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Abstra
tIn this thesis we study the approximability of 
ombinatorial optimization problemswhose de
ision versions are NP-
omplete. These problems 
annot be solved ex-a
tly in polynomial time, unless P = NP. However, it may be possible to solvethem approximately in polynomial time, i.e., there might exist a polynomial timealgorithm whi
h produ
es a solution whose value is always 
lose to the optimum.An important question is then: how 
lose to optimum 
an we get in polynomialtime?For a maximization problem, we say that an algorithm approximates within afa
tor 
 if it produ
es a solution where the optimum is at most 
 times the value ofthe produ
ed solution, and for a minimization problem we say that an algorithmapproximates within 
 if it �nds a solution whose value is at most 
 times theoptimum solution.The fo
us of this thesis is to use probabilisti
 proof systems to prove, for variousproblems, that if we 
an approximate within a 
ertain fa
tor, then P =NP (or inother words, it is NP-hard to approximate within this fa
tor).The 
onne
tion between lower bounds for approximation and so 
alled proba-bilisti
ally 
he
kable proofs or PCPs was dis
overed by Feige, Goldwasser, Lovász,Safra and Szegedy. In the PCP model, a proof is 
he
ked by a probabilisti
 veri�erwhi
h only looks at a few randomly 
hosen positions in the proof. The famous PCPtheorem by Arora, Lund, Motwani, Sudan and Szegedy gives us a starting pointfor proving NP-hardness of approximation results. Håstad introdu
ed te
hniqueswhi
h make it possible to prove strong lower bounds by using the Fourier transformas a tool to analyze PCPs.In this thesis, we extend the te
hniques of Håstad to prove that it is NP-hardto approximate several problems. Among the problems we study is a generalizationof the Minimum Bise
tion problem. We prove that this generalization is NP-hardto approximate within any 
onstant.We also study Minimum Vertex Cover generalized to k-uniform hypergraphs,For this problem, we prove for any � > 0, the problem is NP-hard to approximatewithin 
(k1��). When k = 3 and k = 4 we prove that the problem is NP-hard toapproximate within 1:5� � and 2� � respe
tively, for any � > 0.On a slightly di�erent note, we look at what parameters are possible to a
hievefor a 
ertain 
lass of PCPs. More pre
isely, we look at PCPs that have perfe
t
ompleteness (i.e., a 
orre
t proof is always a

epted) and read three positionsfrom the proof. For the 
ase when the proof 
onsists of values from a domain ofsize d for some integer 
onstant d � 2, for any 
onstant � > 0 we 
onstru
t a PCPwith perfe
t 
ompleteness and soundness d�1 + d�2 + � (i.e., in
orre
t proofs area

epted with at most this probability),Finally we 
onsider the problem of simultaneously satisfying a family of equa-tions over any �xed �nite group G and show that it is NP-hard to approximatethe number of simultaneously satis�able equations to within jGj � � for any � > 0.ISBN 91-7283-395-5 � TRITA-NA-0224 � ISSN 0348-2952 � ISRN KTH/NA/R--02/24--SEiii
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SammanfattningÄmnet för denna avhandling är approximerbarhet hos kombinatoriska optimerings-problem som ärNP-fullständiga i sin beslutsvariant. Sådana problem kan inte lösasexakt i polynomisk tid om inte P = NP. Däremot kan det vara möjligt att lösadem approximativt i polynomisk tid, det vill säga det kan my
ket väl �nnas enpolynomisk algoritm som alltid hittar en lösning vars värde ligger nära optimum.Frågan som ställer sig är då: hur nära optimum kan vi komma i polynomisk tid?För maximeringsproblem säger vi att en algoritm approximerar inom en faktor
 om den hittar en lösning där maximum är högst 
 gånger större än värdet av denfunna lösningen. För ett minimeringsproblem säger vi att en algoritm approximerarinom en faktor 
 om värdet av den funna lösningen är högst 
 gånger större änminimum.Denna avhandling fokuserar på att visa undre gränser med hjälp av probabi-listiska bevissystem. Att visa en undre gräns innebär att visa att om man kanapproximera inom en viss faktor i polynomisk tid så är P = NP. Vi säger att detär NP-svårt att approximera inom denna faktor.Att det �nns ett samband mellan undre gränser för approximerbarhet o
h såkallade probabilistiskt veri�erbara bevis upptä
ktes av Feige m.�. [18℄. Ett proba-bilistiskt veri�erbart bevis (den engelska förkortningen är PCP) är ett bevis somkan kontrolleras av en veri�erare som slumpmässigt tittar på några få positioner ibeviset, o
h därefter bestämmer sig för att förkasta eller a

eptera beviset.Den berömda PCP-satsen som bevisades av Arora m.�. [2℄ ger oss en förs-ta byggsten för att kunna bevisa att det är NP-svårt att approximera problem.Håstad [27, 28℄ har utve
klat en teknik att med hjälp av den diskreta fouriertrans-formen analysera veri�eraren för ett probabilistiskt veri�erbart bevis. På detta sättkan man visa my
ket starka undre gränser.I denna avhandling bevisar vi att det är NP-svårt att approximera diverseproblemmed hjälp av utvidgningar av Håstads teknik. Bland de problem vi studerarär en generalisering av problemet minimalt balan
erat snitt. Vi visar att det ärNP-svårt att approximera denna generalisering inom varje konstant.Ett annat problem vi studerar är hörntä
kning generaliserat till k-likformigahypergrafer. Vi visar att för varje � > 0 så är problemet NP-svårt att approximerainom 
(k1��). Vi betraktar o
kså fallen k = 3 o
h k = 4, o
h visar att dessaproblem är NP-svåra att approximera inom respektive 1:5� � o
h 2� �, för varje� > 0.Ett något annorlunda problem som vi behandlar är vilka parametrar som ärmöjliga att få för en veri�erare som har perfekt fullständighet (d.v.s. ett korrektbevis måste alltid a

epteras) o
h enbart tittar på 3 positioner i beviset. I falletnär beviset består av en tabell med d möjliga värden i varje position, så visar viatt för varje � > 0 går det att få sundhet d�1 + d�2 + � (d.v.s. ett inkorrekt bevisa

epteras högst med denna sannolikhet).Slutligen betraktar vi problemet att givet en mängd ekvationer över en godty
k-lig ändlig grupp G samtidigt satis�era så många ekvationer som möjligt. Vi visarv
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Chapter 1Introdu
tionWhat problems 
an be e�
iently solved by 
omputer? It is well known that manyproblem 
an be solved very e�
iently by 
omputer, for example a 
omputer 
anmultiply (even very large) numbers qui
kly, or sear
h through large amounts of textin a short amount of time. However, many important problems appear di�
ult tosolve e�
iently by 
omputer.Let us give an example of a hard problem. When developing software one oftenwants to reuse previously written 
ode. This may lead to a situation in whi
h onehas a large 
olle
tion of software 
omponents whi
h implement possibly overlappingsets of features. Now suppose that we have a spe
i�
ation of whi
h features arerequired, and we want to use as few software 
omponents as possible to implementthis spe
i�
ation.The problem 
an be formalized as follows: We have a set S of 
omponentsand for a given spe
i�
ation we form for ea
h feature f whi
h is required by thespe
i�
ation a set Sf whi
h 
ontain all the 
omponents whi
h implement thatfeature. We now want to �nd a set of 
omponents of minimum size su
h that wehave at least one 
omponent from ea
h set Sf , i.e., that all the features whi
hwe want are implemented by at least one 
omponent. How do we �nd a set of
omponents of minimum size? One approa
h is to try all possible subsets of S.There are, however, 2jSj of those, so for large S this approa
h is infeasible. IfjSj = 100, a fairly small instan
e, there are 1267650600228229401496703205376di�erent subsets of S, whi
h is far to many to try them all.The problem appears infeasible to solve by 
omputer. However, it may be the
ase that if we think about it enough, we might 
ome up with a way to solve theproblem e�
iently. On the other hand, it might be the 
ase that there is no betterway than trying all the sets. If there appears to be no way of solving the probleme�
iently, perhaps we may settle on a reasonably good solution instead of the verybest solution. In the example above, perhaps we are satis�ed with a set whi
h isat most 10% larger than the optimal size. Of 
ourse we would like to be as 
loseto optimal as possible. The natural question then is: �how 
lose to optimal 
an we1



2 Chapter 1. Introdu
tionget by an e�
ient algorithm�. This is the kind of question we study in this thesis.1.1 NP-
ompletenessWhen we believe we have found a hard 
omputational problem, we would like tobe able to prove that this is so. That is, we would like to prove that any methodof solving a 
ertain problem must take a 
ertain number of 
omputational steps.However, so far theoreti
al 
omputer s
ien
e has made very little progress towardsproving any useful results of this kind. The theory of NP-
ompleteness gives us analternative.A de
ision problem is a problem where the answer is �yes� or �no�. For example,
onsider the problem of �nding a optimal set of 
omponents whi
h we des
ribed inthe previous se
tion. This problem is known as the Minimum Hitting Set problem.As formulated this is an optimization problem; we want to �nd a solution whi
hminimizes the value of the obje
t fun
tion (i.e., the number of elements in thesolution). However, there is a de
ision variant of the problem in whi
h are givena goal K, and the question is whether or not there is a solution with at most Kelements.Suppose someone 
laims that the answer is �yes�, there is a solution of size K,and he hands us a set T of 
omponents whi
h he 
laims 
ontains K elements andimplements all the features in the spe
i�
ation, i.e., 
ontains at least one elementfrom ea
h of the sets Sf . Of 
ourse we 
an then easily tell if he is lying: just
he
k for ea
h set Sf that there is some element from Sf in T , 
ount the numberof elements in T and 
he
k if they were more than K.Informally, NP is the 
lass of de
ision problems where 
he
king a 
laim thatthe answer is �yes� 
an be done e�
iently if we are given a

ess to a solution, whileP is the 
lass of problems where �nding out for yourself what the answer is 
an bedone e�
iently.What do we mean by �e�
iently�? The de�nition we use is that as a fun
tionof the number of bits in the input, the running time should be bounded by apolynomial. That is, if the number of bits used to represent the input is n, then forsome 
onstants 
 and k, the number of steps performed by the algorithm should beat most 
nk.The most important open question in theoreti
al 
omputer s
ien
e is whetherP = NP. It is widely believed that it is the 
ase that P 6= NP, and a largebody of work in theoreti
al 
omputer s
ien
e, in
luding this thesis, is done underthe assumption that P 6= NP. There are several reasons to believe that su
h anassumption is reasonable. For one thing, intuitively it should be mu
h easier toverify a solution than to �nd the solution. Also, many important problems in NPhas been studied extensively, without any e�
ient algorithms being found.A problem is said to be NP-
omplete if it is among the hardest problems inNP. If we have a polynomial time algorithm for any NP-
omplete problem, we
an solve any problem in NP in polynomial time. Thus for any NP-
omplete



1.2. Approximation algorithms 3problem to be in P would imply P = NP. The notion of NP-
ompleteness wasintrodu
ed by Cook who in a breakthrough paper [7℄ de�ned the 
lass NP andNP-
ompleteness and proved that the satis�ably problem for boolean formulas isNP-
omplete. Several problems, in
luding the Minimum Hitting Set problem, wereprovenNP-
omplete by Karp [36℄. Sin
e then, extremely many problems have beenproven NP-
omplete, see for example the book by Garey and Johnson [20℄ for along list of NP-
omplete problems.We say that a problem, de
ision problem or not, isNP-hard if a polynomial timealgorithm for this problem would imply P = NP. For example, the optimizationversion of Minimum Hitting Set is NP-hard, sin
e if we 
an 
ompute the minimum,we 
an solve the de
ision version.1.2 Approximation algorithmsHow do we 
ope with NP-hard problems? For an optimization problem, the newsthat it is hard to �nd the best solution should not lead us to despair 
ompletely. Itmight be possible that all we need is a solution that is good enough. This naturallyleads us to the 
on
ept of approximation algorithms. An approximation algorithmis an algorithm whi
h outputs a solution whi
h is guaranteed to be within a 
ertainfa
tor of the optimal solution. Spe
i�
ally, for a minimization problem we say thatan algorithm approximates within a fa
tor 
 if it always �nds a solution whi
h isat most 
 times larger than the optimum solution, and for a maximization problemwe say that the algorithm approximates within a fa
tor 
 if the algorithm always�nds a solution where the optimum solution is at most 
 times larger.By this de�nition, 
 � 1 and we would of 
ourse like an algorithm whi
h ap-proximates within a fa
tor whi
h is as 
lose to 1 as possible. Thus an importantquestion to ask is, given an NP-hard optimization problem, how well this problem
an be approximated in polynomial time. A somewhat surprising fa
t is that evenfor the 
lass of optimization problems where the de
ision version is NP-
omplete,and where the exa
t solution in some sense is equally di�
ult to �nd, the approx-imability may vary wildly.There are two parts to establishing a problems approximability. We need toestablish that it 
an be approximated within a 
ertain fa
tor, and that it is notpossible to do better.To get an upper bound, i.e., to prove that for some 
, we 
an approximate withinthis fa
tor 
, we exhibit an algorithm and prove that it runs in polynomial timeand produ
es a solution within the required fa
tor.To get a lower bound we should like to prove that no polynomial time algorithm
an approximate the problem better than a 
ertain fa
tor. However, we do not knowhow to prove this kind of lower bound, and instead we settle for proving that if thereis an algorithm whi
h approximates the problem better than a 
ertain fa
tor, thenP = NP. For optimization problems where the de
ision version is NP-
omplete,this a
tually means that if we 
an approximate the problem within a 
ertain fa
tor



4 Chapter 1. Introdu
tionin polynomial time, then we 
an solve the problem exa
tly in polynomial time aswell.1.2.1 Algorithmi
 te
hniquesAlthough the main fo
us of this thesis is proving NP-hardness results for approx-imating various problems, we brie�y review some te
hniques for 
onstru
ting ap-proximation algorithms.One simple way of 
onstru
ting approximation algorithms whi
h works surpris-ingly well is to pi
k a solution at random and hope for the best. Of 
ourse, notall problems are possible to atta
k in this way, sin
e the solution spa
e may behard to des
ribe (and thus di�
ult to sample). A surprising fa
t is that for manyproblems, pi
king a solution at random is essentially the best possible algorithm,in that it is NP-hard to approximate within a better 
onstant than that a
hievedby the randomized algorithm.A more sophisti
ated way of 
onstru
ting approximation algorithms is to relaxthe problem to another problem whi
h may be solved e�
iently. Many optimizationproblems 
an be stated as integer programs. If this integer program is linear, theprogram 
an be relaxed to a linear program over the real numbers, whi
h 
an besolved in polynomial time. Sin
e relaxation means that we expand the solutionspa
e, the solution to the linear program may not be a solution to the originalinteger program, so we need to somehow round the solution ba
k to an integersolution without losing too mu
h of the quality of the solution.A similar use of relaxation whi
h has been used very su

essfully in re
ent yearsis the relaxation of a quadrati
 integer program to a semide�nite program, whi
h issolved in polynomial time and then rounded ba
k to an integer solution. This te
h-nique was introdu
ed by Goemans and Williamson in the breakthrough paper [21℄in whi
h they proved that the Maximum Cut problem 
an be approximated within1:139. Semide�nite programming has sin
e been used to get improved approxima-tion algorithms for many problems, for example graph 
oloring [35℄, and several
onstraint satisfa
tion problems [54℄.1.2.2 Te
hniques for proving lower boundsThe fa
t that we 
an prove lower bounds for approximation under the assumptionP 6= NP and so relate exa
t 
omputation to approximate 
omputation is some-what surprising. Indeed, prior to the early 90's, work in the �eld of approximabilitymostly 
onsisted of 
lassifying problems into equivalen
e 
lasses by their approx-imability properties.However, the dis
overy of the surprising power of intera
tive proof systems leadto new te
hniques whi
h made it possible to prove NP-hardness results. An in-tera
tive proof system may be viewed as a game between two players, the prover,whi
h is 
omputationally unbounded, and the veri�er, whi
h is a polynomial timealgorithm with a

ess to a sour
e of random bits. The prover wants to 
onvin
e the



1.2. Approximation algorithms 5veri�er of some fa
t. The veri�er makes queries to the prover and wants to de
ideprobabilisti
ally whether this fa
t is true. We want this game to have the propertythat if the prover is telling the truth, he always 
onvin
es the veri�er, but if he islying, then there is a good probability that he is 
aught. The probability should beonly over the random bits in the veri�er.We de�ne the 
lass of problems IP whi
h 
onsist of de
ision problems whi
hadmits intera
tive proofs. That is, the prover tries to 
onvin
e the veri�er that theanswer is �yes�, and if this is the 
ase then the prover always 
onvin
es the veri�er,and if this is not is the 
ase, then the veri�er is 
onvin
ed with probability at most1=2.Shamir, building on work by Lund et al. [42℄, showed in a breakthrough paperthat IP = PSPACE [48℄, that is, all the de
ision problems whi
h may be solvedusing a polynomial amount of memory, admits intera
tive proofs, and vi
e versa.Following this result, Babai et al. further established the power of intera
tive proofby showing that MIP = NEXP [4℄, i.e., that the de
ision problems whi
h admitsprobabilisti
 proof systems where the veri�er intera
ts with multiple provers are thesame whi
h have the property that �yes� solutions may be veri�ed in exponentialtime in the input to the de
ision problem.Another model of proof 
he
king is that of probabilisti
ally 
he
kable proofs, orPCPs. Instead of the veri�er intera
ting with the prover, the prover writes downthe entire proof in a large table. The veri�er is a probabilisti
 polynomial timealgorithm whi
h has random a

ess to this table. The veri�er 
he
ks the proof bylooking at a few randomly 
hosen positions in the proof, and then de
ides whetherto a

ept or reje
t. Parameters of interest for su
h a proof system are the numberof positions queried in the proof, the number of random bits used by the veri�er,and the probabilities with whi
h 
orre
t and in
orre
t proofs are a

epted (the
ompleteness and soundness of the proof system).It was dis
overed by Feige et al. [18℄ that this kind of proof system is 
onne
tedto approximability. Using s
aled down te
hniques from [4℄, they derived a PCPsystem for NP and used this 
hara
terization of NP to prove that approximatingthe Maximum Clique problem within any 
onstant is almost NP-hard.Following the dis
overy of this 
onne
tion, improved 
hara
terizations of NPin terms of the parameters of the proof system were proven by Arora and Safra [3℄and by Arora et al. [2℄, who proved that any problem in NP admits a PCP wherethe veri�er uses O(logn) random bits and looks only at a 
onstant number ofpositions in the proof. The �rst of these results lead to that the NP-hardness ofapproximating Maximum Clique within any 
onstant 
ould be established, and these
ond result lead to that the hardness result for Maximum Clique 
ould be furtherstrengthened and it also implies many other hardness of approximation results.It turns out to get strong hardness of approximation result it is often usefulto design a spe
i�
 proof system for NP with a spe
i�
 problem in mind. Thiste
hnique was introdu
ed by Bellare et al [5℄ and has sin
e been re�ned and usedto get improved lower bounds, in many 
ases mat
hing the best known algorithms(and thus proving the optimality of this algorithm). A few notable papers are the



6 Chapter 1. Introdu
tionpaper by Feige [16℄, whi
h proves that the Minimum Hitting Set problem whi
hwe des
ribed earlier is �almost� NP-hard to approximate within lnn where n isthe number of sets, and the papers by Håstad whi
h proves an optimal result forMaximum Clique [27℄ and for the Maximum E3-Sat problem and several otherimportant problems [28℄. We also mention a relatively new result by Dinur andSafra [10℄ whi
h improves the lower bound for the Minimum Vertex Cover problemusing several new ideas whi
h may prove in�uential.The only general te
hniques whi
h we know for proving inapproximability iseither, as mentioned above, to invent a spe
ial purpose PCP, or to redu
e a problemwhi
h is known to be hard to the problem at hand. This means that we want totranslate the hard problem into our problem in su
h a way that we 
an use anapproximation algorithm for our problem to approximate the hard problem. Sin
ethe hard problem was hard to approximate, so must our problem be as well. Usingredu
tions, one 
an prove lower bounds for many problems. However, for manyproblems no really strong lower bounds were a
hieved until a spe
ial purpose PCPwas 
onstru
ted.For some problems it appears di�
ult to 
onstru
t spe
ial purpose PCPs; ifthis is due to limitations in 
urrent te
hniques or due to more fundamental reasonsis not 
lear. Hen
e it makes sense to try to �nd the best possible redu
tions. Ageneral te
hnique for 
onstru
ting optimal redu
tions using lo
al substru
tures, so
alled gadgets, was found by Trevisan et al. [53℄ who used linear programming to�nd optimal gadgets, whi
h when 
ombined with the results of Håstad [28℄ madeit possible to get improved lower bounds for several problems.1.3 Topi
 and Organization of this thesisThe fo
us of this thesis is proving lower bounds on the approximability of variousproblems through the use of probabilisti
 proof systems.Part I provides mathemati
al ba
kground and introdu
es te
hniques whi
h weuse throughout the thesis.Part II 
ontains the new result.In Chapter 6 we prove that a generalization of the Minimum Bise
tion problem
annot be approximated within any 
onstant in polynomial time, unless P= NP.In the Minimum Bise
tion problem, we are given a graph and asked to partition theverti
es into two equal sized parts so as to minimize the number of edges betweenthe parts. This 
hapter is based on a previously unpublished note 
o-authored withSubhash Khot [33℄.In Chapters 7, 8 and 9 we 
onsider vertex 
over generalized to k-uniform hyper-graphs. This problem 
an be viewed as the Minimum Hitting Set problem whereall the sets have size exa
tly k.In Chapter 7, we prove that, for any � > 0, vertex 
over on k-uniform hyper-graphs 
annot be approximated within 
(k1��) in polynomial time unless P = NP.



1.3. Topi
 and Organization of this thesis 7In Chapter 8 we prove that for k = 3, for any � > 0 the problem 
annot be approx-imated within 1:5 � � in polynomial time unless P = NP. Chapters 7 and 8 arebased on the paper [31℄.In Chapter 9 the main result is that for any � > 0 vertex 
over on 4-uniformhypergraphs 
annot be approximated within 2� � in polynomial time unless P =NP. This 
hapter is based on the paper [32℄.In Chapter 10 we study PCPs with perfe
t 
ompleteness (i.e., a 
orre
t proofmust be a

epted with probability 1) where the answers from the proof is from adomain of size d > 2 and a
hieve the best 
urrently known soundness for a PCPmaking three queries. This 
hapter is based on a paper 
o-authored with LarsEngebretsen [14℄.Finally, in Chapter 11, we show that for any �nite group G, the problem of givena system of equation over G �nding an assignment whi
h satis�es the maximumnumber of equations is 
annot be approximated within jGj�1 + � in polynomialtime unless P = NP. This 
hapter is based on a paper 
o-authored with LarsEngebretsen and Alexander Russell [15℄.
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Chapter 2Preliminaries2.1 Mathemati
al ba
kgroundIn this se
tion we give mathemati
al ba
kground and de�nitions whi
h we usethroughout the thesis.2.1.1 Basi
 inequalitiesProposition 2.1 The Cau
hy�S
hwartz inequality. For any 
omplex numbersfa1; : : : ; ang and fb1; : : : ; bng,���� nXi=1 aibi����2 � � nXi=1 jaij2�� nXi=1 jbij2�:As a spe
ial 
ase, 
orresponding to bi = 1,���� nXi=1 ai����2 � n nXi=1 jaij2:Proposition 2.2 Markov's inequality. If X is a random variable whi
h takesonly non-negative values, then for any a > 0Pr[X � a℄ � E[X ℄aProposition 2.3 Jensen's inequality. If f(x) is a 
onvex fun
tion, thenE[f(x)℄ � f(E[X ℄) 11



12 Chapter 2. Preliminaries2.2 Problems 
onsideredThere are two di�erent de�nitions for algorithm what is means for an algorithm tosolve an optimization problem. Either we deem it su�
ient if we know what thevalue of the optimum solution is, or we require the algorithm to a
tually give ussolution whi
h a
hieves the optimum value. A lower bound is stronger if it holds foralgorithms of the �rst kind, while an algorithm is of 
ourse is better if it produ
es asolution. Sin
e we only prove lower bounds in this thesis, we use the �rst de�nition.The �rst group of problems are all variants on the problem of given a system oflinear equations over Zd, �nding an assignment whi
h satis�es as many equationsas possible.De�nition 2.4. Maximum Lin-2 is the following maximization problem: Given asystem of m linear equations on n variables over Z2 �nd the maximum number ofsimultaneously satis�able equations.De�nition 2.5. Maximum Ek-Lin-2 is the following maximization problem: Givena system of m linear equations on n variables over Z2, ea
h equation having exa
tlyk variables (i.e., k non-zero 
oe�
ients), �nd the maximum number of simultane-ously satis�able equations.De�nition 2.6. An assignment to a set of n f0; 1g-variablesx1; : : : ; xn is p-balan
edif exa
tly a fra
tion p of the variables are 1. We say that an assignment is balan
edif it is 1=2-balan
ed.De�nition 2.7. Maximum Balan
ed-Lin-2 is the following maximization problem:Given a system of m linear equations on n variables over Z2 with all right handsides 0, �nd the maximum number of equations satis�ed by balan
ed assignmentsto the variables.De�nition 2.8. Minimum UnSat Balan
ed-Lin-2 is the following minimizationproblem: Given a system of m linear equations on n variables over Z2, with allright hand sides 0, �nd the minimum number of equations unsatis�ed by balan
edassignments to the variables.De�nition 2.9. Maximum Ek-Balan
ed-Lin-2 is the following maximization prob-lem: Given a system of m linear equations on n variables over Z2 ea
h 
ontainingexa
tly k variables and with all right hand sides 0, �nd the maximum number ofequations satis�ed by balan
ed assignments to the variables.De�nition 2.10. Minimum Ek-UnSat Balan
ed-Lin-2 is the following minimiza-tion problem: Given a system of m linear equations on n variables over Z2 ea
h
ontaining exa
tly k variables and with all right hand sides 0, �nd the minimumnumber of equations unsatis�ed by balan
ed assignments to the variables.The problem of solving sets of equations 
an be generalized to arbitrary groups,as follows: an equation in variables x1; : : : ; xn over a group G is an expression of



2.2. Problems 
onsidered 13form w1 : : : wk = 1G, where ea
h wi is either a variable, an inverted variable, or agroup 
onstant and 1G denotes the identity element. A solution is an assignmentof the variables to values in G that realizes the equality.De�nition 2.11. For any �nite group G, EQG is the following maximization prob-lem: Given a system of m equations on n variables over G, �nd the maximumnumber simultaneously satis�able equations.De�nition 2.12. For any �nite group G, EQ1G is the following maximization prob-lem: Given a system of m equations on n variables over G, where ea
h variableo

urs at most on
e in ea
h equation, �nd the maximum number simultaneouslysatis�able equations.De�nition 2.13. For any �nite group G, EQ1G[k℄ is the following maximizationproblem: Given a system of m equations on n variables over G, where ea
h variableo

urs at most on
e in ea
h equation and ea
h equation 
ontains exa
tly k variables,�nd the maximum number simultaneously satis�able equations.We next de�ne some problem having to do with the satis�ability of logi
alformulas.De�nition 2.14. A propositional formula � is on 
onjun
tive normal form (CNF)if it is on the form � = C1 ^ C2 ^ : : : ^ Cm, where ea
h 
lause Ci is on the formCi = (l1 _ l2 _ : : : _ lki) where ea
h li is a literal, i.e., either li is a variable or anegated variable. A variable may not o

ur both negated and non-negated in thesame 
lause.De�nition 2.15. A formula � is a Ek-CNF formula if it is on 
onjun
tive normalform, and all 
lauses 
ontain exa
tly k distin
t literals.De�nition 2.16. A formula � is a Ek-CNF(l) formula if it is a Ek-CNF formula,and furthermore, all variables o

ur in exa
tly k 
lauses.De�nition 2.17. Sat is the following de
ision problem: given a CNF formula �,is � satis�able or not?De�nition 2.18. E3-Sat is the following maximization problem: Given a E3-CNFformula �, �nd the maximum number of 
lauses in � whi
h are simultaneouslysatis�able.The last group of problems are problems on graphs and hypergraphs.Re
all that an undire
ted graph G = (V;E) 
onsist of a set of verti
es V and aset of edges E where ea
h e 2 E is a subset of the verti
es of size 2. A vertex 
overof G is a set S � V su
h that S \ e 6= ; for ea
h e 2 E.De�nition 2.19. Minimum Vertex Cover is the following minimization problem:given a graph G, �nd the size of the smallest vertex 
over of G.



14 Chapter 2. PreliminariesDe�nition 2.20. A hypergraph 
onsist of 
onsists of a set of verti
es, V and a setof edges E. An edge e 2 E is a subset of the verti
es.De�nition 2.21. A hypergraph is k-uniform if ea
h e 2 E is a set of size k.Thus an undire
ted graph is a 2-uniform hypergraph.De�nition 2.22. Let H = (V;E) be a k-uniform hypergraph. A vertex 
over ofH is a subset S of the verti
es su
h that for all edges e 2 E, e \ S 6= ;.For any subset S of the verti
es, we say that an edge e is 
overed by S if S\e 6= ;.De�nition 2.23. Let H = (V;E) be a k-uniform hypergraph. An independent setof H is a subset S of the verti
es su
h that no edge e 2 E is 
ontained entirely inS. Thus the 
omplement of an independent set is a vertex 
over.De�nition 2.24. Let H = (V;E) be be a k-uniform hypergraph. A r-
oloring ofH is a fun
tion f : V ! f1; : : : ; rg su
h that for no e 2 E, f takes the same valueon all elements of e.De�nition 2.25. Minimum Ek-Vertex Cover is the following minimization prob-lem: given a k-uniform hypergraph H , �nd the size of the smallest vertex 
over ofH .De�nition 2.26. Maximum Ek-Vertex Cover is the following maximization prob-lem: given a k-uniform hypergraph H , in whi
h we allow E to be a multiset, andan integer B > 0, �nd the maximum number of edges 
overed by a subset S � Vwhere jSj = B.De�nition 2.27. Maximum Ek-Vertex Cover-p is the following maximization prob-lem: given a k-uniform hypergraph H = (V;E), in whi
h we allow E be a multiset,�nd the maximum number of edges 
overed by a subset S � V where jSj = pjV j.2.3 Optimization and approximationDe�nition 2.28. Let P be a maximization problem. For an instan
e x of P letopt(x) be the optimal value. A solution y, with weight w(x; y), is 
-approximate ifit is feasible and w(x; y) � opt(x)=
.De�nition 2.29. Let P be a minimization problem. For an instan
e x of P letopt(x) be the optimal value. A solution y, with weight w(x; y), is 
-approximate ifit is feasible and w(x; y) � 
 � opt(x).De�nition 2.30. A 
-approximation algorithm for an optimization problem is apolynomial time algorithm that for any instan
e x of the problem and any input youtputs a 
-approximate solution.We use the wording to approximate within 
 as a synonym for to 
ompute a 
-approximate solution.



Chapter 3Probabilisti
ally Che
kable ProofsA language L is in the 
lassNP if there exists a polynomial time Turing ma
hineM ,with the properties that1. For x 2 L, there exists a proof �, of size polynomial in jxj, su
h that M a
-
epts (x; �).2. For x =2 L, M does not a

ept (x; �) for any proof � of size polynomial in jxj.Arora and Safra [3℄ used a generalization of the above de�nition ofNP to de�ne the
lassPCP[r; q℄ (whi
h was impli
it in previous work), 
onsisting of languages whi
hhave witnesses (or membership proofs) that 
an be 
he
ked by a probabilisti
allyveri�er whi
h has ora
le a

ess to the membership proof, is allowed to use r randombits, and allowed to query q bits from the ora
le.De�nition 3.1. A probabilisti
 polynomial time Turing ma
hine V with ora
lea

ess to � is an (r; q; d)-restri
ted veri�er if it, for every ora
le � and every inputof size n, uses at most r(n) random bits, makes at most q(n) queries to the ora
le,and the answers from the ora
le are from a domain of size d. We denote by V � theveri�er V with the ora
le � �xed.We say that V is non-adaptive if the queries V makes only depend on the input xand the random string �. More formally,De�nition 3.2. A (r,q,d)-restri
ted veri�er V is non-adaptive if it works as follows:Let V1 and V2 be deterministi
 polynomial time Turing ma
hines whi
h makes noora
le queries. The veri�er V on input x and ora
le � produ
es a random string �of length at most r, runs V1(x; �) whi
h produ
es a sequen
e of queries p1; : : : ; pq .Then V queries the ora
le � in positions p1; : : : ; pq, runs V2(�(p1); : : : ; �(pq); �),a

epts if V2 a

epts and reje
ts otherwise.De�nition 3.3. A language L belongs to the 
lass PCP
;s[r; q; d℄ if there existsan (r; q; d)-restri
ted veri�er V with the properties that15



16 Chapter 3. Probabilisti
ally Che
kable Proofs1. For x 2 L, Pr�[V � a

epts (x; �)℄ � 
 for some ora
le �.2. For x =2 L, Pr�[V � a

epts (x; �)℄ < s for all ora
les �.where � is the random string of length r.We 
all 
 and s the 
ompleteness and the soundness of the veri�er, respe
tively.When 
 = 1, we say that the veri�er has perfe
t 
ompleteness.De�nition 3.4. A language L belongs to the 
lass naPCP
;s[r; q; d℄ if all require-ments of De�nition 3.3 holds, and furthermore the veri�er V is non-adaptive.As a shorthand, we write PCP[q; r℄ for PCP1;1=2[q; r; 2℄ and naPCP[q; r℄ fornaPCP1;1=2[q; r; 2℄.We need one other kind of probabilisti
 proof system:De�nition 3.5. A two-prover one-round (2P1R) game 
onsists of a probabilisti
polynomial time veri�er V and two 
omputationally unbounded provers P1 and P2.The veri�er V is allowed to send one query to ea
h prover, whi
h 
an be query forseveral bits.A 2P1R game for a language L has 
ompleteness 
 and soundness s if thefollowing holds:� If x 2 L then there is two provers P1 and P2 su
h that Pr[V a

epts℄ � 
.� If x =2 L then for any two provers P1 and P2, that Pr[V a

epts℄ < s.The probabilities are over the random bits of the veri�er.It is sometimes 
onvenient to allow the provers to be probabilisti
 as well. Wenote that probabilisti
 provers 
an always be 
onverted to deterministi
 proverssin
e it it always possible for the provers to �x their random bits in su
h as way asto not de
rease the a

eptan
e probability of the veri�er.There is a strong 
onne
tion between PCPs and hardness of approximation forthe following reason: A PCP naturally gives rise to a proof optimization problem,namely the problem of given an input x, 
ompute the proof � whi
h maximizes theprobability that the veri�er a

epts.Suppose we prove that some language L 2 PCP
;s[r; q℄. Then when given inputx, we know that if x 2 L, the best proof has probability 
 of being a

epted, whileif x =2 L, the best proof has at most probability s of being a

epted. Now supposethere is an approximation algorithm for the proof optimization problem of this PCPwhi
h approximates within 
=s. We get two 
ases:1. x 2 L. The approximation algorithm returns a value whi
h is � 

=s = s.2. x =2 L. The approximation algorithm must return a value < s.



