2
‖Qu− b‖2 +

β

2
‖W (m−m0)‖2

subject to A(m)u = f.
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Fig. 4.6. Example 4.4: Eigenvalues of the preconditioned matrix MC−1H associated with the
CUTE matrix gouldqp3. Given are four different choices, see x-label below each of the graphs and
further details in the text.
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Fig. 4.7. Convergence of preconditioned MINRES for the CUTE problem gouldqp3.

The associated Lagrangian is

L(u, m, λ) =
1
2
‖Qu− b‖2 +

β

2
‖W (m−m0)‖2 + λT [A(m)u− f ],
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where λ is a vector of Lagrange multipliers. The Hessian of the Lagrangian is

H(m,u, λ) =




QT Q K(m,λ)T A(m)T

K(m,λ) βWT W + R(m,u, λ) G(m,u)T

A(m) G(m, u) 0


 ,

and its sparsity pattern is depicted in Figure 4.8, leftmost graph. Details on the
application in which this problem arises, as well as solution methods, are described
in [33].

Here we have a 3× 3 block matrix, and we define A to be the top left 2× 2 part
of H(m,u, λ). Replacing A by A + BBT generates a modified saddle point matrix
significantly less sparse than H(m,u, λ): compare the leftmost plot of Fig. 4.8 to the
rightmost plot. [We note, though, that a naive count of the nonzeros of the matrices
involved does not do justice to the actual cost of forming matrix-vector products since
the product (A + γBBT )x can be performed as Ax + (γB(BT x)).]

Sparsity is lost, but on the positive side, the (1,1) block is now positive definite,
and the eigenvalues of the preconditioned matrix associated with MP (A+BBT )−1H
are clustered as predicted by our analysis, see Fig. 4.9. Since A has so many zero
rows and columns, finding a matrix W such that A + BWBT is as sparse as possible
but positive definite, in the spirit of Section 2, is practically impossible in this case.

Applying the constraint preconditioner MC(diag(A) proves ineffective. In Fig.
4.10(a) the convergence behavior of GMRES(20) with this preconditioner is depicted;
convergence occurs after more than 250 iterations. Attempts to use MC(diag(A +
γBBT )) instead (for a variety of values of γ) proves futile as well.

What seems to be a more effective approach in this case is adding the third block
row to the first one:

H̃ =




QT Q + A(m) K(m,λ)T + G(m,u) A(m)T

K(m,λ) βWT W + R(m, u, λ) G(m,u)T

A(m) G(m, u) 0


 .

The sparsity pattern of H̃ is depicted in the middle plot in Fig. 4.8. Note that H̃ is
now nonsymmetric, but as we can see, the loss of sparsity is much smaller compared
to the loss of sparsity with forming A+BBT . Denoting the top left 2×2 part of H̃ by
Ã and its (1,3) and (2,3) blocks by B̃, we were able to compute an effective incomplete
factorization of the (nonsymmetric) (1,1) block, and we incorporated it in a constraint
preconditioner of the form MC(ILU(Ã + γB̃B̃T )), to obtain a nonsymmetric precon-
ditioner. As we can see in Fig. 4.10(b), the convergence of preconditioned GMRES
in this case is significantly faster compared to the previously discussed approaches.

5. Conclusions. The focus of this paper is on the solution of (1.1) by numer-
ically solving the mathematically equivalent system (1.2), given that A is positive
semidefinite. The technique is a generalization of the classical augmented Lagrangian
approach, where rather than allowing for a single parameter, our formulation allows
for determining up to m(m + 1)/2 free parameters (assuming that W is to be kept
symmetric). It is desirable to have W as sparse as possible in order to maintain
sparsity of the (1,1) block in (1.2), and at the same time obtain positive definiteness
and other desirable numerical properties. In Section 2 we discussed an approach that
minimizes the condition number of A+BWBT where W is diagonal and nonnegative.
We derived analytical results that led us to conclude that columns B that are aligned
with the null vectors of A should be considered in the selection of nonzero entries of
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matrices discussed in this example. The middle (nonsymmetric) matrix in the figure is the one
obtained by adding the third block row to the first one. The matrix on the right is A + BBT .
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Fig. 4.9. Eigenvalues of preconditioned matrix for the geophysical inverse problem.

W . The analysis was derived for A with nullity 1, and we used a secant method for
determining the values of the diagonal entries of W .

A drawback of this approach is that it requires computing the null-space of A, a
computationally nontrivial task for large scale problems. Thus, our approach works
best when knowledge on the null-space of A is available. However, even if such knowl-
edge is not available, there are a few possible ways to keep the computational cost low.
This point remains an issue for further investigation. Alternatively, it is possible to
perform a ‘blind’ choice of several columns of B, using a scaling parameter of the form
wi = ‖A‖/‖bi‖2. This involves a minimal computational effort when computationally
cheap norm estimators are used. The effectiveness of using scaling factors of this form
seems experimentally solid, although we do not have a full analytical justification.

Section 3 focused the application of block diagonal positive definite precondition-
ers whose (1,1) block is a matrix of the form A + BWBT , and whose (2,2) block is
the associated Schur complement. Our analysis shows that the eigenvalues of the pre-
conditioned matrix are clustered in fixed intervals whose ends are far from the origin.
Moreover, the eigenvalue 1 of the preconditioned matrix is of algebraic multiplicity at
least n−m, and interestingly, the multiplicity goes up with the nullity of A. In order
to get a complete picture of the convergence properties of Krylov solvers applied with
this preconditioner, further analysis in the spirit of [39] is required, that reveals the
structure of the Jordan blocks.

In practice, the matrix A+BWBT is replaced by an approximation to it, reducing
the clustering but possibly making the numerical procedure significantly cheaper. Our
numerical experiments demonstrate the effectiveness of this approach. With a sensible
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Fig. 4.10. Example 4.5: Convergence of preconditioned GMRES(20) using constraint precon-
ditioning. The constants in graph (b) are 1 in the slower to converge case (curve with circles), and
10−4 in the faster case (curve with stars). The latter is approximately equal to the scaling value of
‖A‖/‖B‖2.

choice of the columns of B, convergence does not seem to slow down in comparison
with approaches that do not rely on setting A + BWBT , and at the same time the
advantage of making the (1,1) block positive definite is achieved.

Plans for future work include comprehensive testing of linear systems arising
from interior-point optimization problems and investigation of the effectiveness of our
approach in nonsymmetric cases and in cases of an indefinite (1,1) block.
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