vf?fz :L%”G ~ O
P@{VETENSKAP\\Q‘ KuNGL Swwhes Q
WS )7 TEKNISKA SEET X
% HOGSKOLAN K I

+

RS

On Probabilistic Proof Systems and Hardness
of Approximation

JonasHolmerin

Stockholm 2002

Doctoral Dissertation
Stockholm University

Department of Numerical Analysisand Computer Science



Akademisk avhandling som med tillstand av Stockholms universitet framlégges till
offentlig granskning fér avlidggande av filosofie doktorsexamen 9 December 2002 i
Kollegiesalen, Valhallavigen 79.

ISBN 91-7283-395-5
TRITA-NA-0224

ISSN 0348-2952

ISRN KTH/NA/R--02/24--SE

(© Jonas Holmerin, November 2002

Universitetsservice US AB, Stockholm 2002



Abstract

In this thesis we study the approximability of combinatorial optimization problems
whose decision versions are NP-complete. These problems cannot be solved ex-
actly in polynomial time, unless P = NP. However, it may be possible to solve
them approximately in polynomial time, i.e., there might exist a polynomial time
algorithm which produces a solution whose value is always close to the optimum.

An important question is then: how close to optimum can we get in polynomial
time?

For a maximization problem, we say that an algorithm approximates within a
factor ¢ if it produces a solution where the optimum is at most ¢ times the value of
the produced solution, and for a minimization problem we say that an algorithm
approximates within ¢ if it finds a solution whose value is at most ¢ times the
optimum solution.

The focus of this thesis is to use probabilistic proof systems to prove, for various
problems, that if we can approximate within a certain factor, then P = NP (or in
other words, it is NP-hard to approximate within this factor).

The connection between lower bounds for approximation and so called proba-
bilistically checkable proofs or PCPs was discovered by Feige, Goldwasser, Lovasz,
Safra and Szegedy. In the PCP model, a proof is checked by a probabilistic verifier
which only looks at a few randomly chosen positions in the proof. The famous PCP
theorem by Arora, Lund, Motwani, Sudan and Szegedy gives us a starting point
for proving NP-hardness of approximation results. Hastad introduced techniques
which make it possible to prove strong lower bounds by using the Fourier transform
as a tool to analyze PCPs.

In this thesis, we extend the techniques of Hastad to prove that it is NP-hard
to approximate several problems. Among the problems we study is a generalization
of the Minimum Bisection problem. We prove that this generalization is NP-hard
to approximate within any constant.

We also study Minimum Vertex Cover generalized to k-uniform hypergraphs,
For this problem, we prove for any € > 0, the problem is NP-hard to approximate
within Q(k'~¢). When k = 3 and k = 4 we prove that the problem is NP-hard to
approximate within 1.5 — € and 2 — € respectively, for any € > 0.

On a slightly different note, we look at what parameters are possible to achieve
for a certain class of PCPs. More precisely, we look at PCPs that have perfect
completeness (i.e., a correct proof is always accepted) and read three positions
from the proof. For the case when the proof consists of values from a domain of
size d for some integer constant d > 2, for any constant € > 0 we construct a PCP
with perfect completeness and soundness d~! + d~2 + € (i.e., incorrect proofs are
accepted with at most this probability),

Finally we consider the problem of simultaneously satisfying a family of equa-
tions over any fixed finite group G and show that it is NP-hard to approximate
the number of simultaneously satisfiable equations to within |G| — € for any € > 0.
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Sammanfattning

Amnet for denna avhandling #ir approximerbarhet hos kombinatoriska optimerings-
problem som dr NP-fullstindiga i sin beslutsvariant. Sidana problem kan inte 16sas
exakt i polynomisk tid om inte P = NP. Déaremot kan det vara mdjligt att 16sa
dem approximativt i polynomisk tid, det vill siga det kan mycket vil finnas en
polynomisk algoritm som alltid hittar en 16sning vars vérde ligger néra optimum.

Fragan som stiéller sig dr da: hur ndra optimum kan vi komma i polynomisk tid?

F6r maximeringsproblem séiger vi att en algoritm approximerar inom en faktor
c om den hittar en 16sning dar maximum ar hogst ¢ ganger stérre dn virdet av den
funna 16sningen. For ett minimeringsproblem séger vi att en algoritm approximerar
inom en faktor ¢ om virdet av den funna losningen dr hogst ¢ ganger storre dn
minimum.

Denna avhandling fokuserar pa att visa undre grinser med hjilp av probabi-
listiska bevissystem. Att visa en undre grians innebér att visa att om man kan
approximera inom en viss faktor i polynomisk tid sa &r P = NP. Vi siger att det
dr NP-svart att approximera inom denna faktor.

Att det finns ett samband mellan undre grinser for approximerbarhet och s
kallade probabilistiskt verifierbara bevis upptéicktes av Feige m.fl. [18]. Ett proba-
bilistiskt verifierbart bevis (den engelska férkortningen & PCP) &r ett bevis som
kan kontrolleras av en verifierare som slumpmaéssigt tittar pa nagra fa positioner i
beviset, och darefter bestdmmer sig for att forkasta eller acceptera beviset.

Den berémda PCP-satsen som bevisades av Arora m.fl. [2] ger oss en fors-
ta byggsten for att kunna bevisa att det &r NP-svart att approximera problem.
Hastad [27, 28] har utvecklat en teknik att med hjilp av den diskreta fouriertrans-
formen analysera verifieraren for ett probabilistiskt verifierbart bevis. Pa detta sétt
kan man visa mycket starka undre grénser.

I denna avhandling bevisar vi att det d&r INP-svart att approximera diverse
problem med hjilp av utvidgningar av Hastads teknik. Bland de problem vi studerar
ar en generalisering av problemet minimalt balancerat snitt. Vi visar att det &r NP-
svart att approximera denna generalisering inom varje konstant.

Ett annat problem vi studerar dr hoérntidckning generaliserat till k-likformiga
hypergrafer. Vi visar att {6r varje € > 0 sa dr problemet NP-svart att approximera
inom Q(k'7¢). Vi betraktar ocksa fallen k¥ = 3 och k = 4, och visar att dessa
problem &r NP-svara att approximera inom respektive 1.5 — € och 2 — ¢, f6r varje
€ > 0.

Ett nagot annorlunda problem som vi behandlar &r vilka parametrar som &r
mojliga att fa for en verifierare som har perfekt fullstindighet (d.v.s. ett korrekt
bevis maéste alltid accepteras) och enbart tittar pa 3 positioner i beviset. I fallet
nir beviset bestar av en tabell med d mdjliga viarden i varje position, sa visar vi
att for varje e > 0 gar det att fa sundhet d=! 4+ d=2 + € (d.v.s. ett inkorrekt bevis
accepteras hogst med denna sannolikhet).

Slutligen betraktar vi problemet att givet en méngd ekvationer 6ver en godtyck-
lig &ndlig grupp G samtidigt satisfiera s4 manga ekvationer som mdojligt. Vi visar
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att det ir NP-svart att approximera detta problem inom |G| ™! +¢, for varje € > 0.
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Chapter 1

Introduction

What problems can be efficiently solved by computer? It is well known that many
problem can be solved very efficiently by computer, for example a computer can
multiply (even very large) numbers quickly, or search through large amounts of text
in a short amount of time. However, many important problems appear difficult to
solve efficiently by computer.

Let us give an example of a hard problem. When developing software one often
wants to reuse previously written code. This may lead to a situation in which one
has a large collection of software components which implement possibly overlapping
sets of features. Now suppose that we have a specification of which features are
required, and we want to use as few software components as possible to implement,
this specification.

The problem can be formalized as follows: We have a set S of components
and for a given specification we form for each feature f which is required by the
specification a set Sy which contain all the components which implement that
feature. We now want to find a set of components of minimum size such that we
have at least one component from each set Sy, i.e., that all the features which
we want are implemented by at least one component. How do we find a set of
components of minimum size? One approach is to try all possible subsets of S.
There are, however, 2/5! of those, so for large S this approach is infeasible. If
|S| = 100, a fairly small instance, there are 1267650600228229401496703205376
different subsets of S, which is far to many to try them all.

The problem appears infeasible to solve by computer. However, it may be the
case that if we think about it enough, we might come up with a way to solve the
problem efficiently. On the other hand, it might be the case that there is no better
way than trying all the sets. If there appears to be no way of solving the problem
efficiently, perhaps we may settle on a reasonably good solution instead of the very
best solution. In the example above, perhaps we are satisfied with a set which is
at most 10% larger than the optimal size. Of course we would like to be as close
to optimal as possible. The natural question then is: “how close to optimal can we
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get by an efficient algorithm”. This is the kind of question we study in this thesis.

1.1 NP-completeness

When we believe we have found a hard computational problem, we would like to
be able to prove that this is so. That is, we would like to prove that any method
of solving a certain problem must take a certain number of computational steps.
However, so far theoretical computer science has made very little progress towards
proving any useful results of this kind. The theory of NP-completeness gives us an
alternative.

A decision problem is a problem where the answer is “yes” or “no”. For example,
consider the problem of finding a optimal set of components which we described in
the previous section. This problem is known as the Minimum Hitting Set problem.

As formulated this is an optimization problem; we want to find a solution which
minimizes the value of the object function (i.e., the number of elements in the
solution). However, there is a decision variant of the problem in which are given
a goal K, and the question is whether or not there is a solution with at most K
elements.

Suppose someone claims that the answer is “yes”, there is a solution of size K,
and he hands us a set T of components which he claims contains K elements and
implements all the features in the specification, i.e., contains at least one element
from each of the sets Sy. Of course we can then easily tell if he is lying: just
check for each set Sy that there is some element from Sy in T', count the number
of elements in T" and check if they were more than K.

Informally, NP is the class of decision problems where checking a claim that
the answer is “yes” can be done efficiently if we are given access to a solution, while
P is the class of problems where finding out for yourself what the answer is can be
done efficiently.

What do we mean by “efficiently”? The definition we use is that as a function
of the number of bits in the input, the running time should be bounded by a
polynomial. That is, if the number of bits used to represent the input is n, then for
some constants ¢ and k, the number of steps performed by the algorithm should be
at most cnk.

The most important open question in theoretical computer science is whether
P = NP. It is widely believed that it is the case that P # NP, and a large
body of work in theoretical computer science, including this thesis, is done under
the assumption that P # NP. There are several reasons to believe that such an
assumption is reasonable. For one thing, intuitively it should be much easier to
verify a solution than to find the solution. Also, many important problems in NP
has been studied extensively, without any efficient algorithms being found.

A problem is said to be NP-complete if it is among the hardest problems in
NP. If we have a polynomial time algorithm for any NP-complete problem, we
can solve any problem in NP in polynomial time. Thus for any NP-complete
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problem to be in P would imply P = NP. The notion of NP-completeness was
introduced by Cook who in a breakthrough paper [7] defined the class NP and
NP-completeness and proved that the satisfiably problem for boolean formulas is
NP-complete. Several problems, including the Minimum Hitting Set problem, were
proven NP-complete by Karp [36]. Since then, extremely many problems have been
proven NP-complete, see for example the book by Garey and Johnson [20] for a
long list of NP-complete problems.