17So we 
an distinguish between these two 
ases and thus de
ide L. In parti
ular,if L is an NP-
omplete problem, the proof optimization problem is NP-hard toapproximate within 
=s. Thus a result on the form that NP � PCP
;s[r; q℄ givesus a NP-hard optimization problem whi
h we 
an redu
e from. It turns out thathaving the parameter r = O(logn) is important for making su
h redu
tions run inpolynomial time.The 
onne
tion between PCPs and approximability was �rst dis
overed by Feigeet al. [18℄, who showed thatNP � PCP[O(logn log logn); O(logn log logn)℄ (3.1)and used this 
hara
terization of NP and a redu
tion to show that unless NPadmits algorithms whi
h run in slightly super-polynomial time, Maximum Clique
annot be approximated within any 
onstant in polynomial time.Results giving stronger 
hara
terizations of NP in terms of PCP[r; q℄ wereproven by Arora and Safra [3℄ and Arora et al. [2℄. The following result is by [2℄:Theorem 3.6 The PCP theorem.NP = PCP[O(logn); O(1)℄:In other words, this remarkable theorem says that membership for NP-languages
an be probabilisti
ally 
he
ked by a veri�er whi
h uses logarithmi
 randomness,always a

epts a 
orre
t proof, reje
ts in
orre
t proof with probability at least 1=2,and looks only at a 
onstant number of bits of the proof.
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Chapter 4A simple PCP and Hardness ofapproximating Maximum E3-Lin-2As mentioned in the previous 
hapter, from the PCP 
hara
terization of NP givenby the PCP theorem we automati
ally get an optimization problem whi
h is hard toapproximate, namely the problem of 
omputing a proof with maximum a

eptan
eprobability. If we want to prove hardness of approximation for some problem, we
ould try to redu
e this proof optimization problem to our problem. However,it turns out that by spe
ially designing the PCP to make this redu
tion moree�
ient for the spe
i�
 problem, we 
an get stronger results. This te
hnique wasintrodu
ed by Bellare, Goldrei
h and Sudan [5℄ who were able to get improvedresults for many problems, and Håstad [28℄ improved previous te
hniques to getalmost optimal bounds for several problems.Throughout this thesis this is the te
hnique whi
h we use: get strong inap-proximability results by 
onstru
ting a PCP spe
ially tailored for the problem athand.All the PCPs whi
h we 
onstru
t in this thesis are based on te
hniques intro-du
ed by Håstad [27, 28℄. In this 
hapter, as an introdu
tion to these te
hniques,we des
ribe and analyze the simplest PCP 
onstru
tion from [28℄.Re
all that Maximum E2-Lin-2 is the optimization problem where we are givena system of linear equations over Z2 where all the equations 
ontain exa
tly threevariables, and we want to �nd an assignment whi
h satis�es as many equations aspossible.It is possible to approximate this problem within a fa
tor 2; just 
hoosing anassignment uniformly at random satis�es an expe
ted fra
tion of 1=2 of all equa-tions, whi
h gives a fa
tor 2 approximation. It is possible to remove the randomnessand a
hieve the same ratio deterministi
ally by the method of 
onditional expe
ta-tions [1, Se
tion 15.1℄. 19



20 Chapter 4. A simple PCP and Hardness of approximating Maximum E3-Lin-2Sin
e our goal in this se
tion is proving a lower bound for Maximum E2-Lin-2we want to 
onstru
t a PCP so that the redu
tion to this problem is very e�
ient.Suppose that we 
an prove that any language in NP is de
ided by a PCP whi
hhas 
ompleteness 
, soundness s, uses O(logn) random bits, queries three bits fromthe proof, and a

epts depending on the sum modulo 2 of these three bits.Then we may 
reate a system of linear equations by for ea
h bit �(i) in the proofintrodu
ing a variable xi, and for ea
h out
ome of the random string introdu
ingan equation. For example suppose the veri�er on random string � 
he
ks that�(42)+�(17)+�(4711) = 1 (mod 2). Then we introdu
e the equation x24+x17+x4711 = 1 (mod 2). Sin
e the veri�er uses O(logn) random bits, this will be apolynomial number of equations.Now let L be an NP-
omplete language. If the input x to the veri�er is inL, there is a proof whi
h the veri�er a

epts with probability at least 
, whi
htranslates to an assignment satisfying a fra
tion 
 of the equations. On the otherhand, if the input is not in the language, there is no proof whi
h the veri�er a

eptswith probability greater than s, so there is no assignment whi
h satis�es more thana fra
tion s of the equations. Hen
e we may 
on
lude that Maximum E2-Lin-2 isNP-hard to approximate within 
=s.Many PCP 
onstru
tions, starting with Arora and Safra [3℄ use veri�er 
ompo-sition. The prin
iple is that we have two veri�ers, one whi
h uses few random bits(and thus have a small proof), but where the values read from the proof are large,and another whi
h uses many random bits but reads very few bits from the proof.The idea is to get the best of both worlds by 
ombining the two veri�ers.In our 
ase, we start with a two-prover one-round proof system whi
h 
an bemade to have arbitrarily low soundness, but in whi
h the size of the answers is alarge 
onstant. On top of this a PCP is 
reated in whi
h the proof is supposedto 
ontain for ea
h possible query to the two-prover one-round proof system, the
orresponding answer en
oded with an error-
orre
ting 
ode. This proof is then
he
ked by a veri�er whi
h reads very few bits. Intuitively, the veri�er 
he
ks thatthe �rst veri�er would have a

epted.4.1 A 2-prover 1-round proto
olA 
onsequen
e of the PCP theorem is that there exists some 
onstant � su
h thatit is NP-hard to distinguish between satis�able E3-CNF formulas and formulas inwhi
h at most a fra
tion � of the the 
lauses 
an be satis�ed. Feige [16℄ provedthat this implies the following theorem:Theorem 4.1. There is a 
onstant � < 1, su
h that: For any L 2 NP, there is apolynomial time redu
tion whi
h given x produ
es a E3-CNF(5) formula �(x) su
hthat1. If x 2 L, then �(x) is satis�able,2. If x =2 L, at most a fra
tion � of the 
lauses in �(x) are satis�able.



4.1. A 2-prover 1-round proto
ol 212P1R proto
ol.Input: E3-CNF(5) formula �.1. Choose uniformly at random a 
lause C from �.2. Choose uniformly at random a variable x from C.3. Send C as a query to P1, re
eiving an answer in y 2 SATC .4. Send x to P2, re
eiving an answer z 2 f0; 1g.5. A

ept if �x;C(y) = z.Figure 4.1. Basi
 2P1R game.In other words, it is NP-hard to distinguish between E3-CNF(5) formulas whereall 
lauses may be satis�ed, and E3-CNF(5) formulas where at most a fra
tion � ofthe 
lauses are satis�able.There is a well-known two-prover one-round (2P1R) intera
tive proof systemfor NP whi
h makes use of the previous theorem.For a 
lause C = (l1_ l2_ l3) where l1; l2 and l3 are literals, there are 7 satisfyingassignments. We denote by SATC the set f1; : : : ; 7g, where k 2 SATC is interpretedas the k:th satisfying assignment to C, in lexi
ographi
 order. For a 
lause C and avariable x in C we denote by �x;C : SATC ! f0; 1g the fun
tion su
h that �x;C(y)is the value of x when y 2 f1; : : : ; 7g is interpreted as the y:th satisfying assignmentto C.The algorithm for the veri�er in the two-prover one-round proof system is givenin Figure 4.1. When � is satis�able, if the provers answers a

ording to a satisfyingassignment of �, the veri�er a

epts with probability 1, i.e., the proof system has
ompleteness 1, or perfe
t 
ompleteness.Let us show that if � is at most �-satis�able, the provers 
an fool the veri�erwith probability at most (2 + �)=3, or other words, that the above proof systemhas soundness (2 + �)=3.The answers from the prover P2 de�nes an assignment to the variables in �.Sin
e � is at most �-satis�able, this assignment satis�es at most a fra
tion � of the
lauses. If the veri�er 
hooses a 
lause C satis�ed by this assignment, the veri�era

epts. On the other hand, if C is not satis�ed, the best P1 
an do is to 
hange thevalue of one of the variables in C to 
reate a satisfying assignment. The probabilitythat this variable was sent to P2 is 1=3. Thus the provers fool the veri�er withprobability at most �+ 2(1� �)=3 = (2 + �)=3.The soundness 
an be lowered to ((2+�)=3)u by repeating the proto
ol u timesindependently, but it is also possible to 
onstru
t a one-round proof system withlower soundness by repeating u times in parallel. We extend the notation SATCto the u-parallel 
ase by for a sequen
e W of u 
lauses denoting by SATW the set
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ol.Input: An E3-CNF(5) formula �.1. Choose uniformly a sequen
e W = (C1; : : : ; Cu) of u 
lauses from �.2. From ea
h Ci 
hoose uniformly a variable xi. Let U = (x1; : : : ; xu) bethe sequen
e of variables so 
onstru
ted.3. Send W to P1, re
eiving a string y 2 SATW .4. Send U to P2, re
eiving a string x 2 f0; 1gU .5. A

ept if �U;W (y) = xFigure 4.2. Parallel 2P1R game.of all 7-ary strings of length u whi
h we interpret as satisfying assignments to the
lauses in W . That is, for W = (C1; : : : ; Cu), any y 2 SATW 
an be written y =(y1; : : : ; yu) where yi 2 SATCi . For any U = (x1; : : : ; xu) and W = (C1; : : : ; Cu)su
h that xi is a variable of Cj , we denote by �U;W the fun
tion whi
h maps ay 2 SATW to x 2 f0; 1gU by restri
ting y to the variables in U . More pre
isely, fory = (y1; : : : ; yu), �U;W (y) = (�x1;C1(y1); : : : ; �xu;Cu(yu)).The parallel two-prover one-round proof system is given in Figure 4.2.The 
ompleteness of this proof system is 1, and it follows by a general theorem ofRaz [43℄ that the soundness is at most 
u�, where 
� < 1 is some 
onstant dependingon � but not on u or the size of the instan
e.4.2 The long 
ode and the Fourier transformThe proof in our PCP 
ontains a purported en
oding of a pair of strategies for theprovers in the above u-parallel game.For any satisfying assignment z to all the variables in �, we denote by zjUand zjW the elements in f0; 1gU and SATW respe
tively obtained by assigning thevariables values a

ording to z.For � � SATW , we will, by abuse of notation, write �U;W (�), by whi
h wemean the set f�U;W (y) j y 2 �g. For any set S, we denote the set of fun
tionsff : S ! f�1; 1gg by 2S.We also need another form of proje
tion. For U;W as above and � � SATW ,we de�ne the modulo 2 proje
tion of � on U , �U;W2 (�) by x 2 �U;W2 (�) i� there isan odd number of y 2 � su
h that �U;W (y) = x.The proof is supposed to be en
oded with the long 
ode, introdu
ed by Bellareet al. [5℄. The long 
ode of x 2 f0; 1gU 
onsists of the values of all fun
tions fromf0; 1gU to f�1; 1g evaluated on x. In general:



4.2. The long 
ode and the Fourier transform 23De�nition 4.2. Let S be a �nite set. For x 2 S, the long 
ode of x, LC(x) is thefun
tion from 2S to f�1; 1g de�ned as LC(x)(f) = f(x).De�nition 4.3. A Standard Written Proof with parameter u for a formula � 
on-sists of a table AU : 2f0;1gU ! f�1; 1g for ea
h sequen
e U of u variables from �and a table AW : 2SATW ! f�1; 1g for ea
h sequen
e W of u 
lauses from �.De�nition 4.4. A Standard Written Proof with parameter u is a 
orre
t proof fora formula � if there is an assignment x, satisfying �, su
h that AU is the long 
odeof xjU for all sequen
es U of u variables, and AW is the long 
ode of xjW sequen
esW of u 
lauses.A long 
ode LC(x) has the property that AU (�f) = �AU (f). It will sometimesbe useful for a veri�er to a

ess the proof in a 
ertain way to ensure that thisproperty holds. We do this by folding over true, as introdu
ed by Bellare et al. [5℄.De�nition 4.5. Given a fun
tion A : 2S ! C we de�ne Atrue, A folded over true,by for ea
h pair of fun
tions (f;�f) 
hoosing one and (if f is 
hosen), de�neAtrue(f) = A(f), and Atrue(�f) = �A(f).When analyzing a purported long 
ode, the Fourier transform will be our maintool.Note that the spa
e of fun
tions fA : 2S ! Cg forms a ve
tor spa
e of dimension2jSj. We de�ne an inner produ
t on this ve
tor spa
e byhA j Bi = 2�jSj Xf22S A(f)B(f): (4.1)Now for � � S, we de�ne �� : 2S ! f�1; 1g by��(f) = Yx2� f(x): (4.2)Note that �� is the point-wise produ
t of the long 
odes of all x 2 �. For�; � � S, let ��� be the symmetri
 di�eren
e of � and �, i.e.,��� = (� [ �) n (� \ �)In other words, ��� is the set of elements whi
h o

ur in exa
tly one of � and �.For f; g 2 2S, let fg denote the fun
tion (fg)(x) = f(x)g(x).Proposition 4.6.��(f)��(f) = ����(f); (4.3)��(f)��(g) = ��(fg); (4.4)Xf22S ��(f) = � 2jSj if � = ;0 if � 6= ; . (4.5)



24 Chapter 4. A simple PCP and Hardness of approximating Maximum E3-Lin-2Proof.��(f)��(f) = Yx2� f(x)Yx2� f(x)= Yx2�\� f(x)2 Yx2��� f(x)= Yx2��� f(x)= ����(f):Next,��(f)��(g) = Yx2� f(x)Yx2� g(x)= Yx2� f(x)g(x)= ��(fg):Finally,Xf22S ��(f) = Xf22S Yx2� f(x)= Xf22S Yx2� f(x) Yx2Sn� f(x)0= Yx2�0� Xf(x)2f�1;1g f(x)1A Yx2Sn�0� Xf(x)2f�1;1g f(x)01Athis produ
t is 
learly 0 unless � = ;, in whi
h 
ase the produ
t is 2jSj.Lemma 4.7. The fun
tions �� form an orthogonal basis for the ve
tor spa
efA : 2S ! Cg. That is, there are 2jSj of them andh�� j ��i = � 1 if � = �0 if � 6= � : (4.6)Proof.h�� j ��i = 2�jSj Xf22S ��(f)��(f)= 2�jSj Xf22S ��(f)��(f)= 2�jSj Xf22S ����(f)



4.2. The long 
ode and the Fourier transform 25By proposition 4.6, this last sum is 0 unless ��� = ;, whi
h happens only when� = �.Sin
e the fun
tions �� form an orthogonal basis for the ve
tor spa
e of fun
tionsfrom 2S to C, any fun
tion A : 2S ! C may be written as a linear 
ombinationof the basis fun
tions, where the 
oe�
ients are simply proje
tions of A onto thebasis fun
tions. More formally,Theorem 4.8 Fourier-inversion. For any A : 2S ! C, let Â� = hA j ��i. ThenA(f) = X��S Â���(f):Proof. Sin
e the �� are orthogonal and there are 2jSj of them, they form a basis,so any A : 2S ! C may be written asA(f) = X��S a���(f):We have that, for any � � S,hA j ��i = 2�jSjXf X��S a���(f)��(f)= X��S a�2�jSjXf ��(f)��(f)= X��S a�h�� j ��i= a� ;where the last equality holds by Lemma 4.7.We 
all Â� the Fourier-
oe�
ient of A at �. Note that, for a fun
tion A whi
htakes values in f�1; 1g,Â� = Prf [A(f) = ��(f)℄� Prf [A(f) 6= ��(f)℄ = 2Pr[A(f) = ��(f)℄� 1Hen
e in this 
ase Â� is a measure of the 
orrelation of A with ��, with Â� = 1meaning that they are totally 
orrelated (i.e., A = ��), and Â� = �1 meaning thatthey are totally negatively 
orrelated (i.e., A = ���).Theorem 4.9 Plan
herel Theorem or Parseval's equality. For anyA : 2S !C, X��S jÂ�j2 = 2�jSj Xf22S jA(f)j2In parti
ular, when A : 2S ! f�1; 1gX��S jÂ�j2 = 1



26 Chapter 4. A simple PCP and Hardness of approximating Maximum E3-Lin-2Proof.Xf22S jA(f)j2 = 2�jSj Xf22S A(f)A(f)= 2�jSj Xf22S X��SX��S Â�Â���(f)��(f)= X��SX��S Â�Â�2�jSj Xf22S ��(f)��(f)= X��SX��S Â�Â�h�� j ��i= X��S jÂ�j2The following lemma shows what e�e
t folding over true has on the Fourier-
oe�e
ents.Lemma 4.10. Let A : 2S ! C have the property that for all f , A(�f) = �A(f).Then if Â� is not 0, then j�j is odd (and in parti
ular � is not empty).Proof. Clearly, for any � � S,��(�f) = Yx2�(�f(x)) = (�1)j�j��(f)Thus if j�j is even, ��(�f) = ��(f). Hen
eÂ� = 2�jSjXf A(f)��(f)= 2�jSj 12Xf (A(f)��(f) +A(�f)��(�f))= 2�jSj�1 12Xf (A(f) +A(�f))��(f):The last sum is 
learly 0 sin
e A(�f) = �A(f).4.2.1 Testing of the long 
odeAs a warm-up to PCP 
onstru
tion, we 
onsider how to test that a fun
tion A : 2S !f�1; 1g is indeed a long 
ode. Sin
e we only want to look at very few bits in A we
an't hope to have a test whi
h always reje
ts if A is not a long 
ode. Instead thebest we 
an expe
t is a test su
h that if it a

epts with high enough probability,then we know that the fun
tion A is 
lose to a long 
ode in some sense.



4.2. The long 
ode and the Fourier transform 27Long
odeTest.Input: A purported long 
ode A.1. Choose f; g 2 2S uniformly.2. Choose e 2 2S by for ea
h x 2 S setting e(x) = 1 with probability1� Æ and e(x) = �1 with probability Æ.3. A

ept if A(f)A(g)A(fge) = 1.Figure 4.3. Testing a long 
ode.Sin
e a long 
ode A has the property that A(fg) = A(f)A(g), a possible �rst tryfor a test would be to 
hoose f; g 2 2S uniformly and a

ept if A(f)A(g)A(fg) = 1.This is essentially the linearity test of Blum et al. [6℄. However, any produ
tof long 
odes will also pass this test; let � � S and B(f) = Qx2� f(x). ThenB(fg) =Qx2� f(x)g(x) = B(f)B(g).As an attempt to �x this, we modify the test as shown in Figure 4.3.If A = LC(x), then A will pass this test with probability 1 � Æ, while for B aprodu
t of long 
odes the probability of a

eptan
e is1 + Ef;g;e[B(f)B(g)B(fge)℄2 = 1 + Ee[Qx2� e(x)℄2= 1 + (1� 2Æ)j�j2whi
h approa
hes 1=2 when j�j goes to in�nity. Thus this takes 
are of largeprodu
ts of long 
odes, while small produ
ts of long 
odes will turn out to be �
loseenough� to real long 
ode for our purposes.Intuitively, the above test should reje
t any fun
tion A : 2S ! f�1; 1g whi
hdepends strongly the value of f on many di�erent x. This is be
ause when wemultiply with e, the more x on whi
h A depends, the greater the 
han
e thatf(x)e(x) is di�erent from f(x) for some su
h x, and thus the 
han
e that A(f) 6=A(fe) in
reases.Let us pro
eed to analyze this test formally. As we saw above, the test wasa
tually easy to analyze in the 
ase when A was a long 
ode or a produ
t of long
odes. Lu
kily for us, the Fourier inversion formula tells us that any fun
tionA : 2S ! C may be written as a sum of produ
ts of long 
odes. Thus we expandA in its Fourier-series and pro
eed with the analysis. Using Theorem 4.8, we have



28 Chapter 4. A simple PCP and Hardness of approximating Maximum E3-Lin-2that Ef;g;e[B(f)B(g)B(fge)℄= Ef;g;e24X�1�S X�2�S X�3�S B̂�1��1(f)B̂�2��2(g)B̂�3��3(fge)35= X�1�S X�2�S X�3�S B̂�1B̂�2B̂�3 Ef;g;e [��1(f)��2(g)��3(fge)℄ : (4.7)Thus we need to 
omputeEf;g;e [��1(f)��2(g)��3(fge)℄ : (4.8)Using (4.3) and (4.4) from Proposition 4.6, we get that (4.8) is equal toEf;g;e [��1��3(f)��2��3(g)��3(e)℄ = Ef [��1��3(f)℄ Eg [��2��3(g)℄ Ee [��3(e)℄ :By (4.5) from Proposition 4.6, the expe
tation is 0 unless �1 = �2 = �3, while theexpe
tation over e is (1� 2Æ)j�3j. Thus (4.7) is equal toX��S Â3�(1� 2Æ)j�j � X��S(max��S (Â�(1� 2Æ)j�j)Â2�) = max��S (Â�(1� 2Æ)j�j):Where the last equality follows by Parseval's equality (Theorem 4.9).We 
on
lude that if the test a

epts with high probability there must be somereasonably small � su
h that the input is 
lose to ��, i.e., the input is 
lose toa small produ
t of long 
odes. Of 
ourse, this produ
t may be empty, sin
e the
onstant 1 fun
tion passes Long
odeTest with probability 1. However, if A is foldedover true Â; = 0, and in this 
ase the produ
t must be non-empty.4.3 The basi
 proto
olIn this se
tion we des
ribe and analyze the PCP whi
h we use to prove inapprox-imability of Maximum E2-Lin-2. Re
all that the input to the test is an E3-CNF(5)formula, and that the proof is a Standard Written Proof, whi
h means that theveri�er has a

ess to tables AU and AW for sequen
es of variables and 
lauses re-spe
tively. The veri�er simulates the veri�er in the 2P1R game, 
hoosing a sequen
eW of u 
lauses and a sequen
e U of u variables with the same distribution. Theveri�er needs to 
he
k the 
orresponding tables for 
onsisten
y. To get an inap-proximability result for Maximum E2-Lin-2 the veri�er should a

ept on a linear
ondition. The way we 
onstru
t the test is to take the long 
ode test from theprevious se
tion and move one query to the table AU .The test is given in Figure 4.4.



4.3. The basi
 proto
ol 29LinTest.Input: An E3-CNF(5) formula � = Ci ^ : : : ^ Cm with n variables and m
lauses. The proof is a Standard Written Proof with parameter u, and allthe tables folded over true.1. Sele
t uniformly at random a sequen
e W = (C1; : : : ; Cu) of u 
lausesand a sequen
e U of u variables by for ea
h 
lause Ck 
hoosing uni-formly at random a variable o

urring in Ck.2. Sele
t uniformly at random f 2 2f0;1gU and g 2 2SATW .3. Sele
t e 2 2SATW by for ea
h y independently setting e(y) = 1 withprobability 1� Æ and e(y) = �1 with probability Æ.4. A

ept if AU;true(f)AW;true(g)AW;true((f Æ �U;W )ge) = 1, else reje
t.Figure 4.4. The above PCP is parameterized by the positive integer u and thepositive real Æ and tests if a E3-CNF(5) formula � is satis�able by querying threepositions in a Standard Written Proof with parameter u. With suitable 
hoi
es ofthe parameters u and Æ, the test has 
ompleteness 1� � and soundness 12 + � for any� > 0.Why would we expe
t this to work?If we used the methods whi
h were used prior to the work of Håstad, we wouldpro
eed as follows:1. Run a test to ensure that the tables are 
lose to 
orre
t long 
odes.2. Run a test to ensure that the values en
oded by these long 
odes are satisfyingassignments.3. Run a test to ensure that the values are 
onsistent.Step 2 is unne
essary in our 
ase sin
e by de�nition we interpret all possible stringsas satisfying assignments. The test in �gure 4.4 may be viewed as a 
ombinationof step 1 and step 3.Another way of viewing the test is to 
onsider the following error 
orre
tionpro
edure: if A is 
lose enough to a long 
ode LC(x), then for any h we 
an get thevalue h(x) with good probability by pi
king a random g and returning the valueA(g)A(gh) [6℄. In our 
ase, we do not know that A is 
lose to a long 
ode, however,it turns out that this pro
edure still 
an be viewed as a sort of error 
orre
tion evenwhen A is not 
lose to any parti
ular long 
ode. In fa
t, if A is somewhat 
lose toseveral produ
ts of long 
odes �� we get one of the values ��(h) with probabilityproportional to how 
lose A is to ��. Adding the �noise� fun
tion e gives a biasagainst �� where � is large. Thus LinTest may be viewed as reading the 
orre
tedvalue of f Æ �U;W from AW and 
he
king against AU (f). We expe
t that if they
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onsistent values, then AU and AW should be 
lose to small produ
tsof long 
odes of 
onsistent values. From these, it should be possible to 
onstru
t astrategy for the 2P1R game with good su

ess probability. In fa
t, we prove thatit is enough that the probability of su

ess is even slightly better than what wouldbe expe
ted from randomly 
hosen tables.Note that error 
orre
tion would be super�uous when reading f from A sin
e f isuniformly distributed in that table. Intuitively, the reason we need error 
orre
tionwhen reading f Æ�U;W from AW is that fun
tions on this form is a extremely smallproportion of all fun
tions in 2SATW . Thus it is possible for AW to be very 
loseto a long 
ode while having in
orre
t values for all fun
tions on the form f Æ �U;W .Before analyzing the soundness of the test, we turn to the 
ompleteness, whi
his easy:Lemma 4.11. If � is satis�able, there is a proof whi
h LinTest a

epts with prob-ability 1� Æ.Proof. Let x be a satisfying assignment to �. Let the tables be as in a 
orre
t proof,i.e., AU = LC(xjU ) and AW = LC(xjW ). ThenAU;true(f)AW;true(g)AW;true((f Æ �U;W )ge) =f(xjU )g(xjW )(f Æ �U;W )(xjW )g(xjW )e(xjW ):Sin
e (f Æ �U;W )(xjW ) = f(xjU ), this expression redu
e to e(xjW ), whi
h is 1 withprobability 1� Æ.We now turn to the analysis of the soundness.Lemma 4.12. If LinTest a

epts with probability at least 1+Æ2 , there is a strategyfor the 2P1R game with su

ess probability at least 2Æ3.Proof. The probability that the veri�er a

epts may be written as1 + EU;W;f;g;e[AU;true(f)AW;true(g)AW;true((f Æ �U;W )ge)℄2 :Thus by the assumption in the statement of the lemma, the expe
tationEU;W;f;g;e[AU;true(f)AW;true(g)AW;true((f Æ �U;W )ge)℄ (4.9)is at least Æ. We �rst analyze this expression for �xed U and W . We introdu
e theshorthands A = AU;true and B = AW;true. Applying the Fourier-inversion formula(Theorem 4.8), to A and B, and using the linearity of expe
tation, we get thatEf;g;e[AU;true(f)AW;true(g)AW;true((f Æ �U;W )ge)℄ =X�22f0;1gU X�122SATW�222SATWÂ�B̂�1B̂�2 Ef;g;e ���(f)��1(g)��2((f Æ �U;W )ge)� : (4.10)



4.3. The basi
 proto
ol 31We next 
ompute the expe
tation over f; g and e. We have thatEf;g;e ���(f)��1(g)��2((f Æ �U;W )ge)� =Ef;g;e ���(f)��1(g)��2(f Æ �U;W )��2(g)��2(e)� =Ef [��(f)��2(f Æ �U;W )℄ Eg [��1(g)��2(g)℄ Ee [��2(e)℄where the �rst equality follows by the multipli
ative property of the basis fun
tions,(Proposition 4.6, equation (4.4)), and the se
ond by the fa
t that f , g and e areindependent. We pro
eed to 
ompute the expe
tation over g. By Proposition 4.6,equation (4.3),Eg [��1(g)��2(g)℄ = Eg [��1��2(g)℄whi
h by Proposition 4.6, equation (4.5) is 0 unless �1 = �2 = �, in whi
h 
ase theexpe
tation is 1. Next 
onsider the expe
tation over e. We have thatEe [��(e)℄ = Ee 24Yy2� e(y)35 = Yy2� Ee(y)[e(y)℄ = (1� 2Æ)j�j:What remains to 
ompute is the expe
tation over f . Using the de�nitions of ��and �� ,Ef [��(f)��(f Æ �U;W )℄= Ef 24Yx2� f(x)Yy2�(f Æ �U;W )(y)35 : (4.11)We rewrite this expression by grouping y 2 � a

ording to whi
h x they proje
tonto. Thus (4.11) be
omesEf 2664Yx2�0BB�f(x) Yy2��U;W (y)=x(f Æ �U;W )(y)1CCA Yx2f0;1gUn�0BB� Yy2��U;W (y)=x(f Æ �U;W )(y)1CCA3775 : (4.12)For x 2 f0; 1gU , let sx be the number of y 2 � su
h that �U;W (y) = x. Then (4.12)may be written asEf 24Yx2� f(x)sx+1 Yx2f0;1gUn� f(x)sx35 = Yx2� Ef(x)[f(x)sx+1℄ Yx2f0;1gUn� Ef(x)[f(x)sx ℄:For this expression to be non-zero, it must be the 
ase that sx is odd for x 2 � andeven for x 2 f0; 1gU n �. It follows that the expression is 0 unless � = �U;W2 (�), in
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h 
ase it is 1. To sum up, we have proven that the only non-zero terms in (4.10)are those where �1 = �2 = � and � = �U;W2 (�). Combined with the expression forthe expe
tation over e, this means that (4.10) redu
es toX��SATW Â�U;W2 (�)B̂2�(1� 2Æ)j�j:By the Cau
hy�S
hwartz inequality (Proposition 2.1) with ai = Â�U;W2 (�)B̂�(1�2Æ)and bi = B̂� , we have thatX��SATW Â�U;W2 (�)B̂2�(1� 2Æ)j�j �vuuut0� X��SATW Â2�U;W2 (�)B̂2�(1� 2Æ)2j�j1A0� X��SATW B̂2�1A =s X��SATW Â2�U;W2 (�)B̂2�(1� 2Æ)2j�j:Where the equality follows be
ause the sum P� B̂2� is equal to 1 by Parseval'sequality (Theorem 4.9). Taking the expe
tation over U and W , it follows thatEU;W 24s X��SATW Â2�U;W2 (�)B̂2�(1� 2Æ)2j�j35� EU;W 24 X��SATW Â�U;W2 (�)B̂2�(1� 2Æ)j�j35� Æ;sin
e by assumption (4.9) was at least Æ. By Jensen's inequality (Proposition 2.3),E[X2℄ � E[X ℄2, soEU;W 24 X��SATW Â2�U;W2 (�)B̂2�(1� 2Æ)2j�j35 � Æ2: (4.13)Now we des
ribe randomized strategies for the provers in the 2P1R game. Asmentioned previously, these may be 
onverted to deterministi
 strategies by �x-ing the random strings of the provers su
h that the a

eptan
e probability is notde
reased.The prover P1 upon re
eivingW pi
ks a � with probability B̂2� = Â2W;true;� andreturns a random y 2 �.The prover P2 upon re
eiving U pi
ks an � with probability Â2� = Â2U;true;�and returns a random x 2 �.



4.3. The basi
 proto
ol 33Note that by Lemma 4.10, ÂU;true;; = ÂW;true;; = 0, so neither P1 nor P2 willever pi
k a empty � or �.Let us analyze the probability that the provers su

eed in 
onvin
ing the veri�erwhen following this strategy.For any � � f0; 1gU and � � SATW , the probability that P2 pi
ks � and P1pi
ks � is Â2U;true;�Â2W;true;�. When � � �U;W (�), the probability that the proverspi
ks x and y su
h that �U;W (y) = x is at least j�j�1. Thus the probability thatthe provers su

eed is at leastEU;W 24 X��SATW X���U;W (�) Â2U;true;�Â2W;true;� j�j�135 �EU;W 24 X��SATW Â2U;true;�U;W2 (�)Â2W;true;� j�j�135 : (4.14)Sin
e ex � 1 + x � x for real x, e2Æj�j2Æ � 2Æj�j2Æ = j�j, thus we have that j�j�1 �2Æe�2Æj�j � 2Æ(1 � 2Æ)j�j, where we again used ex � 1 + x in the last inequality(with negative x). It follows that (4.14) is at least2Æ EU;W 24 X��SATW Â2U;true;�U;W2 (�)Â2W;true;�(1� 2Æ)2j�j35whi
h is at least 2Æ3 by (4.13). Thus the probability that the provers 
onvin
e theveri�er is at least 2Æ3.Why is expanding the tables in their Fourier-series the right approa
h to an-alyzing the test? Suppose that � is not satis�able, and 
onsider a prover whi
hwants to 
onvin
e us otherwise. If the prover only uses 
orre
t long 
odes, it iseasy to see that for a pair U;W , if the long 
odes for U and W are 
onsistent thenthe test will a

ept with probability 1� �, while if they are in
onsistent, that is ifAU = LC(x) and AW = LC(y) where �U;W (y) 6= x, then the test will su

eed withprobability at most 1=2. Thus if we have a

eptan
e probability 1+Æ2 we must have
onsistent long 
odes with probability at least Æ, and we 
an get a strategy for the2P1R game. Thus the test is easy to analyze in the 
ase when the tables are 
orre
tlong 
odes, and as in the 
ase of the long 
ode test, it turns out that the test is alsoeasy to analyze when the tables are produ
ts of long 
odes.Expanding the tables in their Fourier-series means that we essentially 
an redu
eto these easy 
ases. If we look ba
k at the a
tual analysis, we see that what weredu
e to is a
tually slightly more general; sin
e a table 
an be 
orrelated withmore than one produ
t of long 
odes, we also need to analyze the �
ross terms�.This means that we need to be able to analyze the 
ase that there are three tables,whi
h are produ
ts of long 
odes ��; ��1 and ��2 , and we read one value from ea
htable. Sin
e di�erent produ
ts of long 
odes are minimally 
orrelated (i.e., the ��



34 Chapter 4. A simple PCP and Hardness of approximating Maximum E3-Lin-2are orthogonal), it turns out that it is never a good idea for the prover to have �1di�erent from �2.4.4 Hardness of approximating Maximum E3-Lin-2Theorem 4.13 [28℄. For any � > 0, Maximum E2-Lin-2 is NP-hard to approxi-mate within 2� �.Proof. In LinTest, 
hoose the parameter Æ so that1� Æ(1 + Æ)=2 � 2� �and u su
h that the soundness of the 2P1R game 
u� is less than 2Æ3. For theresulting veri�er, introdu
e one variable for ea
h position in the proof, and writedown for ea
h random string the an equation 
orresponding to test made by theveri�er. Sin
e the veri�er uses O(logn) random bits, this will be a polynomialnumber of variables and equations. By Lemma 4.11, if � is satis�able there is aproof whi
h makes the veri�er a

ept with probability at least 1� Æ. Thus there isan assignment whi
h satis�es at least a fra
tion 1� Æ of all equations.By Lemma 4.12, if � is at most � satis�able, there is no proof whi
h makesthe veri�er a

ept with probability more than (1 + Æ)=2, sin
e that would meanthat there is a strategy for the provers in the 2P1R game with su

ess probabilityat least 2Æ3, whi
h is impossible by the 
hoi
e of u. Thus in this 
ase, at most afra
tion (1 + Æ)=2 of all equations 
an be satis�ed.Sin
e by Theorem 4.1 it is NP-hard to distinguish between the 
ase that � issatis�able and the 
ase that � is at most � satis�able, the theorem follows by the
hoi
e of Æ.



