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Abstract:

The arithmetic operations and functions of power series can be defined by Fortran

95 or C++ language] 2] easily. The functions represented by these language, which consist of
arithmetic operations, pre-defined functions and conditional statements, can be expanded in

power series.

Using this power series, the solution for an algebraic ordinary differential equation can be
expanded up to arbitrary order. It isthe arbitrary order calculation formula as Runge-K utta
formulafor the ordinary differential equation. The power series can be used for the evaluation of
the errors and determination of the optimal step size within given error allowance easily. In
addition, we can transform Power seriesinto Padé series, which give an arbitrary order and
A-stable formulafor solving algebraic ordinary differential equation numerically.
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1. Introduction
A differential-algebraic equation (DAE) has
theform

(11)  F(y,y¢x) =0
with initial values
(L2)  y(X)=VYe, Y&X)=VY,

where F and y is a vector function for

which we assumed sufficient differentiablity.
And theinitial valuesto be consistent, i.e.

(13)  F(Yo.¥$:%) =0

The solutions of (1.1) can be assumed that
(14) Y=Yty X+ ex?,

where e is a vector function which is the
same size as y, and y§. Substitute (1.4)
into (1.1) and neglect higher order terms, we

have the linear equation of e intheform
(15) Ae=B

where A and B is a constant matrix, a
constant vector respectively. Solve this

equation of (1.5), the coefficients of x> in
(1.4) can be determined. Repeating above
procedure for higher order terms, we can get
the arbitrary order power series of the
solutions for (1.1). This method was probably
known long before.

The power series given by above procedure
can be transformed into Padé series.
According to E. Hairer and G. Wanner
[3,p60], if MELEM +2, where M and
L is the degree of numerator and
denominator in Padé series respectively, then
this Padé series gives an A-stable formula for



an ordinary differential equation.

2. Power Series

In this section, we explain basic idea to
expand the functions into power series. Please
refer to Rall[7] , Henrici[4] and Hirayama[5]
in detail.

2.1 Arithmetic of Power Series

Arithmetic program for power series can
be made easily. Power series can be defined
inthe form

(2.1) f(x) :f0+flx+f2x2 +f, X3+,

(22) g(X) =Qo+ gy X+gy X2 +gy X* +---,
(2.3) h(x) =h,+h x+h, x* +h,x* +---.

2.1.1 Addition and Subtraction

If h(x)=f(x)xg(x), the coefficients of
f,g,h havetherelation

(2.4) h, =f g

2.1.2 Multiplication

If h(x)=f(x)g(x) , the coefficients of
f,g,h havethereations

hn = é. fk gn-k

k=0

(2.5)

2.1.3 Division

If h(x) :M, the coefficients of f,g,h
9(x)

have the relations

f0
@8 m=t

1 'Y 0
27) h ==& -8 hg .2 (nd1)
(2.7) 908 a 9 g (
2.1.4 Exponential Function
If h(x)=€e", then — =h—_. Substitute
dx dx
(2.1) and (2.3) into this differential equation
and compare coefficients of power series, we
can get the following relations

(28) h,=e",

(29) h, =lé kh,_ f, (n31).
Ny=
2.1.5 Power Function

If h(x) =f(x)* (a : constant), then

d h(x)

f(x

(x) ™
into this differential equation and compare
coefficients of power series, we can get the
following relations

(210) h,=f.*,

= ah(x) . Substitute (2.1) and (2.3)

n
o

h, =& {@ +Dk- ith,,

0 k=1

(2.12)

(n31).
We can get same type differential equation
and same type relation between coefficients
of power series for another elementary
transcendental functions.
Above relations is valid at not only origin
but also anywhere.

2.2 Power Seriesof Function

We can expand x into power series at
x=a intheform

at+(x- a)

i.e.

fo=a, f,=1, f,=0 (n3 2)in(2.1)
Substitute this power series for x into the
function consist of x, we can get power
series of thisfunction.

2.3 Example of Power Series
The power series of the following function
a x=1 iscalculated.

(2.12) f(x) =+/xe* +sinx
The program for C++ language is

1 : #include "power.h" // define power series
2 : main(){

3: power f, X; /Il declare f and x

4: X[0]=1; x[1]=1; /I x=1+1(x-1)

5: f=sgrt(x)* exp(x)+sin(x); // compute
6: cout << "f="<<f<<end ; // output
7

outpult:

f=3.55975+4.61773*x+1.95776* x"2
+0.872674* x"3+0.268664* x4



+0.0802463* x5
where x means (x-1).

3.Power Seriesof Solution for DAE
In order to substitute (1.4) into (1.1), we

define another type power seriesin the form

f(x)=f,+ fx+ f,x*+...

+(fn + P.€ teeet pmem)xn
where p,, p,,..., p, ae constants, e ,e,,
..., €, are basis of vector e in (1.4), m
issize of vector e.