We say that a problem, decision problem or not, is NP-hard if a polynomial time
algorithm for this problem would imply P = NP. For example, the optimization
version of Minimum Hitting Set is NP-hard, since if we can compute the minimum,
we can solve the decision version.

1.2 Approximation algorithms

How do we cope with NP-hard problems? For an optimization problem, the news
that it is hard to find the best solution should not lead us to despair completely. It
might be possible that all we need is a solution that is good enough. This naturally
leads us to the concept of approzimation algorithms. An approximation algorithm
is an algorithm which outputs a solution which is guaranteed to be within a certain
factor of the optimal solution. Specifically, for a minimization problem we say that
an algorithm approximates within a factor ¢ if it always finds a solution which is
at most ¢ times larger than the optimum solution, and for a maximization problem
we say that the algorithm approximates within a factor ¢ if the algorithm always
finds a solution where the optimum solution is at most ¢ times larger.

By this definition, ¢ > 1 and we would of course like an algorithm which ap-
proximates within a factor which is as close to 1 as possible. Thus an important
question to ask is, given an NP-hard optimization problem, how well this problem
can be approximated in polynomial time. A somewhat surprising fact is that even
for the class of optimization problems where the decision version is NP-complete,
and where the exact solution in some sense is equally difficult to find, the approx-
imability may vary wildly.

There are two parts to establishing a problems approximability. We need to
establish that it can be approximated within a certain factor, and that it is not
possible to do better.

To get an upper bound, i.e., to prove that for some ¢, we can approximate within
this factor ¢, we exhibit an algorithm and prove that it runs in polynomial time
and produces a solution within the required factor.

To get a lower bound we should like to prove that no polynomial time algorithm
can approximate the problem better than a certain factor. However, we do not know
how to prove this kind of lower bound, and instead we settle for proving that if there
is an algorithm which approximates the problem better than a certain factor, then
P = NP. For optimization problems where the decision version is NP-complete,
this actually means that if we can approximate the problem within a certain factor
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in polynomial time, then we can solve the problem exactly in polynomial time as
well.

1.2.1 Algorithmic techniques

Although the main focus of this thesis is proving NP-hardness results for approx-
imating various problems, we briefly review some techniques for constructing ap-
proximation algorithms.

One simple way of constructing approximation algorithms which works surpris-
ingly well is to pick a solution at random and hope for the best. Of course, not
all problems are possible to attack in this way, since the solution space may be
hard to describe (and thus difficult to sample). A surprising fact is that for many
problems, picking a solution at random is essentially the best possible algorithm,
in that it is NP-hard to approximate within a better constant than that achieved
by the randomized algorithm.

A more sophisticated way of constructing approximation algorithms is to relaz
the problem to another problem which may be solved efficiently. Many optimization
problems can be stated as integer programs. If this integer program is linear, the
program can be relaxed to a linear program over the real numbers, which can be
solved in polynomial time. Since relaxation means that we expand the solution
space, the solution to the linear program may not be a solution to the original
integer program, so we need to somehow round the solution back to an integer
solution without losing too much of the quality of the solution.

A similar use of relaxation which has been used very successfully in recent years
is the relaxation of a quadratic integer program to a semidefinite program, which is
solved in polynomial time and then rounded back to an integer solution. This tech-
nique was introduced by Goemans and Williamson in the breakthrough paper [21]
in which they proved that the Maximum Cut problem can be approximated within
1.139. Semidefinite programming has since been used to get improved approxima-
tion algorithms for many problems, for example graph coloring [35], and several
constraint satisfaction problems [54].

1.2.2 Techniques for proving lower bounds

The fact that we can prove lower bounds for approximation under the assumption
P # NP and so relate exact computation to approximate computation is some-
what surprising. Indeed, prior to the early 90’s, work in the field of approximability
mostly consisted of classifying problems into equivalence classes by their approx-
imability properties.

However, the discovery of the surprising power of interactive proof systems lead
to new techniques which made it possible to prove NP-hardness results. An in-
teractive proof system may be viewed as a game between two players, the prover,
which is computationally unbounded, and the verifier, which is a polynomial time
algorithm with access to a source of random bits. The prover wants to convince the
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verifier of some fact. The verifier makes queries to the prover and wants to decide
probabilistically whether this fact is true. We want this game to have the property
that if the prover is telling the truth, he always convinces the verifier, but if he is
lying, then there is a good probability that he is caught. The probability should be
only over the random bits in the verifier.

We define the class of problems IP which consist of decision problems which
admits interactive proofs. That is, the prover tries to convince the verifier that the
answer is “yes”, and if this is the case then the prover always convinces the verifier,
and if this is not is the case, then the verifier is convinced with probability at most
1/2.

Shamir, building on work by Lund et al. [42], showed in a breakthrough paper
that IP = PSPACE [48], that is, all the decision problems which may be solved
using a polynomial amount of memory, admits interactive proofs, and vice versa.
Following this result, Babai et al. further established the power of interactive proof
by showing that MIP = NEXP [4], i.e., that the decision problems which admits
probabilistic proof systems where the verifier interacts with multiple provers are the
same which have the property that “yes” solutions may be verified in exponential
time in the input to the decision problem.

Another model of proof checking is that of probabilistically checkable proofs, or
PCPs. Instead of the verifier interacting with the prover, the prover writes down
the entire proof in a large table. The verifier is a probabilistic polynomial time
algorithm which has random access to this table. The verifier checks the proof by
looking at a few randomly chosen positions in the proof, and then decides whether
to accept or reject. Parameters of interest for such a proof system are the number
of positions queried in the proof, the number of random bits used by the verifier,
and the probabilities with which correct and incorrect proofs are accepted (the
completeness and soundness of the proof system).

It was discovered by Feige et al. [18] that this kind of proof system is connected
to approximability. Using scaled down techniques from [4], they derived a PCP
system for NP and used this characterization of NP to prove that approximating
the Maximum Clique problem within any constant is almost NP-hard.

Following the discovery of this connection, improved characterizations of NP
in terms of the parameters of the proof system were proven by Arora and Safra [3]
and by Arora et al. [2], who proved that any problem in NP admits a PCP where
the verifier uses O(logn) random bits and looks only at a constant number of
positions in the proof. The first of these results lead to that the NP-hardness of
approximating Maximum Clique within any constant could be established, and the
second result lead to that the hardness result for Maximum Clique could be further
strengthened and it also implies many other hardness of approximation results.

It turns out to get strong hardness of approximation result it is often useful
to design a specific proof system for NP with a specific problem in mind. This
technique was introduced by Bellare et al [5] and has since been refined and used
to get improved lower bounds, in many cases matching the best known algorithms
(and thus proving the optimality of this algorithm). A few notable papers are the
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paper by Feige [16], which proves that the Minimum Hitting Set problem which
we described earlier is “almost” NP-hard to approximate within Inn where n is
the number of sets, and the papers by Hastad which proves an optimal result for
Maximum Clique [27] and for the Maximum E3-Sat problem and several other
important problems [28]. We also mention a relatively new result by Dinur and
Safra [10] which improves the lower bound for the Minimum Vertex Cover problem
using several new ideas which may prove influential.

The only general techniques which we know for proving inapproximability is
either, as mentioned above, to invent a special purpose PCP, or to reduce a problem
which is known to be hard to the problem at hand. This means that we want to
translate the hard problem into our problem in such a way that we can use an
approximation algorithm for our problem to approximate the hard problem. Since
the hard problem was hard to approximate, so must our problem be as well. Using
reductions, one can prove lower bounds for many problems. However, for many
problems no really strong lower bounds were achieved until a special purpose PCP
was constructed.

For some problems it appears difficult to construct special purpose PCPs; if
this is due to limitations in current techniques or due to more fundamental reasons
is not clear. Hence it makes sense to try to find the best possible reductions. A
general technique for constructing optimal reductions using local substructures, so
called gadgets, was found by Trevisan et al. [53] who used linear programming to
find optimal gadgets, which when combined with the results of Hastad [28] made
it possible to get improved lower bounds for several problems.

1.3 Topic and Organization of this thesis

The focus of this thesis is proving lower bounds on the approximability of various
problems through the use of probabilistic proof systems.

Part T provides mathematical background and introduces techniques which we
use throughout the thesis.

Part II contains the new result.

In Chapter 6 we prove that a generalization of the Minimum Bisection problem
cannot be approximated within any constant in polynomial time, unless P— NP.
In the Minimum Bisection problem, we are given a graph and asked to partition the
vertices into two equal sized parts so as to minimize the number of edges between
the parts. This chapter is based on a previously unpublished note co-authored with
Subhash Khot [33].

In Chapters 7, 8 and 9 we consider vertex cover generalized to k-uniform hyper-
graphs. This problem can be viewed as the Minimum Hitting Set problem where
all the sets have size exactly k.

In Chapter 7, we prove that, for any ¢ > 0, vertex cover on k-uniform hyper-
graphs cannot be approximated within Q(k'~¢) in polynomial time unless P = NP.
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In Chapter 8 we prove that for £ = 3, for any € > 0 the problem cannot be approx-
imated within 1.5 — € in polynomial time unless P = NP. Chapters 7 and 8 are
based on the paper [31].

In Chapter 9 the main result is that for any € > 0 vertex cover on 4-uniform
hypergraphs cannot be approximated within 2 — € in polynomial time unless P =
NP. This chapter is based on the paper [32].

In Chapter 10 we study PCPs with perfect completeness (i.e., a correct proof
must be accepted with probability 1) where the answers from the proof is from a
domain of size d > 2 and achieve the best currently known soundness for a PCP
making three queries. This chapter is based on a paper co-authored with Lars
Engebretsen [14].

Finally, in Chapter 11, we show that for any finite group G, the problem of given
a system of equation over G finding an assignment which satisfies the maximum
number of equations is cannot be approximated within |G|~' + € in polynomial
time unless P = NP. This chapter is based on a paper co-authored with Lars
Engebretsen and Alexander Russell [15].
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Chapter 2

Preliminaries

2.1 Mathematical background

In this section we give mathematical background and definitions which we use
throughout the thesis.

2.1.1 Basic inequalities

Proposition 2.1 The Cauchy—Schwartz inequality. For any complex numbers
{a1,...,a,} and {b1,...,b,},

As a special case, corresponding to b; = 1,

2 n
< nz la;]?.
i=1

n

Z a;b;

i=1

n

>

i=1

Proposition 2.2 Markov’s inequality. If X is a random variable which takes
only non-negative values, then for any a > 0

E[X]

a

Pr[X > a] <

Proposition 2.3 Jensen’s inequality. If f(z) is a convex function, then
E[f(z)] > f(E[X])

11
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2.2 Problems considered

There are two different definitions for algorithm what is means for an algorithm to
solve an optimization problem. Either we deem it sufficient if we know what the
value of the optimum solution is, or we require the algorithm to actually give us
solution which achieves the optimum value. A lower bound is stronger if it holds for
algorithms of the first kind, while an algorithm is of course is better if it produces a
solution. Since we only prove lower bounds in this thesis, we use the first definition.

The first group of problems are all variants on the problem of given a system of
linear equations over Z 4, finding an assignment which satisfies as many equations
as possible.

Definition 2.4. Maximum Lin-2 is the following maximization problem: Given a
system of m linear equations on n variables over Z5 find the maximum number of
simultaneously satisfiable equations.