Chapter 5Two generalizations of theframework5.1 Generalization modulo d5.1.1 The Fourier transform and the long 
ode over ZdIn this se
tion we generalize the long 
ode and the Fourier transforms from Se
-tion 4.2 to Zd (i.e., the 
y
li
 group with d elements). In general, the Fourier seriesof a fun
tion from an Abelian group to C is a linear 
ombination of the 
hara
tersof that group, i.e., homomorphisms from the group to the multipli
ative group of
omplex number with norm 1. For a general treatment of this theory, we refer thereader to Terras's book [49℄. For the the further generalization to general �nitegroups, see also Chapter 11 in this thesis.Sin
e we only work with powers of Zd, we use the following 
onventions tosimplify the framework: The group Zd is represented by the powers of ! = e2�i=dwith multipli
ation as the group operator. The 
hara
ters of that group also forma group, Ẑd, whi
h we identify with the integers f0; 1; 2; : : : ; d � 1g with additionmodulo d as the group operator.For g 2 Zd and 
 2 Ẑd we denote the a
tion of 
 on g by �
(g) = g
 .Lemma 5.1. Let 
 2 Ẑd be arbitrary. Then1d Xg2Zd �
(g) = (1 if 
 = 0,0 otherwise.Proof. If 
 = 0, then �
(g) = 1, and sin
e there are d terms, the sum is 
learly 1.35



36 Chapter 5. Two generalizations of the frameworkIf 
 6= 0,1d Xg2Zd �
(g) = 1d d�1Xk=0!k
 = 1d 1� !
d1� !
 = 0where the last equality holds sin
e !d = 1.The proof of the following lemma is similar:Lemma 5.2. Let g 2 Zd be arbitrary. Then1d d�1X
=0�
(g) = (1 if g = 1,0 otherwise.We generalize the notation 2S : for any set S, denote by ZSd the set ff : S ! Zdg.The spa
e ZSd 
an be viewed as a power of Zd sin
e we 
an identify a fun
tionwith the table of its values. The 
hara
ters of ZSd , ẐSd may be identi�ed with ẐjSjd ,or equivalently as the set of fun
tions f� : S ! f0; : : : ; d � 1g with the groupoperation begin pointwise addition modulo d. Denote the identi
ally 0 fun
tion by0 2 ẐSd . The long 
ode generalize naturally:De�nition 5.3. Let S be a �nite set. For x 2 S, the long d 
ode of x, LCd(x) isthe fun
tion from ZSd to Zd de�ned as LCd(x)(f) = f(x).De�nition 5.4. A Standard Written d-Proof with parameter u for a formula �
onsists of a table AU : Zf0;1gUd ! Zd for ea
h sequen
e U of u variables from �and a table AW : ZSATWd ! Zd for ea
h sequen
e W of u 
lauses from �.De�nition 5.5. A Standard Written d-Proof with parameter u is a 
orre
t prooffor a formula � if there is an assignment x, satisfying �, su
h that AU is the longd 
ode of x restri
ted to U for all sequen
es U of u variables, and AW is the longd 
ode of x restri
ted to W for all sequen
es W of u 
lausesAgain we want to expand a purported long 
ode A : ZSd ! Zd in a orthogonalbasis. We de�ne an inner produ
thA j Bi = d�jSj Xf2ẐSZd A(f)B(f)In the binary 
ase, the basis fun
tions were given by subsets � � S. Clearly thiswon't be enough in this 
ase sin
e the underlying ve
tor spa
e is of dimension djSj.Instead, the basis fun
tions are given by the 
hara
ters for the group ZSd , whi
h we



5.1. Generalization modulo d 37have one of for ea
h element in the group ẐSZd . This gives us our generalization:for � 2 ẐSZd the a
tion of � is de�ned by:��(f) = Yx2S f(x)�(x)This generalizes the 
ase modulo 2, sin
e a subset � � S may be identi�ed witha fun
tion � : S ! f0; 1g. For an � 2 ẐSZd we de�ne the weight of �, j�j, to benumber of x 2 S su
h that �(x) 6= 0.Proposition 5.6.��(f)��(g) = ��(fg) (5.1)��(f)��(f) = ��+�(f) (5.2)��(f�1) = ���(f) = ��(f) (5.3)Xf2ẐSZd(��(f)) = � 0 if � 6= 0djSj if � = 0: (5.4)Proof.��(f)��(g) = Yx2S f(x)�(x) Yx2S g(x)�(x)= Yx2S(f(x)g(x))�(x)= ��(fg)Next,��(f)��(f) = Yx2S f(x)�(x) Yx2S f(x)�(x)= Yx2S f(x)�(x)+�(x)= Yx2S f(x)�(x)+�(x) (mod d)



38 Chapter 5. Two generalizations of the frameworkwhere the last equality holds sin
e f(x) is a d:th root of unity. Thus��(f)��(g) = Yx2S f(x)(�+�)(x)= ��+�(f)To 
ontinue,��(f�1) = Yx2S f(x)��(x) (mod d) = ���(f)Also ���(f)��(f) = �0(f) = 1;and ��(f)��(f) = j��(f)j2 = 1:So ���(f) = ��(f) = (��(f))�1Finally,Xf2ZSd (��(f)) = Xf2ZSd Yx2S f(x)�(x)= Yx2S0� Xf(x)2Zd f(x)�(x)1A :By Lemma 5.1, the inner sum is 0 unless �(x) = 0, in whi
h 
ase it is d. Thus theprodu
t is 0 unless � = 0, in whi
h 
ase it is djSj.Lemma 5.7. The fun
tions �� form an orthogonal basis for the ve
tor spa
efA : ZSd ! Cg. That is, there are djSj of them, andh�� j ��i = � 1 if � = �0 if � 6= � : (5.5)Proof.h�� j ��i = d�jSj Xf2ZSd ��(f)��(f)= d�jSj Xf2ZSd ��(f)���(f)= d�jSj Xf2ZSd ����(f)where the last two equalities holds by (5.3) and (5.3) from Proposition 5.6. Us-ing (5.4) from the same proposition, h�� j ��i = 0 unless � = �, in whi
h 
aseh�� j ��i = 1



5.1. Generalization modulo d 39As in the modulo 2 
ase, we have the Fourier inversion formula and Parseval'sequality. We omit the proofs sin
e they are essentially identi
al to the modulo 2
ase.Theorem 5.8. LetÂ� = hA j ��(f)iThen A(f) = X�2ẐSd Â���(f) (5.6)Theorem 5.9.d�jSjXf jA(f)j2 =X� jÂ�j2 (5.7)For a fun
tion A : ZSd ! C, we de�ne AZd , A folded over Zd by partitioning ZSdinto sets of fun
tions ff; !f; : : : ; !d�1fg, for ea
h part pi
king one representativef (by e.g, letting f be the fun
tion with a 1 in the �rst non-zero 
oordinate), andde�ning AZd(
f) = 
A(f).De�nition 5.10. A fun
tion A from ZSd toZd is k-homogeneous for k 2 ẐSZd ifA(gf) = gkA(f).We have the following lemma:Lemma 5.11. If B : ZSd ! C is k-homogeneous then B̂� = 0 unless Px �(x) = k(mod d).Proof.B̂� = d�jSj Xf2ZSd B(f)��(f)= d�jSj Xf2ZSd 1d X
2ZdB(
f)��(
f)= d�jSj Xf2ZSd 1d X
2Zd 
kB(f)��(
f)= d�jSj Xf2ZSd 1dB(f)��(f) X
2Zd 
k��(
0)Now, X
2Zd 
k��(
0) = X
2Zd 
k Yx2S 
��(x)= X
2Zd 
k
�Px �(x):



40 Chapter 5. Two generalizations of the frameworkThe last sum is 0 unless Px �(x) = k (mod d).Note that in parti
ular, if B is as in the lemma, B̂0 = 0.5.2 A generalization of the two-prover gameIn this thesis, we sometimes use a generalization of the u-parallel repetition of thebasi
 2P1R proto
ol that was applied by Khot [39℄ to Håstad's PCP for E3-Sat [28℄,thus simplifying Håstad's proof. In this se
tion we review Khot's 
onstru
tion.It turns out that a problem in the analysis of the parti
ular type of PCP veri�erthat Håstad had in his PCP for NP with perfe
t 
ompleteness and soundness7=8 is that a large set of satisfying assignments to the 
lauses (C1; : : : ; Cu) fromSe
tion 4.1 may proje
t down to a very small set of assignments to the variables(x1; : : : ; xu). Håstad solved this problem by making a very 
areful analysis of thePCP veri�er. Khot re
ently obtained a simpler analysis by a modi�
ation of thebasi
 2P1R proto
ol from Se
tion 4.1.The generalized proto
ol is parameterized by both u and T (Setting T = 0gives us the proto
ol from 4.1). In this version, the veri�er sele
ts at random asequen
e W 
onsisting of (T +1)u 
lauses. It then sele
ts at random a sequen
e ofTu 
lauses and u variables by sele
ting, uniformly at random from W , a sequen
eof u 
lauses and then sele
ting, independently and uniformly at random, a variablefrom ea
h of those 
lauses.De�nition 5.12. Given a E3-CNF(5) formula �, a (T; u)-blo
k sele
ted from � isa sequen
e of (T + 1)u 
lauses from �.De�nition 5.13. Given a (T; u)-blo
k W , a random u-proje
tion of W is a se-quen
e formed by �rst sele
ting u 
lauses Ci1 ; : : : ; Ciu uniformly at random fromW ,
hoosing a variable xk 2 Cik uniformly at random from ea
h of these u 
lauses, and
onstru
ting U = (x1; : : : ; xu; Ciu+1 ; : : : ; Ci(T+1)u) where x1; : : : ; xu are the u vari-ables so 
hosen, and Ci1 ; : : : ; CiTu are the remaining Tu 
lauses (in their originalorder).Similarly to the original parallel two-prover one-round proto
ol, we denote by SATWthe satisfying assignments to the 
lauses in W , and by SATU the set of stringsf0; 1gU 0 � SATW 0 , where U 0 is the sequen
e of variables in U and W 0 is the se-quen
e of 
lauses in U . For a (T; u)-blo
kW = (C1; : : : C(T+1)u) and a u proje
tionU = (x1; : : : ; xu; Ciu+1 ; : : : ; Ci(T+1)u) of W , 
onstru
ted by 
hoosing the 
lausesCi1 ; : : : ; Ciu from W and the variable xk from Cik , we denote by �U;W the naturalproje
tion fun
tion from SATW to SATU , de�ned by�U;W (y1; : : : ; y(T+1)u) = (�x1;Ci1 (yi1); : : : ; �xu;Ciu (yiu); yiu+1 ; : : : ; yi(T+1)u)The Generalized 2P1R game is given in Figure 5.1 .



5.2. A generalization of the two-prover game 41Generalized Parallel 2P1R proto
ol.Input: An E3-CNF(5) formula �.1. Choose uniformly at random a (T; u)-blo
k W = (C1; : : : ; C(T+1)u)from �.2. Choose a random u-proje
tion U from W .3. Send W to P1, re
eiving a string y 2 SATW .4. Send U to P2, re
eiving a string x 2 SATU .5. A

ept if �U;W (y) = xFigure 5.1. Generalized Parallel 2P1R game.Lemma 5.14. The proto
ol des
ribed Figure 5.1 has perfe
t 
ompleteness andsoundness 
u�, where 
� < 1 is some 
onstant depending on � but not on u or thesize of the instan
e.Proof. For a satis�able formula, the veri�er always a

epts if the two provers answera

ording to the same satisfying assignment.To prove that the veri�er a

epts unsatis�able formulae with probability atmost 
u�, we redu
e from the proto
ol des
ribed in Se
tion 4.1. It is known [43℄ thatthis proto
ol has soundness 
u�, where 
� < 1 is some 
onstant depending on � butnot on u or the size of the instan
e.Suppose that there exists provers Q1 and Q2 for the proto
ol from this se
tionsu
h that the veri�er a

epts an unsatis�able formula with probability s > 
u�.Then the provers P1 and P2 from the proto
ol des
ribed in Se
tion 4.1 
an use Q1and Q2 to 
onstru
t strategies that make the veri�er in that proto
ol a

ept anunsatis�able formula with probability s.The essen
e of the proof is that, by an averaging argument, there is some way of�xing the Tu extra 
lauses given to Q1 and Q2 so as to not de
rease the a

eptan
eprobability.Re
all that the veri�er in our generalized proto
ol pro
eeds by pi
king (T +1)u
lauses and among these 
hoosing u, from whi
h it then 
hooses a variable ea
h.For 
lauses C1; : : : ; Ctu from the formula �, denote by A(C1; : : : ; Ctu) the eventthat the 
lauses from whi
h the veri�er do not 
hoose any variables are C1; : : : ; Ctu.Then there must be some 
hoi
e of C 01; : : : ; C 0tu su
h thatPr[the veri�er a

epts j A(C 01; : : : ; C 0tu)℄ � s:Fix su
h a 
hoi
e C 01; : : : ; C 0tu.Given a sequen
e of W of 
lauses (C1; : : : ; Cu), P1 
onstru
ts a sequen
e W 0of (T + 1)u 
lauses by inserting C1; : : : ; Cu randomly among C 01; : : : ; C 0tu, (but



42 Chapter 5. Two generalizations of the frameworkpreserving the internal order of the sequen
es). The thereby obtained (T; u)-blo
k is sent to Q1 and P1 then returns the assignment to (C1; : : : ; Cu) obtainedfrom Q1. Given a sequen
e of variables (x1; : : : ; xu), P2 
onstru
ts u-proje
tionU 0 = (x1; : : : ; xu; C 01; : : : ; C 0tu), whi
h is sent to Q2 and P2 then returns the assign-ment to (x1; : : : ; xu) obtained from Q2.Sin
e the distribution of W 0 and U 0 so 
onstru
ted is the same as the distribu-tion of the queries to Q1 and Q2 in the generalized two-prover one-round proto
ol
onditioned on the event A(C1; : : : ; Ctu), the answers sent ba
k by P1 and P2 makethe veri�er a

ept with probability at least s. But this is a 
ontradi
tion sin
es > 
u�.De�nition 5.15. AGeneralized Standard Written d-Proof with parameters u and T
ontains for ea
h sequen
e U 
ontaining u variables and T 
lauses a string of lengthd2u7Tu , whi
h we interpret as the table of a fun
tion AU : ZSATUd ! Zd. It also
ontains for ea
h sequen
e W of (T + 1)u 
lauses a string of length d7(T+1)u whi
hwe interpret as the table of a fun
tion AW : ZSATWd ! Zd.De�nition 5.16. AGeneralized StandardWritten d-Proof with parameters u and Tis a 
orre
t proof for a formula � if there is an assignment x, satisfying �, su
h thatAU is the long 
ode of x restri
ted to U for all sequen
es U 
ontaining u variablesand Tu 
lauses, and AW is the long 
ode of x restri
ted to W for any sequen
es Wof (T + 1)u 
lauses.Proje
tionsAs we mentioned in Se
tion 5.2, the 2P1R for E3-CNF(5) was modi�ed to handle
ertain di�
ulties in the analysis of 
ertain kinds of PCP veri�ers. In this se
tion,we formalize the properties needed in the analysis. The fa
ts from this se
tion arestraightforward generalizations of the 
orresponding de�nitions and lemmas fromKhot's paper [39℄.Lemma 5.17. Let W be a (T; u)-blo
k and 
onsider two di�erent assignmentsy; y0 2 SATW . ThenPr[�U;W (y) 6= �U;W (y0)℄ > 1� 1Twhere the probability is over the sele
tion of a random u-proje
tion of W .Proof. Sin
e y 6= y0, there is at least one variable that is assigned di�erent valuesby y and y0. If this 
lause is present in the u-proje
tion�whi
h happens withprobability T=(T + 1) > 1� 1=T�the proje
tions are 
ertainly di�erent.Corollary 5.18. Let W be a (T; u)-blo
k and 
onsider a � : SATW ! Ẑd. Then,with probability at least 1�j�j=T over the 
hoi
e of a random u-proje
tion U ofW ,it holds for an arbitrary y 2 SATW that there is no y0 6= y su
h that �(y0) 6= 0 and�U;W (y) = �U;W (y0).



5.2. A generalization of the two-prover game 43Proof. Take an arbitrary y 2 SATW . By Lemma 5.17, for any y0 2 SATW nfyg,Pr[�U;W (y) = �U;W (y0)℄ < 1Twhere the probability is over the sele
tion of a random u-proje
tion of W and � isthe proje
tion indu
ed by the u-proje
tion of W . By the union bound,Pr� [y02SATW nfyg�(y)6=0 f�U;W (y) = �U;W (y0)g� < j�jTwhere the probability is over the same probability spa
e.We de�ne the proje
tion fun
tion �U;W : ẐSATWd ! 2SATU , by x 2 �U;W (�) if thereis an y su
h that �(y) 6= 0 and �U;W (y) = x.Lemma 5.19. Let W be a (T; u)-blo
k and � be a fun
tion from SATW to Ẑd.Then E� 1j�U;W (�)j� � 1j�j + 1Twhere the probability is over the sele
tion of a random u-proje
tion of W .Proof. Sin
e every y 2 SATW proje
ts down to exa
tly one x 2 SATU ,j�j = Xx2�U;W (�) jfy 2 SATW : �U;W (y) = x ^ �(y) 6= 0gj:Now apply the Cau
hy�S
hwartz inequality to the above equation.j�j2 = � Xx2�U;W (�) 1 � jfy 2 SATW : �U;W (y) = x ^ �(y) 6= 0gj�2� � Xx2�U;W (�) 12�� Xx2�U;W (�) jfy 2 SATW : �U;W (y) = x ^ �(y) 6= 0gj2�= j�U;W (�)j Xx2�U;W (�) jfy 2 SATW : �U;W (y) = x ^ �(y) 6= 0gj2= j�U;W (�)jN�U;W (�);whereN�U;W (�) is the numbers of pairs (y1; y2) 2 SATW � SATW su
h that �U;W (y1) =�U;W (y2), �(y1) 6= 0 and �(y2) 6= 0. Hen
e,1j�U;W (�)j � N�U;W (�)j�j2 :



44 Chapter 5. Two generalizations of the frameworkNow introdu
e for ea
h pair (y1; y2) 2 SATW � SATW an indi
ator random variableI(y1;y2) that is one if �U;W (y1) = �U;W (y2), �(y1) 6= 0 and �(y2) 6= 0. ThenE� 1j�U;W (�)j� = 1j�j2 Xy12SATW�(y1)6=0 Xy22SATW�(y2)6=0 E[I(y1;y2)℄= 1j�j2�j�j+ Xy12SATW�(y1)6=0 Xy22SATW�(y2)6=0y1 6=y2 E[I(y1;y2)℄�� 1j�j2�j�j+ Xy12SATW�(y1)6=0 Xy22SATW�(y2)6=0y1 6=y2 1T �= 1j�j + j�j � 1j�jT � 1j�j + 1T ;where the �rst inequality follows from Lemma 5.17.Corollary 5.20. Let W be a (T; u)-blo
k and � be a fun
tion from SATW to Ẑd.Then j�U;W (�)j � Æminfj�j; Tg with probability 1 � 2Æ, where the probability isover the sele
tion of a random u-proje
tion ofW and �U;W is the proje
tion indu
edby the u-proje
tion of W .Proof. Apply Markov's inequality to the 
on
lusion of Lemma 5.19.We also have another kind of proje
tion: For � 2 ẐSATWd and � 2 ẐSATUd we de�nethe modulo d proje
tion of �, �U;Wd 2 ẐSZd as�U;Wd (x) = Xy:�U;W (y)=x�(x) (mod d) (5.8)Lemma 5.21. Let f 2 ZSATUd ) and � 2 ẐSATWd .��(f Æ �U;W ) = ��U;Wd (�)(f): (5.9)Proof. We expand �� a

ording to its de�nition:��(f Æ �U;W ) = Yy2SATW (f Æ �U;W )(y)�(y):
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ording to their proje
tion, we have thatYy2SATW (f Æ �U;W )(y)�(y) = Yx2SATU Yy:�U;W (y)=x f(x)�(y)= Yx2SATU f(x)P�(y) (mod d)= ��U;Wd (�)(f):
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Chapter 6A generalization of MinimumBise
tion6.1 Introdu
tionPCP te
hniques have been more su

essful in some areas than others. Notably, theyhave been extremely su

essful for 
onstraint satisfa
tion problems (CSPs) wherewe are given a set of boolean 
onstraints over some variables and asked to �ndan assignment satisfying as many 
onstraints as possible. For example, we saw inChapter 4 an optimal hardness result for Maximum E3-Lin-2, whi
h is a 
onstraintsatisfa
tion problem.One 
lass of problems where PCPs have failed so far to get any results at all isCSPs where the solution spa
e is restri
ted, and the problem is easy to solve withoutthe restri
tion. The most well-known examples are Minimum Bise
tion, where weare given a graph and are asked to divide the verti
es in two equal sized parts su
hthat the number of edges between the parts are minimized, and Maximum EdgeSubgraph in whi
h we are given a graph and are asked to pi
k a set of k verti
es su
hthat the number of edges in the indu
ed subgraph is maximized. These problemsbe
ome trivial to solve if we remove the restri
tions, i.e., if we are allowed parts ofunequal size and if we are allowed to pi
k any number of verti
es.For Minimum Bise
tion, the problem is not known to be NP-hard to approxi-mate even within a 
onstant fa
tor, while the best known algorithm approximatesthe problem within O(log2 n) [19℄ ( Several spe
ial 
ases of Minimum Bise
tionadmit better approximation algorithms, see [37℄ for a survey.)Using a stronger assumption that P 6= NP, namely that in a 
ertain sense,refuting CNF formulas is hard on average, Feige [17℄ re
ently proved a lower boundof 4=3 on the approximability of Minimum Bise
tion.In this 
hapter we prove, under standard 
omplexity theoreti
 assumptions,that a generalization of Minimum Bise
tion is very hard to approximate. More49
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tionspe
i�
ally, we prove that Minimum E3-UnSat Balan
ed-Lin-2 is NP-hard to ap-proximate within any 
onstant. Re
all that Minimum E3-UnSat Balan
ed-Lin-2 isthe problem where we are given a set of homogeneous equations modulo 2, withthree variables in ea
h equation, and want to �nd a balan
ed assignment to thevariables whi
h minimizes the number of unsatis�ed equations. For the 
ase of fourequations in ea
h equation, i.e., Minimum E4-UnSat Balan
ed-Lin-2, it has beenpointed out to us by Ran Raz that the weaker result that this problem is NP-hardto approximate within some 
onstant 
an be proven by a redu
tion from MaximumE3-Lin-2.We also 
onsider the maximization version, where we want to maximize thenumber of satis�ed equations. We prove that this problem is NP-hard to approxi-mate within 4=3� Æ.The proof introdu
es some ideas whi
h we will later use to prove inapproxima-bility of vertex 
over generalized to hypergraphs.We use the approa
h des
ribed in Chapter 4. That is, we 
onstru
t a spe
iallytailored PCP for NP su
h that 
omputing the maximum a

eptan
e probabilityis exa
tly the problem Maximum Balan
ed-Lin-2. This means that the proof pre-sented to the veri�er will be required to 
ontain an equal number of 0 and 1, andthe test used by the veri�er will be that an ex
lusive or of three variables is zero.6.2 The PCPThe veri�er will be essentially the same as Håstad's veri�er des
ribed in Chapter 4,however, sin
e we want to ensure that the right-hand side of ea
h equation is always1 (in f1;�1g-notation), we 
annot use folding. Sin
e Håstad's veri�er a

essesfolded tables, it will for half of the fun
tions use the value �AU (�f) instead ofAU (f). This means that, as a fun
tion of the a
tual bits in the proof, the test isnot always AU (f)AW (g)AW (h) = 1. It may equally well be that the test is (forinstan
e) AU (�f)AW (g)AW (h) = �1.Folding ensures that every table AU and AW 
ontain an equal number of �1and 1; we no longer have that guarantee. In its pla
e we will use that the prover isrestri
ted to proofs whi
h 
ontain an equal number of �1 and 1 globally. Sin
e thetables 
orresponding to sequen
es of variables U 
ontains an insigni�
ant fra
tionof the bits, the prover 
an have all tables AU 
onstant 1, almost 1=2 of theW -tables
onstant 1 and the others 
onstant �1. This will always fool the test as des
ribedabove, sin
e two of the bits are queried from the same AW , and thus their produ
tis always 1 when the table is 
onstant. We �x this by modifying the StandardWritten Proof so that the U -tables instead 
ontain almost all of the bits.6.2.1 A variant of the Standard Written ProofWe need to modify the Standard Written Proof as des
ribed previously somewhat,sin
e we have two 
lasses of tables (
orresponding to sets U of variables and sets



6.2. The PCP 51W of 
lauses), and we want to be able to 
ontrol how many bits go into ea
h 
lass.Re
all that the input to the veri�er is a E3-CNF(5) formula �. If there are n vari-ables, this means that the number of 
lausesm = 5n3 . LetD(u) = K(27u(5=3)u)=22u ,where K is a 
onstant to be determined later. For ea
h U we have D(u) tables willwe denote by AU;� for 1 � � � D(u). In the proto
ol when making a query we will
hoose a � at random and look in the 
orresponding table.De�nition 6.1. A Standard Written Proof with parameter u and K for a E3-CNF(5) formula � 
onsists of, for ea
h sequen
e U of u variables from � and forea
h � where 1 � � � D(u), a table AU;� : 2f0;1gU ! f�1; 1g, where D(u) =K(27u(5=3)u)=22u , and a table AW : 2SATW ! f�1; 1g for ea
h sequen
e W ofu 
lauses from �.De�nition 6.2. For 0 � p � 1, a proof is p-balan
ed if a fra
tion p of the bits are�1. We say that a proof is balan
ed if it is 1=2-balan
ed.De�nition 6.3. A Standard Written Proof with parameter u and K is a 
orre
tproof for a formula � of n variables if there is an assignment x, satisfying �, su
hthat AU;� is the long 
ode of xjU for all sequen
es U of u variables, and AW is thelong 
ode xjW for all sequen
es W of u 
lauses.Sin
e ea
h table is a long 
ode, and a long 
ode 
ontain the same number of �1as 1, it follows that a 
orre
t proof is always balan
ed.Sin
e the tables 
orresponding to sequen
es U of variables 
ontains almost all ofthe bits (depending on the 
hoi
e of K), we have that, for a p-balan
ed proof, thetables 
orresponding to sequen
es U must be almost p-balan
ed. The next lemmamake this pre
ise, reformulated in terms of the dis
rete Fourier transform:Lemma 6.4. For a p-balan
ed proof,���EU;� hÂU;�;;i� (1� 2p)��� � 2K + 1 (6.1)Proof. Re
all thatÂU;�;; = Ef [AU;�(f)℄ = Prf [AU;�(f) = 1℄� Prf [AU;�(f) = �1℄:Sin
e the proof is p-balan
ed, we have22uPU;� ÂU;�;; + 27uPW ÂW;;22unuD(u) + 27u(5n=3)u = 1� 2p: (6.2)Thus �����PU;� ÂU;�;;nuD(u) � (1� 2p)����� =�����PU;� ÂU;�;;nuD(u) � 22uPU;� ÂU;�;; + 27uPW ÂW;;22unuD(u) + 27u(5n=3)u �����



52 Chapter 6. A generalization of Minimum Bise
tionwhi
h, by the de�nition of D(u), is equal to�����22uPU;� ÂU;�;;K27u(5=3)unu � 22uPU;� ÂU;�;;(K + 1)27u(5=3)unu � 27uPW ÂW;;(K + 1)27u(5=3)unu ����� :Now, PW jÂW;;j � (5=3)unu, so����� 27uPW ÂW;;(K + 1)27u(5=3)unu ����� � 1K + 1and 22uPU;� ÂU;�;;K27u(5=3)unu � 22uPU;� ÂU;�;;(K + 1)27u(5=3)unu = 22uPU;� ÂU;�;;K(K + 1)27u(5=3)unuwhere the last expression has absolute value at most 1=(K + 1), sin
eXU;� jÂU;�;;j � K27u(5=3)unu22u :6.2.2 The veri�erNow we are ready to des
ribe our veri�er. It is given in Figure 6.1. The 
omplete-ness of the test is straightforward:Lemma 6.5. If � is satis�able, there is a balan
ed proof whi
h HomLinTest a

eptswith probability at least 1� Æ.The soundness of the test is not-so-obvious. We have to prove that if veri�er a

eptswith large enough probability, then there is a good strategy for the provers P1 andP2 in the 2P1R game for E3-CNF(5) from Se
. 4.1. The probability that the veri�era

epts 
an be written as1 + EU;W;�;f;g;e[AU (f)AW (g)AW ((f Æ �U;W )g)℄2 : (6.3)Hen
e we need to 
omputeEU;W;�;f;g;e[AU;�(f)AW (g)AW ((f Æ �U;W )g)℄: (6.4)Applying the Fourier-transform, we get thatEf;g;e[AU;�(f)AW (g)AW ((f Æ �U;W )g)℄= X��SATW ÂU;�;�2U (�)ÂW;�(1� 2Æ)j�j= X��SATW�U;W2 (�)=; ÂU;�;;ÂW;�(1� 2Æ)j�j + X��SATW�U;W2 (�)6=; ÂU;�;�U;W2 (�)ÂW;�(1� 2Æ)j�j:



6.2. The PCP 53HomLinTest .Input: An E3-CNF(5) formula � = Ci ^ : : : ^ Cm with n variables and m
lauses. The proof is a Standard Written Proof with parameters u and K.1. Sele
t uniformly at random a sequen
e W = (C1; : : : ; Cu) of u 
lausesand a sequen
e U of u variables by for ea
h 
lause Ck 
hoosing uni-formly at random a variable o

urring in Ck.2. Sele
t uniformly at random � 2 f1; : : : ; D(n)g.3. Sele
t uniformly at random f 2 2f0;1gU and g 2 2SATW .4. Sele
t e 2 2SATW by for ea
h y independently setting e(y) = 1 withprobability 1� Æ and e(y) = �1 with probability Æ.5. A

ept if AU;�(f)AW (g)AW ((f Æ �U;W )g) = 1, else reje
t.Figure 6.1. The above PCP is parameterized by the positive integers u and Kand the positive real Æ and tests if a E3-CNF(5) formula � is satis�able by queryingthree positions in a Standard Written Proof with parameters u and K. With suitable
hoi
es of the parameters u, K and Æ, the above PCP has 
ompleteness 1 � � andsoundness 2�p2 + � for any � > 0 and a p-balan
ed proof.Hen
e we need to 
onsider expressions on the formEU;W;�26664 X��SATW�U;W2 (�)=; ÂU;�;;Â2W;�(1� 2Æ)j�j37775and EU;W;�26664 X��SATW�U;W2 (�)6=; ÂU;�;�U;W2 (�)Â2W;�(1� 2Æ)j�j37775 :From the proof of soundness of Håstad's veri�er in Chapter 4, we expe
t that we
an extra
t a strategy from the latter terms, and this will indeed turn out to bethe 
ase. We �rst 
on
entrate on bounding the terms of the �rst kind.Lemma 6.6. For a p-balan
ed proof,EU;�[max(0; ÂU;�;;)℄ � (1� p) + 11 +K :
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tionProof.EU;�[ÂU;�;;℄ = EU;�[max(0; ÂU;�;;)℄ + EU;�[min(0; ÂU;�;;)℄:Now, EU;�[max(0; ÂU;�;;)℄� EU;�[min(0; ÂU;�;;)℄ = EU;�[jÂU;�;;j℄ � 1and by Lemma 6.4EU;�[max(0; ÂU;�;;)℄ + EU;�[min(0; ÂU;�;;)℄ � (1� 2p) + 2K + 1 ;it follows thatEU;�[max(0; ÂU;�;;)℄� 1 + EU;�[min(0; ÂU;�;;)℄� 1 + (1� 2p) + 2K + 1 � EU;�[max(0; ÂU;�;;)℄:So EU;�[max(0; ÂU;�;;)℄ � (1� p) + 11 +K :Lemma 6.7. For a p-balan
ed proof,EU;W;�26664 X��SATW�U;W2 (�)=; ÂU;�;;Â2W;�(1� 2Æ)j�j37775 � (1� p) + 1=(1 +K): (6.5)Proof. Sin
e by Parseval's equality, 0 �P�U;W2 (�)=; Â2W;� � 1, it follows thatEU;W;�26664 X��SATW�U;W2 (�)=; ÂU;�;;Â2W;�(1� 2Æ)j�j37775 � EU;�[max(0; ÂU;�;;)℄:By Lemma 6.6, the lemma follows.Lemma 6.8. If HomLinTest a

epts a p-balan
ed proof with probability at least2�p2 + 12(K+1) + Æ, there is a strategy for the 2P1R game with su

ess probabilityat least 8Æ3.



6.2. The PCP 55Proof. Re
all that the probability that the veri�er a

epts may be written as 1+q2 ,where q isEU;W;�;f;g;e[AU;�(f)AW (g)AW ((f Æ �U;W )g)℄= EU;W;�24 X��SATW ÂU;�;�U;W2 (�)B̂W;�(1� 2Æ)j�j35 :By Lemma 6.7, the terms where �U;W2 (�) = ; 
ontribute at most (1� p) + 11+K , sothe terms where �U;W2 (�) 6= ; must 
ontribute at least 2Æ.First note that, for �xed U ,W and �, by the Cau
hy�S
hwartz inequality,X��SATW�U;W2 (�)6=; ÂU;�;�U;W2 (�)Â2W;�(1� 2Æ)j�j � (6.6)vuuuuuut0BBB� X��SATW�U;W2 (�)6=; Â2U;�;�U;W2 (�)Â2W;�(1� 2Æ)2j�j1CCCA0BBB� X��SATW�U;W2 (�)6=; Â2W;�1CCCA: (6.7)Now, X��SATW�U;W2 (�)6=; Â2W;� � X��SATW Â2W;� = 1 (6.8)by Parseval's equality, so the right-hand side of (6.7) is at mostvuuuuuut0BBB� X��SATW�U;W2 (�)6=; Â2U;�;�U;W2 (�)Â2W;�(1� 2Æ)2j�j1CCCA: (6.9)Thus, using E[X2℄ � E[X ℄2 (Jensen's inequality), we haveEU;W;�26664 X��SATW�U;W2 (�)6=; Â2U;�;�U;W2 (�)Â2W;�(1� 2Æ)2j�j37775 � 4Æ2: (6.10)Now 
onsider the following strategy for the provers P1 and P2: The prover P1re
eives a sequen
e W of u 
lauses whereupon P1 pi
ks a � with probability Â2W;� .
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tionFinally P1 pi
ks a y 2 � uniformly at random, and returns it. The prover P2 re
eivesa sequen
e U of u variables, whereupon P2 
hooses a random � 2 f1; : : : ; D(u)g anda random � with probability Â2U;�;�. Then P2 pi
ks a x 2 � uniformly at random,and returns this x as its answer. If either P1 or P2 pi
ks an empty � or �, theygive up. The probability of 
onvin
ing the veri�er is at leastEU;W;�26664 X��SATW�U;W2 (�)6=; Â2U;�;�U;W2 (�)Â2W;� j�j�137775 : (6.11)Sin
e ex � 1 + x � x for real x, e2Æj�j2Æ � 2Æj�j2Æ = j�j, thus we have that j�j�1 �2Æe�2Æj�j � 2Æ(1 � 2Æ)j�j, where we again used ex � 1 + x in the last inequality(with negative x). We have that (6.11) is at least2Æ EU;W;�26664 X��SATW�U;W2 (�)6=; Â2U;�;�U;W2 (�)Â2W;�(1� 2Æ)2j�j37775 : (6.12)By (6.10), this expression is at least 8Æ3.The analysis above is essentially tight; 
onsider the 
ase of p = 0 and thefollowing strategy for a 
heating prover: Color a fra
tion q of the variables bluewhere q is 
hosen so that exa
tly 1=2 of the sequen
es U 
ontains at least oneblue variable. Call these U blue, and the sequen
es U whi
h 
ontain no bluevariables white. Similarly we 
all sequen
es W of 
lauses blue if they 
ontain anyblue variables, and white otherwise. For ea
h blue U , let AU;� be 
onstant �1for 1 � � � D(u), and for ea
h white U let AU;� be 
onstant 1. For ea
h blueAW , let y 2 SATW be any assignment su
h that the assignment y0, obtained by�ipping the blue variables is still in SATW (su
h an y will almost always exist).Let AW = �fy;y0g. For the white W let AW be 
onstant 1. Now, if the veri�erpi
k a white U and a white W , this strategy always 
onvin
es the veri�er. If theveri�er pi
ks a white U and a blue W , the strategy su

eeds with probability atleast (1� Æ)2, sin
e AU;�(f) = 1 andAW (g)AW ((f Æ �U;W )ge) = �fy;y0g(g)�fy;y0g((f Æ �U;W )ge)= �fy;y0g((f Æ �U;W )e)= (f Æ �U;W )(y)(f Æ �U;W )(y0)e(y)e(y0):Now �U;W (y) = �U;W (y0) sin
e y and y0 only di�er in blue variables, of whi
h thereare none in U , so AW (g)AW ((f Æ �U;W )ge) = 1 with probability at least (1� Æ)2.If the veri�er pi
ks a blue U and a blue W , �U;W (y) 6= �U;W (y0), sin
e U 
ontains
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ed Homogeneous Equations 57at least one variable in whi
h y and y0 di�er, so AW (g)AW ((f Æ �U;W )ge) will beuniformly distributed, and the strategy will su

eed with probability 1=2. Sin
e allvariables in U o

ur in the 
lauses of W , the veri�er will never 
hoose a blue U anda white W . Hen
e the probability of su

ess is at leastPr[U blue and W blue℄ 12 + (1� Pr[U blue and W blue℄)(1� Æ)2:Sin
e the veri�er 
hooses U uniformly and U is blue with probability 1=2,Pr[U blue and W blue℄ = 1=2, and thus the strategy su

eeds with probabilityat least 2(1�Æ)2+14 , whi
h is essentially 3=4 when Æ is small.6.3 Hardness of Approximating Balan
ed Homoge-neous EquationsIn this se
tion we prove inapproximability results for Maximum Balan
ed-Lin-2 andMinimum UnSat Balan
ed-Lin-2 by redu
ing from the proof system in the previousse
tion.Lemma 6.9. Let L 2 NP. Then for any Æ0 > 0, given x it is possible to 
onstru
ta system of linear equations modulo 2 on n variables (of polynomial size), with allright-hand sides 0 and where ea
h equation 
ontains exa
tly three variables, su
hthat the following holds:� If x 2 L, then there is a balan
ed assignment to the variables whi
h satis�esat least a fra
tion 1� Æ0 of all equations� If x =2 L then any p-balan
ed assignment satis�es at most a fra
tion 2�p2 + Æ0of all equations.Proof. Choose the parameters for HomLinTest so that Æ = Æ02 , 12(K+1) � Æ02 , and theparameter u so that the soundness in the 2P1R game 
u� < 8Æ3. For the resultingveri�er, write down for ea
h random string the 
orresponding equation. Sin
e theveri�er uses O(logn) random bits, this will be a polynomial number of equations.By Lemma 6.5, if � is satis�able there is a balan
ed assignment whi
h satis�es atleast a fra
tion 1� Æ = 1� Æ0=2 � 1� Æ0 of all equations. By Lemma 6.8, if � is atmost �-satis�able, and there is a p-balan
ed assignment whi
h satis�es as least afra
tion 2�p2 + 12(K+1) + Æ � 2�p2 + Æ0=2+ Æ0=2 of all equations, there is a strategyfor the 2P1R game whi
h makes the veri�er a

ept with probability at least 8Æ3, a
ontradi
tion. The lemma follows sin
e by Theorem 4.1 it isNP-hard to distinguishbetween the 
ases that � is satis�able and that � is at most �-satis�able.Now we 
an prove inapproximability of Minimum E3-UnSat Balan
ed-Lin-2 .Theorem 6.10. For any 
 � 1, Minimum E3-UnSat Balan
ed-Lin-2 
annot beapproximated within 
 in polynomial time unless P = NP.
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tionProof. In Lemma 6.9 
hoose the parameter Æ0 < 18
 .In the 
ase when the input x 2 L, there is a balan
ed assignment whi
h satis�esall but at most a fra
tion Æ0 of all equations, while in 
ase x =2 L, at least 18of all equations are unsatis�ed by any balan
ed assignment. Hen
e if we 
ouldapproximate Minimum E3-UnSat Balan
ed-Lin-2 within 
, we 
ould de
ide anNP-
omplete problem.For the maximization version, we have the following:Theorem 6.11. For any � > 0, Maximum E3-Balan
ed-Lin-2 
annot be approxi-mated within 4=3� � in polynomial time, unless P =NP.Proof. Choose Æ in Lemma 6.9 su
h that1� Æ034 � Æ0 � 43 � �:There are �pseudo-approximation� algorithms for Minimum Bise
tion whi
h relaxthe 
ondition that the parts should be equal. For example it is possible to �nd asolution where the smallest part is at least 1=3 and the number of edges 
ut is withina fa
tor O(logn) of the minimum bise
tion [41℄. Be
ause of this, it is interestingwith negative results of the same kind. Indeed, for the minimization problem we
an prove that the problem is still hard to approximate within any 
onstant for thiskind of algorithm:Theorem 6.12. For any 0 < p < 1, for any 
 � 1 there is no polynomial timealgorithm with �nds a p balan
ed solution whi
h approximates the optimum ofMinimum E3-UnSat Balan
ed-Lin-2 within a fa
tor 
, unless P = NP.Proof. Choose Æ0 < p2(
+1) in Lemma 6.9. Then if x 2 L there are at most p2(
+1)unsatis�ed equations for a balan
ed assignment, while if x =2 L, for a p-balan
edassignment there are at least a fra
tionp2 � Æ0 � p2 � p2(
+ 1) = p
2(
+ 1)unsatis�ed equations. Thus if the p-balan
ed solution approximates withinp
2(
+ 1). p2(
+ 1) = 
we 
ould de
ide an NP-
omplete language.Theorem 6.13. For any 0 < p < 1, for any � > 0, there is no polynomial timealgorithm whi
h �nds a p-balan
ed solution whi
h approximates the optimum ofMaximum E3-Balan
ed-Lin-2 within 22�p � �.