Arithmetic and functions of this type
power series can be defined easily for n3 1
in Same manner as power Series. .

y in (1.4) is a vector with melements.
Every elements can be represented by the
power seriesin (3.1).

(3.2
where y. is ithelementof vy.

Substitute (3.2) into (1.1), we can get the
following

(3.1)

_ 2
Yi = VYio T YiiXtYioX +o+g X",

fo=(f,+p,.g+-+ pi,mem)Xn-j
+O(Xn-j+1)

where f. is ith element of f(y,y¢x) in

(L1) and j is 0 if f(y,y¢x) have ¢, 1 if

don't. From (3.3) and (1.5), we can determine
the linear equation in (1.5) asfollow

(3.3)

(3.4 Ai=p;
85 B=-f,.
Solve this linear equation, we have e
(i=1---,m). Substitute e into (3.2), we
have vy ( i=1---,m ) which are

polynomials of degree n.

Repeating this procedure from (3.2) to
(3.5), we can get the arbitrary order power
series of the solution for DAE in (1.1).

Let step sizeof x tobe h and substitute
it into the power series of y and derivative

of y,wehave y and y¢ a x=x,+h.

If we repeat above procedure, we have
numerical solution of DAE in (1.1).

4. Padé Series

In above section the power series of
solution for DAE can be given easly.
Transform the power series into Padé Series,
we have A-stable formula for DAE.

4.1 Calculation of Padé Series
The power series can be transformed into
Padé Series easily. Padé Series is defined in
the following
a, +ax+a,x*+--

_Po + pyx e+ py X"
1+Q1X+"'+qLXL

Multiply the both side of (4.1) by the

denominator of right side in (4.1) and

compare the coefficients of both sidein (4.1),

we have

(4.1)

42 a+aa.g=p (=0,M).

k=1
L

43) a+aa. q. =0
k=1

(I=M+1--- M +1L).
Solve the linear equation in (4.3), we have
g, (k=21---,L). And substitute q, into
(4.2, wehave p, (k=0,---,M).

The coefficients in (4.3) is Toeplitz matrix.
Although a fast agorithm developed by
Levinson for Toeplitz matrix[6,p43] is known,
Gaussian elimination is used to solve above
linear equations..

4.2 A-Stability
We consider the following test differential
equation

(4.9 % =ly withinitial values y(0) =y,

As well known, the solution of this
differential equation is
x s (Ix)"
(45) Y=Y,  =YQ
o K!
For actual computation, we must truncate the

infinite series in right side of (4.5) to the
finite seriesin the form




4o y=v,d

If the absolute values of the series parts in
right side of (4.6) is less than 1 when
Rel x <0, wecall (4.6) A-stable formula.

There is not A-stable formula if we use the
truncated power series shown in (4.6). If we
use the infinite series in (4.5), it is A-stable
formula. Therefore Corliss et al.[1] used very
higher order power series for more stability.

According to E. Hairer and G. Wanner
[3,p60], if MELEM +2, where M and
L is the degree of numerator and
denominator in Padé series respectively, then
this Padé series gives an A-stable formula for
an ordinary differential equation.

An A-stable formula can be given to
transform the power series into Padé series.

5. Numerical Examples
We consider the following differential
algebraic equation [8]

ve+v,ve- (v, +1)ve=-v, +1+8nx
(5.1) (Vs +1)V1¢+ Vlvg; =
0=v,v,v, - 0.5e"*sn(2x)

and initia values

&0 e 10
(52) V()= go;, v§0) :g 1.

&l &05
The exact solution is

v (X)=€e”
(5.3 V,(X) =snx

Vs (x) = cos(¥)
From initial values, the solutions of (5.1) can
be supposed as

v, (X) =1- x+ex’

(5.4) V,(X) = x+e,x°
V5 (X) =1+e;x?
Substitute (5.4) into (5.1) and neglect higher
order terms, we have

e x> +0(x%)
(- 2+4e +2e,)x+0O(x%)
(-2+2¢ +2e, - 26,)x+0O(x%)
These formula corresponds to (3.3). The

linear equation that corresponds to (3.4) can
be given in the following

(5.5)

(56) Ae=B
where
® 1 00
(57) A=¢d 2 0%,
&2 3 -25
200
(5.8) B:gz;.
&2
From equation (5.6), we have
0.5 0
(5.9) e:g 0 =
&- 0.55
and
v,(X) =1- x+0.5x*
(5.10) V,(X) = X

V5(X) =1- 0.5x
From (5.10) the solutions of (5.1) can be
supposed as

V,(x) = 1- x+05x* +gx°
G1) v,(x) = x+ex° :
V(X)) = 1- 0.5x*+ex°

in like manner. Substitute (5.4) into (5.1) and
neglect higher order terms, we have

(0.166667 +e,)x* + O(x")

(5.12) (-15+6g +3e,)x* +O(xX°) .