Definition 2.5. Maximum Ek-Lin-2 is the following maximization problem: Given
a system of m linear equations on n variables over Z,, each equation having exactly
k variables (i.e., k non-zero coefficients), find the maximum number of simultane-
ously satisfiable equations.

Definition 2.6. An assignment to a set of n {0, 1}-variablesz, ..., z,, is p-balanced

if exactly a fraction p of the variables are 1. We say that an assignment is balanced
if it is 1/2-balanced.

Definition 2.7. Maximum Balanced-Lin-2 is the following maximization problem:
Given a system of m linear equations on n variables over Z, with all right hand
sides 0, find the maximum number of equations satisfied by balanced assignments
to the variables.

Definition 2.8. Minimum UnSat Balanced-Lin-2 is the following minimization
problem: Given a system of m linear equations on n variables over Z,, with all
right hand sides 0, find the minimum number of equations unsatisfied by balanced
assignments to the variables.

Definition 2.9. Maximum Ek-Balanced-Lin-2 is the following maximization prob-
lem: Given a system of m linear equations on n variables over Z5 each containing
exactly k variables and with all right hand sides 0, find the maximum number of
equations satisfied by balanced assignments to the variables.

Definition 2.10. Minimum Ek-UnSat Balanced-Lin-2 is the following minimiza-
tion problem: Given a system of m linear equations on n variables over Z each
containing exactly k£ variables and with all right hand sides 0, find the minimum
number of equations unsatisfied by balanced assignments to the variables.

The problem of solving sets of equations can be generalized to arbitrary groups,
as follows: an equation in variables x1,...,z, over a group G is an expression of
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form w;y ... w, = 1g, where each w; is either a variable, an inverted variable, or a

) ) )
group constant and 1 denotes the identity element. A solution is an assignment
of the variables to values in GG that realizes the equality.

Definition 2.11. For any finite group G, EQ; is the following maximization prob-
lem: Given a system of m equations on n variables over GG, find the maximum
number simultaneously satisfiable equations.

Definition 2.12. For any finite group G, EQ]G is the following maximization prob-
lem: Given a system of m equations on n variables over (G, where each variable
occurs at most once in each equation, find the maximum number simultaneously
satisfiable equations.

Definition 2.13. For any finite group G, EQ4[k] is the following maximization
problem: Given a system of m equations on n variables over GG, where each variable
occurs at most once in each equation and each equation contains exactly k variables,
find the maximum number simultaneously satisfiable equations.

We next define some problem having to do with the satisfiability of logical
formulas.

Definition 2.14. A propositional formula ¢ is on conjunctive normal form (CNF)
if it is on the form ¢ = Cy A Cy A ... A Cy,, where each clause C; is on the form
Ci = (4 VIa V... V) where each [; is a literal, i.e., either I; is a variable or a
negated variable. A variable may not occur both negated and non-negated in the
same clause.

Definition 2.15. A formula ¢ is a Ek-CNF formula if it is on conjunctive normal
form, and all clauses contain exactly k distinct literals.

Definition 2.16. A formula ¢ is a Ek-CNF(1) formula if it is a Ek-CNF formula,
and furthermore, all variables occur in exactly k& clauses.

Definition 2.17. Sat is the following decision problem: given a CNF formula ¢
is ¢ satisfiable or not?

Definition 2.18. E3-Sat is the following maximization problem: Given a E3-CNF
formula ¢, find the maximum number of clauses in ¢ which are simultaneously
satisfiable.

The last group of problems are problems on graphs and hypergraphs.

Recall that an undirected graph G = (V, E) consist of a set of vertices V' and a
set of edges F where each e € E is a subset of the vertices of size 2. A vertex cover
of Gis aset S CV such that SNe # () for each e € E.

Definition 2.19. Minimum Vertex Cover is the following minimization problem:
given a graph G, find the size of the smallest vertex cover of G.
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Definition 2.20. A hypergraph consist of consists of a set of vertices, V and a set
of edges E. An edge e € E is a subset of the vertices.

Definition 2.21. A hypergraph is k-uniform if each e € E is a set of size k.
Thus an undirected graph is a 2-uniform hypergraph.

Definition 2.22. Let H = (V, E) be a k-uniform hypergraph. A vertex cover of
H is a subset S of the vertices such that for all edges e € E, en S # ().
For any subset S of the vertices, we say that an edge e is covered by S if SNe # ().

Definition 2.23. Let H = (V, E) be a k-uniform hypergraph. An independent set
of H is a subset S of the vertices such that no edge e € E is contained entirely in

S.
Thus the complement of an independent set is a vertex cover.

Definition 2.24. Let H = (V, E) be be a k-uniform hypergraph. A r-coloring of
H is a function f: V — {1,...,r} such that for no e € E, f takes the same value
on all elements of e.

Definition 2.25. Minimum Ek-Vertex Cover is the following minimization prob-
lem: given a k-uniform hypergraph H, find the size of the smallest vertex cover of
H.

Definition 2.26. Maximum Ek-Vertex Cover is the following maximization prob-
lem: given a k-uniform hypergraph H, in which we allow E to be a multiset, and
an integer B > 0, find the maximum number of edges covered by a subset S C V
where |S| = B.

Definition 2.27. Maximum Ek-Vertex Cover-p is the following maximization prob-
lem: given a k-uniform hypergraph H = (V, E), in which we allow E be a multiset,
find the maximum number of edges covered by a subset S C V where |S| = p|V|.

2.3 Optimization and approximation

Definition 2.28. Let P be a maximization problem. For an instance = of P let
opt(x) be the optimal value. A solution y, with weight w(z,y), is c-approzimate if
it is feasible and w(z,y) > opt(z)/c.

Definition 2.29. Let P be a minimization problem. For an instance z of P let
opt(z) be the optimal value. A solution y, with weight w(z,y), is c-approzimate if
it is feasible and w(z,y) < ¢ - opt(x).

Definition 2.30. A c-approzimation algorithm for an optimization problem is a
polynomial time algorithm that for any instance x of the problem and any input y
outputs a c-approximate solution.

We use the wording to approximate within ¢ as a synonym for to compute a c-
approximate solution.



Chapter 3

Probabilistically Checkable Proofs

A language L is in the class NP if there exists a polynomial time Turing machine M,
with the properties that

1. For ¢ € L, there exists a proof m, of size polynomial in |z|, such that M ac-
cepts (z, ).

2. For z ¢ L, M does not accept (z,w) for any proof 7 of size polynomial in |z|.

Arora and Safra [3] used a generalization of the above definition of NP to define the
class PCP|r, g] (which was implicit in previous work), consisting of languages which
have witnesses (or membership proofs) that can be checked by a probabilistically
verifier which has oracle access to the membership proof, is allowed to use r random
bits, and allowed to query g bits from the oracle.

Definition 3.1. A probabilistic polynomial time Turing machine V with oracle
access to 7 is an (r, q, d)-restricted verifier if it, for every oracle = and every input
of size n, uses at most r(n) random bits, makes at most ¢(n) queries to the oracle,
and the answers from the oracle are from a domain of size d. We denote by V™ the
verifier V' with the oracle 7 fixed.

We say that V is non-adaptive if the queries V makes only depend on the input z
and the random string p. More formally,

Definition 3.2. A (r,q,d)-restricted verifier V' is non-adaptive if it works as follows:
Let V4 and V5 be deterministic polynomial time Turing machines which makes no
oracle queries. The verifier V on input z and oracle 7 produces a random string o
of length at most r, runs Vi (z,0) which produces a sequence of queries p1, ..., p,.
Then V' queries the oracle 7 in positions pi1,...,pq, runs Va(m(p1),...,7(pg),0),
accepts if V5 accepts and rejects otherwise.

Definition 3.3. A language L belongs to the class PCP, s[r, g, d] if there exists
an (r, q,d)-restricted verifier V' with the properties that

15
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1. For z € L, Pr,[V™ accepts (z, p)] > ¢ for some oracle 7.
2. For o ¢ L, Pr,[V™ accepts (x,p)] < s for all oracles =.
where p is the random string of length r.

We call ¢ and s the completeness and the soundness of the verifier, respectively.
When ¢ = 1, we say that the verifier has perfect completeness.

Definition 3.4. A language L belongs to the class naPCP., [r, ¢, d] if all require-
ments of Definition 3.3 holds, and furthermore the verifier V' is non-adaptive.

As a shorthand, we write PCP[g,r] for PCPy 1 /3[q,r,2] and naPCP][g, r] for
naPCP, ;»[q, 7, 2].
We need one other kind of probabilistic proof system:

Definition 3.5. A two-prover one-round (2P1R) game consists of a probabilistic
polynomial time verifier V' and two computationally unbounded provers P; and P».
The verifier V is allowed to send one query to each prover, which can be query for
several bits.

A 2P1R game for a language L has completeness ¢ and soundness s if the
following holds:

e If z € L then there is two provers P; and P, such that Pr[V accepts] > c.

e If z ¢ L then for any two provers P, and P», that Pr[V accepts| < s.

The probabilities are over the random bits of the verifier.

It is sometimes convenient to allow the provers to be probabilistic as well. We
note that probabilistic provers can always be converted to deterministic provers
since it it always possible for the provers to fix their random bits in such as way as
to not decrease the acceptance probability of the verifier.

There is a strong connection between PCPs and hardness of approximation for
the following reason: A PCP naturally gives rise to a proof optimization problem,
namely the problem of given an input x, compute the proof 7 which maximizes the
probability that the verifier accepts.

Suppose we prove that some language L € PCP, [r, g]. Then when given input
x, we know that if z € L, the best proof has probability ¢ of being accepted, while
if z ¢ L, the best proof has at most probability s of being accepted. Now suppose
there is an approximation algorithm for the proof optimization problem of this PCP
which approximates within ¢/s. We get two cases:

1. z € L. The approximation algorithm returns a value which is > ﬁ = s.

2. x ¢ L. The approximation algorithm must return a value < s.
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So we can distinguish between these two cases and thus decide L. In particular,
if L is an NP-complete problem, the proof optimization problem is NP-hard to
approximate within ¢/s. Thus a result on the form that NP C PCP, [r, g] gives
us a NP-hard optimization problem which we can reduce from. It turns out that
having the parameter r = O(logn) is important for making such reductions run in
polynomial time.

The connection between PCPs and approximability was first discovered by Feige
et al. [18], who showed that

NP C PCP[O(lognloglogn), O(lognloglogn)] (3.1)

and used this characterization of NP and a reduction to show that unless NP
admits algorithms which run in slightly super-polynomial time, Maximum Clique
cannot be approximated within any constant in polynomial time.

Results giving stronger characterizations of NP in terms of PCP[r,q] were
proven by Arora and Safra [3] and Arora et al. [2]. The following result is by [2]:

Theorem 3.6 The PCP theorem.
NP = PCP[O(logn), O(1)].