6.4. Con
lusions and open problems 59Proof. Choose the parameter Æ0 in Lemma 6.9 so that1� Æ02�p2 + Æ0 � 22� p � �:6.4 Con
lusions and open problemsThe most interesting question is whether these te
hniques 
an be applied to Min-imum Bise
tion, and other similar problems. However, designing a PCP for Min-imum Bise
tion seems di�
ult. It has to read two bits and 
he
k that they areequal, and we don't know how to do this with 
urrent te
hniques. An alternativewould be to try �nd a redu
tion from our problem to Minimum Bise
tion, sin
ethey are somewhat similar, this might be a workable approa
h.We have proven lower bounds; what about upper bounds? For Maximum Ek-Balan
ed-Lin-2 there is a 2-approximation algorithm � the algorithm whi
h justpartitions the variables into two equal sized parts at random will satisfy a fra
tion1=2� o(1) of all variables. For Minimum Ek-UnSat Balan
ed-Lin-2 we only knowof an approximation algorithm for the 
ase k = 2 i.e., Minimum Bise
tion. Asmentioned previously, there is an O(log2 n)-approximation algorithm for MinimumBise
tion [19℄. It seems very unlikely that this algorithm would extend to k > 2,sin
e it is very graph-theoreti
al in nature.
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Chapter 7Vertex 
over on k-uniformhypergraphs7.1 Introdu
tionConsider Minimum Vertex Cover, i.e., the problem in whi
h we are given a graphand are asked to �nd a minimum set of verti
es S su
h that ea
h edge has anend-point in S.It is well-known that this problem is NP-hard to solve exa
tly, and it wasre
ently proven by Dinur and Safra [10℄ that it is NP-hard to approximate within10p5 � 21 � � � 1:3606. The best known algorithm approximates the problemwithin a fa
tor 2� o(1)Now 
onsider the generalization to k-uniform hypergraphs. We 
all this problemMinimum Ek-Vertex Cover. Sin
e Minimum Vertex Cover on general hypergraphsis equivalent to Minimum Set Cover, it follows by a result of Feige [16℄ that theproblem is �almost� NP-hard to approximate within a fa
tor (1 � �) lnn for any� > 0. This result is essentially tight sin
e there is an 1 + lnn-approximationalgorithm [34℄. It is also known that the problem is NP-hard to approximate towithin 
(logn) [44℄.A less well studied 
ase is what happens when k is a 
onstant not equal to 2.There is a trivial approximation preserving redu
tion from Minimum Ek-VertexCover to Minimum E(k+1)-Vertex Cover (just add one unique element to ea
hset), so the hardness result for Minimum Vertex Cover also applies to Minimum Ek-Vertex Cover for k > 2. The best known algorithm is by Halperin and approximatesMinimum Ek-Vertex Cover within k � (k�1) ln lnnlnn [26℄, so this is even farther fromtight than for Minimum Vertex Cover. Sin
e the general problem where the size ofthe sets is unbounded is hard to approximate within a logarithmi
 fa
tor, we wouldexpe
t Minimum Ek-Vertex Cover to get harder to approximate as k grows. Indeed,Trevisan [52℄ proved that asymtopti
ally Minimum Ek-Vertex Cover is NP-hard to61



62 Chapter 7. Vertex 
over on k-uniform hypergraphsapproximate within 
(k1=19)In this 
hapter we improve upon the result of Trevisan and prove that MinimumEk-Vertex Cover is NP-hard to approximate within 
(k1��), for any � > 0.There are two sour
es of our improvement over Trevisan's result. Firstly, wegive an improved redu
tion from a PCP system to Minimum Vertex Cover onhypergraphs. By this redu
tion, we have that if NP 
an be 
hara
terized by a qquery PCP with answers from a domain of size d, with perfe
t 
ompleteness andsoundness s(d) (i.e., 
orre
t proofs are a

epted with probability 1 and in
orre
tproofs are a

epted with probability at most s(d)), then Minimum Vertex Cover onq(d� 1)-uniform hypergraphs is NP-hard to approximate to within s(d)1=q .Se
ondly, we use a di�erent PCP 
hara
terization of NP. Trevisan 
onstru
ts a3 query PCP with perfe
t 
ompleteness, answer domain of size d = 2l and soundness(3=4)l = dlog(3=4) � d�0:415. We instead use a PCP with properties similar to thequery e�
ient PCP of Håstad and Khot [29℄. Our PCP has perfe
t 
ompleteness,makes 2t+ t2 queries from a domain of size d � 3 and has soundness (d=2)�t2 .7.1.1 Subsequent resultsThe 
(k1��) lower bound for Minimum Ek-Vertex Cover has subsequently beenimproved to k � 3� � by Dinur, Guruswami and Khot [8℄.It has been 
ommuni
ated to me by Dinur, Guruswami, Khot and Regev thatthey have sin
e improved this to k � 1� �. This result has not yet been published,however.7.2 A redu
tion from PCP to Minimum Ek-VertexCoverIn this se
tion we prove that if NP � naPCP1;s(d)[O(logn); q; d℄, then, for k =q(d � 1), Minimum Ek-Vertex Cover is NP-hard to approximate within s(d)�1=q .Our redu
tion is inspired by Goldrei
h [23℄, and its analysis uses te
hniques similarto those used by Trevisan [52℄.Assume that NP � naPCP1;s(d)[O(logn); q; d℄ and for someNP-
omplete lan-guage L let V be the veri�er whi
h thus exists. First we modify the veri�er to makesure that ea
h of the q queries are uniformly distributed in the proof. We do this by�rst making all positions equally likely by if ne
essary dupli
ating some positions inthe proof and when querying a dupli
ated position 
hoosing one of the dupli
atesrandomly. If some positions are never queried then we simply omit them from theproof. We also randomly permute the order of the queries. This is possible sin
ethe veri�er is non-adaptive. By doing this ea
h query will be uniformly distributed(albeit of 
ourse not independent from ea
h other).We now des
ribe the redu
tion to Minimum Ek-Vertex Cover. On input x we
onstru
t the hypergraph H . The verti
es in H are pairs (p; a) for all positions p



7.2. A redu
tion from PCP to Minimum Ek-Vertex Cover 63in the proofs and all the possible answers a. Hen
e if P is the number of positionsin the proof, the graph H 
onsists of P layers Sp, ea
h layer of size d.For ea
h layer p we add an edge Sp 
ontaining the verti
es in layer p. We 
allthese edges layer-edges. The purpose of the layer-edges is to for
e a vertex 
over to
ontain at least one answer for ea
h position.Now we add edges for all the random strings �. Suppose the veri�er queriesthe positions p1; : : : ; pq on random string �. Consider the 
orresponding q layersSp1 ; : : : ; Spq . We want to ensure that for any vertex 
over of H , there is at least oneway of pi
king (p1; a2); : : : ; (pq; aq) from the 
over su
h that a1; : : : aq is a

eptedby the veri�er. We 
an a
hieve this by for ea
h set for whi
h this is not the 
ase,simply adding, as an edge in H , the 
omplement in the subgraph indu
ed by thelayers Sp1 ; : : : ; SpqMore formally, for all non-empty subsets S1 � Sp1 ; : : : ; Sq � Spq su
h thatthere is no way of 
hoosing (p1; a1) 2 S1; : : : ; (pq; aq) 2 Sq , su
h that a1; : : : ; aq isa

epted by the veri�er on random string �, we add (Sp1 n S1) [ : : : [ (Spq n Sq) asan edge in H . We 
all these edges non layer-edges.Lemma 7.1. If x 2 L then there is a vertex 
over of size P in H .Proof. If x 2 L then there is a proof � whi
h makes the veri�er a

ept withprobability 1. Constru
t S by for ea
h layer p putting (p; �(p)) in S. The layer-edges Sp are 
learly 
overed. Suppose we have an un
overed non layer-edge e =(Sp1 nS1)[: : :[(Spq nSq). Then we must have (p1; �(p1)) 2 S1; : : : ; (pq; �(pq)) 2 Sq .But then �(p1); : : : ; �(pq) must be reje
ted by the veri�er on random string �, a
ontradi
tion. Thus all edges must be 
overed.Lemma 7.2. If x =2 L, then no set of size less than s(d)�1=qP is a vertex 
over ofH .Proof. Suppose there is a 
over S of size tP . To begin with, all layer-edges Sp mustbe 
overed, so ea
h layer 
ontains at least one vertex from the 
over.For layer p let L(p) = Sp\S. Now de�ne a random proof � by for ea
h positionp pi
king uniformly at random a su
h that (p; a) 2 L(p) and letting �(p) = a.Consider a random string �, and note that sin
e S is a 
over, there must be at leastone way of 
hoosing (p1; a1) 2 L(p1); : : : ; (pq ; aq) 2 L(pq) su
h that the veri�era

epts on random string � when seeing the answers a1; : : : ; aq , sin
e otherwise(Sp1 nL(p1))[ : : :[ (Spq nL(pq)) would be an edge in H whi
h is not 
overed by S.The probability that we pi
ked these answers when 
onstru
ting � isQqi=1 jL(pi)j�1.Also, E[jL(pi)j℄ = E[jL(p1)j℄ = t, sin
e all the queries are uniformly distributed inthe proof. Hen
e the expe
ted number of � for whi
h the veri�er a

epts on � is atleast E� " qYi=1 jL(pi)j�1# � e�E� [Pqi=1 ln jL(pi)j℄ = e�q E�[ln jL(p1)j℄ �e�q ln E[jL(p1)j℄ = e�q ln t = t�q



64 Chapter 7. Vertex 
over on k-uniform hypergraphswhere we used that E[eX ℄ � eE[X℄ and E[� lnX ℄ � � ln E[X ℄, by Jensen's inequal-ity. If follows that there must be some � whi
h makes the veri�er a

ept with atleast probability t�qHowever, we know that no proof makes the veri�er a

ept with probabilitygreater than s(d), so we must have t � s(d)�1=q .We 
ombine the two previous lemmas into the following theorem:Theorem 7.3. Suppose that NP � naPCP1;s(d)[O(log n); q; d℄. Then MinimumE(q(d-1))-Vertex Cover is NP-hard to approximate within s(d)�1=q .Proof. On input x, 
reate the hypergraph H as des
ribed above. The edges inthis hypergraph has size at most q(d � 1), and we 
an make sure that all edgeshas exa
tly this size by padding them with unique elements. By Lemma 7.1 andLemma 7.2 if we 
ould distinguish between the 
ase that there is a 
over of sizeP and the 
ase that no 
over of size less than s(d)�1=qP is a 
over, then we 
ouldde
ide whether x 2 L. Hen
e it isNP-hard to approximate Minimum Vertex Coveron q(d� 1)-uniform hypergraphs within s(d)�1=q .7.3 A query e�
ient PCP for NPIn this se
tion we give an simpli�ed 
onstru
tion as 
ompared to that of Håstadand Khot [29℄ of a query e�
ient non-adaptive PCP with domain d. We then useit to prove the 
(k1��) lower bound for Minimum Ek-Vertex Cover. The test isbased on simple 3-query PCP with perfe
t 
ompleteness and domain d. Similarlyto Samorodnitsky and Trevisan [45℄ this test is then iterated in a query-e�
ientway. The resulting test is similar to the test of Samorodnitsky and Trevisan, and inparti
ular to the generalization of this test to larger domains by Engebretsen [11℄.The test is analyzed using te
hniques from Håstad and Wigderson's [30℄ simpli�edanalysis of the PCP of Samorodnitsky and Trevisan.7.3.1 The basi
 3-query proto
olThe input to the veri�er is a Standard Written d-Proof. Instead of a

essing thetables AU and AW dire
tly, the veri�er will a

ess folded tables, AU;Zd and AW;Zd .The veri�er is given in Figure 7.1. The test is very similar to the basi
 PCP byHåstad des
ribed in Chapter 4. The di�eren
e is that the �noise�-fun
tion e hasbeen repla
ed by h whi
h uniformly takes values in f1; !g, and instead of onlya

epting when the produ
t is 1, we make use of the larger domain and a

eptboth when the produ
t is 1 and when the produ
t is !. We note at this pointthat this test is similar to the test used by Engebretsen and Guruswami [12℄ to



7.3. A query e�
ient PCP for NP 65Basi
Test.Input: An E3-CNF(5) formula � = Ci ^ : : : ^ Cm with n variables and m
lauses. The proof is a Standard Written d-Proof with parameter u, withall the tables folded over Zd.1. Sele
t uniformly at random a sequen
e W = (C1; : : : ; Cu) of u 
lausesand a sequen
e U of u variables by for ea
h 
lause Ck 
hoosing uni-formly at random a variable o

urring in Ck.2. Sele
t uniformly at random f 2 Zf0;1gUd3. Sele
t uniformly at random g 2 ZSATWd4. Sele
t h 2 ZSATWd by 
hoosing h(y) 2 f1; !g uniformly and indepen-dently.5. A

ept if AU;Zd(f)AW;Zd(g)AW;Zd(((f Æ �U;W )g)�1h) 2 f1; !g.Figure 7.1. The above PCP is parameterized by the positive integers u and dand tests if a E3-CNF(5) formula � is satis�able by querying three positions in aStandard Written d-Proof with parameter u. With suitable 
hoi
e of the parameteru, the test has perfe
t 
ompleteness and soundness 2d + � for any � > 0.prove inapproximability of linear in-equations over Zd. In their test h(y) is 
hosenuniformly in Zd n f1g and the test a

epts ifAU;Zd(f)AW;Zd(g)AW;Zd(((f Æ �U;W )g)�1h) 6= 1:The 
ompleteness of the test is straightforward:Lemma 7.4. If � is satis�able, a 
orre
t proof is a

epted by Basi
Test with prob-ability 1.We pro
eed to analyze the soundness.Lemma 7.5. If Basi
Test a

epts with probability 2d + Æ, then there is a strategyfor the 2P1R game with su

ess probability at least (2d)�2Æ2.Proof. Fix U and W and let A = AU;Zd and B = AW;Zd . As a shorthand, letA

(
) = 
�1A(f)B(g)B((f Æ �U;W )g)�1h);
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over on k-uniform hypergraphsfor 
 2 f1; !g. We have that the a

eptan
e probability 
an be writtenEU;W;f;g;h"1d d�1Xk=0A

(1)k +A

(!)k# =1d  d�1Xk=0 EU;W;f;g;h[A

(1)k℄ + d�1Xk=0 EU;W;f;g;h[A

(w)k ℄! �1d  d�1Xk=0 ���� EU;W;f;g;h[A

(1)k℄����+ d�1Xk=0 ���� EU;W;f;g;h[A

(w)k ℄����! = (7.1)2d d�1Xk=0 ���� EU;W;f;g;h[A

(1)k℄���� : (7.2)Where the last equality holds sin
e EU;W;f;g;h[A

(w)k ℄ = wk EU;W;f;g;h[A

(w)k ℄and jwkj = 1. Now if the a

eptan
e probability, and hen
e (7.2) is greater that2=d+ Æ there must be some term���� EU;W;f;g;h[A

(1)k℄���� = ���� EU;W;f;g;h[A(f)kB(g)kB(((f Æ �U;W )g)�1h)k℄���� (7.3)whi
h is at least Æ=2. For notational simpli
ity we may assume that k = 1, sin
eif this is not the 
ase we 
an just repla
e ea
h table with its k:th power. Thus
onsider EU;W;f;g;h[A(f)B(g)B(((f Æ �U;W )g)�1h)℄ (7.4)using the Fourier inversion formula (Theorem 5.8) we get that this 
an be writtenas EU;W 2666664 X�2Ẑf0;1gUd�1;�22ẐSATWd Â�B̂�1B̂�2 Ef;g;h[��(f)��1(g)��2(((f Æ �U;W )g)�1h)℄3777775 (7.5)and we have thatEf;g;h[��(f)��1(g)��2(((f Æ �U;W )g)�1h)℄ =Ef [��(f)��2((f Æ �U;W )�1)℄ Eg [��1(g)��2(g�1)℄ Eh [��2(h)℄where we used the multipli
ative property (5.1). We have that, by (5.2), (5.3) and(5.4), Eg[��1(g)��2(g�1)℄ = Eg [��1��2(g)℄ = 0 unless �1 = �2 = �. Similarly by in



7.3. A query e�
ient PCP for NP 67addition using Lemma 5.21, Ef [��(f)��((f Æ �U;W )�1)℄ = 0 unless �U;Wd (�) = �.Also note thatEh [��(h)℄ = Eh 24Yy2�(h(y)�(y)35 =Yy 12(1 + !�(y))where a fa
tor is 1 if the 
orresponding �(y) is 0 and otherwise has absolute valueat most j(1 + !)j=2. We havej1 + !j2 = (1 + 
os(2�=d))2 + sin2(2�=d)= 2 + 2 
os(2�=d):For d 2 f3; 4g, we have 2 + 2 
os(2�=d) < 2, and for d � 5, we use the Ma
Laurinexpansion of 
os(x) to get that
os(2�=d) � 1� (2�=d)2=2 + (2�=d)4=6 � 1� (�=d)2:Thus 2 + 2 
os(2�=d) � 4 � (�=d)2 i.e., j(1 + !)j=2 � (1 � 1=d2)1=2. It followsthat (7.5) has absolute value at mostEU;W 264 X�2ẐSATWd jÂ�U;Wd (�)jB̂2�(1� 1=d2)j�j=2375 : (7.6)By the Cau
hy�S
hwartz inequality, this is as mostEU;W 2664vuuuut0B� X�2ẐSATWd jÂ�U;Wd (�)j2jB̂� j2(1� 1=d2)j�j1CA0B� X�2ẐSATWd jB̂� j21CA3775 =EU;W 2664vuut X�2ẐSATWd jÂ�U;Wd (�)j2jB̂� j2(1� 1=d2)j�j3775 : (7.7)We also have that (1�1=d2)j�j � e�d�2j�j � (d�2j�j)�1, so if we insert this in (7.7)we have proven thatÆ2 � d EU;W 2664vuut X�2ẐSATWd jÂ�U;Wd (�)j2jB̂� j2j�j�13775 : (7.8)Now we des
ribe the strategies for the provers in the 2P1R game. P2 uponre
eiving U pi
ks an � with probability jÂ�j2 and returns a random x su
h that
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over on k-uniform hypergraphs�(x) 6= 0. P1 upon re
eiving W pi
ks a � with probability jB̂� j2 and returnsa random y su
h that �(y) 6= 0. This is always possible sin
e by Lemma 5.11Â0 = B̂0 = 0. The probability of su

ess is at leastEU;W 264 X�2ẐSATWd jÂ�U;Wd (�)j2jB̂� j2j�j�1375= EU;W 26640BB�vuut X�2ẐSATWd jÂ�U;Wd (�)j2jB̂� j2j�j�11CCA23775� 0BB� EU;W 2664vuut X�2ẐSATWd jÂ�U;Wd (�)j2jB̂� j2j�j�137751CCA2 : (7.9)Where we used E[X2℄ � E[X ℄2. Now by (7.8), we have that (7.9) is a least (2d)�2Æ2,and we are done.Theorem 7.6. For any d � 3, for any � > 0,NP = naPCP1;2=d+�[O(logn); 3; d℄Proof. By Theorem 4.1, de
iding any language in NP 
an be redu
ed to distin-guishing between the 
ases that an E3-CNF(5) formula � is satis�able of at most� satis�able.Choose the number of repetitions in the 2P1R game su
h that the soundness
u� < (2d)�2�2. Clearly Basi
Test makes 3 queries, and uses O(logn) random bits.By Lemma 7.4, if � is satis�able, there is a proof whi
h is a

epted with probability1. Thus the veri�er has 
ompleteness 1. By Lemma 7.5, if � is at most � satis�ableand there is a proof whi
h is a

epted with probability at least 2=d + �, therewould be a strategy for the 2P1R game with su

ess probability greater than 
u�, a
ontradi
tion. Thus the soundness is at most 2=d+ �7.3.2 The iterated testIn this se
tion we iterate the basi
 test from the previous se
tion. The iterated testis given in Figure 7.2. Again the 
ompleteness is straightforward, and we omit theproof of the following lemma:Lemma 7.7. If � is satis�able, a 
orre
t proof is a

epted by IterTest with prob-ability 1.We pro
eed to analyze the soundness.



7.3. A query e�
ient PCP for NP 69IterTest.Input: An E3-CNF(5) formula � = Ci ^ : : : ^ Cm with n variables and m
lauses. The proof is a Standard Written d-Proof with parameter u, and allthe tables folded over Zd.1. Sele
t uniformly at random a sequen
e U = (x1; : : : ; xu) of u variables.2. Sele
t t sequen
esW1; : : :Wt by independently for ea
h j sele
tingWjby for ea
h xl 2 U pi
king uniformly at random a 
lause Cl in whi
hxl o

urs, and letting Wj = (C1; : : : ; Cu).3. For 1 � i � t sele
t uniformly at random fi 2 Zf0;1gUd .4. For 1 � j � t sele
t uniformly at random gj 2 ZSATWjd .5. For 1 � i; j � t sele
t hij 2 ZSATWjd by 
hoosing hij(y) 2 f1; !guniformly and independently.6. A

ept if, for all 1 � i; j � t,AU;Zd(fi)AWj ;Zd(gj)AWj ;Zd(((fi Æ �U;Wj )gj)�1hij) 2 f1; !g:Figure 7.2. The above PCP is parameterized by the positive integers u, t and d andtests if a E3-CNF(5) formula � is satis�able by querying 2t+t2 . With suitable 
hoi
eof the parameter u, the test has perfe
t 
ompleteness and soundness 2t2d�t2 + �, forany � > 0 .Lemma 7.8. If IterTest a

epts with probability 2t2d�t2 + Æ, then there is a strat-egy for the 2P1R game with su

ess probability at least 2�2t2d�2Æ2.Proof. We de�ne the shorthandA

ij(
) = 
�1AU;Zd(fi)AWj ;Zd(gj)AWj ;Zd(((fi Æ �U;Wj )gj)�1hij): (7.10)Then the a

eptan
e probability 
an be written asEU;Wi;fi;gj ;hij 24 Y(i;j)2[t℄�[t℄Pd�1k=0 A

ij(1)k +Pd�1k=0 A

ij(!)kd 35 : (7.11)Now let S 2 f0; : : : ; d�1gt2 and T 2 f0; 1gt2 be ve
tors indexed by (i; j). Then (7.11)
an be written asEU;Wi;fi;gj ;hj 24d�t2 XS2f0::d�1gt2 XT2f0;1gt2 Y(i;j)2[t℄�[t℄A

ij(wT (i;j))S(i;j)35 : (7.12)
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over on k-uniform hypergraphsNow, EU;Wi;fi;gj ;hj 24 Y(i;j)2[t℄�[t℄A

ij(wT (i;j))S(i;j)35 =!
 EU;Wi;fi;gj ;hj 24 Y(i;j)2[t℄�[t℄A

ij(1)S(i;j)35where 
 is some integer 
onstant, so the absolute value of (7.12) is at mostd�t22t2 XS2f0::d�1gt2 ������ EU;Wi;fi;gj ;hj 24 Y(i;j)2[t℄�[t℄A

ij(1))S(i;j)35������Hen
e if the a

eptan
e probability is at least d�t22t2+Æ, there must be some S 6= 0so that������ EU;Wi;fi;gj ;hj 24 Y(i;j)2[t℄�[t℄A

ij(1))S(i;j)35������ � Æ2t2 :Fix su
h an S. Without loss of generality we may assume that S(1; 1) 6= 0. Fix Uand 
onsiderY(i;j)2[t℄�[t℄(AU;Zd(fi)AWj ;Zd(gj)AWj ;Zd(((fi Æ �U;Wj )gj)�1hj))S(i;j) (7.13)�x the values of f2; : : : ; ft, W2; : : : ;W2, g2; : : : ; gt and hij ex
ept for h11 in su
ha way as to not de
rease the expe
tation (over W1; f1; g1 and h11). These valuesdepend only on U . Then (7.13) 
an be written asA(f1)C(g1)B((f1g1)�1h11)whereA(f1) = Y(i;j)2[t℄�[t℄AU;Zd(fi) Y(i;j)2[t℄�[t℄j 6=1 AWj ;Zd(((fi Æ �U;Wj )gj)�1hij))S(i;j)is a fun
tion whi
h depends on the values 
hosen above, B(g) = AW1(g)S(1;1) andC(g) 
ontains the rest of the fa
tors. Applying the Fourier transform, we get that��EU;W1;f1;g1;h11A(f1)C(g1)B(((f1 Æ �U;W1 )g1)�1h11)℄�� �EU;W1 264 X�2ẐSATW1d jÂ�U;W1d (�)B̂�Ĉ� j(d�2j�j)�1=2375



7.4. Hardness of approximating Minimum Ek-Vertex Cover 71Using the Cau
hy�S
hwartz inequality, this is as mostEU;W1 2664vuuuut0B� X�2ẐSATW1d jÂ�U;Wd (�)j2jB̂� j2(d�2j�j)�11CA0B� X�2ẐSATW1d jĈ� j21CA3775 =EU;W1 2664vuut X�2ẐSATW1d jÂ�U;W1d (�)j2jB̂�j2(d�2j�j)�13775Now we de�ne the strategies for the P1 upon re
eiving W 
hooses a � with proba-bility jB̂� j2 and returns a random y su
h that �(y) 6= 0. The probability of su

essis at least P2 upon re
eiving U 
omputes the fun
tion A whose value depends onlyon U , and pi
ks and � with probability jÂ�j2 and returns a random x su
h that�(x) 6= 0. If no su
h x exist, P2 gives up. The probability of su

ess is at leastX�2ẐSATW1d�U;W1d (�)6=0 jÂ�U;W1d (�)j2jB̂� j2j�j�1 = X�2ẐSATW1d jÂ�U;W1d (�)j2jB̂�j2j�j�1: (7.14)Where the equality follows sin
e if �U;Wd (�) = 0, then Py �(y) = 0 (mod d), andif this is the 
ase we have B̂� = 0, sin
e B(g) = AW1;Zd(g)S(1;1), S(1; 1) 6= 0, andAW1 is folded over Zd, By the above we have that the right hand side of (7.14) isat least 2�2t2d�2Æ2.Combining the two previous lemmas, we get:Theorem 7.9. For any t � 1, d � 2, for any Æ > 0,NP = naPCP1;2t2d�t2+Æ [O(logn); 2t+ t2; d℄Proof. By Theorem 4.1, de
iding any language in NP 
an be redu
ed to distin-guishing between the 
ases that an E3-CNF(5) formula � is satis�able of at most� satis�able. Choose the parameter u su
h that the soundness of the 2P1R game
� < 2�2t2d�2Æ2. The veri�er IterTest makes 2t + t2 queries and uses O(logn)random bits. By Lemma 7.7, the veri�er has 
ompleteness 1, and by Lemma 7.8,if � is at most � satis�able and there is a proof whi
h is a

epted with probabilityat least 2t2d�t2 + Æ, there is a strategy for the 2P1R game with su

ess probabilityat least 2�2t2d�2Æ2, a 
ontradi
tion.7.4 Hardness of approximating Minimum Ek-VertexCoverNow we 
an put the PCP 
hara
terization of NP of the previous se
tion into theredu
tion of Se
tion 7.2 and get the following inapproximability result:



72 Chapter 7. Vertex 
over on k-uniform hypergraphsTheorem 7.10. For any � > 0, Minimum Ek-Vertex Cover is NP-hard to approx-imate within 
(k1��)Proof. Choose t = 2��1. Combining Theorem 7.9 and Theorem 7.3, we have thatfor any d � 2, Minimum Vertex Cover on k = (2t+ t2)(d� 1)-uniform hypergraphsis NP-hard to approximate to within((d=2)�t2)�1=(t2+2t) = (d=2)1�2=t= (d=2)1��Sin
e t depends only on � whi
h is a �xed 
onstant, d = 
(k) and (d=2)1�� =
(k1��).



Chapter 8Vertex 
over on 3-uniformhypergraphs8.1 Introdu
tionIn the previous 
hapter we studied what happened with the approximability ofMinimum Ek-Vertex Cover when the parameter k goes to in�nity. In this 
hapterand the next, we instead 
onsider the 
ase when k is small 
onstant greater than 2.In parti
ular, in this 
hapter we prove that Minimum E3-Vertex Cover is NP-hardto approximate within 3=2 � �. We use the same redu
tion as in Chapter 7, butinstead of using the PCP from Chapter 7 we use a non-adaptive 3-query booleanPCP with perfe
t 
ompleteness and soundness 3=4+�, whi
h is essentially the samePCP whi
h Håstad [28℄ uses to prove inapproximability of E3-Sat on satis�ableinstan
es.When analyzing the redu
tion we do not use the PCP as a bla
k box, insteadwe do a 
areful analysis of the number of 
overed edges.Compared to the original proof in [31℄, the analysis is simpli�ed by the use ofthe generalized two prover game whi
h we reviewed in Se
tion 5.2, and is in partvery similar to Khot's simpli�ed analysis of Håstad's PCP [39℄.
8.1.1 Subsequent resultsAs mentioned in Chapter 7, Dinur, Guruswami, Khot and Regev have proven ak� 1� � lower bound for Minimum Ek-Vertex Cover, thus giving a lower-bound of2� � for the 
ase of 3-uniform hypergraphs.73



74 Chapter 8. Vertex 
over on 3-uniform hypergraphs8.2 Hardness of approximating Minimum E3-VertexCoverWe need to modify the basi
 setup as des
ribed in Se
tion 5.2 somewhat, sin
e wehave a bipartite situation where the veri�er queries tables of two 
lasses (
orre-sponding to sequen
es U and sequen
es W ), it is important that the total numberof positions in the two 
lasses are equal. To this end, let D(u) be the number of
opies we need of ea
h position 
orresponding to an U to make the 
lasses the samesize. We make the 
lasses the same size by for 1 � � � D(u) for ea
h U havingalternate tables AU;� and pi
king one at random when making a query. Again,positions whi
h are never queried are omitted from the proof.The veri�er is essentially Khot's version of Håstad's PCP for E3-Sat [28, 39℄.Sin
e we are interested in the simplest possible analysis rather than to get a resultfor E3-Sat we use a di�erent a

eptan
e predi
ate. We give the veri�er in Figure 8.1.Re
all that the veri�er in LinTest 
ould be viewed as reading the error 
orre
tedvalue of (f Æ �U;W ) from AW;true and 
omparing with the value of f read fromAU;true.While in LinTest the fun
tion (f Æ�U;W )e is essentially (f Æ�U;W ) with uniformlyadded �noise�, in V
3Test the fun
tion h is essentially �(f Æ�U;W ) with some noiseadded. However, the noise is not uniformly added, but is only added at pointsy where (f Æ �U;W )(y) = �1. This makes is possible to get a test with perfe
t
ompleteness, sin
e in the 
ase when AU;true(f) = 1, we know that in a 
orre
t proofAW;true(g)AW;true(gh) must have the value �1. In the 
ase when AU;true(f) = �1,the veri�er a

epts immediately.We pro
eed by applying the redu
tion des
ribed in Se
tion 7.2 to this PCP. Theverti
es of the hypergraph 
onsists of pairs (p; a) where p is a position in the proofand a 2 f�1; 1g. Remember that be
ause of folding not all f and g are queriedby the veri�er. Denote by ~f and ~g the fun
tions a
tually queried when the veri�er
hooses f and g respe
tively. Note that, sin
e we omit positions in the proofs whi
hare never queried, a position in the proof is given either by the triple (U; �; ~f) orby the pair (W; ~g).This means that a layer looks either as S(U;�; ~f) = f((U; �; ~f);�1); ((U; �; ~f); 1)g,or as S(W;~g) = f((W; ~g);�1); ((W; ~g); 1)g.For a random string � for whi
h the veri�er makes queries (U; �; ~f) (W; ~g) and(W;fgh) the non-layer edges are the 
omplements of the reje
ting views. For exam-ple, in the 
ase when ~f = f , ~g = g and fgh = gh, the reje
ting views are (1; 1; 1)and (1;�1;�1), so we add the edges 
orresponding to the answers (�1;�1;�1)and (�1; 1; 1). Hen
e the size of the edges will be at most 3.We note as this point that the same edge may be added several times by thispro
edure. In the lemmas below whi
h mentions the fra
tion of edges whi
h is un-
overed, edges are 
ounted with this multipli
ity. However, sin
e we are interestedin whether all edges are 
overed, the multipli
ity doesn't matter. Thus we may
onsider the edges to be a set and not a multiset, and the graph whi
h we 
onstru
t



8.2. Hardness of approximating Minimum E3-Vertex Cover 75V
3Test.Input: AnE3-CNF(5) formula � = Ci ^ : : : ^ Cm with n variables and m
lauses. The proof is a Generalized Standard Written 2-Proof with param-eters u and T and all the tables folded over true.1. Sele
t a (T; u)-blo
k W uniformly at random, and 
hoose a random uproje
tion U of W .2. Sele
t uniformly at random f 2 2SATU and g 2 2SATW .3. Sele
t h 2 2SATW , by for ea
h y, if f(�U;W (y)) = 1 set h(y) = �1. Iff(�U;W (y)) = �1, set h(y) = 1 with probability 1� Æ and h(y) = �1with probability Æ.4. A

ept if (1 + AU;�;true(f))(1 + AW;true(g)AW;true(gh)) = 0, else re-je
t.Figure 8.1. The above PCP is parameterized by the positive integers u and Tand the positive real Æ � 1=2 and tests if a E3-CNF(5) formula � is satis�able byquerying three positions in a Generalized Standard Written 2-Proof with dupli
ateU-tables. With suitable 
hoi
es of the parameters u, T and Æ as fun
tions of �, theabove PCP has perfe
t 
ompleteness and soundness 3=4 + � for any 
onstant � > 0.is a hypergraph as per de�nition 2.20.Let P be the total number of positions in the proof. By Lemma 7.1 it followsthat if � is satis�able, then there is a 
over of size P .Let Q1 be the set of all triples (U; �; ~f) and Q2 be the set of all pairs (W; g).By 
onstru
tion, P=2 = jQ1j = jQ2j.Suppose there is a 
over S of size tP in H . Now sin
e S is a 
over, all layer-edges must be 
overed. We may thus view S as a fun
tion S : Q1 [ Q2 !ff�1g; f1g; f1;�1gg de�ned by the interse
tion of S and Sp for a position p. De�netables BU;� and BW by (for f = ~f i.e., f whi
h are a
tually in the proof)BU;�( ~f) =8<: �1 if S(U; �; ~f) = f�1g1 if S(U; �; ~f) = f1g0 if S(U; �; ~f) = f1;�1g:For the f whi
h are not in the proof �f must be in the proof so we de�ne BU;�(f) =�BU;�(�f) (i.e., folding over true). De�ne BW (~g) in the same way and extend thetable to all g by folding over true.Lemma 8.1. The fra
tion of non-layer edges whi
h is 
overed is1� E �BU;�(f)2BW (g)2BW (gh)2(1 +BU;�(f))(1 +BW (g)BW (gh))�8 (8.1)where the expe
tation is over the 
hoi
e of U; �;W; f; g and h in the veri�er.