(1+36 +3e, - 36,)x” +O(X’)
From (5.12) we have the liner equation

a@ 1 06®o e 01666679
(5.13) 96 3 0 Eez_—g -15 =+

& 3 -3gey & -1 5
Solve this linear equation, we have



s 0.166667¢
(514) e=¢- 0666667+

& 0 5
Therefore

v,(X) = 1- x+0.5x*- 0.166667x°

(5.15) v,(x) = x- 0.166667x°
Vo(X) = 1- 0.5x*
Repesating above procedure we have
v1=1-x+0.5*x"2-0.166667* X3
+0.0416667* x"4-0.00833333* x5
+0.00138889* x6-0.000198413* x7
+2.48016e-05* x"8-2.75573e-06* X9
v2=x-0.166667* x"3+5.55112e-17*x"4
+0.00833333* x"5+1.00614e-16* X6
-0.000198413*x"7+7.71952e-17*x"8
+2.75573e-06*x"9
v3=1-0.5*x"2+1.38778e-17*x"3
+0.0416667* x"4+4.59702e-17* x"5
-0.00138889* x\6+4.07931e-18*x"7
+2.48016e-05* x"8-2.849e-18* x"9

Thisis in the output form from the computer.
The power series v1 can be transformed into
Padeé series.

vl

pp=1-0.5*x+0.107143*x"2-0.0119048* x"3

+0.000595238* x4

gg=1+0.5*x+0.107143* x"2+0.0119048* x"3

+0.000595238* x4
where pp, qq is the numerator and the
denominator of Padé series. We can also get

Padé seriesfor v2, v3.

Substitute step size h into vl, v2 and v3,
we have v,(h),v,(h) and v,(h). We dso
have v&h), v§(h) and v§(h).

If the power seriesvl, v2, v3 converges very
fast, the transformation of v1, v2, v3 into
Padé series can be eliminated.

Consider v, (h), v,(h), vy(h), vdh),
vg(h) and v§(h) as initial values a& x=h
for differential algebraic equation (5.1), we
can caculate v,(X), V,(X), V5(x), viX),
vf(x) and v§(x) a x=2h by the above
procedure.

Tablel Numerica solution of (5.1).

X vl V2 v3
0.1 0.904837 0.0998334 0.995004
0.2 0.818731 0.1986690 0.980067
0.3 0.740818 0.2955200 0.955336
0.4 0.670320 0.3894180 0.921061
0.5 0.606531 0.4794260 0.877583
0.6 0.548812 0.5646420 0.825336
0.7 0.496585 0.6442180 0.764842
0.8 0.449329 0.7173560 0.696707
0.9 0.406570 0.7833270 0.621610
1.0 0.367879 0.8414710 0.540302

We show Table 1 for the solution of (5.1) by
above numerical method. The problem of
(5.1) is vey difficult to solve by the
numerical method proposed in [8]. But it is
very easy to solve it by the present
numerical methods. The numerical values on
table 1 are coincide with the exact solutions
of (5.2).

6. Conclusion

An abitrary and A-stable formula for
differential algebraic equation is given. The
algorithm is very simple and effective for
most of differential algebraic equations.

It is easy to convert above formula to
adaptive one while we don't show above.

This agorithm is programmed by C++
language and Fortran 95. Although it can be
programmed by the old program language
which don't have the overload function like C
language, FORTRAN 77 and Java, its
program became very complex.

We can aso use the present method to
expand the implicit function into power series
and Padé series.

References;

[1] Corliss G. and Chang Y. F., Solving
Ordinary Differential Equations Using
Taylor Series, ACM Trans. Math. Soft.,
8(1982), 114-144

[2] Ellis M. A. and Stroustrup B., The
Annotated C++ Reference Manual,



Addison-Wesley,1990

[3] Hairer E., Wanner G., Solving Ordinary
Differential Equations I,
Springer-Verlag, 1991

[4] Henrici, P., Applied Computational
Complex Analysis, Val. 1, John Wiely &
Sons, New York, Chap. 1, 1974

[5] Hirayama H., A Numerical Integration of
the Function having Algebraic Sngularity
Integrand by C++ Language (in
Japanese), JSIAM , 5(1995), 257-266

[6] Press W.H., Flannery B.P., Teukolsky
SA., Vetterling W.T., Numerical Recipes,
Cambridge University Press, 1988,
Cambridge

[7] Ral,L. B. , Automatic Differentiation
-Technique and Applications, Lecture
Notes in Computer Science, Vol.120,
Springer-Verlag, Berlin-Heidelberg-New
Y ork(1981)

[8] Watanabe T., Takagi M., HIDMAS - A
Computer Program for Initial Value
Problem of Ordinary Differential
Equation, (in Japanese), JSIAM
1(1991), 135-163