In other words, this remarkable theorem says that membership for NP-languages
can be probabilistically checked by a verifier which uses logarithmic randomness,
always accepts a correct proof, rejects incorrect proof with probability at least 1/2,
and looks only at a constant number of bits of the proof.
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Chapter 4

A simple PCP and Hardness of
approximating Maximum E3-Lin-2

As mentioned in the previous chapter, from the PCP characterization of NP given
by the PCP theorem we automatically get an optimization problem which is hard to
approximate, namely the problem of computing a proof with maximum acceptance
probability. If we want to prove hardness of approximation for some problem, we
could try to reduce this proof optimization problem to our problem. However,
it turns out that by specially designing the PCP to make this reduction more
efficient for the specific problem, we can get stronger results. This technique was
introduced by Bellare, Goldreich and Sudan [5] who were able to get improved
results for many problems, and Hastad [28] improved previous techniques to get
almost optimal bounds for several problems.

Throughout this thesis this is the technique which we use: get strong inap-
proximability results by constructing a PCP specially tailored for the problem at
hand.

All the PCPs which we construct in this thesis are based on techniques intro-
duced by Hastad [27, 28]. In this chapter, as an introduction to these techniques,
we describe and analyze the simplest PCP construction from [28].

Recall that Maximum E2-Lin-2 is the optimization problem where we are given
a system of linear equations over Z, where all the equations contain exactly three
variables, and we want to find an assignment which satisfies as many equations as
possible.

It is possible to approximate this problem within a factor 2; just choosing an
assignment uniformly at random satisfies an expected fraction of 1/2 of all equa-
tions, which gives a factor 2 approximation. It is possible to remove the randomness
and achieve the same ratio deterministically by the method of conditional expecta-
tions [1, Section 15.1].

19
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Since our goal in this section is proving a lower bound for Maximum E2-Lin-2
we want to construct a PCP so that the reduction to this problem is very efficient.

Suppose that we can prove that any language in NP is decided by a PCP which
has completeness ¢, soundness s, uses O(log n) random bits, queries three bits from
the proof, and accepts depending on the sum modulo 2 of these three bits.

Then we may create a system of linear equations by for each bit (i) in the proof
introducing a variable z;, and for each outcome of the random string introducing
an equation. For example suppose the verifier on random string ¢ checks that
w(42) + 7(17) + w(4711) = 1 (mod 2). Then we introduce the equation zo4 + 17 +
24711 = 1 (mod 2). Since the verifier uses O(logn) random bits, this will be a
polynomial number of equations.

Now let L be an NP-complete language. If the input x to the verifier is in
L, there is a proof which the verifier accepts with probability at least ¢, which
translates to an assignment satisfying a fraction ¢ of the equations. On the other
hand, if the input is not in the language, there is no proof which the verifier accepts
with probability greater than s, so there is no assignment which satisfies more than
a fraction s of the equations. Hence we may conclude that Maximum E2-Lin-2 is
NP-hard to approximate within ¢/s.

Many PCP constructions, starting with Arora and Safra [3] use verifier compo-
sition. The principle is that we have two verifiers, one which uses few random bits
(and thus have a small proof), but where the values read from the proof are large,
and another which uses many random bits but reads very few bits from the proof.
The idea is to get the best of both worlds by combining the two verifiers.

In our case, we start with a two-prover one-round proof system which can be
made to have arbitrarily low soundness, but in which the size of the answers is a
large constant. On top of this a PCP is created in which the proof is supposed
to contain for each possible query to the two-prover one-round proof system, the
corresponding answer encoded with an error-correcting code. This proof is then
checked by a verifier which reads very few bits. Intuitively, the verifier checks that
the first verifier would have accepted.

4.1 A 2-prover 1-round protocol

A consequence of the PCP theorem is that there exists some constant I' such that
it is NP-hard to distinguish between satisfiable E3-CNF formulas and formulas in
which at most a fraction I' of the the clauses can be satisfied. Feige [16] proved
that this implies the following theorem:

Theorem 4.1. There is a constant p < 1, such that: For any L € NP, there is a
polynomial time reduction which given z produces a E3-CNF(5) formula ¢(z) such
that

1. If x € L, then ¢(x) is satisfiable,

2. If x ¢ L, at most a fraction u of the clauses in ¢(z) are satisfiable.
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2P1R protocol.
Input: E3-CNF(5) formula ¢.

1. Choose uniformly at random a clause C' from ¢.

2. Choose uniformly at random a variable z from C.

3. Send C as a query to P;, receiving an answer in y € SATY.
4. Send z to P», receiving an answer z € {0,1}.

5. Accept if 72 (y) = 2.

Figure 4.1. Basic 2P1R game.

In other words, it is NP-hard to distinguish between E3-CNF(5) formulas where
all clauses may be satisfied, and E3-CNF(5) formulas where at most a fraction y of
the clauses are satisfiable.

There is a well-known two-prover one-round (2P1R) interactive proof system
for NP which makes use of the previous theorem.

For a clause C = (I1 VI2VI3) where I, 1 and I3 are literals, there are 7 satisfying
assignments. We denote by SAT® the set {1,...,7}, where k € SAT" is interpreted
as the k:th satisfying assignment to C, in lexicographic order. For a clause C and a
variable = in C we denote by 7%:¢: SAT® — {0, 1} the function such that 7% (y)
is the value of z when y € {1,...,7} is interpreted as the y:th satisfying assignment
to C.

The algorithm for the verifier in the two-prover one-round proof system is given
in Figure 4.1. When ¢ is satisfiable, if the provers answers according to a satisfying
assignment of ¢, the verifier accepts with probability 1, i.e., the proof system has
completeness 1, or perfect completeness.

Let us show that if ¢ is at most u-satisfiable, the provers can fool the verifier
with probability at most (2 + p)/3, or other words, that the above proof system
has soundness (2 + u)/3.

The answers from the prover P, defines an assignment to the variables in ¢.
Since ¢ is at most p-satisfiable, this assignment satisfies at most a fraction p of the
clauses. If the verifier chooses a clause C' satisfied by this assignment, the verifier
accepts. On the other hand, if C is not satisfied, the best P; can do is to change the
value of one of the variables in C to create a satisfying assignment. The probability
that this variable was sent to P, is 1/3. Thus the provers fool the verifier with
probability at most p +2(1 — u)/3 = (2+ u)/3.

The soundness can be lowered to ((2+ u)/3)" by repeating the protocol u times
independently, but it is also possible to construct a one-round proof system with
lower soundness by repeating u times in parallel. We extend the notation SATY
to the u-parallel case by for a sequence W of u clauses denoting by SATYW the set
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Parallel 2P1R protocol.
Input: An E3-CNF(5) formula ¢.
1. Choose uniformly a sequence W = (C4,...,C,) of u clauses from ¢.

3

2. From each C; choose uniformly a variable x;. Let U = (x1,...,z,) be
the sequence of variables so constructed.

3. Send W to P, receiving a string y € SAT".

4. Send U to P, receiving a string = € {0,1}Y.

5. Accept if VW (y) =z

Figure 4.2. Parallel 2P1R game.

of all 7-ary strings of length u which we interpret as satisfying assignments to the
clauses in W. That is, for W = (Cy,...,C,), any y € SATY can be written y =
(y1,-..,ya) where y; € SATY. For any U = (z1,...,2,) and W = (Cy,...,Cy)
such that x; is a variable of C;, we denote by 7U'W the function which maps a
y € SATY to z € {0,1}V by restricting y to the variables in U. More precisely, for
Y=, ya), W (y) = (@7 (g1), T ().

The parallel two-prover one-round proof system is given in Figure 4.2.

The completeness of this proof system is 1, and it follows by a general theorem of
Raz [43] that the soundness is at most cj;, where ¢, < 1 is some constant depending
on u but not on u or the size of the instance.

4.2 The long code and the Fourier transform

The proof in our PCP contains a purported encoding of a pair of strategies for the
provers in the above u-parallel game.

For any satisfying assignment z to all the variables in ¢, we denote by z|y
and z|w the elements in {0,1}" and SAT" respectively obtained by assigning the
variables values according to z.

For 8 C SATY, we will, by abuse of notation, write #U"" (3), by which we
mean the set {7Y'W(y) | y € B}. For any set S, we denote the set of functions
{f: S — {-1,1}} by 25.

We also need another form of projection. For U, W as above and § C SATY,
we define the modulo 2 projection of 3 on U, ng’W(ﬂ) by x € ﬂ'g’W(ﬂ) iff there is
an odd number of y € 8 such that #¥'W (y) = .

The proof is supposed to be encoded with the long code, introduced by Bellare
et al. [5]. The long code of = € {0,1}Y consists of the values of all functions from
{0,1}Y to {—1,1} evaluated on z. In general:
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Definition 4.2. Let S be a finite set. For « € S, the long code of z, LC(x) is the
function from 2% to {—1,1} defined as LC(z)(f) = f(=).

Definition 4.3. A Standard Written Proof with parameter u for a formula ¢ con-
sists of a table Ap: 2{91” 5 {11} for each sequence U of u variables from ¢
and a table Ay : 25AT" {—1,1} for each sequence W of u clauses from ¢.

Definition 4.4. A Standard Written Proof with parameter u is a correct proof for
a formula ¢ if there is an assignment =z, satisfying ¢, such that Ay is the long code
of x|y for all sequences U of u variables, and Aw is the long code of z|w sequences
W of u clauses.

A long code LC(x) has the property that Ay (—f) = —Ay(f). It will sometimes
be useful for a verifier to access the proof in a certain way to ensure that this
property holds. We do this by folding over true, as introduced by Bellare et al. [5].

Definition 4.5. Given a function A: 25 — C we define A¢rye, A folded over true,
by for each pair of functions (f,—f) choosing one and (if f is chosen), define

Atrue(f) = A(f), and Atrue(ff) = 7A(f)

When analyzing a purported long code, the Fourier transform will be our main
tool.

Note that the space of functions {A: 29 — C'} forms a vector space of dimension
2151, We define an inner product on this vector space by

(A By =275 3" A(HB(S). (4.1)

fe2s
Now for a C S, we define x,: 25 — {—1,1} by
Xa(f) =[] f(@). (4.2)
TEQ

Note that x, is the point-wise product of the long codes of all z € a. For
a,B C S, let aAB be the symmetric difference of a and 3, i.e.,

alAf = (aUp)\ (anp)

In other words, aAS is the set of elements which occur in exactly one of a and 3.
For f,g € 25, let fg denote the function (fg)(z) = f(z)g(x).