76 Chapter 8. Vertex 
over on 3-uniform hypergraphsProof. Sin
e for ea
h random string � there are two non-a

epting views there isexa
tly two non layer-edges e1 and e2 for ea
h random string. Suppose that theveri�er pi
ks fun
tions f , g and h on random string �. Note that if at least oneof BU;�(f); BW (g) or BW (hg) is 0, this means at least one of the 
orrespondinglayers 
ontains two elements from the 
over, whi
h means that both e1 and e2 are
overed. On the other hand, if none of BU;�(f); BW (g) or BW (gh) is 0, there is oneun
overed edge if BU;�(f); BW (g) and BW (gh) would make the veri�er reje
t, andotherwise both edges are 
overed. In other words, the number of 
overed edges is2� BU;�(f)2BW (g)2BW (gh)2 (1 +BU;�(f))(1 + BW (g)BW (hg))4Taking the expe
tation, we get that the fra
tion of 
overed non layer-edges is1� E �BU;�(f)2BW (g)2BW (hg)2(1 +BU;�(f))(1 +BW (g)BW (hg))�8Lemma 8.2. Let CU;� : 2SATU ! [�1; 1℄, and let CW : 2SATW ! [�1; 1℄, LetU; �;W; f; g; h be 
hosen as in V
3Test with 0 < Æ � 1=2 and T = log(1=Æ2)Æ3 . Supposethat ���� EU;�;W;f;g;h[CU;�(f)CW (g)CW (hg)℄� EU;�;W hĈU;�;;Ĉ2W;;i���� � 9Æ: (8.2)Then there is a strategy for the Generalized 2P1R game with su

ess probabilityat least Æ4log(1=Æ) :Proof. Using Fourier-expansion,EU;�;W;f;g;h [CU;�(f)CW (g)CW (hg)℄ =EU;�;W 26664 X��SATU�1;�2�SATW ĈU;�;�ĈW;�1 ĈW;�2 Ef;g;h[��(f)��1(g)��2(hg)℄37775 : (8.3)We have thatEf;g;h[��(f)��1(g)��2(hg)℄ = Eg [��1(g)��2(g)℄ Ef;h[��(f)��2(h)℄:



8.2. Hardness of approximating Minimum E3-Vertex Cover 77The expe
tation Eg [��1(g)��2(g)℄ = Eg[��1��2(g)℄ is 0 unless �1 = �2 = �. Let usnext 
omputeEf;h[��(f)��(h)℄= Ef;h24Yx2� f(x)Yy2� h(y)35= Ef;h2664Yx2�0BB�f(x) Yy2�y:�U;W (y)=xh(y)1CCA Yx2SATU n�0BB� Yy2�y:�U;W (y)=xh(y)1CCA3775= Yx2�0BB�12 Yy2�y:�U;W (y)=x(�1)� 12 Yy2�y:�U;W (y)=x(1� 2Æ)1CCA�Yx2SATU n�0BB�12 Yy2�y:�U;W (y)=x(�1) + 12 Yy2�y:�U;W (y)=x(1� 2Æ)1CCA :For x 2 SATU , let sx be the number of y 2 � su
h that �U;W (y) = x. ThenEf;h[��(f)��(h)℄ =Yx2� 12((�1)sx � (1� 2Æ)sx) Yx2SATU n� 12((�1)sx + (1� 2Æ)sx): (8.4)This expression is 0 if, for any x 2 �, sx = 0, that is, it is 0 unless � � �U;W (�).When � � �U;W (�), we have that (8.4) may be writtenYx2�U;W (�)\� 12((�1)sx � (1� 2Æ)sx) Yx2�U;W (�)n� 12((�1)sx + (1� 2Æ)sx):Let us write �(�; �) for this quantity. Then (8.3) 
an be writtenEU;�;W 24 X��SATW X���U;W (�) ĈU;�;�Ĉ2W;��(�; �)35 :



78 Chapter 8. Vertex 
over on 3-uniform hypergraphsWe split this sum into two parts depending on whether � is empty or not.EU;�;W 24 X��SATW X���U;W (�) ĈU;�;�Ĉ2W;�1�(�; �)35 =EU;�;W 24 X��SATW ĈU;�;;Ĉ2W;��(;; �)35+ (8.5)EU;�;W 2664 X��SATW X�6=;���U;W (�) ĈU;�;�Ĉ2W;��(�; �)3775 : (8.6)We �rst 
onsider (8.5). We 
laim that������ EU;W;�24X� 6=; Ĉ2W;��(;; �)35������ � 5Æ:First 
onsider the terms where j�j � ÆT . Then by Corollary 5.18 with probabilityat least 1� j�j=T � 1 � Æ over the 
hoi
e of U , there is an x su
h that sx = 1, inwhi
h 
ase j�(;; �)j � Æ. Thus the terms where j�j � ÆT 
ontribute at most 2Æ.Next 
onsider the terms where j�j > ÆT . Applying Corollary 5.20, we get thatthe probability over U that j�U;W (�)j < log(1=Æ2)Æ is at most 2Æ. Next, we have thatj�(;; �)j = ������ Yx2�U;W (�) 12((�1)sx + (1� 2Æ)sx)������� (1� Æ)j�U;W (�)j:Thus when j�U;W (�)j � log(1=Æ2)Æ , we have that(1� Æ)j�U;W (�)j � e�Æj�U;W (�)j � Æ2and thus the 
ontribution is bounded by Æ. It follows that the 
ontribution of theterms where at j�j > ÆT is at most 3Æ. Hen
e������ EU;W;�24X� 6=; Ĉ2W;��(;; �)35������ � 5Æ:as 
laimed. It follows that (8.5) di�er at most 5Æ from EU;�;W hĈU;�;;Ĉ2W;;i



8.2. Hardness of approximating Minimum E3-Vertex Cover 79We next 
onsider (8.6). Again we 
onsider the sum where j�j < ÆT and j�j � ÆTseparately. When j�j � ÆT , we apply the Cau
hy�S
hwartz inequality and get that�������� EU;�;W 2664 Xj�j�ÆT X�6=;���U;W (�) ĈU;�;�Ĉ2W;��(�; �)3775��������� EU;�;W 26664vuuuuut0BB� Xj�j�ÆT X�6=;���U;W (�) Ĉ2U;�;�Ĉ2W;�1CCA0� Xj�j�ÆT Ĉ2W;� X���U;W (�) �(�; �)21A37775� EU;�;W 24s Xj�j�ÆT Ĉ2W;� X���U;W (�) �(�; �)235 : (8.7)A 
al
ulation gives us thatX���U;W (�) �(�; �)2 =Yx2�U;W (�) �12((�1)sx � (1� 2Æ)sx)�2 +�12((�1)sx + (1� 2Æ)sx)�2! :The fa
tor 
orresponding to x in this produ
t is on the form a2+b2 where jaj+ jbj =1 and max(jaj; jbj) � 1 � Æ, hen
e the fa
tor 
orresponding to x is bounded by(1 � Æ)2 + Æ2 � 1 � Æ for Æ � 1=2. Thus P���U;W (�) �(�; �)2 � (1 � Æ)j�U;W (�)j.Applying Corollary 5.20, we get that with probability at least 1�2Æ over the 
hoi
eof U , j�U;W (�)j � log(1=Æ2)Æ , in whi
h 
ases Xj�j�ÆT Ĉ2W;� X���U;W (�) �(�; �)2 �q(1� Æ)j�U;W (�)j � Æsin
e in any 
ase the left hand side of the above expression is at most 1, we havethat (8.7) is at most 3Æ. Next 
onsider the terms in (8.6) where j�j < ÆT . Again



80 Chapter 8. Vertex 
over on 3-uniform hypergraphswe apply the Cau
hy�S
hwartz inequality to get that�������� EU;�;W [ Xj�j<ÆT X�6=;���U;W (�) ĈU;�;�Ĉ2W;��(�; �)℄��������� EU;�;W 26664vuuuuut0BB� Xj�j<ÆT X�6=;���U;W (�) Ĉ2U;�;�Ĉ2W;�1CCA0� Xj�j<ÆT Ĉ2W;� X���U;W (�) �(�; �)21A37775� EU;�;W 26664vuuuuut0BB� Xj�j<ÆT X�6=;���U;W (�) Ĉ2U;�;�Ĉ2W;�1CCA0� Xj�j<ÆT Ĉ2W;�(1� Æ)j�U;W (�)j1A37775� EU;�;W 26664vuuut Xj�j<ÆT X�6=;���U;W (�) Ĉ2U;�;�Ĉ2W;�37775 : (8.8)Hen
e if (8.2) di�er more than 9Æ from EU;�;W hĈU;�;;Ĉ2W;;i, it must be that (8.8)is at least Æ.We now des
ribe a strategy for the provers in the Generalized 2P1R game: Theprover P1 upon re
eiving W pi
ks a � with probability proportional to Ĉ2W;� , andreturns a random y 2 �. The prover P2 upon re
eiving U pi
ks � uniformly and �with probability proportional to Ĉ2U;�;�, and returns a random x 2 � as its answer.(if � or � is empty, the 
orresponding prover gives up). The probability of su

essis at leastEU;�;W 2664 X��SATW X�6=;���U;W (�) Ĉ2U;�;�Ĉ2W;� j�j�13775� (ÆT )�1 EU;�;W 2664 Xj�j�S X�6=;���U;W (�) Ĉ2U;�;�Ĉ2W;�3775� (ÆT )�1Æ2 = Æ4log(1=Æ2) :Where we in the last inequality used E[X2℄ � E[X ℄2 (whi
h follows from Jensen'sinequality) and the fa
t that (8.8) is at least Æ.



8.2. Hardness of approximating Minimum E3-Vertex Cover 81Lemma 8.3. Let t � 3=2� �. Then there is a 
hoi
e of the parameters u, T , andÆ su
h that if � is at most �-satis�able, then for any set of size tP whi
h 
overs alllayer-edges, the fra
tion of non-layer edges whi
h is 
overed is at most 1� �22Proof. Choose T = log(1=Æ2)Æ3 , 
hoose Æ su
h that 9Æ � �22 . and u su
h that thesoundness of the Generalized 2P1R game 
u� � Æ4log(1=Æ2) Letp1 = PrU;�;f [BU;�(f) = 0℄;and p2 = PrW;g[BW (g) = 0℄;Then tP = (p1 + 1)jQ1j+ (p2 + 1)jQ2j = ((p1 + p2)=2 + 1)P . So p1 + p2 � 1� 2�.Let DU;�(f) = B2U;�(f)DW (g) = B2W (g):By 
onstru
tion, the tables BU;� and BW are folded over true. We also have thatD̂U;�;; = Prf [BU;�(f) 6= 0℄D̂W;; = Prg [BW (g) 6= 0℄so EU;�[D̂U;�;;℄ = 1� p1, and EW [D̂W;;℄ = 1� p2. Now 
onsider the terms in (8.1).By the 
hoi
e of u and Lemma 8.2 with CU;� = BU;�, CW = BW , the termEU;�;W;f;g;h[BU;�(f)3BW (g)3BW (hg)3℄ = EU;�;W;f;g;h[BU;�(f)BW (g)BW (hg)℄is at least�9Æ + EU;�;W hB̂U;�;;B̂2W;;i :Sin
e BW is folded over true, B̂U;�;; = 0, so this is equal to �9Æ. Similarly, sin
eBU;� is folded over true, the termEU;�;W;f;g;h[BU;�(f)BW (g)2BW (hg)2℄is at least �9Æ. For the termEU;�;W;f;g;h[BU;�(f)2BW (g)BW (hg)℄



82 Chapter 8. Vertex 
over on 3-uniform hypergraphswe again apply Lemma 8.2 and by this time using that BW is folded over true weagain get that this term is at least �9Æ. Finally we have the termEU;�;W;f;g;h[BU;�(f)2BW (g)2BW (hg)2℄: (8.9)By Lemma 8.2 with CU;� = DU;� and CW = DW , this is at least�9Æ + EU;�;W hD̂U;�;;D̂2W;;i : (8.10)Let SU;� = EW [D̂W;; j U ℄. Then EU;�[SU;�℄ = 1 � p2, and EW [D̂2W;; j U ℄ � S2U;�.Furthermore we have thatEU;�[D̂U;�;; + SU;�℄ = (1� p1) + (1� p2)� 1 + 2�:Note that, when X;Y are random variables taking values in [0; 1℄, we have that(X � 1)(Y � 1) � 0, and thus XY � X + Y � 1. Taking the expe
tation, E[XY ℄ �E[X ℄ + E[Y ℄ � 1. Also, E[XY 2℄ � E[X2Y 2℄ � E[XY ℄2. Combining these twoinequalities, we get that E[XY 2℄ � (E[X + Y ℄� 1)2. Hen
eEU;�;W [D̂U;�;;D̂2W;;℄ � EU;�[D̂U;�;;S2U;�℄� ( EU;�[D̂U;�;; + SU;�℄� 1)2� 4�2:To sum up, we have that the fra
tion of 
overed non-layer edges is at most1� 4�2 � 36Æ4 = 1� �2 + 9Æ � 1� �22 :Now we are ready to prove the inapproximability result for Minimum E3-VertexCover .Theorem 8.4. For any � > 0, Minimum E3-Vertex Cover is NP-hard to approxi-mate within 3=2� �.Proof. By Theorem 4.1, de
iding any language in NP
an be redu
ed to distin-guishing between the 
ases that an E3-CNF(5) formula � is satis�able of at most �satis�able. Choose the parameters u and Æ as in Lemma 8.3. Constru
t the graphH as des
ribed above. Then if � is satis�able, there is a vertex 
over of size tP ofH . If � is at most �-satis�able, for ea
h set S of size at most (3=2� �)P there mustbe some un
overed edge, sin
e either some layer-edge is un
overed, or some fra
tionof non layer-edges is un
overed. Hen
e if we 
ould distinguish between these two
ases, we 
ould de
ide any language in NP.



Chapter 9Vertex 
over on 4-uniformhypergraphs9.1 Introdu
tion
In this 
hapter we 
ontinue the study of Minimum Ek-Vertex Cover and prove thatMinimum E4-Vertex Cover is NP-hard to approximate within 2� �.As usual our te
hnique is to 
onstru
t a spe
ially tailored PCP. There is a twist,however. The standard approa
h is to 
onstru
t a PCP su
h that the optimizationproblem of 
omputing the proof whi
h has maximum a

eptan
e probability is easyto redu
e to the problem at hand. In our 
ase, we instead look at the optimizationproblem of the minimum number of �1 in the proof whi
h makes the veri�er a

eptwith probability 1, and we design our PCP so that this problem is almost trivialto redu
e to Minimum E4-Vertex Cover. We use the same tools as in the previous
hapters to analyze the a

eptan
e probability of the veri�er as a fun
tion of theproportion of �1 and 1 in the proof.This also makes it possible to prove NP-hardness of approximation for themaximization version in whi
h we are given a 4-uniform hypergraph and a numberB and we are asked to �nd a subset of the verti
es of size B whi
h interse
ts as manyedges as possible. We 
all this problem Maximum E4-Vertex Cover (or MaximumEk-Vertex Cover for the general problem on k-uniform hypergraphs). We provethat Maximum E4-Vertex Cover is NP-hard to approximate within 16=15� �, forany � > 0.Our analysis also gives us a proof of the result of Guruswami, Håstad andSudan [24℄ that it is NP-hard to 
olor a two-
olorable hypergraph with a 
onstantnumber of 
olors. 83



84 Chapter 9. Vertex 
over on 4-uniform hypergraphs9.1.1 Subsequent resultsThe result by Dinur, Guruswami, Khot and Regev mentioned in Chapter 7 and 8that Minimum Ek-Vertex Cover is NP-hard to approximate within k � 1� � givesa 3� � lower bound for Minimum E4-Vertex Cover. However, as far as I am awarethe results for Maximum E4-Vertex Cover presented in this 
hapter are still thebest known.9.2 PCP for Minimum E4-Vertex CoverConsider a veri�er V whi
h non-adaptively queries k bits. There is a natural k-uniform hypergraphH asso
iated with V , namely the one in whi
h we have a vertexfor ea
h position in the proof and for ea
h out
ome of the random bits have an edge
onsisting of the k verti
es whi
h 
orrespond to the positions queried. We wish to
onstru
t a 4-query PCP so that the vertex 
over problem on this hypergraph ishard.Note that a proof � is naturally asso
iated with a subset S of the verti
es ofH , de�ned by i 2 S if the 
orresponding bit �(i) = �1. This means that if thetest in the veri�er is that at least one of the queried bits is �1, the a

eptan
eprobability is exa
tly the fra
tion of edges 
overed by S in H , if we 
ount the edgeswith multipli
ity.We mention at this point that there is a slight te
hni
ality in that the sameset of queries may o

ur for di�erent random strings. When talking about thefra
tion of 
overed edges, we 
ount the edges with this multipli
ity. As mentionedin the previous 
hapter, for minimum vertex 
over we do not need to 
onsider themultipli
ity of the edges (sin
e whether or not all edges are 
overed is not a�e
tedby how many times ea
h edge o

ur). The same holds for hypergraph 
oloring. Forthe maximization version of minimum vertex 
over, however, we need to 
ount theedges with their multipli
ity.If the veri�er has perfe
t 
ompleteness and the long 
ode is used to en
ode
orre
t proofs, a 
orre
t proof is balan
ed, and thus 
orresponds to a vertex 
overof 1=2 of all verti
es. We want the veri�er to have the property that if there is no
orre
t proof, then no p-balan
ed proof makes the veri�er a

ept with probability1, for p as 
lose to 1 as possible. This implies that when there is no 
orre
t proof,there is no vertex 
over of size a fra
tion p of all elements. The following lemmaformalizes the above dis
ussion.Lemma 9.1. Let 1=2 < 
 < 1 and suppose there is a (O(log n); O(1); 2)-restri
tedveri�er for some NP-
omplete language L with the following properties:1. The veri�er V non-adaptively reads exa
tly k bits and a

epts if not all are1.2. If the input is in L, then there is a balan
ed proof whi
h V a

epts withprobability 1.



9.2. PCP for Minimum E4-Vertex Cover 853. If the input is not in L, then for p � 
, there is no p-balan
ed proof whi
h Va

epts with probability 1.Then Minimum Ek-Vertex Cover is impossible to approximate within 2
 in polyno-mial time, unless P = NP.Proof. On input x, 
reate the following instan
e of Minimum Ek-Vertex Cover : Forea
h bit �(i) in the proof we have an element xi 2 X . For ea
h random string � ofthe veri�er, we have a set S� 
ontaining the elements 
orresponding to the bits theveri�er reads. A proof � 
orresponds to a S � X by xi 2 S i� the 
orrespondingbit �(i) is �1. By the se
ond property of V , if x 2 L is satis�able, then there isa hitting set S of size less than or equal to jX j=2. By the third property of V ,if x =2 L, no set of size smaller than jX j
 is a hitting set. Thus it is NP-hard toapproximate Minimum Ek-Vertex Cover within 2
 .The veri�er has a

ess to a Generalized Standard Written 2-Proof but only usesthe tables 
orresponding to (T; u)-blo
kW . Hen
e when 
onsidering the proportionof �1 and 1 bits we only 
ount the tables 
orresponding to (T; u)-blo
ks W . Theveri�er is given in Figure 9.1.This is essentially the same veri�er whi
h Håstad [28℄ uses to prove hardness ofapproximation of Maximum Set Splitting on satis�able instan
es. The di�eren
e isin the a

eptan
e predi
ate and in the use of the Generalized 2P1R game instead ofthe basi
 2P1R game. Instead of having the parameter Æ a �xed 
onstant, Håstadpi
ks Æ a

ording to a 
ertain distribution. Using the Generalized 2P1R game makesit possible to get by without this 
ompli
ation.Similarly to the veri�er V
3Test in the previous 
hapter, this veri�er 
an beviewed as essentially reading an error 
orre
ted value of (f Æ �U;W1 ) from the ta-ble AW1 , and reading an error 
orre
ted value of �(f Æ �U;W2 ) from the tableAW2 . Sin
e the �noise� is again not uniform, but only added to points where(f Æ�U;W1)(y) = 1 and (f Æ�U;W2)(y) = �1 for the tables AW1 and AW2 respe
tively,we know that for a 
orre
t proof at least one of the produ
ts AW1 (g1)AW1(g1h1)and AW2 (g2)AW2(g2h2) is �1.Lemma 9.2. If � is satis�able, then for p � 1=2 there is a p-balan
ed proof whi
hV
4Test a

epts with probability 1. Furthermore, if p = 1=2, there is a proof su
hthat the values queried from the proof does not all have the same value (neither�1 or 1).For p < 1=2, there is a proof whi
h V
4Test a

epts with probability at least1� (1� p)4 + p4 � Æ.Proof. We �rst 
onsider the 
ase p = 1=2.Let x be a satisfying assignment. Then there is a 
orre
t proof su
h that AWis the long 
ode of xjW . The tables AW1 and AW2 pi
ked by the veri�er are long
odes of xjW1 and xjW2 respe
tively. With probability 1=2, f(xjU ) = �1, in whi
h
ase AW1(g1) = g1(xjW1 ) and AW1(g1h1) = �g1(xjW1). Similarly with probability



86 Chapter 9. Vertex 
over on 4-uniform hypergraphsV
4Test.Input: An E3-CNF(5) formula � = Ci ^ : : : ^ Cm with n variables and m
lauses. The proof is a Generalized Standard Written 2-Proof with param-eters u and T .1. Sele
t a (T; u)-blo
k W1 uniformly at random, and 
hoose a randomu proje
tion U of W1. Then 
hoose W2 uniformly at random amongthe (T; u)-blo
ks proje
ting to U .2. Sele
t uniformly at random f 2 2SATU and gi 2 2SATWi .3. Sele
t h1 2 2SATW1 , by for ea
h y, if f(�U;W1(y)) = �1 set h1(y) =�1. If f(�U;W1(y)) = 1, set h1(y) = 1 with probability 1 � Æ andh1(y) = �1 with probability Æ.4. Sele
t h2 2 2SATW2 , by for ea
h y, if f(�U;W2(y) = 1 set h2(y) = �1. Iff(�U;W2 (y)) = �1, set h2(y) = 1with probability 1�Æ and h2(y) = �1with probability Æ.5. Reje
t ifAW1(g1) = AW1 (g1h1) = AW2(g2) = AW2 (g2h2) = 1else a

ept.Figure 9.1. The above PCP is parameterized by the positive integers u and T andthe positive real Æ and tests if a E3-CNF(5) formula � is satis�able by querying fourpositions in a Generalized Standard Written 2-Proof. With suitable 
hoi
es of theparameters u, T and Æ as fun
tions of �, the above PCP has perfe
t 
ompletenessand soundness 1� (1� p)4 + � for any 
onstant � > 0 and a p-balan
ed proof.
1=2, f(xjU ) = 1, in whi
h 
ase AW1 (g2) = g2(xjW2 ) and AW2(h2g2) = �g2(xW2).Hen
e in ea
h 
ase at least one queried bit is �1, and at least one queried bit is 1.The 
ase when p > 1=2 follows, sin
e 
hanging 1 entries to �1 entries in a
orre
t proof will not de
rease the a

eptan
e probability.For the 
ase p < 1=2, we 
onsider the proof where ea
h table is as 
lose to a
orre
t proof as possible. That is, the prover begins with a satisfying assignmentx to � and AW is made as 
lose to LC(xjW ) as possible by 
hanging a fra
tion1� 2p randomly 
hosen o

urren
es of �1 to 1. Note that in a 
orre
t proof withprobability at least 1�Æ2 one of the queried bit is �1 in whi
h 
ase the probabilitythat this bit has been 
hanged is 1� 2p and with probability at least 1�Æ2 three ofthe queried bits are �1 in whi
h 
ase the probability that all these bits have been
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hanged is at most (1� 2p)3. Thus the veri�er a

epts with probability at least1� Æ2 (1� (1� 2p) + 1� (1� 2p)3)� 1� (1� 2p) + 1� (1� 2p)32 � Æ= 4p� 6p2 + 4p4 � Æ= 1� (1� p)4 + p4 � Æ:For the soundness analysis, it turns out to be 
onvenient to 
hange from f1;�1gnotation to f0; 1g notation for the proof tables. This idea is due to Khot [39℄ andgreatly simpli�es the analysis as 
ompared to the original proof in [32℄. The sound-ness analysis is also simpler than the original in that we use the generalized twoprover proto
ol des
ribed in Se
tion 5.2, instead of the original u parallel proto
ol.We de�ne for ea
h (T; u)-blo
k W k new table BW :BW (g) = � 1 if AW (g) = 10 if AW (g) = �1.We note some properties of BW :X��SATW B̂2W;� = Prg [BW (g) = 1℄ (9.1)B̂W;; = Prg [BW (g) = 1℄: (9.2)The probability that the veri�er a

epts may be written as1� EW1;W2;f;g1;g2;h1;h2[BW1(g1)BW1(g1h1)BW2(g2)BW2(g2h2)℄: (9.3)We next rewrite this expression using Fourier-expansion:Lemma 9.3. The a

eptan
e probability of V
4Test may be written as1� EW1;W2 24 X��SATW1 X��SATW2 B̂2W1;�B̂2W2;��(�; �)35where�(�; �) = Yx2SATU 12 �(�1)sx(1� 2�)tx + (1� 2�)sx(�1)tx�where sx is the number of y 2 � su
h that �U;W1(y) = x and tx is the number ofy 2 � su
h that �U;W2 (y) = x.



88 Chapter 9. Vertex 
over on 4-uniform hypergraphsProof. For �xed W1 and W2, we apply Fourier-inversion on BW1 and BW2 . By theusual 
al
ulations, we get thatEf;g1;g1;g2;h1;h2[BW1(g1)BW1(g1h1)BW2(g2)BW2 (g2h2)℄= X��SATW1 X��SATW2 B̂2W1;�B̂2W2;� Ef;h1;h2[��(h1)��(h2)℄:We pro
eed to 
al
ulate the expe
tation over f , h1 and h2.Ef;h1;h2 [��(h1)��(h2)℄= Ef;h1;h2 " Yy12�h1(y) Yy22�2 h2(y)#= Ef;h1;h2 2664 Yx2SATU Yy2��U;W1 (y)=xh1(y) Yy2��U;W2 (y)=xh2(y)3775= Yx2SATU 12 0BB�0BB� Yy2��U;W1 (y)=x(�1) Yy2��U;W2 (y)=x(1� 2Æ)1CCA+0BB� Yy2��U;W1 (y)=x(1� 2Æ) Yy2��U;W2 (y)=x(�1)1CCA1CCA :
This 
an be seen to be equal to �(�; �). Hen
e the a

eptan
e probability may bewritten as1� EW1;W2 24X�;� B̂2W1;�B̂2W2;��(�; �)35 :



9.2. PCP for Minimum E4-Vertex Cover 89Thus we need to bound from below the expressionEW1;W2 24X�;� B̂2W1;�B̂2W2;��(�; �)35 =EW1;W2[B̂2W1;;B̂2W2;;℄ +EW1;W2 24 Xj�j�ÆT orj�j�ÆT B̂2W1;�B̂2W2;��(�; �)35 +EW1;W2 2666664 X�U;W1 (�)\�U;W2 (�)=;�6=; or � 6=;j�j;j�j�ÆT B̂2W1;�B̂2W2;��(�; �)3777775 +
EW1;W2 26664 X�U;W1 (�)\�U;W2 (�)6=;j�j;j�j�ÆT B̂2W1;�B̂2W2;��(�; �)37775 :One intuition for this way of breaking up the sum is that the di�erent types ofterms 
orresponds to di�erent kinds of strategies for a (possibly 
heating) prover.The �rst type of term 
orresponds to strategies in whi
h the prover try to fool us bymanipulating the 
on
entration of 1 and �1 for di�erent tables (but distribute thebits randomly within ea
h table). It turns out that the best strategy is to distributethe bits evenly over all tables.The se
ond type of term 
orresponds to strategies whi
h are based on makingthe tables 
lose to large produ
ts of long 
odes. These strategies will fail be
auseof Corollary 5.20, i.e., that a large j�j has a large proje
tion with large probability.The third type of term 
orresponds to strategies whi
h are based on makingthe tables 
lose to small produ
ts of long 
odes whi
h are mutually in
onsistent. Itturns out that these will fail be
ause of Corollary 5.18, i.e., that for small �, withlarge probability there is some y 2 � with unique proje
tion.Finally, the fourth type of term 
orresponds to strategies in whi
h the provertries to make the tables 
lose to small produ
ts of long 
odes where there is some
onsisten
y between the tables. It turns out that these strategies must fail, be
auseotherwise we 
ould 
onstru
t a strategy for the Generalized 2P1R game with goodsu

ess probability.Lemma 9.4. For a p-balan
ed proof,EW1;W2[B̂2W1;;B̂2W2;;℄ � (1� p)4



90 Chapter 9. Vertex 
over on 4-uniform hypergraphsProof. Fix U and letpU = EW1[Prg [BW1 = 0℄ j U ℄: (9.4)Clearly EW1 [B̂W1;; j U ℄ = EW2 [B̂W2;; j U ℄ = (1 � pU ), and sin
e W1 and W2 areindependent and identi
ally distributed on
e we have 
onditioned on U , we havethat EW1;W2[B̂2W1;;B̂2W2;; j U ℄ = EW [B̂2W;; j U ℄2 � (1� pU )4where we in the inequality used that E[X2℄ � E[X ℄2 by Jensen's inequality. Takingthe expe
tation over U and again using Jensen's inequality to get that that E[X4℄ �E[X ℄4, we getEU [(1� pU )4℄ � EU [(1� pU )℄4 = (1� p)4:Next 
onsider the terms where at least one of � and � 
ontains at least ÆT elements.Lemma 9.5. For a Generalized Standard Written 2-Proof with parameter T =log(1=Æ)Æ3 ,������ EW1;W2 24 Xj�j�ÆT orj�j�ÆT B̂2W1;�B̂2W2;��(�; �)35������ � 6Æ:Proof. We have that������ EW1;W2 24 Xj�j�ÆT orj�j�ÆT B̂2W1;�B̂2W2;��(�; �)35������� EW1;W2 24 Xj�j�ÆT orj�j�ÆT B̂2W1;�B̂2W2;�j�(�; �)j35� EW1;W2 2664 Xj�j�ÆT��SATW2 B̂2W1;�B̂2W2;�j�(�; �)j3775 + EW1;W2 2664 Xj�j�ÆT��SATW1 B̂2W1;�B̂2W2;�j�(�; �)j3775= 2 EW1;W2 2664 Xj�j�ÆT��SATW2 B̂2W1;�B̂2W2;�j�(�; �)j3775 : (9.5)



9.2. PCP for Minimum E4-Vertex Cover 91Furthermore,j�(�; �)j = ������ Yx2SATU 12((�1)sx(1� 2Æ)tx + (1� 2Æ)sx(�1)tx)������� Yx2SATU 12(��(�1)sx(1� 2Æ)tx��+ ��(1� 2Æ)sx(�1)tx��)� Yx2SATU 12(1 + (1� 2Æ)sx)= (1� Æ)j�U;W1 (�)j:So (9.5) is at most2 EW1;W2 2664 Xj�j�ÆT��SATW2 B̂2W1;�B̂2W2;�(1� Æ)j�U;W1 (�)j3775= 2 EW1;W2 24Xj�j�Æ B̂2W1;�(1� Æ)j�U;W1 (�)j35 ; (9.6)where the equality follows by Parseval's equality. For �xed W1, by Corollary 5.20,the probability over U that j�U;W1(�)j < log(1=Æ)Æ is at most 2Æ. If j�U;W1(�)j �log(1=Æ)Æ ,(1� Æ)j�U;W1 (�)j � e�Æj�U;W1 (�)j � Æwhere we used that for real x, 1 + x � ex. It follows that (9.6) is at most 6Æ. Thelemma follows.Next we 
onsider the sum where both � and � 
ontains less than ÆT elements, theproje
tions are disjoint, and at least one of � and � is non-empty.Lemma 9.6. For a Generalized Standard Written 2-Proof with parameter T =log(1=Æ)Æ3 ,����������� EW1;W2 2666664 XpiU;W1 (�)\�U;W2 (�)=;�6=; or � 6=;j�j;j�j�ÆT B̂2W1;�B̂2W2;��(�; �)3777775����������� � 6Æ:



92 Chapter 9. Vertex 
over on 4-uniform hypergraphsProof. We have that����������� EW1;W2 2666664 X�6=; or � 6=;�U;W1 (�)\�U;W2 (�)=;j�j;j�j�ÆT B̂2W1;�B̂2W2;��(�; �)3777775����������� �2 EW1;W2 2666664 X�6=;�U;W1 (�)\�U;W2 (�)=;j�j;j�j�ÆT B̂2W1;�B̂2W2;� j�(�; �)j3777775 :Thus 
onsiderEW1;W2 2666664 X�6=;�U;W1 (�)\�U;W2 (�)=;j�j;j�j�ÆT B̂2W1;�B̂2W2;� j�(�; �)j3777775 :This is equal toEW1 26664 X�6=;j�j�ÆT B̂2W1;� EW2 26664 X�:�U;W1 (�)\�U;W2 (�)=;j�j�ÆT B̂2W2;� j�(�; �)j3777537775 : (9.7)When �U;W1(�) \ �U;W2(�) = ;, �(�; �) 
an be written asYx2�U;W1(�) 12((�1)sx + (1� 2Æ)sx) Yx2�U;W2 (�) 12((�1)tx + (1� 2Æ)tx):Hen
e, sin
e j 12 ((�1)tx + (1� 2Æ)tx)j � 1, it follows that (9.7) is less than or equalto EW1 2664 X�6=;j�j�ÆT B̂2W1;� EW2 24������ Yx2�U;W1 (�) 12((�1)sx + (1� 2Æ)sx)������ Xj�j�ÆT B̂2W2;�353775 �EW1 2664 X�6=;j�j�ÆT B̂2W1;� EW2 24������ Yx2�U;W1 (�) 12((�1)sx + (1� 2Æ)sx)������353775 :



9.2. PCP for Minimum E4-Vertex Cover 93Where the last inequality holds be
ause of Parseval's equality. We next 
onsiderEW2 24������ Yx2�U;W1 (�) 12((�1)sx + (1� 2Æ)sx)������35 : (9.8)By Corollary 5.18, with probability at least 1� j�j=T � 1� Æ over the 
hoi
e of U ,there is an x su
h that sx = 1, in whi
h 
ase12((�1)sx + (1� 2Æ)sx) = Æ:Sin
e the other fa
tors in (9.8) have absolute value at most 1, the entire produ
t
an be bounded by Æ in this 
ase. The 
ase that there is no x su
h that sx = 1happens with probability at most Æ. It follows that (9.8) is at most 2Æ. The lemmafollows.Finally we 
onsider the small � and � where the interse
tion of the proje
tions isnon-empty, and prove that if the sum over these terms is large, the is a strategy forthe Generalized 2P1R game with good su

ess probability.Lemma 9.7. There is a strategy for the Generalized 2P1R game with su

essprobability at leastEW1;W2 26664(ÆT )�2 X�U;W1 (�)\�U;W2 (�)6=;j�j;j�j�ÆT B̂2W1;�B̂2W2;�37775 :Proof. The prover P1, on re
eiving W2 sele
ts a � with probability B̂2W2;� andreturns a random y2 2 �. On re
eiving U , the prover P2 pi
ks a random (T; u)blo
k W1 whi
h proje
t to U , and then � with probability B̂2W1;�. Then P2 pi
ksa random y0 2 � and returns x = �U;W1(y0). The probability of pi
king � and �where the proje
tions on U have non-empty interse
tion isX�U;W1 (�)\�U;W2 (�)6=; B̂2W1;�B̂2W2;� :The probability of the provers pi
king y and y0 whi
h proje
ts to the same elementin the interse
tion is at least j�j�1j�j�1. Thus the probability that the veri�era

epts is at leastX�U;W1 (�)\�U;W2 (�)6=; B̂2W1;�B̂2W2;� j�j�1j�j�1 �X�U;W1 (�)\�U;W2 (�)6=;j�j;j�j�ÆT B̂2W1;�B̂2W2;� ; (ÆT )�2:The lemma follows.