Proposition 4.6.

er(f)Xﬁ(f) = XaAﬁ(f): (43)

Xa(f)Xal(9) = Xa(f9), (4.4)
[S| ifa =

= n={ % et

fe2s
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Proof.
Xa(Hxsf) = [ f@ ] f@

TEQ z€B

= II r@* II f@

zeEan r€EaAS

= I f@

r€EaAS
= Xaag(f)-

Next,

Xa(Fxalg) = [[f@ ]9

TEQ TEQ

= [ f@e)

TEQ
= Xxalf9)-
Finally,

Y oxal) =D I @

fe2s fe2s z€a

=> [If@ ] f@°

fe2sS zea €S\

=H( > f(m)) H( 2 f<ﬂf>°)
f(z) f(=)

€ e{-1,1} z€S\a e{-1.1}
this product is clearly 0 unless o = ), in which case the product is 251 "

Lemma 4.7. The functions y, form an orthogonal basis for the vector space
{A: 2% = C}. That is, there are 2!5! of them and

ool ={ g ftazh - (1.6)

Proof.
(Xa I x8) = 270> xalH)xs(F)
fe2s

= 25 (D)

fe2s

271513 " Xans(f)

feas
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By proposition 4.6, this last sum is 0 unless aAB = @, which happens only when
a = ﬂ L]

Since the functions x, form an orthogonal basis for the vector space of functions
from 2° to C, any function A: 25 — C may be written as a linear combination
of the basis functions, where the coefficients are simply projections of A onto the
basis functions. More formally,

Theorem 4.8 Fourier-inversion. For any A: 25 — C, let A, = (A| Xa)- Then
A(f) = Z AaXa(f)'
aCS

Proof. Since the x, are orthogonal and there are 2!5! of them, they form a basis,
so any A: 29 — C may be written as

A(f) = Z aaXa(f)'
aCS
We have that, for any § C S,

(A ‘ Xﬁ) =271l Z Z aaXa(f)Xﬁ(f)

f aCs

=3 aa2 5 xa(H)xs(F)

aCS f
= > aalXa | x5)
aCS
= aﬁ7
where the last equality holds by Lemma 4.7. "

We call A, the Fourier-coefficient of A at . Note that, for a function A which
takes values in {—1,1},

Ao = Pr[A(f) = xa(N)] = PrIA(f) # Xa ()] = 2PrA(f) = Xa(f)] -1

Hence in this case /1,1 is a measure of the correlation of A with y,, with flm =1
meaning that they are totally correlated (i.e., A = x.), and A, = —1 meaning that
they are totally negatively correlated (i.e., A = —xq)-

Theorem 4.9 Plancherel Theorem or Parseval’s equality. Forany A4: 25 —

C
Yo lAaf =275 AP

aCS fEQS

)

In particular, when A: 2% — {—1,1}

Z |Aa‘2 =1

aCS
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Proof.

YIAMNPE =273 A(HA)

fe2s fe2s

=275 S S S A Aoxa (D ()

fe25 aCSBCS

=33 Aads27 ST xa(h)xs(h)

aCS BCS fe2s
= > Y AaAsixa | xs)
aCS BCS
=2 [P
aCS

The following lemma shows what effect folding over true has on the Fourier-
coeffiecents.

Lemma 4.10. Let A: 29 — C have the property that for all f, A(—f) = —A(f).
Then if A, is not 0, then |a| is odd (and in particular « is not empty).

Proof. Clearly, for any a C S,
Xa(=1) = [ (=1(2)) = (=1)*xa (/)
TEQ

Thus if |a| is even, xo(—f) = xa(f). Hence

Ay = 275 A(f)xalf)
f

= 2 IS (AN + A Xl £))

f
1
= 2T A D)
The last sum is clearly 0 since A(—f) = —A(f). .

4.2.1 Testing of the long code

As a warm-up to PCP construction, we consider how to test that a function A: 25 —
{—1,1} is indeed a long code. Since we only want to look at very few bits in A we
can’t hope to have a test which always rejects if A is not a long code. Instead the
best we can expect is a test such that if it accepts with high enough probability,
then we know that the function A is close to a long code in some sense.
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LongcodeTest.
Input: A purported long code A.

1. Choose f,g € 2% uniformly.

2. Choose e € 2% by for each z € S setting e(z) = 1 with probability
1— 4 and e(z) = —1 with probability .

3. Accept if A(f)A(g9)A(fge) =1.

Figure 4.3. Testing a long code.

Since a long code A has the property that A(fg) = A(f)A(g), a possible first try
for a test would be to choose f, g € 2° uniformly and accept if A(f)A(g9)A(fg) = 1.
This is essentially the linearity test of Blum et al. [6]. However, any product
of long codes will also pass this test; let a C S and B(f) = [],c, f(z). Then
B(f9) = [l,ea f ()9(x) = B(f)B(o).

As an attempt to fix this, we modify the test as shown in Figure 4.3.

If A=LC(z), then A will pass this test with probability 1 — §, while for B a
product of long codes the probability of acceptance is

1+ B, [B(f)B(9)B(fge)] _ 1+ Ec[[lcne®)]
2 2
14 (1—25)lel
=

which approaches 1/2 when |a| goes to infinity. Thus this takes care of large
products of long codes, while small products of long codes will turn out to be “close
enough” to real long code for our purposes.

Intuitively, the above test should reject any function A: 2% — {—1,1} which
depends strongly the value of f on many different x. This is because when we
multiply with e, the more z on which A depends, the greater the chance that
f(z)e(x) is different from f(z) for some such z, and thus the chance that A(f) #
A(fe) increases.

Let us proceed to analyze this test formally. As we saw above, the test was
actually easy to analyze in the case when A was a long code or a product of long
codes. Luckily for us, the Fourier inversion formula tells us that any function
A: 2% - C may be written as a sum of products of long codes. Thus we expand
A in its Fourier-series and proceed with the analysis. Using Theorem 4.8, we have
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that

(B [B()B(9)B(fge)]

f " {Z Z Z BQIXM QQXQQ(Q)BMXM(JCQ@)}

a1CS a2 CS a3zCs

Z Z Z Ba1Ba2Ba3 E)e[Xm(f)Xaz(g)Xaa(fge)]- (4.7)

a1CS asCS a3Cs

Thus we need to compute

/B Ixar (F)xas (9)Xas (fge)] s

Using (4.3) and (4.4) from Proposition 4.6, we get that (4.8) is equal to

fg,e [Xon Aas (f)XQ2AO(3 (g)XOé:s (6)] = ? [XOHAQ:; (f)] ]3] [XOQAO«; (g)] ]; [Xa:; (e)] .

By (4.5) from Proposition 4.6, the expectation is 0 unless oy = s = ag, while the
expectation over e is (1 — 28)/*3/. Thus (4.7) is equal to

AL 28) <3 (max(Ag(1 - 26) A% = ?gx(Aﬁu —20)181.

[
aCS aCS =

Where the last equality follows by Parseval’s equality (Theorem 4.9).

We conclude that if the test accepts with high probability there must be some
reasonably small a such that the input is close to x., i.e., the input is close to
a small product of long codes. Of course, this product may be empty, since the
constant 1 function passes LongcodeTest with probability 1. However, if A4 is folded
over true fl@ =0, and in this case the product must be non-empty.

4.3 The basic protocol

In this section we describe and analyze the PCP which we use to prove inapprox-
imability of Maximum E2-Lin-2. Recall that the input to the test is an E3-CNF(5)
formula, and that the proof is a Standard Written Proof, which means that the
verifier has access to tables Ay and Ay for sequences of variables and clauses re-
spectively. The verifier simulates the verifier in the 2P1R game, choosing a sequence
W of u clauses and a sequence U of u variables with the same distribution. The
verifier needs to check the corresponding tables for consistency. To get an inap-
proximability result for Maximum E2-Lin-2 the verifier should accept on a linear
condition. The way we construct the test is to take the long code test from the
previous section and move one query to the table Ay .
The test is given in Figure 4.4.
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LinTest.

Input: An E3-CNF(5) formula ¢ = C; A ... A Cp, with n variables and m
clauses. The proof is a Standard Written Proof with parameter u, and all
the tables folded over true.

1. Select uniformly at random a sequence W = (C,...,C,,) of u clauses
and a sequence U of u variables by for each clause C} choosing uni-
formly at random a variable occurring in Cj,.

2. Select uniformly at random f € 2{01}" and g € 2547" .

3. Select e € 254T" by for each y independently setting e(y) = 1 with
probability 1 — ¢ and e(y) = —1 with probability ¢.

4. Accept if Ay true(f)Aw true(9)Aw true((f o7 W)ge) = 1, else reject.

Figure 4.4. The above PCP is parameterized by the positive integer u and the
positive real § and tests if a E3-CNF(5) formula ¢ is satisfiable by querying three
positions in a Standard Written Proof with parameter u. With suitable choices of
the parameters v and J, the test has completeness 1 — e and soundness % + € for any
€e>0.

Why would we expect this to work?
If we used the methods which were used prior to the work of Hastad, we would
proceed as follows:

1. Run a test to ensure that the tables are close to correct long codes.

2. Run a test to ensure that the values encoded by these long codes are satisfying
assignments.

3. Run a test to ensure that the values are consistent.

Step 2 is unnecessary in our case since by definition we interpret all possible strings
as satisfying assignments. The test in figure 4.4 may be viewed as a combination
of step 1 and step 3.

Another way of viewing the test is to consider the following error correction
procedure: if A is close enough to a long code LC(z), then for any h we can get the
value h(z) with good probability by picking a random ¢ and returning the value
A(g)A(gh) [6]. In our case, we do not know that A is close to a long code, however,
it turns out that this procedure still can be viewed as a sort of error correction even
when A is not close to any particular long code. In fact, if A is somewhat close to
several products of long codes x, we get one of the values x,(h) with probability
proportional to how close A is to x,. Adding the “noise” function e gives a bias
against x, where « is large. Thus LinTest may be viewed as reading the corrected
value of f on”"W from Ay and checking against Ay (f). We expect that if they
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often have consistent values, then Ay and Aw should be close to small products
of long codes of consistent values. From these, it should be possible to construct a
strategy for the 2P1R game with good success probability. In fact, we prove that
it is enough that the probability of success is even slightly better than what would
be expected from randomly chosen tables.

Note that error correction would be superfluous when reading f from A since f is
uniformly distributed in that table. Intuitively, the reason we need error correction
when reading f o'W from Ay is that functions on this form is a extremely small

25ATY  Thus it is possible for Ay to be very close
Uw

proportion of all functions in
to a long code while having incorrect values for all functions on the form fox

Before analyzing the soundness of the test, we turn to the completeness, which
is easy:

Lemma 4.11. If ¢ is satisfiable, there is a proof which LinTest accepts with prob-
ability 1 — 4.

Proof. Let z be a satisfying assignment to ¢. Let the tables be as in a correct proof,
ie., Ay = LC(z|y) and Ay = LC(z|w). Then

AU,true(f)AW,true (g)AW,true((f o 7TU7W)ge) =
Falv)g(elw)(f o n") (2w )g(zlw)e(z|w).

Since (f o #"W)(z|w) = f(x|r), this expression reduce to e(x|w ), which is 1 with
probability 1 — 4. "

We now turn to the analysis of the soundness.

Lemma 4.12. If LinTest accepts with probability at least %7 there is a strategy
for the 2P1R game with success probability at least 243.

Proof. The probability that the verifier accepts may be written as

1 + EU,W,f,g,e [AU,true(f)AW,true (g)AW,true((f o 7TU’W)!}€)]
9 .

Thus by the assumption in the statement of the lemma, the expectation

Uw
o [AUtrue (D) AW true(9) Aw e (f 0 7V ) ge)] (49)

is at least §. We first analyze this expression for fixed U and W. We introduce the
shorthands A = Ay true and B = Ay ¢rue. Applying the Fourier-inversion formula
(Theorem 4.8), to A and B, and using the linearity of expectation, we get that

E [AU,true(f)AW,true(g)AW,true((f o 7TU7W)ge)] =

S Y AaBaBa B e @x(( o )ge)] . (4.10)

U w 19:€
ae2{0 117 g coSAT

62€2SA’T‘W
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We next compute the expectation over f, g and e. We have that

E [xa(f)x5 (9)x5.((f o 77" )ge)] =

f.9.e
(B a(Dxe (9)x3: (F 0 7" )xa. ()X (€)] =

Elxa (£)xs2 (f o 7)1 Elxs, (9)x52 (9)] Elxsa (©)]

where the first equality follows by the multiplicative property of the basis functions,
(Proposition 4.6, equation (4.4)), and the second by the fact that f, g and e are
independent. We proceed to compute the expectation over g. By Proposition 4.6,
equation (4.3),

9 g

which by Proposition 4.6, equation (4.5) is 0 unless 81 = (2 = 3, in which case the
expectation is 1. Next consider the expectation over e. We have that

Elxs(e)] = E [H e(y)-| =[] Elew)]=(-26)".
e e [ J e

yEB

What remains to compute is the expectation over f. Using the definitions of y,
and xg,

Elxa(£)xs(f o 7))

- E {H F(a) H(forU’W)(y)} . (4.11)

TEQ Yyep

We rewrite this expression by grouping y € 3 according to which x they project
onto. Thus (4.11) becomes

B II| 7@ II (fen” ™)) II [[Gen™)) || 412)

T€EQ yeB z€{0,1}V\a yEB
W (y)== 70V (y)==

For z € {0,1}Y, let s, be the number of y € 3 such that 7"W (y) = z. Then (4.12)
may be written as

B I[Ir@= II r@=| =11 fl(ﬂr)[f(w)s’”“] II fg)[f(x)s”]-
J zea 2€{0,1}V\a zea’ \* ze{0,1}V\a x
For this expression to be non-zero, it must be the case that s, is odd for x € a and
even for z € {0,1}V \ a. It follows that the expression is 0 unless a = 75" (8), in
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which case it is 1. To sum up, we have proven that the only non-zero terms in (4.10)

are those where 81 = 8 = 8 and a = wg’w(,@). Combined with the expression for

the expectation over e, this means that (4.10) reduces to

. - 5
> Aﬂg,w(ﬁ)Bﬁ(lfQ(i)‘ |
BCSATW

By the Cauchy—Schwartz inequality (Proposition 2.1) with a; = AWU,W(B)BB(l_Q(S)
and b; = Bg, we have that

> A vw 5 B5(1 - 28)° <

BCSATW
A2 2 : 2 |
> A Bi-p | (S B -
BCSATY BCSATW
A2 2
> Awg,w(ﬁ)Bﬁ(lfQ(s)?\ﬁ\.
BCSATW

Where the equality follows because the sum Zﬁ Eé is equal to 1 by Parseval’s
equality (Theorem 4.9). Taking the expectation over U and W, it follows that

Uw
BCSATW

E [ A2, 32(1—25)2\5\]
[ D (BT s J

Y

UEJ/V ng;ﬂv A,r;fvw(ﬁ)ffé(l _ 25)6}
> 4

)

since by assumption (4.9) was at least §. By Jensen’s inequality (Proposition 2.3),
E[X?] > E[X]?, so

UEW{ > Afrg,w(ﬁ)ﬁé(l—%)zﬁ-l > 2. (4.13)
’ IﬁgSATW

Now we describe randomized strategies for the provers in the 2P1R game. As
mentioned previously, these may be converted to deterministic strategies by fix-
ing the random strings of the provers such that the acceptance probability is not
decreased.

The prover P; upon receiving W picks a 8 with probability Eé = A%V’tmeﬁ and
returns a random y € .

The prover P, upon receiving U picks an o with probability A2 = A%,
and returns a random x € a.

,true,a
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Note that by Lemma 4.10, flU’tmeM = AW7true,(Z) = 0, so neither P, nor P, will
ever pick a empty a or .

Let us analyze the probability that the provers succeed in convincing the verifier
when following this strategy.

For any a C {0, l}U and 8 C SATY, the probability that P, picks o and P
picks 3 is AUtme aAthe [3 When a C ﬁ(]W(ﬂ), the probability that the provers
picks z and y such that 7¥'W (y) = x is at least |3|~'. Thus the probability that
the provers succeed is at least

UEI]/V [ Z Z AUtrue (IA%/V,true,ﬁ|/6|]-| 2
’ LBCSATW aCrU-W (8 J
IV A2 1-|
U],—%V [ Z AU7true,ﬂ-g’W( Wtrue ﬁ|ﬂ| J (414)
BCSATW
Since ¥ > 1 + 2 > x for real z, %? > —ﬁ = |B|, thus we have that |8]~"' >

20e 20181 > 25(1 — 26)!81, where we again used e > 1+ z in the last inequality
(with negative z). It follows that (4.14) is at least

20 E [ A? A2 (120 2\,8\]
UwW [6C§TW U,true 7r2 ( ) wit ﬁ( )

which is at least 26% by (4.13). Thus the probability that the provers convince the
verifier is at least 25°. .

Why is expanding the tables in their Fourier-series the right approach to an-
alyzing the test? Suppose that ¢ is not satisfiable, and consider a prover which
wants to convince us otherwise. If the prover only uses correct long codes, it is
easy to see that for a pair U, W, if the long codes for U and W are consistent then
the test will accept with probability 1 — €, while if they are inconsistent, that is if
Ay = LC(x) and Ay = LC(y) where 7¥"W (y) # z, then the test will succeed with
probability at most 1/2. Thus if we have acceptance probability 1+‘; we must have
consistent long codes with probability at least §, and we can get a q‘rrategy for the
2P1R game. Thus the test is easy to analyze in the case when the tables are correct
long codes, and as in the case of the long code test, it turns out that the test is also
easy to analyze when the tables are products of long codes.

Expanding the tables in their Fourier-series means that we essentially can reduce
to these easy cases. If we look back at the actual analysis, we see that what we
reduce to is actually slightly more general; since a table can be correlated with
more than one product of long codes, we also need to analyze the “cross terms”.
This means that we need to be able to analyze the case that there are three tables,
which are products of long codes x4, X3, and xg,, and we read one value from each
table. Since different products of long codes are minimally correlated (i.e., the xg
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are orthogonal), it turns out that it is never a good idea for the prover to have 3;
different from [,.

4.4 Hardness of approximating Maximum E3-Lin-2

Theorem 4.13 [28]. For any € > 0, Maximum E2-Lin-2 is NP-hard to approxi-
mate within 2 — e.

Proof. In LinTest, choose the parameter § so that

1-9

Gx0)2=2"°¢

and u such that the soundness of the 2P1R game c¢; is less than 253. For the
resulting verifier, introduce one variable for each position in the proof, and write
down for each random string the an equation corresponding to test made by the
verifier. Since the verifier uses O(logn) random bits, this will be a polynomial
number of variables and equations. By Lemma 4.11, if ¢ is satisfiable there is a
proof which makes the verifier accept with probability at least 1 — 4. Thus there is
an assignment which satisfies at least a fraction 1 — § of all equations.

By Lemma 4.12, if ¢ is at most u satisfiable, there is no proof which makes
the verifier accept with probability more than (1 + §)/2, since that would mean
that there is a strategy for the provers in the 2P1R game with success probability
at least 26°, which is impossible by the choice of «. Thus in this case, at most a
fraction (1 4 §)/2 of all equations can be satisfied.

Since by Theorem 4.1 it is NP-hard to distinguish between the case that ¢ is
satisfiable and the case that ¢ is at most u satisfiable, the theorem follows by the
choice of §. .
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Two generalizations of the
framework

5.1 Generalization modulo d

5.1.1 The Fourier transform and the long code over Z,

In this section we generalize the long code and the Fourier transforms from Sec-
tion 4.2 to Z, (i.e., the cyclic group with d elements). In general, the Fourier series
of a function from an Abelian group to C is a linear combination of the characters
of that group, i.e., homomorphisms from the group to the multiplicative group of
complex number with norm 1. For a general treatment of this theory, we refer the
reader to Terras’s book [49]. For the the further generalization to general finite
groups, see also Chapter 11 in this thesis.

Since we only work with powers of Z,;, we use the following conventions to
simplify the framework: The group Z, is represented by the powers of w = e27#/¢
with multiplication as the group operator. The characters of that group also form
a group, Z 4, which we identify with the integers {0,1,2,...,d — 1} with addition
modulo d as the group operator.

For g € Z; and v € Z 4 we denote the action of v on g by x,(9) =g".

Lemma 5.1. Let v € Z 4 be arbitrary. Then
1 1 ify=0,
d Z Xa(9) = {O otherwise.
9E€EZ 4

Proof. If y = 0, then x,(g) = 1, and since there are d terms, the sum is clearly 1.

35
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Ity #0,
d—1
1 1 by 11—wrd
a2 0 =g =g =0
9€EZ 4 k=0
where the last equality holds since w? = 1. "

The proof of the following lemma is similar:

Lemma 5.2. Let g € Z; be arbitrary. Then

d—1 .
1 1 ifg=1,
P E x+(9) = {

7=0

0 otherwise.

We generalize the notation 2°: for any set S, denote by Z5 theset {f : S — Z4}.

The space Zf can be viewed as a power of Z; since we can identify a function
~ S ~ |S
with the table of its values. The characters of Z7, Z, may be identified with Z‘d ‘7

or equivalently as the set of functions {a : S — {0,...,d — 1} with the group
operation begin pointwise addition modulo d. Denote the identically 0 function by

S
0 € Z,. The long code generalize naturally:

Definition 5.3. Let S be a finite set. For x € S, the long d code of z, LCy(z) is
the function from Z7 to Z, defined as LCq(z)(f) = f(=).

Definition 5.4. A Standard Written d-Proof with parameter u for a formula ¢

Zio’l}U

consists of a table Ay : — Z 4 for each sequence U of u variables from ¢

and a table Ay : Z;?ATW — Z 4 for each sequence W of u clauses from ¢.

Definition 5.5. A Standard Written d-Proof with parameter u is a correct proof
for a formula ¢ if there is an assignment z, satisfying ¢, such that Ay is the long
d code of z restricted to U for all sequences U of u variables, and Ay, is the long
d code of z restricted to W for all sequences W of u clauses

Again we want to expand a purported long code A: Z;f — Z 4 in a orthogonal
basis. We define an inner product

(A1By=d 5 S A(HBD

/S
rezy,

In the binary case, the basis functions were given by subsets a C S. Clearly this
won’t be enough in this case since the underlying vector space is of dimension d/!.
Instead, the basis functions are given by the characters for the group Z;f, which we
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- S
have one of for each element in the group Z 5 . This gives us our generalization:

- S
for a € Z 5, the action of a is defined by:

Xa(f) =[] f@)*®

€S

This generalizes the case modulo 2, since a subset @ C S may be identified with

)
a function a: S — {0,1}. For an a € Z, we define the weight of a, |al, to be

number of z € S such that a(z) # 0.