94 Chapter 9. Vertex 
over on 4-uniform hypergraphsLemma 9.8. For any � > 0, there is a 
hoi
e of the parameters T , u and Æ inV
4Test su
h that if � is at most �-satis�able, a p-balan
ed proof is a

epted withprobability at most 1� (1� p)4 + �Proof. Choose Æ = �=10, T = log(1=Æ)Æ3 and u su
h that 
u� < Æ5log(1=Æ)2 . By Lemma 9.3,the probability that the veri�er a

epts may be written as1� EW1;W2 24X�;� B̂2W1;�B̂2W2;� Yx2SATU �(sx; tx)35 : (9.9)Now, by Lemma 9.4, Lemma 9.5 and Lemma 9.6, this expe
tation is at most1� (1� p)4 � 9Æ � EW1;W2 26664 X�U;W1 (�)\�U;W2 (�)6=;j�j;j�j�ÆT B̂2W1;�B̂2W2;�37775 :Furthermore, ifEW1;W2 26664 X�U;W1 (�)\�U;W2 (�)6=;j�j;j�j�ÆT B̂2W1;�B̂2W2;�37775 � Æ;by Lemma 9.7 there is a strategy the Generalized 2P1R game with su

ess prob-ability at least (ÆT )�2Æ = Æ5log(1=Æ)2 > 
u�, a 
ontradi
tion. Thus (9.9) is at most1� (1� p)4 + 10Æ � 1� (1� p)4 + �.9.3 Hardness of approximating Minimum E4-VertexCoverWe 
an now prove our main theorem of this 
hapter:Theorem 9.9. For any � > 0, Minimum E4-Vertex Cover is NP-hard to approxi-mate within 2� �.Proof. By Theorem 4.1, de
iding any language in NP 
an be redu
ed to distin-guishing between the 
ases that an E3-CNF(5) formula � is satis�able of at most� satis�able.By Lemma 9.2 and Lemma 9.8 for any Æ > 0 there is a 
hoi
e of the parametersfor the veri�er V
4Test su
h that for p � 1��, if � is satis�able, there is a balan
edproof whi
h is is a

epted with probability 1, and if � is at most �-satis�able, nop-balan
ed proof is a

epted with probability 1. Thus we have that the veri�erV
4Test ful�lls the assumptions of Lemma 9.1 with 
 = 1� �, and we are done.



9.3. Hardness of approximating Minimum E4-Vertex Cover 95For Maximum E4-Vertex Cover, we have the following:Theorem 9.10. For any � > 0, Maximum E4-Vertex Cover is NP-hard to approx-imate within 16=15� �.Proof. Create the same hypergraph as in Lemma 9.1, with the di�eren
e that we
ount the edges with multipli
ity, i.e., the edges form a multiset. By Lemma 9.2and Lemma 9.8 with p = 1=2 it is NP-hard to distinguish between the 
ase that athere is a set of size B = n=2 whi
h interse
ts all sets and the 
ase that all sets ofsize n=2 interse
ts at most a fra
tion 15=16+ � of all edges The theorem follows.The previous statement says that an algorithm whi
h should work for any size B
an at best approximate Maximum E4-Vertex Cover within 16=15 + �. However,we 
an also say something about the for the problem Maximum E4-Vertex Cover-pwhere the relative size of the 
overing set is �xed.Theorem 9.11. For any � > 0, when p � 1=2, it is NP-hard to approximateMaximum E4-Vertex Cover-p within11� (1� p)4 + �:When p < 1=2, Maximum E4-Vertex Cover-p is NP-hard to approximate within1� (1� p)4 + p41� (1� p)4 + �Proof. Create the same instan
e of Maximum E4-Vertex Cover as in Theorem 9.10.When p � 1=2 we have from Lemma 9.2 that if � is satis�able then there is a set Sof size pn whi
h interse
ts all sets. If � is at most �-satis�able, then by Lemma 9.8there is no set S of size pn whi
h interse
ts more than a fra
tion 1� (1� p)4+ Æ ofthe sets. Sin
e Æ 
an be made arbitrarily small, this proves the 
ase p � 1=2. Forthe 
ase when p < 1=2, we have that if � is satis�able then there is a set S of sizeB whi
h interse
ts a fra
tion 1� (1 � p)4 + p4 � Æ of all sets. As before if � is atmost �-satis�able, there is no set S of size B whi
h interse
ts more than a fra
tion1� (1� p)4 + 10Æ. By an appropriate 
hoi
e of Æ the 
ase p < 1=2 follows.Guruswami, Håstad and Sudan proved that it is NP-hard to 
olor a two-
olorablehypergraph with a 
onstant number of 
olors [24℄. The analysis of our PCP givesus an alternate proof of hardness of 
oloring two-
olorable hypergraphs:Theorem 9.12. For any 
onstant 
, there is no polynomial time algorithm whi
h
olors all two-
olorable 4-uniform hypergraph with 
 
olors, unless P = NP.Proof. Create the same hypergraph as in Theorem 9.9, with � < 1=
. Call thishypergraphH . Proofs 
orrespond to 
olorings in the obvious way, i.e., 
olor verti
es



96 Chapter 9. Vertex 
over on 4-uniform hypergraphs
orresponding to positions whi
h is �1 red and verti
es 
orresponding to positionswhi
h 1 blue. If � is satis�able, by Lemma 9.2, there is a proof su
h that ea
h set ofqueries made by the veri�er 
ontains both a 1 and a �1, hen
e H is two-
olorablein this 
ase.By the proof of Theorem9.9, if � is at most �-satis�able, there is no vertex 
overof size less than (1��)jV j. Sin
e the 
omplement to a vertex 
over is an independentset, there is no independent set of size � �jV j. Sin
e ea
h 
olor-
lass must form anindependent set, it follows that we must use at least jV j=(jV j�) = 1=� > 
 
olors to
olor HHen
e if there was a polynomial time algorithm whi
h 
olored all two-
olorable4-uniform hypergraph with 
 
olors, it would in the 
ase of � satis�able, 
olorH with 
 
olors, but would have to use > 
 
olors in the 
ase of � at most �-satis�able. Thus we 
ould distinguish between these two 
ases, and thus de
ide aNP-hard problem in polynomial time.



Chapter 10Non-Boolean 3 query PCP withperfe
t 
ompleteness10.1 Introdu
tionA natural question to ask is: What is the best soundness that 
an be a
hievedwith a small number of queries? In Chapter 4 we reviewed the 
onstru
tion ofHåstad [28℄ and saw that it is possible to 
onstru
t a three-query PCP where thesoundness is arbitrarily 
lose to 1=2. To be more pre
ise: for any L 2 NP andany given 
onstant � > 0, Håstad's 
onstru
tion gives a proof system that a

eptsinputs in L with probability at least 1� � and a

epts inputs that are not in L withprobability at least 1=2 + �. Sin
e Håstad's proof system a

epts inputs in L onlywith probability 1��, and not always, we say that it has near-perfe
t 
ompleteness.By 
ontrast, re
all that a proof system is said to have perfe
t 
ompleteness if inputsin the language are always a

epted.Samorodnitsky and Trevisan [45℄ used a 
lever extension of Håstad's 
onstru
-tion to prove that any language in NP 
an be re
ognized by a (k2+2k)-query PCPwith near-perfe
t 
ompleteness and soundness 2�k2 + � for any � > 0. This resultis known to be essentially optimal sin
e it is not possible to get better soundnessthan 21�q for a non-adaptive q-query PCP for NP unless P = NP [50℄.For several reasons we would prefer the proof systems to have perfe
t 
om-pleteness. Firstly, it is simply estheti
ally pleasing to have a proof system wherea 
orre
t proof is always be a

epted. Se
ondly, in several proofs of hardness ofapproximation, perfe
t 
ompleteness has been important. For example, when prov-ing hardness of hypergraph 
oloring [24, 40℄ (see also Chapter 9) and vertex 
overon hypergraphs (Chapter 7, 8 and 9) perfe
t 
ompleteness appears to be 
ru
ial.Thirdly, it is of theoreti
al interest to get an understanding of how near-perfe
t ver-sus perfe
t 
ompleteness and adaptive versus non-adaptive veri�ers a�e
t our abilityto 
onstru
t proof systems with low soundness. For non-adaptive 3-query PCPs,97



98 Chapter 10. Non-Boolean 3 query PCP with perfe
t 
ompletenessHåstad's 
onstru
tion provides a PCP for NP with near-perfe
t 
ompleteness andsoundness 1=2+� for every 
onstant � > 0 and it is impossible to a
hieve soundnessbetter than 5=8 in proof systems with perfe
t 
ompleteness unless P =NP [51, 54℄.Using the tools from Håstad's paper, it is possible to 
onstru
t a three query PCPwith perfe
t 
ompleteness and soundness 3=4+ � for any 
onstant � > 0 (indeed, weused essentially this PCP in Chapter 8, although we never analyzed its soundnessexpli
itly) and Guruswami et al. [25℄, building on Håstad's work, proved that thereis an adaptive PCP for NP with perfe
t 
ompleteness and soundness 1=2 + � forany 
onstant � > 0. For more than 3 queries, Håstad and Khot [29℄ proved that anon-adaptive veri�er 
an a
hieve perfe
t 
ompleteness and soundness 2�k2 + � withk2 + 4k queries, while an adaptive veri�er 
an a
hieve the same 
ompleteness andsoundness with only k2 + 2k queries.In all PCPs mentioned so far, the proof has been a list of bits, i.e., the proofhas been binary. Håstad also 
onstru
ted a PCP where the positions in the proof
ontain elements from a larger domain in his paper [28℄: For the 
ase when ea
hposition in the proof 
ontains an element from a domain of size d, where d is anarbitrary integer 
onstant, he 
onstru
ted a proof system with near-perfe
t 
om-pleteness and soundness d�1 + � for any 
onstant � > 0. Engebretsen [11℄ adaptedthe 
onstru
tion of Samorodnitsky and Trevisan [45℄ to domains of size d, thereby
onstru
ting a proof system that queries k2 + 2k positions in the proof, has near-perfe
t 
ompleteness and soundness d�k2 + � for any � > 0.This brings up the question that we address in this 
hapter: How does thesoundness behave, as a fun
tion of the domain size d, for 3-query PCPs with perfe
t
ompleteness? In Se
tion 7.3.1 we saw that it is easy to 
onstru
t a proof systemwith perfe
t 
ompleteness and soundness 2=d for d � 3. In this 
hapter, we provethat for a veri�er with perfe
t 
ompleteness it is possible to a
hieve soundnessarbitrarily 
lose to d�1 + d�2 with a non-adaptive PCP, and soundness arbitrarily
lose to d�1 if we allow the veri�er to be adaptive.This generalizes the 
onstru
tions for the binary 
ase [25, 28℄ and shows thatwe 
an a
hieve, as a fun
tion of the domain size, the same higher order term inthe soundness for PCPs with perfe
t 
ompleteness as for the best 
urrently knownPCPs with near-perfe
t 
ompleteness.It appears di�
ult to get stronger results using 
urrent te
hniques. All of themost e�
ient PCPs are essentially variants of the simple PCP whi
h we reviewedin Chapter 4 (generalized modulo d in our 
ase). Sin
e this test a

epts on a linear
ondition, a random assignment will always fool the veri�er with probability 1d .Thus we need another kind of test to get below 1d . However, sin
e in the boolean 
aseit is known that a non-adaptive 3-query PCP 
annot get soundness below 12 withnear perfe
t 
ompleteness and not below 5=8 with perfe
t 
ompleteness, it mightvery well be the 
ase that in general it is impossible for a non-adaptive 3-query PCPto get soundness below 1d (with perfe
t or near-perfe
t 
ompleteness). However, ford > 2 it is 
urrently only known that it is impossible to get soundness d�2 in a3-query PCP for NP [46℄ and it is at present unknown if it is possible to get better



10.2. Non-adaptive PCP 
onstru
tion 99NonadaptiveTest .Input: An E3-CNF(5) formula �. The proof is a Generalized StandardWritten d-Proof with parameters u and T , with all the tables folded overZd:1. Let W be a random (T; u)-blo
k sele
ted from �.2. Let U be a random u-proje
tion of W .3. Sele
t f 2 ZSATUd and g 2 ZSATWd uniformly at random.4. Sele
t ef 2 ZSATWd by sele
ting, independently for every y 2 SATW ,ef (y) su
h that: f(�U;W (y)) 6= 1 =) ef (y) = 1; f(�U;W (y)) =1 =) (Pr[ef (y) = 1℄ = 1� Æ) ^ (Pr[ef (y) = !℄ = Æ).5. A

ept if AU;Zd(f)AW;Zd(g)AW;Zd(g�1(f Æ �U;W )�1ef ) = 1 or ifAU;Zd(f) = 1 and AW;Zd(g)AW;Zd(g�1(f Æ �U;W )�1ef ) = !; reje
totherwise.Figure 10.1. The above PCP is parameterized by the positive integers d, u and Tand the positive real Æ and tests if a E3-CNF(5) formula � is satis�able by queryingthree positions in a Generalized Standard Written d-Proof with parameter u. Withsuitable 
hoi
es of the parameters u, T and Æ as fun
tions of � and d, the above PCPhas perfe
t 
ompleteness and soundness d�1 + d�2 + � for any 
onstant � > 0.soundness with near-perfe
t 
ompleteness than with perfe
t 
ompleteness.10.2 Non-adaptive PCP 
onstru
tionThe PCP is shown in Fig. 10.1. The intuition behind the proto
ol is to take alinearity test�whi
h we know has soundness at most d�1+� for any 
onstant � > 0and near-perfe
t 
ompleteness�and modify it a slightly in su
h a way that we getat test with perfe
t 
ompleteness whi
h is still 
lose enough to a linearity test tohave soundness d�1 + d�2 + � for any 
onstant � > 0. The following lemma isimmediate:Lemma 10.1. If � is satis�able, then there is a proof whi
h NonadaptiveTesta

epts with probability 1.To analyze the soundness of the proto
ol we follow the standard approa
h. Weestimate the a

eptan
e probability of the veri�er using Fourier analysis and provethat if the a

eptan
e probability is large there must exist pairs of 
orrelated 
oef-�
ients whose produ
t is large. We then use these produ
ts to devise a strategy forthe provers in the balan
ed version of the 2P1R game from Se
tion 5.2. To simplify



100 Chapter 10. Non-Boolean 3 query PCP with perfe
t 
ompletenessthe notation, we let F = ZSATUd and H = ZSATWd . The groups ẐSATUd and ẐSATWdare denoted F̂ and Ĥ respe
tively.The expression d�1Pd�1
=0 g
 is an indi
ator for the event g = 1 when g assumesvalues in Zd. Hen
e, the test a

epts with probability E[I1 + I2℄ whereI1 = 1d d�1X
=0�AU;Zd(f)AW;Zd(g)AW;Zd(g�1(f Æ �U;W )�1ef )�
 ;I2 = �1d d�1X
=0�AU;Zd(f)�
���1d d�1X
=0�AW;Zd(g)AW;Zd(g�1(f Æ �U;W )�1ef )!�1�
�:This expression 
an be rewritten as d�1 + d�2 +E[L+Q+ C1 + C2℄ whereL = 1d d�1X
=1(AU;Zd(f))
 ; (10.1)Q = 1d2 d�1X
=1�AW;Zd(g)AW;Zd(g�1(f Æ �U;W )�1ef )!�1�
 ; (10.2)C1 = 1d d�1X
=1�AU;Zd(f)AW;Zd(g)AW;Zd(g�1(f Æ �U;W )�1ef )�
 ; (10.3)C2 = 1d2 d�1X
1=1 d�1X
2=1�AU;Zd(f)�
1�AW;Zd(g)AW;Zd(g�1(f Æ �U;W )�1ef )!�1�
2 : (10.4)We now prove that L and Q have small magnitude and then prove that most of theterms in C1 and C2 also have small magnitude. Finally, we prove that the remainingterms 
an be used to extra
t a strategy for the provers in the Generalized 2P1Rgame from Se
tion 5.2.Lemma 10.2. E[L℄ = 0Proof. Ef [AU;Zd(f)
 ℄ = B̂0, where B(f) = AU;Zd(f)
 . Sin
e AU;Zd is folded overZd, B is 
-homogeneous. It follows by Lemma 5.11 that B̂0 = 0, and thus E[L℄ = 0.Let us now analyze E[Q℄:E[Q℄ = EU;W;f;g;ef� 1d2 d�1X
=1!�
�AW;Zd(g)AW;Zd(g�1(f Æ �U;W )�1ef )�
�:



10.2. Non-adaptive PCP 
onstru
tion 101Our aim is to show thatEU;W [Q
 ℄ = EU;W;f;g;efh�AW;Zd(g)AW;Zd(g�1(f Æ �U;W )�1ef )�
i (10.5)always has small magnitude, regardless of 
. To this end, we expand Q
 in a Fourierseries:Q
 = Ef;g;ef� X�1;�22Ĥ B̂�1B̂�2��1(g)��2(g�1(f Æ �U;W )�1ef )�= X�1;�22Ĥ B̂�1B̂�2 Ef;ef [��2(ef )���U;Wd (�2)(f)℄ Eg [��1��2(g)℄;where B = A
W;Zd , and B̂�1 thus is the Fourier 
oe�
ient of A
W;Zd at �. Sin
eEh[��1��2(h)℄ = 0 unless �1 = �2 by Lemma 5.1, the above expression 
an besimpli�ed toQ
 = X�2Ĥ B̂2� Ef;ef [��(ef )��U;Wd (�)(f)℄Let us now 
omputeEf;ef [��(ef )���d(�)(f)℄ = Ef;ef�Yy (ef (y))�(y)(f(�U;W (y)))��(y)�= Yx2�U;W (�)E� Yy:�U;W (y)=x(ef (y)f�1(x))�(y)�:Consider the fa
tor 
orresponding to a �xed x in the above produ
t. Sin
e ef (y) de-pends on f(x) we 
ondition on f(x):E� Yy:�U;W (y)=x(ef (y)f�1(x))�(y)�= 1d d�1Xt=0 E� Yy:�U;W (y)=x(ef (y)f�1(x))�(y) ���� f(x) = !t�:If f(x) 6= 1, ef (y) is always 1, otherwise ef (y) is sele
ted a

ording to a biaseddistribution on f1; !g. Hen
eE� Yy:�U;W (y)=x(ef (y)f�1(x))�(y)�= 1d d�1Xt=1 Yy:�U;W (y)=x!�t�(y) + 1d Yy:�U;W (y)=x(1� Æ + !�(y)Æ)



102 Chapter 10. Non-Boolean 3 query PCP with perfe
t 
ompletenessRe
all the notation �U;Wd (�)(x) = Py:�U;W (y)=x �(y) mod d. If �U;Wd (�)(x) 6= 0,the �rst sum above is �1; otherwise it is d� 1. If we de�nea�;x = 1d� Yy:�U;W (y)=x(1� Æ + !�(y)Æ) + d� 1�; (10.6)b�;x = 1d� Yy:�U;W (y)=x(1� Æ + !�(y)Æ)� 1�; (10.7)we 
an writejQ
 j2 = ����X�2Ĥ B̂2� Yx2�U;W (�)�U;Wd (�)(x)=0a�;x Yx2�U;W (�)�U;Wd (�)(x)6=0 b�;x����2� �X�2Ĥ jB̂� j2��X�2Ĥ jB̂� j2 Yx2�U;W (�)�U;Wd (�)(x)=0 ja�;xj2 Yx2�U;W (�)�U;Wd (�)(x)6=0 jb�;xj2�= X�2Ĥ jB̂� j2 Yx2�U;W (�)�U;Wd (�)(x)=0 ja�;xj2 Yx2�U;W (�)�U;Wd (�)(x)6=0 jb�;xj2;where the inequality is the Cau
hy�S
hwartz inequality and the last equality followsfrom Plan
herel's equality.Lemma 10.3. For any integer b 6= 0 mod d and any real Æ 2 [0; 1℄, j1� Æ+!bÆj2 �1� Æd�2 and, 
onsequently, j1� Æ + !bÆj � 1� Æd�2=2.Proof. Sin
e ! = e2�i=d,j1� Æ + !bÆj2 � j1� Æ + !Æj2= (1� Æ(1� 
os(2�=d)))2 + Æ2 sin2(2�=d)= 1� 2(Æ � Æ2)�1� 
os(2�=d)�:For d 2 f2; 3; 4g this expression is at most 1� 2Æ(1� Æ) � 1� Æ while for larger dit is at most1� 2(Æ � Æ2)(2�2d�2 � 2�4d�4=3) � 1� 2�2d�2Æ(1� Æ) � 1� Æd�2:where we use the Ma
Laurin expansion of 
os(x) to derive that 
os(2�=d) < 1 �2�2d�2 + 2�4d�4=3. The 
on
lusion of the lemma now follows sin
e (1 � �)1=2 �1� �=2 for all � 2 [0; 1℄.Using separate arguments for terms where j�j = jfy 2 Ĥ : �(y) 6= 0gj is large andterms where j�j is small, we now bound the fa
tor multiplying jB̂� j2 by 2Æ. Forthe 
ase when j�j is small, we use Corollary 5.18 and when j�j is large, we useCorollary 5.20.



10.2. Non-adaptive PCP 
onstru
tion 103Lemma 10.4. Let Q
 be de�ned as in equation (10.5) and let 
 2 Ẑd n f0g andÆ 2 (0; 1) be arbitrary. Then EU;W �jQ
 j2� � 2Æ provided that T � Æ�3d3 ln Æ�1.Proof. By the above reasoning, we have established thatE�jQ
 j2� � EW"X�2Ĥ jB̂� j2 EU� Yx2�U;W (�)�U;Wd (�)(x)=0 ja�;xj2 Yx2�U;W (�)�U;Wd (�)(x)6=0 jb�;xj2�# (10.8)We now bound the inner expe
tation above separately for every � and then usePlan
herel's equality to bound the entire sum.Suppose that j�j < ÆT and B̂� 6= 0. It follows by Lemma 4.10 that B̂� = 0if �(y) = 0 for all y; hen
e there exists some y su
h that �(y) 6= 0. By Corol-lary 5.18, with probability at least 1 � j�j=T � 1 � Æ over the 
hoi
e of U thereis no other y0 su
h that �U;W (y) = �U;W (y0). Given that this event happens,�U;Wd (�)(�U;W (y)) = �(y) 6= 0, and the fa
tor 
orresponding to x = �U;W (y) in theprodu
t has magnitudej1� Æ + !�(y)Æ � 1jd2 = Æj1� !�(y)jd2 � 2Æd2 :Sin
e the other fa
tors have at most unit magnitude, the magnitude of the innerexpe
tation is bounded by 2Æd�2 when j�j < ÆT . Sin
e in any 
ase the entireprodu
t has at most unit magnitude, the fa
tor multiplying jB̂� j2 in (10.8) is atmost (1� Æ) � 2Æd�2 + Æ � 1 � 3Æ=2 when j�j � ÆT .Next, we 
onsider the 
ase when j�j � ÆT . Sin
e ja�;xj � jb�;xj, we 
an up-per bound the produ
t inside the inner expe
tation in (10.8) by ja�;xj2j�U;W (�)j �(1 � Æd�3=2)2j�U;W (�)j, using Lemma 10.3 to bound ja�;xj. By Corollary 5.20,j�U;W (�)j � Æj�j = Æ�1d3 ln Æ�1 with probability at least 1 � 2Æ over the 
hoi
eof U . When this holds,(1� Æd�3=2)2j�U;W (�)j � e�Æd�3j�U;W (�)j = Æ:When j�U;W (�)j fails to be large, whi
h happens with probability at most 2Æ,the produ
t has at most unit magnitude. Therefore, the fa
tor multiplying jB̂�j2in (10.8) is at most (1� 2Æ) � Æ + Æ � 1 � 2Æ when j�j � ÆT .To 
on
lude, the term 
orresponding to an arbitrary � in (10.8) has magnitudeat most 2ÆjB̂�j2, hen
eEhjQ
 j2i � 2ÆE�X�2Ĥ jB̂� j2� = 2Æ:Corollary 10.5. Let Q be de�ned as in equation (10.2) and Æ 2 (0; 1) be arbitrary.Then jE[Q℄j2 � Æ provided that T � Æ�3d3 ln Æ�1.



104 Chapter 10. Non-Boolean 3 query PCP with perfe
t 
ompletenessProof. Sin
e E[Q℄ = E[d�2Pd�1
=1 !�
Q
 ℄, and the fun
tion z 7! jzj2 is 
onvex, itfollows from Jensen's inequality thatjE[Q℄j2 = (d� 1)2d4 ���� 1d� 1 d�1X
=1!�
 E[Q
 ℄����2 � d� 1d4 d�1X
=1 jE[Q
 ℄j2� d� 1d4 d�1X
=1E[jQ
 j2℄ � 2Æ(d� 1)2d4 ;where the last inequality follows from Lemma 10.4 and the �rst two inequalitiesfollow from Jensen's inequality.Let us now look at the terms of degree three, i.e., the expe
tations (10.3) and (10.4).They 
an be written asE[C1℄ = EU;W�1d d�1X
=1C
;
�; E[C2℄ = EU;W� 1d2 d�1X
1=1 d�1X
2=1!�
2C
1;
2�whereC
1;
2 = Ef;g;efh�AU;Zd(f)�
1�AW;Zd(g)AW;Zd(g�1(f Æ �U;W )�1ef )�
2i: (10.9)To prove that E[C1℄ and E[C2℄ have small magnitude, it is enough to bound jC
1;
2 jfor arbitrary 
1; 
2 6= 0. To this end, we expand C
1;
2 in a Fourier series:C
1;
2 = X�2F̂Zd X�2Ĥ Â�B̂2� Ef;ef [��(ef )����U;Wd (�)(f)℄where Â� is the Fourier 
oe�
ient of A
1U;Zd at � and B̂� is the Fourier 
oe�
ientof A
2W;Zd at �. Sin
e ef and f are dependent, we 
annot simply dis
ard all termswhere � 6= �U;Wd (�). However, we 
an dis
ard some terms. For � 2 F̂ and � 2 Ĥ ,we let � � � denote the relation that for ea
h x su
h that �(x) 6= 0, there is somey 2 (�U;W )�1(x) su
h that �(y) 6= 0. ConsiderEf;ef [��(ef )����U;Wd (�)(f)℄ =Yx2SATU E�(f(x))�(x) Yy:�U;W (y)=x(ef (y)f�1(x))�(y)�: (10.10)If � � � does not hold, there is some x0 su
h that �(x0) 6= 0 but �(y) = 0 for ally 2 (�U;W )�1(x0). The fa
tor 
orresponding to this x0 will be 0. Thus the onlyterms whi
h remain are those where � � �, andC
1;
2 = X�2Ĥ X�2F̂��� Â�B̂2� Ef;ef [��(ef )����U;Wd (�)(f)℄:
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onstru
tion 105Let us now 
ompute 10.10 in the 
ase when � � �. We 
onsider ea
h fa
torseparately. The fa
tor 
orresponding to an arbitrary x 
an be writtenE�(f(x))�(x) Yy:�U;W (y)=x(ef (y)f�1(x))�(y)�= 1d Yy:�U;W (y)=x(1� Æ + !�(y)Æ) + 1d d�1Xt=1 !t�(x) Yy:�U;W (y)=x!�t�(y)= 1d Yy:�U;W (y)=x(1� Æ + !�(y)Æ) + 1d d�1Xt=1 !t(�(x)��U;Wd (�)(x)):If �(x) 6= �U;Wd (�)(x), the se
ond term evaluates to �d�1; otherwise it evaluatesto (d� 1)=d. Therefore,C
1;
2 = X�2Ĥ X�2F̂��� Â�B̂2�p(�; �) (10.11)wherep(�; �) = Yx2�U;W (�)�(x)=�U;Wd (�)(x)a�;x Yx2�U;W (�)�(x)6=�U;Wd (�)(x) b�;x (10.12)and a�;x and b�;x are de�ned in equations (10.6) and (10.7) above. We now pro
eedto bound the terms 
orresponding to terms with j�j > ÆT .Lemma 10.6. For any � 2 Ĥ,X�2F̂��� jp(�; �)j2 = Yx2�U;W (�)(ja�;xj2 + (d� 1)jb�;xj2);where a�;x, b�;x and p(�; �) are de�ned in equations (10.6), (10.7) and (10.12).Proof. There are dj�U;W (�)j di�erent � su
h that � � �. Of those, exa
tly one �,namely � = �U;Wd (�) gives a produ
t with only fa
tors of type a. More generally,let A � �U;W (�) be the set of x su
h that �(x) = �U;Wd (�)(x). Then there are(d� 1)j�U;W (�)nAj di�erent � su
h that � and �U;Wd (�) agree exa
tly on A and forall those �,jp(�; �)j2 = Yx2A ja�;xj2 Yx2�U;W (�)nA jb�;xj2:
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t 
ompletenessHen
e,X�2F̂��� jp(�; �)j2 = XA��U;W (�)(d� 1)j�U;W (�)nAj Yx2A ja�;xj2 Yx2�U;W (�)nA jb�;xj2= Yx2�U;W (�)(ja�;xj2 + (d� 1)jb�;xj2):Lemma 10.7. For all integers d � 2,X�2F��� jp(�; �)j2 � �1� Æd3�j�U;W (�)jProof. By Lemma 10.6,X�2F̂��� jp(�; �)j2 = Yx2�U;W (�)(ja�;xj2 + (d� 1)jb�;xj2):We now bound ea
h fa
tor in the above produ
t using the observation thatja�;xj2 + (d� 1)jb�;xj2 = �a�;x + (d� 1)b�;x��a�;x + (d� 1)b�;x��� (d � 1)�a�;xb��;x + a��;xb�;x�� (d � 1)(d � 2)jb�;xj2; (10.13)where z� denotes the 
omplex 
onjugate of z. We introdu
e the shorthand
�;x = Yy:�U;W (y)=x(1� Æ + !�(y)Æ):With this shorthand, by the de�nitions of a�;x and b�;x,a�;x = 1d (
�;x + d� 1)b�;x = 1d (
�;x � 1):Using these, and the notation <fzg for the real part of z, we now expand ea
h ofthe expressions in the right-hand side of (10.13):a�;x + (d� 1)b�;x = 
�;x;(a�;x + (d� 1)b�;x)(a�;x + (d� 1)b�;x)� = j
�;xj2;a��;xb�;x = d�2�j
�;xj2 + (d� 1)
�;x � 
��;x � (d� 1)�;a�;xb��;x + a��;xb�;x = 2d�2�j
�;xj2 + (d� 2)<f
�;xg � (d� 1)�;jb�;xj2 = d�2�j
�;xj2 � 2<f
�;xg+ 1�;
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tion 107Hen
e a�;xb��;x + a��;xb�;x + (d� 2)jb�;xj2 = d�1j
�;xj2 � d�1 andja�;xj2 + (d� 1)jb�;xj2 = j
�;xj2 � d� 1d �j
�;xj2 � 1� = 1� 1� j
�;xj2d :By Lemma 10.3,j
�;xj2 = Yy:�U;W (y)=x j1� Æ + !�(y)Æj2 � (1� Æd�2)j(�U;W )�1(x)j � 1� Æd�2and we 
an therefore bound ea
h ja�;xj2 + (d � 1)jb�;xj2 from above by 1 � Æd�3.Sin
e there are j�U;W (�)j fa
tors in the produ
t, the proof is 
omplete.As before, the terms in the Fourier series are bounded in separate ways depending onthe size of j�j. We �rst prove that the sum of all terms 
orresponding to large j�jmust have a magnitude that is upper bounded by an expression linear in Æ1=2.Intuitively, this follows sin
e p(�; �) has small magnitude with very high probabilitywhen j�j is large. Here we, again, use Corollary 5.20 from Se
tion 5.2. We thenprove that the terms 
orresponding to small j�j must also have a magnitude thatis upper bounded by an expression linear in Æ1=2, or else there exists a strategy forthe provers in the 2P1R game from Se
tion 5.2 that makes the veri�er a

ept withprobability larger than 
u�.Lemma 10.8. Suppose that B : ZSATWd ! Zd is 
2-homogeneous for some 
2 6= 0,that A : !SATUZd is 
1-homogeneous for some 
1 6= 0. Let Â� be the Fourier
oe�
ients of A and B̂� be the Fourier 
oe�
ients of B and let � � � mean that�(x) 6= 0 =) x 2 �(�). IfE�X�2Ĥ X�2F̂��� jÂ�j2jB̂�j2j�j�1� � �;where the probability is over the sele
tion of a (T; u)-blo
kW uniformly at random,and a random u-proje
tion U of W , there exists a strategy for the provers in theGeneralized 2P1R game from Se
tion 5.2 that makes the veri�er in that gamea

epts with probability at least �.Proof. The strategy is as follows: On re
eiving a sequen
e W of 
lauses, the �rstprover 
omputes the Fourier 
oe�
ients B̂� , sele
ts a � a

ording to probability dis-tribution given by jB̂� j2 and then a y su
h that �(y) 6= 0 uniformly�by Lemma 4.10su
h a y always exists�this y is returned to the veri�er.On re
eiving a sequen
e U of 
lauses and variables, the se
ond prover 
omputesthe Fourier 
oe�
ients Â�, sele
ts an � a

ording to probability distribution givenby jÂ�j2 and then an x su
h that �(x) 6= 0 uniformly�by Lemma 4.10 su
h an xalways exists�this x is returned to the veri�er.
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t 
ompletenessThe assignment y always satis�es the 
lauses in W and it is guaranteed to be
onsistent if � � � and the se
ond prover happens to sele
t a y that proje
ts ontothe x sele
ted by the �rst prover. Therefore, the su

ess probability of the abovestrategy is at leastE�X�2Ĥ X�2F̂��� jÂ�j2jB̂�j2j�j�1� � �:Lemma 10.9. Let C
1;
2 be de�ned as in equation (10.9) and let 
1; 
2 2 Ẑd nf0gbe arbitrary. Then, provided that T � Æ�3d3 ln Æ�1,jC
1;
2 j2 � 2�����E� X�2Ĥj�j�ÆT X�2F̂��� Â�B̂2�p(�; �)������2 + 6Æ;where Â� is the Fourier 
oe�
ient of A
1U;Zd at � and B̂� is the Fourier 
oe�
ientof A
2W;Zd at �.Proof. By equation (10.11),jC
1;
2 j22 = 12 ����� EU;W�X�2Ĥ X�2F̂��� Â�B̂2�p(�; �)������2� ����� EU;W� X�2Ĥj�j�ÆT X�2F̂��� Â�B̂2�p(�; �)������2+ ����� EU;W� X�2Ĥj�j>ÆT X�2F̂��� Â�B̂2�p(�; �)������2where the inequality follows from Jensen's inequality. We now bound the lattersum above. By the Cau
hy�S
hwartz inequality and Parseval's equality applied toB̂� , ���� X�2Ĥj�j�ÆT X�2F̂��� Â�B̂2�p(�; �)����2� � X�2Ĥj�j>ÆT X�2F̂��� jÂ�j2jB̂� j2�� X�2Ĥj�j>ÆT X�2F̂��� jB̂�j2jp(�; �)j2�� X�2Ĥj�j>ÆT jB̂�j2 X�2F̂��� jp(�; �)j2;