Proposition 5.6.
Xo(f)xa(g9) = Xa(f9)

rezs,
Proof.
Xa(f)xalg) = Hsf(m)“(m) Hsg(m)a(z)
= mﬁ (f (m)g(m;;(m)
= ;ijfg)

€S €S
— H f(z)*(®)+5@)
rz€ES

(5.1)

(5.2)
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where the last equality holds since f(z) is a d:th root of unity. Thus

Xo(Fxslg) = [] fla) O

TES
= on+,3(.f)
To continue,

Xa(f71) = [ flay=ot) med D — 5 (f)

z€S
Also

X-a(f)xa(f) =x0(f) =1,

and

Xo(f)Xa(f) = ‘Xa(f)‘Q =1
So X*ﬂ(f) = Xa(f) = (Xa(f))il

Finally,
Y M) =Y I f@
fezs fezs zeSs

=II{ > f@°@

z€S \ f(z)EZ,4

By Lemma 5.1, the inner sum is 0 unless a(z) = 0, in which case it is d. Thus the
product is 0 unless @ = 0, in which case it is d//. "

Lemma 5.7. The functions y, form an orthogonal basis for the vector space
{A: Z5 — C}. That is, there are d'S! of them, and

(mlm)-{é gg;g : (5.5)
Proof.
(Xa | x8) =d" 51 >~ xa(H)xs(F)
rezg
=d 1> xa(H)x-s(f)
rezg
=53 v a(h)
fezi

where the last two equalities holds by (5.3) and (5.3) from Proposition 5.6. Us-
ing (5.4) from the same proposition, (xo | x3) = 0 unless @ = G, in which case

<X0‘Xﬁ):1 u
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As in the modulo 2 case, we have the Fourier inversion formula and Parseval’s
equality. We omit the proofs since they are essentially identical to the modulo 2
case.

Theorem 5.8. Let
Ay = (A xa(f))
Then
A(f) = Z Aaon(f) (56)
(1625
Theorem 5.9.

d 5y AN =) 1 Aaf? (5.7)
f a

For a function A: Z7 — C, we define Az,, A folded over Z, by partitioning Z3
into sets of fun(“rlonq {f,wf ..... w1 £}, for each part picking one representative
f (by e.g, letting f be the functlon with a 1 in the first non-zero coordinate), and

defining Az, (vf) = vA(f)-

Definition 5.10. A function A from ZJ toZ, is k-homogeneous for k € Z;d if
A(gf) = g"A(f).

We have the following lemma:

Lemma 5.11. If B: Z§ — C is k-homogeneous then B, = 0 unless Yooalr) =k
(mod d).

Proof.
By =d 51> B(f)xa(f)
fe75
=d 18y~ = S BOHGOD
erg ’YEZd
= d S| Z = Z Y*B(f)xa(vf)
fez; WGZd
—a s Y §B<f>xa<f) 3 %00
rezs YEZ4
Now,

> Aa(r0)= D A [y

YEZ 4 YEZ 4 TES

= Y 4ty el

YEZ 4
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The last sum is 0 unless > a(z) = k (mod d). .

Note that in particular, if B is as in the lemma, By =0.

5.2 A generalization of the two-prover game

In this thesis, we sometimes use a generalization of the u-parallel repetition of the
basic 2P1R protocol that was applied by Khot [39] to Hastad’s PCP for E3-Sat [28],
thus simplifying Hastad’s proof. In this section we review Khot’s construction.

It turns out that a problem in the analysis of the particular type of PCP verifier
that Hastad had in his PCP for NP with perfect completeness and soundness
7/8 is that a large set of satisfying assignments to the clauses (C4,...,C,) from
Section 4.1 may project down to a very small set of assignments to the variables
(z1,...,%,). Hastad solved this problem by making a very careful analysis of the
PCP verifier. Khot recently obtained a simpler analysis by a modification of the
basic 2P1R protocol from Section 4.1.

The generalized protocol is parameterized by both u and T (Setting T' = 0
gives us the protocol from 4.1). In this version, the verifier selects at random a
sequence W consisting of (T + 1)u clauses. It then selects at random a sequence of
Tu clauses and u variables by selecting, uniformly at random from W a sequence
of u clauses and then selecting, independently and uniformly at random, a variable
from each of those clauses.

Definition 5.12. Given a E3-CNF(5) formula ¢, a (T, u)-block selected from ¢ is
a sequence of (T + 1)u clauses from ¢.

Definition 5.13. Given a (T, u)-block W, a random u-projection of W is a se-
quence formed by first selecting u clauses C;,, . . ., C;, uniformly at random from W,
choosing a variable x;, € C;, uniformly at random from each of these u clauses, and
constructing U = (z1,...,24,Ci, .-, Cip,,),) Where z1,..., 2, are the u vari-
ables so chosen, and Cj,,...,Ci,, are the remaining Tu clauses (in their original

order).

Similarly to the original parallel two-prover one-round protocol, we denote by SATW
the satisfying assignments to the clauses in W, and by SATY the set of strings
{0, I}UI X SATW,7 where U’ is the sequence of variables in U and W' is the se-
quence of clauses in U. For a (T, u)-block W = (Ch,...C(741),) and a u projection
U= (z1,-,2u,Ci,yy>- -, Cigryny,) of W, constructed by choosing the clauses
Ciyy. .-\ C;, from W and the variable z; from C;,, we denote by 7UW the natural

projection function from SAT" to SATY, defined by

ﬂ'(]’W( ml.C,-l ( fﬂu,ciu (

yla'-':y(’r+1)u):(ﬂ- Yir ) T yiu),yiu+1,---,yi(”]),‘,)

The Generalized 2P1R game is given in Figure 5.1 .
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Generalized Parallel 2P1R protocol.
Input: An E3-CNF(5) formula ¢.

1. Choose uniformly at random a (T',u)-block W = (Ci,...,Cirinyu)
from ¢.

2. Choose a random u-projection U from W.
3. Send W to P, receiving a string y € SAT" .

4. Send U to Py, receiving a string = € SATY.

5. Accept if VW (y) =z

Figure 5.1. Generalized Parallel 2P1R game.

Lemma 5.14. The protocol described Figure 5.1 has perfect completeness and
soundness ¢,;, where ¢, <1 is some constant depending on p but not on u or the
size of the instance.

Proof. For a satisfiable formula, the verifier always accepts if the two provers answer
according to the same satisfying assignment.

To prove that the verifier accepts unsatisfiable formulae with probability at
most ¢, we reduce from the protocol described in Section 4.1. Tt is known [43] that
this protocol has soundness c;;, where ¢, <1 is some constant depending on p but
not on u or the size of the instance.

Suppose that there exists provers )1 and @), for the protocol from this section
such that the verifier accepts an unsatisfiable formula with probability s > c;.
Then the provers P; and P, from the protocol described in Section 4.1 can use (1
and Q2 to construct strategies that make the verifier in that protocol accept an
unsatisfiable formula with probability s.

The essence of the proof is that, by an averaging argument, there is some way of
fixing the T'u extra clauses given to )1 and ()2 so as to not decrease the acceptance
probability.

Recall that the verifier in our generalized protocol proceeds by picking (T'+ 1)u
clauses and among these choosing u, from which it then chooses a variable each.

For clauses C1, ..., Cy, from the formula ¢, denote by A(Cj,...,Cy,) the event
that the clauses from which the verifier do not choose any variables are C, ..., Cy,.

Then there must be some choice of C1,...,C}, such that

Pr[the verifier accepts | A(C], ..., C,

’ s Miu

)> .

Fix such a choice Cy,...,C},.

Given a sequence of W of clauses (C1,...,C,), Pi constructs a sequence W'
of (T + 1)u clauses by inserting Ci,...,C, randomly among Cj,..., C},, (but

3 3

u’
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preserving the internal order of the sequences). The thereby obtained (T, u)-
block is sent to Q1 and P; then returns the assignment to (C,...,C,) obtained
from (). Given a sequence of variables (z1,...,%,), P> constructs u-projection
U =(z1,...,24,C1,...,C},), which is sent to )2 and P, then returns the assign-
ment to (x1,...,T,) obtained from Q.

Since the distribution of W' and U’ so constructed is the same as the distribu-

tion of the queries to @1 and @)» in the generalized two-prover one-round protocol

conditioned on the event A(CY,...,Ct,), the answers sent back by P; and P, make

the verifier accept with probability at least s. But this is a contradiction since

§>ch. n
u

Definition 5.15. A Generalized Standard Written d-Proof with parameters u and T
contains for each sequence U containing u variables and T clauses a string of length

2 ZiATU — Z,4. Tt also

contains for each sequence W of (T' + 1)u clauses a string of length d™"*"" which

, which we interpret as the table of a function Ay :

. . . 7SATYW
we interpret as the table of a function Aw : Z - Z,.

Definition 5.16. A Generalized Standard Written d-Proof with parameters u and T
is a correct proof for a formula ¢ if there is an assignment z, satisfying ¢, such that
Ay is the long code of z restricted to U for all sequences U containing u variables
and Tu clauses, and Ay is the long code of z restricted to W for any sequences W
of (T + 1)u clauses.

Projections

As we mentioned in Section 5.2, the 2P1R for E3-CNF(5) was modified to handle
certain difficulties in the analysis of certain kinds of PCP verifiers. In this section,
we formalize the properties needed in the analysis. The facts from this section are
straightforward generalizations of the corresponding definitions and lemmas from
Khot’s paper [39].

Lemma 5.17. Let W be a (T,u)-block and consider two different assignments
y,y' € SATY . Then
1

PrixW(y) # 7"V ()] > 1 5

where the probability is over the selection of a random u-projection of W.

Proof. Since y # y’, there is at least one variable that is assigned different values
by y and y'. If this clause is present in the u-projection which happens with
probability T/(T + 1) > 1 — 1/T—the projections are certainly different. "

Corollary 5.18. Let W be a (T, u)-block and consider a 3: SATY — Z,. Then,
with probability at least 1—|3|/T over the choice of a random u-projection U of W,
it holds for an arbitrary y € SAT"W that there is no y' # y such that B(y") # 0 and
7UW (y) = 70W (y').
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Proof. Take an arbitrary y € SAT"Y . By Lemma 5.17, for any y' € SAT" \{y},

Prat () = 7V ()] <

where the probability is over the selection of a random u-projection of W and 7 is
the projection induced by the u-projection of W. By the union bound,

U =) <

y' €SATY \{y}

B(y)#0
where the probability is over the same probability space. "
- . uw . 5SATY SATV UW (3
We define the projection function #>" : Z, — 2 , by x € %" () if there

is an y such that 3(y) # 0 and 7%V (y) = z.

Lemma 5.19. Let W be a (T,u)-block and § be a function from SATY to Z,.
Then

E[ 1 } < 1 N 1
[7CW I~ 18l T
where the probability is over the selection of a random wu-projection of W.

Proof. Since every y € SATY projects down to exactly one z € SATY

1Bl= > HyeSATY :aVW(y) =z A B(y) # 0}].

zexUW (8)

Now apply the Cauchy Schwartz inequality to the above equation.

= (X 1l esATY a g) = e piy) £ 0

zexUW (8)

(X ) X Hwesat™ ) —ans) £ o))
LL‘Gﬂ'U'W(ﬁ) LL‘Gﬂ'U'W(ﬁ)
=7"W@B) > HyeSATY 1 a"W(y) =2 A B(y) # 0}
zen W (3)

= |77 (B)| Nyow (B),

where N, v.w () is the numbers of pairs (y1,y2) € SAT" x SAT" such that V"W (y;) =
W (ya), B(y1) # 0 and B(y2) # 0. Hence,
1 < N uw (ﬂ)
[mOW B T 8P
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Now introduce for each pair (y1,y2) € SAT" x SATY an indicator random variable
that is one if 7V'W (y;) = 7%W (y2), B(y1) # 0 and B(y2) # 0. Then

I(yhyz)
Bl = pF 2 % o)
@ T 2, 2 Pl
y1ESATY y,€SAT
B(y1)#0  B(y2)#0
1
B W <|ﬂ| * Z Z E[I(ynyg)]>
y1 €SATY y,eSATYW
B(y1)#0  B(y2)#0
y17Yy2
1 1
ST EEY 3 =
y1 ESATW 3, eSATW
B(y1)#0  B(y2)#0
Y17£Y2
1 Bl-1_1 1
=13 < =+ =,
8l 18T 8l T
where the first inequality follows from Lemma 5.17. .