10.2. Non-adaptive PCP 
onstru
tion 109hen
e����� EU;W� X�2Ĥj�j>ÆT X�2F̂��� Â�B̂2�p(�; �)������2 � EW" X�2Ĥj�j>ÆT jB̂� j2 EU�X�2F̂��� jp(�; �)j2�#:Consider the expression multiplying jB̂�j2. Sin
e j�j > ÆT � Æ�2d3 ln Æ�1, Corol-lary 5.20 implies that j�U;W (�)j � Æ�1d3 ln Æ�1 with probability at least 1�2Æ overthe 
hoi
e of U . When this holds,X�2F̂��� jp(�; �)j2 � �1� Æd3�j�U;W (�)j � exp(Æd�3j�U;W (�)j) � Æ:In the other 
ase, when j�U;W (�)j fails to be large,X�2F̂��� jp(�; �)j2 � 1:To 
on
lude, for any �xed W ,EU�X�2F̂��� jp(�; �)j2� � (1� 2Æ) � Æ + 2Æ � 1 � 3Æand hen
eEU;W"���� X�2Ĥj�j�T X�2F̂��� Â�B̂2�p(�; �)����2# � 3Æ EW� X�2Ĥj�j�T jB̂�j2�:Sin
e the latter expe
tation is at most 1 due to Plan
herel's equality, the 
on
lusionof the lemma follows.Lemma 10.10. Let C
1;
2 be de�ned as in equation (10.9) and let 
1; 
2 2 Ẑdnf0gand Æ 2 (0; 1) be arbitrary. Then if � is at most � satis�able, E�jC
1;
2 j2� � 8Æprovided that T � Æ�3d3 ln Æ�1 and u > (logT )= log 
�1� .Proof. By Lemma 10.9,jC
1;
2 j2 � 2����� EU;W� X�2Ĥj�j�ÆT X�2F̂��� Â�B̂2�p(�; �)������2 + 6Æ;
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t 
ompletenesswhere Â� is the Fourier 
oe�
ient of A
1U;Zd at � and B̂� is the Fourier 
oe�
ientof A
2W;Zd at �. Now suppose that jC
1;
2 j2 > 8Æ. ThenÆ < ����� EU;W� X�2Ĥj�j�ÆT X�2F̂��� Â�B̂2�p(�; �)������2� EU;W"���� X�2Ĥj�j�ÆT X�2F̂��� Â�B̂2�p(�; �)����2#� EU;W"� X�2Ĥj�j�ÆT X�2F̂��� jÂ�j2jB̂� j2�� X�2Ĥj�j�ÆT X�2F̂��� jB̂�j2jp(�; �)j2�#� EU;W"� X�2Ĥj�j�ÆT X�2F̂��� jÂ�j2jB̂� j2�� X�2Ĥj�j�ÆT jB̂� j2�1� Æd3�j�U;W (�)j�#� EU;W� X�2Ĥj�j�ÆT X�2F̂��� jÂ�j2jB̂� j2�� ÆT EU;W� X�2Ĥj�j�ÆT X�2F̂��� jÂ�j2jB̂� j2j�j�1�� ÆT EU;W�X�2Ĥ X�2F̂��� jÂ�j2jB̂� j2j�j�1�:We 
an now apply Lemma 10.8 with � = T�1 to see that there exists a strategyfor the provers in Generalized 2P1R game from Se
tion 5.2 with su

ess rate �.Note that the fun
tions A
1U;Zd and A
2W;Zd are known to the provers in that gamesin
e the provers 
an simply try all possible 
ombinations of 
1, 
2, AU;Zd , andAW;Zd and sele
t the 
ombination that gives the largest expe
tation. But sin
eu has been sele
ted in su
h a way that 
u� < �, we obtain a 
ontradi
tion, andhen
e jC
1;
2 j2 � 8Æ.Corollary 10.11. Let C1 and C2 be de�ned as in equations (10.3)�(10.4) andÆ 2 (0; 1) be arbitrary. Then if � is at most �-satis�able, jE[C1℄j2 � 8(d� 1)Æ andjE[C2℄j2 � 8Æ provided that T � Æ�3d3 ln Æ�1 and u > (log T )= log 
�1� .
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onstru
tion 111Proof. By the de�nitions of C1 and C2 from equations (10.3)�(10.4) it follows thatjE[C1℄j2 = (d� 1)2d2 ���� 1d� 1 d�1X
=1E[C
;
 ℄����2 � (d� 1)d2 d�1X
=1 jE[C
;
 ℄j2� (d� 1)d2 d�1X
=1E[jC
;
 j2℄ � 8Æ(d� 1)2d2and similarly thatjE[C2℄j2 � (d� 1)2d4 d�1X
1=1 d�1X
2=1E[jC
1;
2 j2℄ � 8Æ(d� 1)4d4 :Hen
e jE[C1℄j2 � 8Æ and jE[C2℄j2 � 8Æ.Putting the pie
es together, it turns out that if we �rst sele
t Æ as a fun
tionof �, then sele
t T as a fun
tion of � and Æ and �nally sele
t u as a fun
tion of�, Æ and T , we 
an prove that all the terms above sum up to something havingmagnitude stri
tly less than � under the assumption that the veri�er in the PCPa

epts with probability d�1 + d�2 + �.Lemma 10.12. For any integer d � 2 and any 
onstant � > 0, there are 
hoi
esof the parameters Æ, T and u su
h that if � is at most �-satis�able, the veri�er inFig. 10.1 with these parameter 
hoi
es a

epts with probability most d�1+d�2+ �.Proof. Given �, �rst sele
t Æ � �2=52 and then sele
t T � Æ�3d3 ln Æ�1 and u >(log Æ�1 + logT + T log d)= log 
�1� . Now suppose that the veri�er in Fig. 10.1 withthese parameter 
hoi
es a

epts an in
orre
t input with probability d�1 + d�2 + �.Then � = E[L℄ + E[Q℄ + E[C1℄ + E[C2℄ = E[Q℄ + E[C1℄ + E[C2℄;where L, Q, C1, and C2 are de�ned as in (10.1)�(10.4) and the last equality followssin
e E[L℄ = 0 by Lemma 10.2. Jensen's inequality now implies that�2 � 3jE[Q℄j2 + 3jE[C1℄j2 + 3jE[C2℄j2Sin
e jE[Q℄j2 � Æ by Corollary 10.5 and jE[C1℄j2 + jE[C2℄j2 � 16Æ by Corol-lary 10.11, we obtain a 
ontradi
tion.Combing Lemma 10.1 and Lemma 10.12, we getTheorem 10.13. For any d � 2, for any 
onstant � > 0,NP = naPCP1;d�1+d�2+�[O(log n); 3; d℄:



112 Chapter 10. Non-Boolean 3 query PCP with perfe
t 
ompletenessAdaptiveTest .Input: An E3-CNF(5) formula �. The proof is a Generalized StandardWritten d-Proof with parameters u and T :1. Let W be a random (T; u)-blo
k sele
ted from �.2. Let U be a random u-proje
tion of W .3. Sele
t f 2 ZSATUd and g 2 ZSATWd uniformly at random.4. Sele
t ef 2 ZSATWd by sele
ting, independently for every y 2 SATW ,ef (y) su
h that: f(�(y)) 6= 1 =) ef (y) = 1; f(�(y)) = 1 =)(Pr[ef (y) = 1℄ = 1� Æ) ^ (Pr[ef (y) = !℄ = Æ).5. Sele
t e!f 2 ZSATWd by sele
ting, independently for every y 2 SATW ,e!f (y) su
h that: !f(�U;W (y)) 6= 1 =) e!f (y) = 1; !f(�U;W (y)) =1 =) (Pr[e!f (y) = 1℄ = 1� Æ) ^ (Pr[e!f (y) = !℄ = Æ).6. If AU;Zd(f) 6= 1, a

ept if AU;Zd(f)AW;Zd(h)AW;Zd(h�1(f Æ�U;W )�1ef ) = 1;If AU;Zd(f) = 1, a

ept if AW;Zd(h)AW;Zd(h�1(!f Æ �U;W )�1e!f ) =!�1; reje
t otherwise.Figure 10.2. The above PCP is parameterized by the positive integers d, u and Tand the positive real Æ and tests if a E3-CNF(5) formula � is satis�able by adaptivelyquerying three positions in a Generalized Standard Written d-Proof with parame-ters u and T . With suitable 
hoi
es of the parameters u, T and Æ as fun
tions of� and d, the above PCP has perfe
t 
ompleteness and soundness d�1 + � for any
onstant � > 0.Proof. Choose the parameters of NonadaptiveTest as in Lemma 10.12.By Theorem 4.1, de
iding any language in NP
an be redu
ed to distinguishingbetween the 
ases that an E3-CNF(5) formula � is satis�able of at most � satis�able.By Lemma 10.1, the veri�er has perfe
t 
ompleteness. By Lemma 10.12, if � is atmost �-satis�able, no proof is a

epted with probability greater than d�1+d�2+ �.The lemma follows.10.3 Adaptive PCP 
onstru
tionIn this se
tion we give an adaptive version of the PCP 
onstru
tion in the previousse
tion. The PCP is shown in Figure 10.2. The veri�er pro
eeds as in the non-adaptive 
ase when the �rst queried value, AU;Zd(f), is not 1. When AU;Zd(f) = 1,the veri�er essentially makes the same test as it would have if !f would havetaken the pla
e of f . Sin
e AU;Zd(!f) 6= 1, the veri�er may thus a

ept for only



10.3. Adaptive PCP 
onstru
tion 113one value of AW;Zd(�)AW;Zd(�), as in the 
ase AU;Zd(f) 6= 1. Due to folding,AU;Zd(!f) = !AU;Zd(f), so the test 
an be performed without reading any extravalues. Again we have perfe
t 
ompleteness:Lemma 10.14. If � is satis�able there is a proof whi
h AdaptiveTest a

epts withprobability 1.Turning to the soundness, we note that the a

eptan
e probability of the veri�er
an be written as E[I1 + I2℄ whereI1 = �1� 1d d�1X
=0�AU;Zd(f)�
���1d d�1X
=0�AU;Zd(f)AW;Zd(h)AW;Zd(h�1(f Æ �U;W )�1ef )�
�and I2 = �1d d�1X
=0�AU;Zd(f)�
���1d d�1X
=0�!AW;Zd(h)AW;Zd(h�1(!f Æ �U;W )�1e!f )�
�= �1d d�1X
=0�!�1AU;Zd(!f)�
���1d d�1X
=0�!AW;Zd(h�1)AW;Zd(h�1(!f Æ �U;W )�1e!f )�
�;where the se
ond equality follows sin
e AU;Zd(!�1f) = !�1AU;Zd(f). We havethat E[I1℄ = d�1 � d�2 � E[L℄� E[Q℄ + E[C1℄� E[C2℄where L, Q, C1 and C2 are de�ned as in (10.1)�(10.4). We use that, sin
e f issele
ted uniformly at random in the proto
ol,Ef [!�
(AU;Zd(!f))
 ℄ = Ef [!�
(AU;Zd(f))
 ℄;and Ef;efh�AW;Zd(h)AW;Zd(h�1(f Æ �U;W )�1ef )�
i =Ef;e!fh�AW;Zd(h)AW;Zd(h�1(!f Æ �U;W )�1e!f )�
i:
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t 
ompletenessto writeE[I2℄ = d�2 +E[L0℄ + E[Q0℄ + E[C 0℄whereL0 = 1d d�1X
=1!�
(AU;Zd(f))
 ;Q0 = 1d2 d�1X
=1!
�AW;Zd(h)AW;Zd(h�1(f Æ �U;W )�1ef )�
 ;C 0 = 1d2 d�1X
1=1 d�1X
2=1!
2�
1�AU;Zd(f)�
1�AW;Zd(h)AW;Zd(h�1(f Æ �U;W )�1ef )�
2 :To sum up, E[I1+ I2℄ = d�1�E[L℄�E[Q℄ +E[C1℄�E[C2℄ +E[L0℄ +E[Q0℄ +E[C 0℄,and from the previous se
tion, we already know how to bound all these terms.Lemma 10.15. Let Æ 2 (0; 1) be arbitrary and suppose that T � Æ�3d3 ln Æ�1 andu > (log T )= log 
�1� . Then E[L0℄ = 0, jE[Q0℄j2 � Æ, and jE[C 0℄j2 � 8ÆProof. E[L0℄ = 0 sin
e the tables in the proof are folded. Sin
eE[Q0℄ = EU;W " 1d2 d�1X
=1!
Q
#and E[C 0℄ = EU;W " 1d2 d�1X
1=1 d�1X
2=1!
2�
1C
1;
2# ;the two inequalities follow from Lemmas 10.4 and 10.10 in the same way as Corol-laries 10.5 and 10.11.To prove that the adaptive proto
ol has soundness d�1 + � for any 
onstant � > 0is now straightforward.Lemma 10.16. For any integer d � 2 and any 
onstant � > 0, there are 
hoi
esof the parameters Æ, T and u su
h that, if � is at most �-satis�able, AdaptiveTestwith these parameter 
hoi
es a

epts with probability most d�1 + �.
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lusions and open problems 115Proof. Given �, �rst sele
t Æ � �2=131 and then sele
t T � Æ�3d3 ln Æ�1 and u >(logT + T log d)= log 
�1� . Now suppose that the veri�er in Fig. 10.1 with theseparameter 
hoi
es a

epts an in
orre
t input with probability d�1 + �. Then� = �E[L℄� E[Q℄ + E[C1℄� E[C2℄ + E[L0℄ + E[Q0℄ + E[C 0℄= �E[Q℄ + E[C1℄� E[C2℄ + E[Q0℄ + E[C 0℄;where L, Q, C1, and C2 are de�ned as in (10.1)�(10.4), Q0 and C 0 are de�nedabove, and the last equality follows sin
e E[L℄ = E[L0℄ = 0 by Lemma 10.2. Hen
eJensen's inequality implies that�2 � 5jE[Q℄j2 + 5jE[C1℄j2 + 5jE[C2℄j2 + 5jE[Q0℄j2 + 5jE[C 0℄j2:Sin
e jE[Q℄j2 � Æ by Corollary 10.5, jE[C1℄j2 + jE[C2℄j2 � 16Æ and jE[Q0℄j2 +jE[C 0℄j2 � 9Æ by Lemma 10.15, we obtain a 
ontradi
tion.Combing Lemma 10.14 and Lemma 10.16, we getTheorem 10.17. For any d � 2, for any 
onstant � > 0,NP = PCP1;d�1+�[O(logn); 3; d℄:10.4 Con
lusions and open problemsWe have established that there exists, for every 
onstant � > 0, a non-adaptivePCP for NP that reads three values from a domain of size d, has perfe
t 
om-pleteness and soundness d�1 + d�2 + �. Moreover, we have presented an adaptiveversion of that PCP where the soundness is improved to d�1 + �. As mentioned inthe introdu
tion, for d > 2 it is 
urrently an open question whether these resultsare optimal. However, improvements would probably require new te
hniques for
onstru
ting PCPs. We believe that a sear
h for better approximation algorithmsfor 3-ary 
onstraint satisfa
tion over domains of size d 
ould be very fruitful. Inparti
ular, an algorithm with approximation ratio better than d�1 + d�2 for satis-�able instan
es would prove that adaptive veri�ers are stri
tly more powerful thannon-adaptive ones also for non-Boolean PCPs.
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Chapter 11Equations over �nite groups11.1 Introdu
tionMany fundamental 
omputational problems 
an be naturally posed as questions
on
erning the simultaneous solvability of families of equations over �nite groups.This 
onne
tion has been exploited to a
hieve a variety of strong inapproximabilityresults for problems su
h as Maximum Cut, Maximum Di-Cut, Exa
t Satis�ability,and Vertex Cover [10, 11, 13, 24, 28, 38, 45, 54℄. A 
hief te
hni
al ingredient in thesehardness results is a tight lower bound on the approximability of the problem ofsimultaneously satisfying equations over a �nite Abelian group; in this 
hapter weextend these results to 
over all �nite groups. Re
all that an equation in variablesx1; : : : ; xn over a group G is an expression of form w1 : : : wk = 1G, where ea
hwi is either a variable, an inverted variable, or a group 
onstant and 1G denotesthe identity element. A 
olle
tion of equations E over the same variables indu
es anatural optimization problem, the problem of determining the maximum number ofsimultaneously satis�able equations in E . Re
all that by de�nitions 2.11� 2.13, EQGdenotes this optimization problem, and that the spe
ial 
ase where a variable mayonly appear on
e in ea
h equation is denoted EQ1G; furthermore when ea
h equationhas single o

urren
es of exa
tly k variables, the problem is denoted EQ1G[k℄. Ourmain theorem of this 
hapter asserts that for any �nite group G it is NP-hard toapproximate EQ1G[3℄ (and hen
e EQ1G and EQG) to within jGj � � for any � > 0;this is tight.If G is Abelian and E is a 
olle
tion of equations over G, ea
h of whi
h 
anindividually be satis�ed, the trivial randomized approximation algorithm whi
hindependently assigns to ea
h variable a uniformly sele
ted value in G satis�esan expe
ted fra
tion jGj�1 of the equations. This algorithm 
an be e�
ientlyderandomized by the method of 
onditional expe
tation and it in fa
t also appliesto EQ1G for any �nite group G.In Chapter 4, we reviewed Håstad's proof that, for G = Z2, if P 6= NP, then117



118 Chapter 11. Equations over �nite groupsno polynomial time approximation algorithm 
an approximate EQ1G[3℄ to withinjGj � � for any � > 0. Håstad [28℄ also proves that the same bound holds for any�nite abelian group.The main theorem of this 
hapter shows that this same lower bound holds forall �nite groups.To adapt the methods to equations over arbitrary �nite groups we need to over-
ome a 
ouple of te
hni
al di�
ulties. These are surveyed brie�y in Se
tion 11.1.1,below.11.1.1 Te
hni
al 
ontributionsOur main te
hni
al 
ontributions are from the part of the analysis where we es-tablish the 
onne
tion between the proof system that tests a group equation andthe 2P1R game for E3-Sat. The �rst step in this analysis is to �arithmetize� thea

eptan
e probability of the former proto
ol. In the 
ase of Zm, this is fairlystraightforward: The a

eptan
e probability 
an be written as a sum of m terms.If the a

eptan
e probability is large, there has to be at least one large term inthe sum. We then pro
eeded by expanding this allegedly large term in its Fourierexpansion and then uses the Fourier 
oe�
ients to devise a strategy for the proversin the 2P1R game.For non-Abelian groups, the way to arithmetize the test turns out to require asum of the tra
es of produ
ts of 
ertain matri
es given by the representation theoryof the group in question. As in the 
ase of Zm, we �nd that if the a

eptan
eprobability of the linear test is large, there has to be one produ
t of matri
eswith a large tra
e. Our next step is to expand this matrix produ
t in its Fourierseries. Unfortunately, the Fourier expansion of ea
h entry in those matri
es 
ontainsmatri
es that 
ould be very large; 
onsequently, the Fourier expansion of the entiretra
e 
ontains a produ
t of matri
es with potentially huge dimension. Thus, thefa
t that this tra
e is large does not ne
essarily mean that the individual entries inthe matri
es are large and dire
tly using the entries in the matri
es to 
onstru
t theprobabilisti
 strategy for the provers in the 2P1R game does not appear to work.Instead, and this is our �rst main te
hni
al 
ontribution, we prove that the termsin the Fourier expansion 
orresponding to matri
es with large dimension 
annot
ontribute mu
h to the value of the tra
e. Having done that, we know that theterms 
orresponding to matri
es with reasonably small dimension a
tually sum upto a signi�
antly large value and we use those terms to 
onstru
t a strategy for theprovers in the 2P1R game; this is our se
ond main te
hni
al 
ontribution.11.2 Representation theory and the Fourier trans-formIn this se
tion, we give a short a

ount of the representation theory needed to stateand prove our results. For more details, we refer the reader to the ex
ellent a

ounts



11.2. Representation theory and the Fourier transform 119by Serre [47℄ and Terras [49℄.The traditional Fourier transform fo
uses on de
omposing fun
tions f : G! Cde�ned over an Abelian group G. This �de
omposition� pro
eeds by writing fas a linear 
ombination of 
hara
ters of the group G. Unfortunately, this samepro
edure 
annot work over a non-Abelian group sin
e in this 
ase there are notenough 
hara
ters to span the spa
e of all fun
tions from G into C; the theory ofgroup representations �lls this gap, being the natural framework for Fourier analysisover non-Abelian groups and shall be the primary tool utilized in the analysis the�non-Abelian PCP�.Group representation theory studies realizations of groups as 
olle
tions of ma-tri
es: spe
i�
ally, a representation of a group G asso
iates a matrix with ea
hgroup element so that the group multipli
ation operation 
orresponds to normalmatrix multipli
ation. Su
h an asso
iation gives an embedding of the group intoGL(V ), the group of invertible linear operators on a �nite dimensional C-ve
torspa
e V . (Note that if V is one-dimensional, then this is exa
tly the familiar notionof 
hara
ter used in the Fourier analysis over Abelian groups.)De�nition 11.1. Let G be a �nite group and let V be a �nite dimensional ve
torspa
e over C. A representation of G is a homomorphism 
 : G ! GL(V ); thedimension of V is denoted by d
 and 
alled the dimension of the representation.Two representations are immediate: the trivial representation has dimension 1 andmaps everything to 1. The permutation a
tion of a group on itself gives rise tothe left regular representation. Con
retely, let V be a jGj-dimensional ve
tor spa
ewith an orthogonal basis B = feg : g 2 Gg indexed by elements of G. Then the leftregular representation reg : G ! GL(V ) is given by reg(g) : eh 7! egh; the matrixasso
iated with reg(g) is simply the permutation matrix given by mapping ea
helement h of G to gh.If 
 is a representation, then for ea
h group element g, 
(g) is a linear operatorand, as mentioned above, 
an be identi�ed with a matrix. We denote by (
(g)ij) thematrix 
orresponding to 
(g). Two representations 
 and � of G are isomorphi
 ifthey have the same dimension and there is a 
hange of basis U so that U
(g)U�1 =�(g) for all g. A representation non-isomorphi
 to the trivial representation is saidto be nontrivial.If 
 : G ! GL(V ) is a representation and W � V is a subspa
e of V , we saythat W is invariant if 
(g)(W ) � W for all g. If the only invariant subspa
esare f0g and V , we say that 
 is irredu
ible. Otherwise, 
 does have a nontrivialinvariant subspa
e W0 and noti
e that by restri
ting ea
h 
(g) to W0 we obtain anew representation. When this happens, it turns out that there is always anotherinvariant subspa
e W1 so that V =W0�W1 and in this 
ase we write 
 = 
0� 
1,where 
0 and 
1 are the representations obtained by restri
ting toW0 andW1. Thisis equivalent to the existen
e of a basis in whi
h the 
(g) are all blo
k diagonal,where the matrix of 
(g) 
onsists of 
0(g) on the �rst blo
k and 
1(g) on the se
ondblo
k. In this way, any representation 
an be de
omposed into a sum of irredu
iblerepresentations.



120 Chapter 11. Equations over �nite groupsRe
all that a matrix A is unitary if A�A = I , where A� is the transpose 
on-jugate of A, i.e., A� = At. If 
(g) is unitary for all g, we say that 
 is a unitaryrepresentation. It turns out that any irredu
ible representation is isomorphi
 to aunitary representation.The matrix entries of unitary irredu
ible representations of a �nite group G areorthogonal with respe
t to the inner produ
thf1 j f2iG = 1jGjXg2G f1(g)f2(g) (11.1)for fun
tions from G to C (See, for example Terras [49, Chapter 15, Theorem 1℄).Proposition 11.2. Let 
 and � be two unitary non-isomorphi
 irredu
ible repre-sentations of G. Suppose that they are represented by the matri
es (
ij) and (�k`),respe
tively. Then h
ij j �k`iG = 0 for all i; j; k; l and d
h
ij j 
k`iG = ÆikÆj`.In parti
ular, any nontrivial representation is orthogonal to the trivial representa-tion:Corollary 11.3. Let 
 : G ! GL(V ) be a nontrivial irredu
ible representationof G. Then Pg2G 
(g) = 0.For a �nite group G, there are only a �nite number of irredu
ible representationsup to isomorphism; we let Ĝ denote the set of distin
t unitary irredu
ible represen-tations of G.There is also a natural produ
t of representations, the tensor produ
t. Wede�ne the tensor produ
t A
B of two matri
es A = (aij) and B = (bk`) to be thematrix indexed by pairs (i; k); (j; `) so that (A 
 B)(i;k);(j;`) = aijbk`. Note that(A1 
 A2)(B1 
 B2) = (A1B1) 
 (A2B2) and that the tensor produ
t is bilinear.We will use the so 
alled inner tra
e of a tensor produ
t: For a matrix M indexedby pairs (i; k); (j; `) the inner tra
e, denoted by TrM , is de�ned by (TrM)ij =PkM(i;k);(j;k). We let tr denote the normal tra
e. The inner tra
e is the �opposite�of the tensor produ
t in the sense that Tr(A 
 B) = (trB)A. If 
 and � arerepresentations of G and H , respe
tively, we de�ne 
 
 � to be the representationof G�H given by (
 
 �)(g; h) = 
(g)
 �(h).Proposition 11.4. Let G and H be �nite groups. Then the irredu
ible represen-tations of G � H are pre
isely f
 
 � j 
 2 Ĝ; � 2 Ĥg. Furthermore, any two ofthese representations are non-isomorphi
.For a representation 
, the fun
tion g 7! tr 
(g) is 
alled the 
hara
ter 
orrespondingto 
 and is denoted by �
 . Note that �
 takes values in C even if 
 has dimensionlarger than one. Our prin
ipal use of the 
hara
ter 
omes from the following fa
t:Proposition 11.5. Let g be an element of G. ThenP
2Ĝ d
�
(g) = jGj if g = 1Gand P
2Ĝ d
�
(g) = 0 otherwise.Sin
e 
(1G) is always an identity matrix, �
(1G) = d
 :Corollary 11.6. P
2Ĝ d2
 = jGj.



11.2. Representation theory and the Fourier transform 12111.2.1 The Fourier transformWe now pro
eed to des
ribe the Fourier transform of fun
tions from an arbitrary�nite group G to C. Let f be a fun
tion from G to C and 
 be an irredu
iblerepresentation of G. Thenf̂
 = 1jGj Xg2G f(g)
(g) (11.2)is the Fourier 
oe�
ient of f at 
. Moreover, f 
an be written as a Fourier seriesf(g) = X
2Ĝ d
 tr�f̂

(g�1)� (11.3)In our analysis, we need the following version of Plan
herel's equality:Lemma 11.7. Suppose that f is a fun
tion from G to C. ThenX
2Ĝ X1�i�d
 X1�j�d
 d
��hf j 
ijiG��2 = 1jGj Xg2G jf(g)j2 (11.4)if the representations 
 2 Ĝ are represented in unitary bases.Proof. We expand the expression above using the de�nition of h� j �iG:��hf j 
ijiG��2 = 1jGj2 Xg2GXh2G f(g)�
ij(g)��f�(h)
ij(h)Sin
e 
 is a unitary representation, 
(h�1) = 
�1(h) = 
�(h), and hen
e 
ji(h�1) =�
ij(h)��. Therefore,X
2Ĝ X1�i�d
 X1�j�d
 d
��hf j 
ijiG��2= 1jGj2 X
2Ĝd
 X1�i�d
 X1�j�d
 Xg2GXh2G f(g)f�(h)
ji(g�1)
ij(h)= 1jGj2 Xg2GXh2G f(g)f�(h)X
2Ĝ d
 tr�
(g�1)
(h)�= 1jGj2 Xg2GXh2G f(g)f�(h)X
2Ĝ d
 tr�
(g�1h)� = 1jGjXg2G jf(g)j2;where the last equality follows from Proposition 11.5. (See also Serre's a

ount [47,�6.2, Exer
ise 6.2℄, whi
h dis
usses this in di�erent language.)



122 Chapter 11. Equations over �nite groups11.2.2 The Fourier transform of matrix-valued fun
tionsWe also need to use the Fourier transform on fun
tions f : G ! End(V ), whereEnd(V ) is the set of linear maps from the ve
tor spa
e V to itself; we here identifyEnd(V ) with the spa
e of all dimV �dimV matri
es overC. Although we have notfound any treatment of su
h transforms in the literature, it is straightforward togeneralize the 
on
epts from the previous se
tion to matrix-valued fun
tions. Fora representation 
 of G, we de�nef̂
 = 1jGj Xg2G f(g)
 
(g): (11.5)Treating the f(g) as matri
es, this is nothing more than the 
omponent-wise Fouriertransform of the fun
tion f . The reason for grouping them together into these tensorprodu
ts is the following: Let f; h : G! End(V ) be two su
h fun
tions, and de�netheir 
onvolution as(f � h)(g) = 1jGjXt2G f(t)h(t�1g);this produ
t being the ring produ
t in End(V ) (that is, fun
tion 
omposition).Then it turns out that ([f � h)
 = f̂
ĥ
 , this produ
t being matrix multipli
ation:([f � h)
 = 1jGj Xg2G(f � h)(g)
 
(g)= 1jGj2 Xg2GXt2G�f(t)h(t�1g)�
 
(tt�1g)= 1jGj2 Xg2GXt2G�f(t)
 
(t)��h(t�1g)
 
(t�1g)�= f̂
ĥ
 :In this 
ase, the Fourier series isf(g) = X
2Ĝ d
 Tr�f̂
�I 
 
(g�1)�� (11.6)where TrM is the inner tra
e. This also gives rise to a Plan
herel equality: for twofun
tions f; h : G! End(V ),1jGj Xg2G f(g)h(g�1) = (f � h)(1G) = X
2Ĝ d
 Tr(f̂
ĥ
): (11.7)As we noted above, the representations of a �nite group 
an always be expressed ina unitary basis. Re
all that a matrix A is Hermitian if A� = A. When a fun
tion



11.3. The non-Abelian long 
ode 123from a �nite groupG to End(V ) behaves like a unitary matrix in a 
ertain sense andthe representations of G are expressed in a unitary basis, the Fourier 
oe�
ientsare Hermitian. This turns out to be important in our analysis.De�nition 11.8. Let G be a �nite group, V be a �nite-dimensional ve
tor spa
e,and f be a fun
tion from G to End(V ). Then f is skew-symmetri
 if f(g�1) = f�(g)for all g 2 G.Lemma 11.9. Let G be a �nite group, V be a �nite-dimensional ve
tor spa
e, andf be a skew-symmetri
 fun
tion from G to End(V ). Then f̂
 is Hermitian if 
 isexpressed in a unitary basis.Proof. By equation (11.5),f̂
 = 1jGj Xg2G f(g)
 
(g) = 12jGjXg2G�f(g)
 
(g) + f(g�1)
 
(g�1)�= 12jGjXg2G�f(g)
 
(g) + f�(g) 
 
�(g)�;where the last equality follows sin
e f is skew-symmetri
 and 
 is expressed in aunitary basis. Now, f(g) 
 
(g) + f�(g) 
 
�(g) is 
learly Hermitian, and sin
e asum of Hermitian matri
es is Hermitian, f̂
 is Hermitian.11.3 The non-Abelian long 
odeLet K be a �nite set and denote by GK the set of all fun
tions from K to G.The long G-
ode of some x 2 K is the fun
tion LCG(x) from GK to G su
h thatLCG(x)(f) = f(x).In the analysis of the soundness of the veri�er, we study the Fourier transformof su
h purported long 
odes 
omposed with a representation of G, i.e., the Fouriertransform of fun
tions from GK to End(V ), where V is the underlying ve
tor spa
eof a representation �.11.3.1 FoldingWe �rst note that the 
on
ept of folding whi
h we �rst introdu
ed in Chapter 4and whi
h we generalized to long 
odes over Zm in Chapter 5 further extends tothe long G-
ode.De�nition 11.10. Let G be a �nite group, 
 2 Ĝ be arbitrary, V be the spa
e
orresponding to 
, K be a �nite set, and A be a fun
tion from GK to End(V ).Then A is 
-homogeneous if A(gf) = 
(g)A(f) for all g 2 G and all f 2 GK .Lemma 11.11. Let G be a �nite group, 
 be an arbitrary nontrivial represen-tation of G, V be the spa
e 
orresponding to 
, K be a �nite set, and A be a
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-homogeneous fun
tion from GK to End(V ). Then Â� = 0 when � is the trivialrepresentation of GK .Proof. Sin
e �(f) = 1 for all f when � is the trivial representation, (11.5) immedi-ately yieldsÂ� = 1jGjjKj Xf2GK A(f) = 1jGjjKj+1 Xg2G Xf2GK A(gf)= 1jGjjKj+1 Xf2GK�Xg2G 
(g)�A(f) = 0;where the last equality follows from Corollary 11.3.By employing a 
ertain a

ess 
onvention in the veri�er, we 
an ensure that tables
orrespond to 
-homogeneous fun
tions.De�nition 11.12. Let G be a �nite group, K be a �nite set, and A be a fun
tionfrom GK to G. Partition GK into equivalen
e 
lasses by the relation �, wheref � h if there is g 2 G su
h that f = gh. Write [f ℄ for the equivalen
e 
lass of f .De�ne AG, A left-folded over G by 
hoosing a representative for ea
h equivalen
e
lass and de�ning AG(h) = gA(f), if h = gf and f is the 
hosen representativefor [h℄.Lemma 11.13. Let G be a �nite group, K be a �nite set, and A be a fun
tionfrom GK to G. Then 
 ÆAG is 
-homogeneous for every 
 2 Ĝ.Proof. Note that AG(gf) = gAG(f) for all g 2 G and all f 2 GK . Hen
e (
 ÆAG)(gf) = 
(g)(
 ÆAG)(f).It turns out that our analysis only requires some of the tables in the proof to befolded, while the other tables must be skew-symmetri
 fun
tions as per De�ni-tion 11.8. Again, this 
an be a

omplished by proper a

ess 
onventions in theveri�er. In this 
ase, we a
hieve our goal by, when a

essing A(f), with probability1=2 using the value A(f�1)�1 instead.Lemma 11.14. Let G be a �nite group, K be a �nite set, and A be a fun
tionfrom GK to G. Let 
 2 Ĝ be unitary, and B(f) = Eb2f�1;1g[(
 Æ A)(f b)b℄ Then Bis skew-symmetri
.Proof. We have thatB(f) = Eb2f�1;1g[(
 ÆA)(f b)b℄= 12(
 ÆA)(f) + 12(
 ÆA)(f�1)�1= 12(
 ÆA)(f) + 12(
 ÆA)(f�1)�where the last equality holds sin
e 
 is unitary. Hen
e B(f�1) = 12 (
 ÆA)(f�1) +12 (
 ÆA)(f)� = B(f)�, and B is skew-symmetri
 by De�nition 11.8.



11.3. The non-Abelian long 
ode 125We remark, that if A is a long G-
ode, AG is identi
al to A, and A(f�1)�1 = A(f).11.3.2 Proje
tionTo state the �nal long G-
ode property that we need, we have to develop a morepre
ise and detailed des
ription of the Fourier transform. Sin
e we 
an represent afun
tion f : K ! G by a table 
ontaining f(x) for every x 2 K, we 
an identify GKwith GjKj. In order to reason about the Fourier transform of a fun
tion from GKto End(V ), we need an understanding of the irredu
ible representations of powersof G. It follows from Proposition 11.4 that the irredu
ible representations of GK arepre
isely those representations obtained by taking tensor produ
ts of jKj irredu
iblerepresentations of G: when �x 2 Ĝ for ea
h x 2 K this is the representation givenby � = Ox2K �x where �(f) = Ox2K �x(f(x)):We treat the tensor produ
t of two matri
es as a matrix indexed by pairs. Anal-ogously, we treat the tensor produ
t of jKj matri
es as a matrix indexed by jKj-tuples. In order to reason about single entries in the tensor produ
t that forms arepresentation � =Nx2K �x we de�ne the set of indi
es �(�). An element i 2 �(�)is a ve
tor indexed by elements of K so that for all x 2 K; 1 � ix � d�x ; we referto su
h an element i as an index. Then for two indi
es i; j 2 �(�) we de�ne�ij(f) = Yx2K��x�f(x)��ix;jx :We also de�ne the weight j�j of an irredu
ible representation � of GK to be thenumber of x 2 K su
h that �x is nontrivial.The veri�er in our PCP 
he
ks positions in tables 
orresponding to two relatedlong 
odes. The pre
ise details of how these tables are related is des
ribed below; fornow it is enough to know that the tables 
orrespond to fun
tions from F = GK to Gand from H = GL to G, respe
tively, where there is an onto fun
tion � : L ! K.There is a natural way to transform an f 2 F into a fun
tion in H by 
omposingit with �; we denote this fun
tion by f Æ �. The proje
tion � 
an also be used totransform the 
omponents of a representation � 2 Ĥ into a fun
tion on F . Fori; j 2 �(�) the 
omponents �ij are fun
tions from H to C. We denote the new,asso
iated, fun
tion by ��ij : F ! C; it is de�ned by the map f 7! �ij(f Æ�). Usingour de�nition of the index sets,��ij(f) = �ij(f Æ �) = Yx2K Yy2��1(x)��y�f(x)��iy;jy :We are now ready to formulate the following proje
tion lemma:



126 Chapter 11. Equations over �nite groupsLemma 11.15. Let K and L be �nite sets and � : L ! K be an onto fun
tion.Let F = GK and H = GL. De�ne the relation � on F̂ � Ĥ so that for � 2 F̂ and� 2 Ĥ, � � � if for all x 2 K su
h that �x is nontrivial, there is some y 2 ��1(x)su
h that �y is nontrivial. Then1. � � � =) j� j � j�j.2. � 6� � =) 8i; j 2 �(�);8k; ` 2 �(�); �h��ij j �k`iF = 0�:Proof. The �rst impli
ation follows dire
tly from the de�nition of the relation �.To prove the se
ond impli
ation, assume that � 6� �; then there is some x0 2 Ksu
h that �x0 is nontrivial but �y is trivial for all y 2 ��1(x0). Re
all that we 
anwrite��ij(f) = Yx2K Yy2��1(x)��y�f(x)��iy ;jy and �k`(f) = Yx2K��x�f(x)��kx;`xby our de�nition of the index sets; hen
eh��ij j �k`iF = 1jF j Xf2F�Yx2K Yy2��1(x)��y�f(x)��iy ;jy��Yx2K��x�f(x)���kx;`x�= 1jF j Xf2F�Yx2K Yy2��1(x)��y�f(x)��iy ;jy��Yx2K��x�f(x)���1`x;kx�= 1jF j Xf2F Yx2K��x�f�1(x)��`x;kx Yy2��1(x)��y�f(x)��iy;jy= Yx2K� 1jGj Xg2G��x(g�1)�`x;kx Yy2��1(x)��y(g)�iy;jy�where the last equality holds sin
e a sum over all fun
tions f 2 F 
an be viewed asjKj nested sums over the possible values of f(x) for x 2 K. We 
an then 
hangethe sums of a produ
t into a produ
t of jKj sums, i.e., a produ
t of sums over allg 2 G.Sin
e �y is trivial for all y 2 ��1(x0), the fa
tor 
orresponding to x0 in the aboveprodu
t is1jGj Xg2G��x0(g�1)�`x0 ;kx0 = 0;where the equality follows from Corollary 11.3.11.4 Identities from linear and multilinear algebraThis se
tion 
ontains some identities and bounds that are needed in the next se
tion.They all follow in a straightforward manner from standard linear and multilinearalgebra.



11.4. Identities from linear and multilinear algebra 127Lemma 11.16. Let A be a unitary n � n matrix. Then Pj jaij j2 = 1 for all1 � i � n.Corollary 11.17. The elements of a unitary matrix have at most unit magnitude.Proof of Lemma 11.16. Let A be unitary. Then AA� is the identity matrix. Sin
efor all 1 � i � n, (AA�)ii =Pj aija�ij =Pj jaij j2, the lemma follows.The next lemma shows that a 
onvex 
ombination of unitary matri
es has elementsof at most unit magnitude.Lemma 11.18. Let Ak be a family of unitary n � n matri
es and let �k be non-negative real numbers su
h that Pk �k = 1. Let B = Pk �kAk. Then for any1 � i; j � n, jbij j � 1.Proof.jbij j = �����Xk �k(Ak)ij����� �Xk �k j(Ak)ij j � 1where the �rst inequality follows by Jensen's inequality, and the se
ond follows byCorollary 11.17 and Pk �k = 1.Lemma 11.19. Let � 2 [0; 1℄, S� be a family of positive semide�nite matri
es andd� and n� be positive integers. ThenX�:n�>
 d�(1� �)n� trS� � (1� �)
X� d� trS�:Proof. Sin
e the S� is positive semide�nite P�:n�>
 d�(1 � �)n� trS� is a sum ofnon-negative numbers and thus non-negative. ThereforeX�:n�>
 d�(1� �)n� trS� � (1� �)
 X�:n�>
 d� trS� � (1� �)
X� d� trS�:Lemma 11.20. Let U be an n � n unitary matrix, fS�g be a family of positivesemide�nite matri
es that are tensor produ
ts of n�n matri
es and k�k matri
es,fV�g be a family of unitary matri
es that are tensor produ
ts of n�n matri
es andk � k matri
es, and fa�g be a family of non-negative real numbers. Then�����tr�UX� a� Tr(S�V�)������ �X� a� trS�;where the inner tra
e is with respe
t to the tensor produ
ts forming S� and V�.



128 Chapter 11. Equations over �nite groupsProof. Sin
e tr(AB) = tr(BA) for any matri
es A and B,���tr�UX� a� Tr(S�V�)���� =���tr�X� a�Tr(S�V�)U����=���tr�X� a�Tr�S�V�(U 
 Ik)�����where the last equality follows from Lemma 11.21 below. Sin
e the a� are non-negative,���tr�X� a� Tr�S�V�(U 
 Ik)����� �X� a���trTr�S�V�(U 
 Ik)���=X� a���tr�S�V�(U 
 Ik)����X� a� trS�;where the last inequality follows from Lemma 11.22 below.Lemma 11.21. Let A and C be n� n matri
es and B be a tensor produ
t of ann� n matrix and a k � k matrix. Then A(TrB)C = Tr((A
 Ik)B(C 
 Ik)).Proof. Suppose that B = B1 
 B2. Using the identity (A1 
 A2)(B1 
 B2) =(A1B1)
(A2B2), we get that (A
Ik)B(C
Ik) = (AB1
B2)(C
I) = AB1C
B2and hen
e Tr((A 
 Ik)B(C 
 Ik)) = (trB2)AB1C = A(TrB)C, where we usedTr(A
B) = (trB)A.Lemma 11.22. Let A be a positive semide�nite matrix and U be a unitary matrix.Then j tr(AU)j � trA.Proof. As A is positive semide�nite, it may be written V DV � where V is unitaryand D is diagonal with non-negative entries on the diagonal. Sin
e the tra
e isinvariant under similarity, trA =PiDii and we may rewritetr(AU) = tr(V DV �U) = tr(V DV �UV V �) = tr(DV �UV ) = tr(DW );where W = V �UV is a produ
t of unitary matri
es and therefore unitary. Allentries of a unitary matrix have absolute value less than or equal to one; hen
ej tr(AU)j = ����Xi DiiWii���� �Xi jDiiWiij �Xi Dii = trA;as desired.



11.5. The PCP 129GroupTest.Input: An E3-CNF(5) formula �. The proof is a Standard Written G-Proofwith parameter u.1. Sele
t uniformly at random a sequen
e W = (C1; : : : ; Cu) of u 
lausesand a sequen
e U of u variables by for ea
h 
lause Ck 
hoosing uni-formly at random a variable o

urring in Ck.2. Sele
t uniformly at random f 2 Gf0;1gU and g 2 GSATW3. Choose e 2 GSATW , su
h that, independently for ea
h y 2 SATW ,(a) With probability 1� �, e(y) = 1G.(b) With probability �, e(y) is 
hosen uniformly at random from G.4. Choose b1 and b2 independently and uniformly at random in f�1; 1g.5. If AU;G(f)AW (hb1)b1AW ((h�1(f Æ �U;W )�1e)b2)b2 = 1G then a

ept,else reje
t.Figure 11.1. The above PCP is parameterized by the positive integer u and thepositive real � and tests if a E3-CNF(5) formula � is satis�able by querying threepositions in a Standard Written G-Proof with parameter u.11.5 The PCPDe�nition 11.23. A Standard Written G-Proof with parameter u for a formula �
onsists of a table AU : Gf0;1gU ! G for ea
h sequen
e U of u variables from � anda table AW : GSATW ! G for ea
h sequen
e W of u 
lauses from �.The proto
ol itself is similar to that used by Håstad [28℄ to prove inapproximabilityof equations over �nite Abelian groups, whi
h is in turn a straightforward general-ization of the proto
ol whi
h we reviewed in Chapter 4. The tables 
orrespondingto sequen
es of variables are left-folded over G. The veri�er is given in Figure 11.1.Lemma 11.24. If � is satis�able, the veri�er in Figure 11.1 a

epts a 
orre
t proofwith probability at least 1� (1� jGj�1)�.Proof. Let x be the assignment 
orresponding to a 
orre
t Standard Written G-Proof with parameter u for a formula �. Then, by the de�nition of the long G-
ode,AU;G(f) = f(xjU ) for all f and AW (h) = h(xjW ) for all h; hen
eAU;G(f)AW (hb1)b1AW ((h�1(f Æ �U;W )�1e)b2)b2= f(xjU )h(xjW )h�1(xjW )f�1(xjU )e(xjW ) = e(xjW ):



130 Chapter 11. Equations over �nite groupsConsidering how e is sele
ted by the veri�er, e(xjW ) = 1G with probability 1 �(1�jGj�1)� and hen
e the veri�er a

epts a 
orre
tly en
oded proof of a satisfyingassignment with probability 1� (1� jGj�1)�.11.5.1 Analysis of the soundnessWe pro
eed as usual. We assume that the veri�er a

epts a proof 
orrespondingto an unsatis�able formula with probability jGj�1 + Æ and prove that it is thenpossible to 
onstru
t strategies for the provers in the 2P1R game that make theveri�er of that game a

ept with high probability. Sin
e it is known that this 
annotbe the 
ase, there 
annot exist a proof 
orresponding to an unsatis�able formulathat the PCP veri�er a

epts with probability jGj�1+Æ. To this end, we �rst applyProposition 11.5 to arrive at an expression for the a

eptan
e probability. Sin
ejGj�1X
2Ĝ d
�
�AU;G(f)(AW (hb1))b1(AW ((h�1(f Æ �U;W )�1e)b2))b2�is an indi
ator of the event that the veri�er a

epts, the a

eptan
e probability 
anbe written as:jGj�1X
2Ĝ d
 Eh�
�AU;G(f)AW (hb1)b1AW ((h�1(f Æ �U;W )�1e)b2)b2�i =jGj�1+jGj�1X
2Ĝnf1gd
 Eh�
�AU;G(f)AW (hb1)b1AW ((h�1(fÆ�U;W )�1e)b2)b2�iwhere the expe
tations are over the 
hoi
e of U;W; f; h; e; b1 and b2. With the aid ofCorollary 11.6, we dedu
e that if the veri�er in Figure 11.1 a

epts with probabilityjGj�1+Æ, there must be some nontrivial irredu
ible representation 
 of G su
h that���Eh�
�AU;G(f)AW (hb1)b1AW �(h�1(f Æ �U;W )�1e)b2�b2�i��� > d
Æ: (11.8)We now pro
eed by applying Fourier-inversion to 
 Æ AU;G and 
 Æ AW . Morepre
isely, we �rst apply Fourier-inversion to 
 ÆAW , resulting in:Lemma 11.25. Suppose that the veri�er in Figure 11.1 a

epts with probabilityjGj�1 + Æ. Then there exists a nontrivial representation 
 of G su
h that���� Ef;U;W�tr�A(f)X�2Ĥ d�(1� �)j�jTr�B̂2��Id
 
 �(f Æ �U;W )�������� > d
Æ:where A = 
 ÆAU;G, H = GSATW and B(h) = Eb2f�1;1g[(
 ÆAW )(hb)b℄.Proof. Sin
e the veri�er in Figure 11.1 a

epts with probability jGj�1 + Æ thereexists a nontrivial representation 
 of G su
h that the inequality (11.8) holds; we



11.5. The PCP 131now �x that 
 and sele
t a basis su
h that it is unitary. We pro
eed by expandingthe expe
tation in (11.8) in a Fourier series. We have that the expe
tation in (11.8)is equal totr Ef;h;e;U;W �
(AU;G(f)) Eb1 �
(AW (hb1)b1)�Eb2 h
(AW �(h�1(f Æ �U;W )�1e)b2�b2)i�To shorten the notation, we introdu
e the shorthands A = 
 ÆAU;G andB(h) = Eb2f�1;1g[
(AW (hb1)b1)℄ = Eb2f�1;1g[(
 ÆAW )(hb)b℄where we used that 
(g�1) = 
(g)�1. With these shorthands the expe
tation aboveis equal totr Ef;h;e;U;W�A(f)B(h)B(h�1(f Æ �U;W )�1e)� =tr Ef;U;WhA(f) Eh;e�B(h)B(h�1(f Æ �U;W )�1e)�iWe expand the inner expe
tation in its Fourier series. Sin
e Eh;e[B(h)B(h�1(f Æ�U;W )�1e)℄ = Ee[(B �B)((f Æ �U;W )�1e)℄, this is immediate:Ee [(B �B)((f Æ �U;W )�1e)℄ = X�2Ĥ d� Tr�B̂2��Id
 
 ��(f Æ �U;W ) Ee [�(e�1)℄���:To 
ompute Ee[�(e�1)℄, note thatEe [�(e�1)℄ = Ee� Oy2SATW��y�e(y)�1��� = Oy2SATW Ee(y)h�y�e(y)�1�i;where the se
ond equality follows sin
e e(y) is sele
ted independently for every y.Now, Ee(y)[�y(e(y)�1)℄ = Id�y if �y is trivial; otherwiseEe(y)h�y�e(y)�1�i = (1� �)�y(1G) + � Eg2G[�y(g)℄ = (1� �)Id�y ;where the last equality follows from Corollary 11.3. Hen
e Ee[�(e�1)℄ = (1��)j�jId� ;when this is substituted into the above expression, (11.9) be
omestr E�A(f)B(h)B(h�1(f Æ �U;W )�1e)� =Ef "tr�A(f)X�2Ĥ d�(1� �)j�jTr�B̂2��Id
 
 �(f Æ �U;W )���#: (11.9)



132 Chapter 11. Equations over �nite groupsWe will now see that for any �xed f , the terms in the resulting sum 
orrespondingto � with j�j � 
 
ontribute very little.Lemma 11.26. Let G be a �nite group, V be a d
-dimensional ve
tor spa
e,A(f) 2 End(V ) be unitary, H be a power of G, and B : H ! End(V ) be skew-symmetri
. Furthermore, let B be su
h that for all h 2 H , B(h) is a 
onvex
ombination of unitary matri
es. Then����tr�A(f) X�2Ĥj�j�
 d�(1� �)j�j Tr�B̂2��Id
 
 �(f Æ �U;W )������� � d
(1� �)
 (11.10)for any positive real � and any positive integer 
 > 0.Corollary 11.27. Suppose that the veri�er in Figure 11.1 a

epts with probabilityjGj�1+ Æ. Then, for any unitary 
 2 Ĝ and any 
 > d(log Æ� 1)= log(1� �)e, wherelogs are taken base 2,���� Ef;U;W�tr�A(f) X�2Ĥj�j�
 d�(1� �)j�j Tr�B̂2��Id
 
 �(f Æ �U;W )�������� < d
Æ2where A = 
 ÆAU;G, H = GSATW and B(h) = Eb2f�1;1g[((
 ÆAW )(hb))b℄Proof of Lemma 11.26. Note that, sin
e by Lemma 11.14, B is skew-symmetri
,B̂� is Hermitian by Lemma 11.9 and thus B̂2� is a symmetri
 real matrix. Sin
e theeigenvalues of A2 are the squares of the eigenvalues of A, B̂2� has only non-negativereal eigenvalues, i.e., B̂2� is positive semide�nite. Hen
e, a dire
t appli
ation ofLemma 11.20 bounds the left-hand side of (11.10) from above byX�2Ĥj�j�
 d�(1� �)j�j tr B̂2� :By Lemma 11.19, the above expression 
an be bounded from above by(1� �)
 X�2Ĥ d� tr B̂2� = (1� �)
 tr�X�2Ĥ d�Tr B̂2��:By Plan
herel's equality (11.7), P�2Ĥ d� Tr B̂2� = (B �B)(1H) . We have that(B �B)(1H ) = 1jH j Xh2HB(h)B(h�1):Sin
e the produ
t of unitary matri
es is unitary, if follows that for any h, B(h)B(h�1)is a 
onvex 
ombination of unitary matri
es. By Lemma 11.18, j(B(h)B(h�1))ij j �



11.5. The PCP 1331. Hen
e (B �B)(1H) has entries of absolute value at most 1, and tr((B �B)(1H))is at most d
 . Thus(1� �)
 X�2Ĥ d� tr B̂2� � d
(1� �)
;whi
h 
ompletes the proof.While we bound the terms 
orresponding to � with j�j � 
 by a purely algebrai
argument, we bound the terms 
orresponding to � with j�j < 
 by using them todevise a strategy for the provers in the 2P1R game. Sin
e this strategy has a su

essprobability that is independent of u, the number of repetitions in the 2P1R game,we 
an then, in the standard fashion, sele
t u in su
h a way that also the terms
orresponding to � with j�j < 
 have to be upper bounded by d
Æ=2.Lemma 11.28. Suppose that for any nontrivial 
 2 Ĝ,���� Ef;U;W�tr�A(f) X�2Ĥj�j<
 d�(1� �)j�j Tr�B̂2��Id
 
 �(f Æ �U;W )�������� � � (11.11)where A : Gf0;1gU ! End(V ) is unitary and B : GSATW ! End(V ) is a 
onvex
ombination of unitary matri
es, V is the ve
tor spa
e 
orresponding to 
, andH = GSATW . Then there is a strategy for the provers in the 2P1R game withsu

ess probability at least �2
�1jGj�
d�6
 .Corollary 11.29. Let AU;G and AW be the tables in a Standard Written G-Proofwith parameter u 
orresponding to an at most �-satis�able formula. Then, for anyunitary 
 2 Ĝ,���� Ef;U;W�tr�A(f) X�2Ĥj�j<
 d�(1� �)j�jTr�B̂2��Id
 
 �(f Æ�U;W )�������� < d
Æ2 (11.12)where A = 
 Æ AU;G, H = GSATW and B(h) = Eb2f�1;1g[((
Æ)AW (hb))b℄ providedthat u > d(2 log Æ�1+log 
+
 log jGj+4 log d
+2)= log 
�1� e where 
� is the 
onstantfrom Se
tion 4.1.Proof of Lemma 11.28. Expand A(f) using Fourier inversion (11.6). Then the lefthand side of (11.11) be
omes���� EU;W;f�tr�X�2F̂ X�2Ĥj�j<
 d�d�(1��)j�j Tr�Â��Id

�(f�1)��Tr�B̂2��Id

�(fÆ�U;W )��������



134 Chapter 11. Equations over �nite groupswhere F = G2U . If this expression is larger than �, then there must be some index tsu
h that�d
 � ���� EU;W;f��X�2F̂ X�2Ĥj�j<
 d�d�Tr�Â��Id

�(f�1)��Tr�B̂2��Id

�(fÆ�U;W )���tt�����(11.13)We now �x this value of t. By our notation for the index sets �(�) and �(�) and the�proje
ted� representation ��op from Se
tion11.3.2,�Tr�Â��Id
 
 �(f�1)���tk = Xm;n2�(�)�Â��tn;km�mn(f�1); and�Tr�B̂2��Id
 
 �(f Æ �U;W )���kt = Xo;p2�(�)�B̂2��ko;tp��op(f)= Xo;p2�(�) Xq2�(�)1�r�d
(B̂�)ko;rq(B̂�)rq;tp��op(f):Inserting these expressions into the right hand side of (11.13), we get�d
 � ����� X1�k�d
1�r�d
 EU;W�X�2F̂ X�2Ĥj�j<
 Xm;n2�(�)o;p;q2�(�)d�d�(Â� )tn;km(B̂�)ko;rq(B̂�)rq;tp Ef ��mn(f�1)��po(f) �� U;W �������: (11.14)Fo
us now on the innermost expe
tationEf ��mn(f�1)��po(f)℄ = Ef [��nm��po(f)℄ = h��po j �nmiF :By Lemma 5.17, this is zero unless � � �, where � is the relation de�ned inLemma 5.17. Hen
e (11.14) be
omes�d
 � ����� X1�k�d
1�r�d
 EU;W�X�2Ĥj�j<
X�2F̂��� Xm;n2�(�)o;p;q2�(�)d�d�(Â� )tn;km(B̂�)ko;rq(B̂�)rq;tph��po j �nmiF ������: (11.15)



11.5. The PCP 135We now apply Cau
hy�S
hwartz twi
e, �rst to the sum over k; r and then to theremaining sums, to simplify the above expression further:�2d4
 � X1�k�d
1�r�d
 EU;W"����X�2Ĥj�j<
X�2F̂��� Xm;n2�(�)o;p;q2�(�)d�d�(Â� )tn;km(B̂�)ko;rq(B̂�)rq;tph��po j �nmiF ����2#� X1�k�d
1�r�d
 EU;W"�X�2Ĥj�j<
X�2F̂��� Xm;n2�(�)o;p;q2�(�) d�d���(Â� )tn;km��2��(B̂�)ko;rq��2��X�2Ĥj�j<
X�2F̂��� Xm;n2�(�)o;p;q2�(�) d�d���(B̂�)rq;tp��2��h��po j �nmiF ��2�#: (11.16)We pro
eed by bounding the se
ond fa
tor above, i.e.,X�2Ĥj�j<
X�2F̂��� Xm;n2�(�)o;p;q2�(�) d�d���(B̂�)rq;tp��2��h��po j �nmiF ��2= X�2Ĥj�j<
 Xp;q2�(�) d���(B̂�)rq;tp��2�X�2F̂��� Xm;n2�(�)o2�(�) d� ��h��po j �nmiF ��2�: (11.17)By equation (11.4) in Lemma 11.7,X�2F̂ Xm;n2�(�)o2�(�) d� ��h��po j �nmiF ��2 = 1jF j Xf2F Xo2�(�) j�po(f Æ �U;W )j2 = 1;where the last equality follows sin
e � is written in a unitary basis and the in-ner sum is therefore exa
tly one for every f . Regarding the rest of (11.17), notethat (B̂�)rq;tp = jH j�1Ph2H Brt(h)�qp(h) = hBrt j ��1pq iH ; another appli
ation ofLemma 11.7 therefore shows thatX�2Ĥ Xp;q2�(�) d���(B̂�)rq;tp��2 = X�2Ĥ Xp;q2�(�) d���hBrt j ��1pq iH ��2 = 1jH j Xh2H jBrt(h)j2 � 1;where the inequality follows sin
e B is a 
onvex 
ombination of unitary matri
esand therefore by Lemma 11.18 has entries with at most unit magnitude. Using the



136 Chapter 11. Equations over �nite groupsabove bounds in (11.16) transforms that bound into�2d4
 � X1�k�d
1�r�d
 EU;W�X�2F̂��� X�2Ĥj�j<
 Xm;n2�(�)o;p;q2�(�) d�d���(Â� )tn;km��2��(B̂�)ko;rq��2�� jGj
 X1�k�d
1�r�d
 EU;W�X�2F̂��� X�2Ĥj�j<
 Xm;n2�(�)o;q2�(�) d�d���(Â� )tn;km��2��(B̂�)ko;rq��2�where the se
ond inequality follows by summing over p in the innermost sum. To
on
lude, there must be some k; r 2 f1; : : : ; d
g su
h thatEU;W�X�2Ĥj�j<
X�2F̂��� Xm;n2�(�)o;q2�(�) d�d���(Â� )tn;km��2��(B̂�)ko;rq��2� � �2jGj
d6
 : (11.18)We now des
ribe the strategies for the provers in the 2P1R proto
ol. The index tis independent of U and W and 
an be 
al
ulated by the provers in advan
e. Alsothe values of k and r mentioned above 
an be 
al
ulated in advan
e.Upon re
eiving W , P1 �rst pi
ks � 2 Ĥ with probabilityXo;q2�(�) d�j(B̂�)ko;rqj2:This is a well-de�ned pro
edure sin
eX�2Ĥ Xo;q2�(�) d���(B̂�)ko;rq��2 = 1jH j Xh2H jBkr(h)j2 � 1:If the sum is < 1, P1 takes some arbitrary a
tion with the remaining probability.Having sele
ted �, P1 then returns a random y su
h that �y is nontrivial. If nosu
h y exists�this happens only if � is trivial�P1 gives up.Upon re
eiving U , P2 pi
ks � 2 F̂ with probabilityXn;m2�(�)d� j(Â� )tn;kmj2:This is a well-de�ned pro
edure sin
eX�2F̂ Xn;m2�(�) d� ��(Â� )tn;km��2 = 1jF j Xf2F jAtk(f)j2 � 1:Again, if the sum is < 1, P2 takes some arbitrary a
tion with the remaining prob-ability. Then P2 pi
ks a random x su
h that �x is nontrivial and returns this x as



11.6. Hardness of approximating EQ1G[3℄ 137its answers. This is always possible sin
e Â� is nonzero only for nontrivial � byLemma 4.10.To give a lower bound on the su

ess rate of this strategy, we argue that thereare many 
hoi
es of the provers that make the veri�er a

ept: Spe
i�
ally, supposethat P1 pi
ks � and P2 pi
ks � su
h that � � �. If P2 returns x0, then there must besome y0 2 ��1(x0) su
h that �y0 is nontrivial. The probability of P1 pi
king this y0is at least j�j�1. Hen
e the probability of su

ess is at leastEU;W�X�2Ĥj�j<
X�2F̂��� Xm;n2�(�)o;q2�(�) d�d���(Â� )tn;km��2��(B̂�)ko;rq��2j�j � � �2
jGj
d6
where the inequality follows from the bound (11.18).Finally, we put together these two parts and establish the soundness of the veri�er.Lemma 11.30. For any 
onstants Æ > 0 and 0 < � < 1, there is a 
hoi
e of theparameters 
 and u su
h that the soundness of the PCP in Fig. 11.1 is at mostjGj�1 + Æ.Proof. Suppose for 
ontradi
tion that � is at most �-satis�able and there is a proofwhi
h the veri�er a

epts with probability jGj�1 + Æ. By Lemma 11.25, for thisproof, there is a nontrivial irredu
ible representation 
 of G su
h that���� Ef;U;W�tr�A(f)X�2Ĥ d�(1� �)j�jTr�B̂2��Id
 
 �(f Æ �)�������� > d
Æ:where A = 
 Æ AU;G, H = GSATW and B(h) = Eb2f�1;1g[(
 ÆAW (hb))b℄. However,by sele
ting 
onstants 
 > d(log Æ � 1)= log(1 � �)e and u > d(2 log Æ�1 + log 
 +
 log jGj+ 4 log d
 + 2)= log 
�1� e, Corollaries 11.27 and 11.29 show that���� Ef;U;W�tr�A(f) X�2Ĥj�j�
 d�(1� �)j�j Tr�B̂2��Id
 
 �(f Æ �)�������� < d
Æ2 ;���� Ef;U;W�tr�A(f) X�2Ĥj�j<
 d�(1� �)j�j Tr�B̂2��Id
 
 �(f Æ �)�������� < d
Æ2 ;whi
h is a 
ontradi
tion.11.6 Hardness of approximating EQ1G[3℄We now apply this PCP to obtain hardness results for approximating systems ofequations over G.



138 Chapter 11. Equations over �nite groupsTheorem 11.31. For any �nite group G and any 
onstant � > 0, it is NP-hardto approximate EQ1G[3℄ to within jGj � �.Proof. By Lemma 11.24 and Lemma 11.30 for any 
onstants � > 0 and Æ > 0 itis possible to 
hoose the parameters of the veri�er in Figure 11.1 su
h that it isNP-hard to distinguish between the 
ase that there is a proof whi
h the veri�era

epts with probability 1� �, and the 
ase that there is no proof whi
h is a

eptedwith probability more than jGj�1 + Æ.Now we 
reate a system of equations in the obvious way; the variables 
orrespondto the positions in the proofs, and we add an equation for ea
h random string
orresponding to the test made for this random string. It 
an be shown that theinstan
e so obtained 
ontains 4(5n)ujGj2u(jGj2=�)7u equations, whi
h is polynomialin n if u, jGj and � are 
onstants. One may think that the equations would alwaysbe of the form xyizj = 1G, where i; j 2 f1;�1g, but this is not the 
ase due tofolding over G and in general an equation is of the form gxyizj = 1G, where g isa group 
onstant. There is also a te
hni
ality in that there is a small probabilitythat h = h�1(f Æ �)�1e in the proto
ol, and thus a variable 
an o

ur more thanon
e. But sin
e this happens with very small probability, su
h equations may beomitted from the instan
e. Hen
e we may 
onstru
t instan
es of EQ1G[3℄ in whi
hit is hard to distinguish between the 
ase that 1� � of all equations are satis�able,and the 
ase that at most jGj�1+Æ of all equations are satis�able, whi
h 
ompletesthe proof.11.7 Con
lusions and open problemAn interesting question is that of satis�able instan
es. Some problems, su
h asE3-Sat, retain their inapproximability properties even when restri
ted to satis�-able instan
es. This is not the 
ase for EQ1G[k℄ when G is a �nite Abelian group,sin
e if su
h a system is satis�able a solution may be found essentially by Gaus-sian elimination. However, when G is non-Abelian, de
iding whether a system ofequations over G is satis�able is NP-
omplete [22℄, so it seems reasonable that theproblem over non-Abelian groups retains some hardness of approximation for sat-is�able instan
es. However, the following simple argument shows that we 
an nothope, even for the non-Abelian groups, for a lower bound of jGj�1 + Æ: Given aninstan
e � of EQ1G[k℄ over some non-Abelian group G, we 
onstru
t an instan
e �0over EQ1H [k℄, where H = G=G0 and G0 is the 
ommutator subgroup of G, i.e., thesubgroup generated by the elements fg�1h�1gh : g; h 2 Gg. The instan
e �0 is thesame as �, ex
ept that all group 
onstants are repla
ed by their equivalen
e 
lassin G=G0. Now sin
e H is an Abelian group, we 
an solve over H . The solution isan assignment of 
osets to the variables. We then 
onstru
t a random solution ofx by for ea
h variable 
hoosing a random element in the 
orresponding 
oset. Nowthe value of the left hand side of ea
h equation will be uniformly distributed in the
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oset of the right hand side, and thus we will satisfy an expe
ted fra
tion jG0j�1 ofall equations.
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Chapter 12Con
luding remarksWe have studied several 
ombinatorial optimization problems and proved lowerbounds on their approximability by 
onstru
ting spe
ial purpose probabilisti
 proofsystems, further establishing the power of PCPs to get strong inapproximabilityresults. We analyzed these PCPs using the dis
rete Fourier transform.What are the limitations of these te
hniques? Can we 
ome up with new gen-eral te
hniques for proving NP-hardness of approximation other than 
onstru
tingspe
ial purpose PCPs? And 
an we 
ome up with new methods of 
onstru
tingand analyzing PCPs?It turns out that for some problems one 
an a
tually prove that PCPs in somesense are ne
essary. More pre
isely, one 
an prove that an NP-hardness of ap-proximation result is equivalent to the existen
e of a PCP with 
ertain parameters.For 
onstraint satisfa
tion problems su
h as Maximum E3-Lin-2 or E3-Sat su
h areverse 
onne
tion holds almost trivially. It was also established by Bellare et al. [5℄that the reverse 
onne
tion holds for the Maximum Clique problem as well.For many problems it is not known whether PCPs are ne
essary, and even forthe problems where an inapproximability result implies the existen
e of a PCP,there might be an easier route to the inapproximability result than expli
itly 
on-stru
ting the PCP. Thus is makes sense to sear
h for other general methods ofproving hardness of approximation.A possible step in this dire
tion was re
ently suggested by Feige [17℄, who proveda 
onne
tion between the average 
ase 
omplexity of refuting CNF-formulas andlower bounds for several problems for whi
h there 
urrently are no NP-hardness ofapproximation results, among them Minimum Bise
tion. To turn these results intoNP-hardness of approximation results would require a strong 
onne
tion betweenworst 
ase 
omplexity and average 
omplexity to be proven, however, and this seemsto be far beyond us at present.The PCPs whi
h we have 
onstru
ted in this thesis were analyzed using thedis
rete Fourier transform, a te
hnique introdu
ed by Håstad [27, 28℄. Up untilre
ently, this was essentially the only available tool to analyze the kind of PCPs141



142 Chapter 12. Con
luding remarkswhi
h we 
onstru
t. However, Dinur and Safra [10℄, proving an improved lowerbound for Minimum Vertex Cover, introdu
ed 
ombinatorial te
hniques whi
h ap-pears to open up new possibilities. Extensions of their te
hniques have alreadybeen used to get improved lower bounds for Minimum Vertex Cover on k-uniformhypergraphs [8℄, and for proving NP-hardness of 
oloring two-
olorable 3-uniformhypergraphs with a 
onstant number of 
olors [9℄. Hopefully the te
hniques ofDinur and Safra 
an be applied to many other problems as well.Let us �nish with some intriguing open problems, whose solution will probablyrequire signi�
ant new ideas.Prove or disprove:� For all k � 2, Minimum Ek-Vertex Cover is NP-hard to approximate withina fa
tor k � �.� Minimum Bise
tion is NP-hard to approximate within any 
onstant.� It is NP-hard to 
olor a three-
olorable graph with any 
onstant number of
olors.Our 
onje
ture is that the three statements above are true.
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