Corollary 5.20. Let W be a (T, u)-block and 8 be a function from SATY to Z,.
Then |7Y'W (8)| > dmin{|g|, T} with probability 1 — 2§, where the probability is
over the selection of a random u-projection of W and 7¥-W is the projection induced
by the u-projection of W.

Proof. Apply Markov’s inequality to the conclusion of Lemma 5.19. "

w U

- SAT ~ SAT
We also have another kind of projection: For 8 € Z anda € Z, we define

.S
the modulo d projection of 3, n,[i]’w €Zy, as

V(@) = > Bla) (modd) (5.8)

yir VW (y)=a

~ SATW
Lemma 5.21. Let f € Z;ATU) and g € Z,

xg(f o 7TU7W) = X,rng(,g)(f)- (5.9)

Proof. We expand xp according to its definition:

xs(for”™)y =TI (for™")w).

yESATW
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Grouping the y € SATY according to their projection, we have that

I tor*w = T I @

yESATW T€SATY y:nV W (y)=z

H f(z)XPW)  (modd)

rESATY

= Xayw ) (f)
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Chapter 6

A generalization of Minimum
Bisection

6.1 Introduction

PCP techniques have been more successful in some areas than others. Notably, they
have been extremely successful for constraint satisfaction problems (CSPs) where
we are given a set of boolean constraints over some variables and asked to find
an assignment satisfying as many constraints as possible. For example, we saw in
Chapter 4 an optimal hardness result for Maximum E3-Lin-2, which is a constraint
satisfaction problem.

One class of problems where PCPs have failed so far to get any results at all is
CSPs where the solution space is restricted, and the problem is easy to solve without
the restriction. The most well-known examples are Minimum Bisection, where we
are given a graph and are asked to divide the vertices in two equal sized parts such
that the number of edges between the parts are minimized, and Maximum Edge
Subgraph in which we are given a graph and are asked to pick a set of k vertices such
that the number of edges in the induced subgraph is maximized. These problems
become trivial to solve if we remove the restrictions, i.e., if we are allowed parts of
unequal size and if we are allowed to pick any number of vertices.

For Minimum Bisection, the problem is not known to be NP-hard to approxi-
mate even within a constant factor, while the best known algorithm approximates
the problem within O(log”n) [19] ( Several special cases of Minimum Bisection
admit better approximation algorithms, see [37] for a survey.)

Using a stronger assumption that P # NP, namely that in a certain sense,
refuting CNF formulas is hard on average, Feige [17] recently proved a lower bound
of 4/3 on the approximability of Minimum Bisection.

In this chapter we prove, under standard complexity theoretic assumptions,
that a generalization of Minimum Bisection is very hard to approximate. More

49
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specifically, we prove that Minimum E3-UnSat Balanced-Lin-2 is NP-hard to ap-
proximate within any constant. Recall that Minimum E3-UnSat Balanced-Lin-2 is
the problem where we are given a set of homogeneous equations modulo 2, with
three variables in each equation, and want to find a balanced assignment to the
variables which minimizes the number of unsatisfied equations. For the case of four
equations in each equation, i.e., Minimum E4-UnSat Balanced-Lin-2, it has been
pointed out to us by Ran Raz that the weaker result that this problem is NP-hard
to approximate within some constant can be proven by a reduction from Maximum
E3-Lin-2.

We also consider the maximization version, where we want to maximize the
number of satisfied equations. We prove that this problem is NP-hard to approxi-
mate within 4/3 — 4.

The proof introduces some ideas which we will later use to prove inapproxima-
bility of vertex cover generalized to hypergraphs.

We use the approach described in Chapter 4. That is, we construct a specially
tailored PCP for NP such that computing the maximum acceptance probability
is exactly the problem Maximum Balanced-Lin-2. This means that the proof pre-
sented to the verifier will be required to contain an equal number of 0 and 1, and
the test used by the verifier will be that an exclusive or of three variables is zero.

6.2 The PCP

The verifier will be essentially the same as Hastad’s verifier described in Chapter 4,
however, since we want to ensure that the right-hand side of each equation is always
1 (in {1, —1}-notation), we cannot use folding. Since Hastad’s verifier accesses
folded tables, it will for half of the functions use the value —Ay(—f) instead of
Ay (f). This means that, as a function of the actual bits in the proof, the test is
not always Ay (f)Aw (9)Aw (h) = 1. It may equally well be that the test is (for
instance) Ay (—f)Aw (9)Aw (h) = —1.

Folding ensures that every table Ay and Ay contain an equal number of —1
and 1; we no longer have that guarantee. In its place we will use that the prover is
restricted to proofs which contain an equal number of —1 and 1 globally. Since the
tables corresponding to sequences of variables U contains an insignificant fraction
of the bits, the prover can have all tables Ay constant 1, almost 1/2 of the W-tables
constant 1 and the others constant —1. This will always fool the test as described
above, since two of the bits are queried from the same Ay, and thus their product
is always 1 when the table is constant. We fix this by modifying the Standard
Written Proof so that the U-tables instead contain almost all of the bits.

6.2.1 A variant of the Standard Written Proof

We need to modify the Standard Written Proof as described previously somewhat,
since we have two classes of tables (corresponding to sets U of variables and sets
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W of clauses), and we want to be able to control how many bits go into each class.

Recall that the input to the verifier is a E3-CNF(5) formula ¢. If there are n vari-
ables, this means that the number of clauses m = 22. Let D(u) = K (27" (5/3)%)/2%",
where K is a constant to be determined later. For each U we have D(u) tables will
we denote by Ay, for 1 < & < D(u). In the protocol when making a query we will
choose a k at random and look in the corresponding table.

Definition 6.1. A Standard Written Proof with parameter u and K for a E3-
CNF(5) formula ¢ consists of, for each sequence U of u variables from ¢ and for

cach k where 1 < k < D(u), a table Ag,: 200" - {~1,1}, where D(u) =
K(27(5/3)%)/22", and a table Ay : 25AT" 5 {1 1} for each sequence W of
u clauses from ¢.

Definition 6.2. For 0 < p < 1, a proof is p-balanced if a fraction p of the bits are
—1. We say that a proof is balanced if it is 1/2-balanced.

Definition 6.3. A Standard Written Proof with parameter v and K is a correct
proof for a formula ¢ of n variables if there is an assignment =z, satisfying ¢, such
that Ay, is the long code of z|y for all sequences U of u variables, and Aw is the
long code z|w for all sequences W of u clauses.

Since each table is a long code, and a long code contain the same number of —1
as 1, it follows that a correct proof is always balanced.

Since the tables corresponding to sequences U of variables contains almost all of
the bits (depending on the choice of K), we have that, for a p-balanced proof, the
tables corresponding to sequences U must be almost p-balanced. The next lemma
make this precise, reformulated in terms of the discrete Fourier transform:

Lemma 6.4. For a p-balanced proof,

s 2
‘EU,N I:AU,K,,@] -(1- QP)‘ < ) (6.1)
Proof. Recall that

AU,NJZ) = ]}][AU,K,(f)] = ljcr[AU,K,(f) = 1] - ]")fr[A(],K‘,(f) = *1]-
Since the proof is p-balanced, we have

2% ZU7K AU,NJZ) +27 ZW AWJZ)

=1-—2p. 6.2
22" nuD(u) + 27" (5n/3)" P (62)
Thus
Z[LKA(]K(Z) 7(172 ) .
n®D(u) P =

DUk AU,H,(Z) B 2% DUk AU,K,,@ +27 AW,(B
n*D(u) 22*nvD(u) + 27 (5n/3)
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which, by the definition of D(u), is equal to

22“ ZU7K AU,NM _ 22“ ZU,N AUJ{,@ _ 27“ ZW AWJZ)
Kot (5/3)“77,“ (K + 1)27“ (5/3)unu (K + 1)27“ (5/3)unu .

Now, Y [Awo| < (5/3)“n*, so

27 S Awp 1
(K +1)27"(5/3)un"| = K +1

and
22 ‘ ZUJ{ AU;M@ 22 ZU,N AU#;@ 22 ‘ ZUJ{ AU;M@

K27 (5/3)unv (K +1)27(5/3)unv  K(K + 1)27"(5/3)unu
where the last expression has absolute value at most 1/(K + 1), since

+ K27 (5/3)un"
Z [Ave0l < — gen
U,k

6.2.2 The verifier

Now we are ready to describe our verifier. It is given in Figure 6.1. The complete-
ness of the test is straightforward:

Lemma 6.5. If ¢ is satisfiable, there is a balanced proof which HomLinTest accepts
with probability at least 1 — 6.

The soundness of the test is not-so-obvious. We have to prove that if verifier accepts
with large enough probability, then there is a good strategy for the provers P; and
P, in the 2P1R game for E3-CNF(5) from Sec. 4.1. The probability that the verifier
accepts can be written as

1+ Eywe,f,9.e[Au () Aw (9) Aw ((f o 7)) g)]
5 .

(6.3)

Hence we need to compute

owE v Aw g Aw((f o x)g)) (64)

Applying the Fourier-transform, we get that
fEe[AU,N(f)Aw(g)Aw((f or”")g)]

Js9,

= Z AUm,ﬂ'?](ﬁ)AWﬁ(l —26)/7!
BCSATW

BCSATY BCSATY
o= WV (30
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1.

HomLinTest .
Input: An E3-CNF(5) formula ¢ = C; A ... A Cp, with n variables and m
clauses. The proof is a Standard Written Proof with parameters v and K.

Select uniformly at random a sequence W = (Cj,...,C,) of u clauses
and a sequence U of u variables by for each clause C} choosing uni-
formly at random a variable occurring in Cj,.

Select uniformly at random x € {1,...,D(n)}.
Select uniformly at random f € 2{01}” and g € 257"

Select e € 25AT" by for each y independently setting e(y) = 1 with
probability 1 — § and e(y) = —1 with probability .

Accept if Ay . (f)Aw (9)Aw ((f o 7¥W)g) = 1, else reject.

Figure 6.1. The above PCP is parameterized by the positive integers u and K
and the positive real § and tests if a E3-CNF(5) formula ¢ is satisfiable by querying
three positions in a Standard Written Proof with parameters u and K. With suitable
choices of the parameters u, K and 4, the above PCP has completeness 1 — ¢ and

soundness QTTF + € for any € > 0 and a p-balanced proof.

Hence we need to consider expressions on the form

E A i2 _ 9518l
UW,k Z U,m,(Z)AWﬁ(l 25)
BQSATW
Lry"™ (8)=0
and
. - ,
VBl X Aueanp B - 20
BQSATW
Ly ™ (8)#0
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From the proof of soundness of Hastad’s verifier in Chapter 4, we expect that we
can extract a strategy from the latter terms, and this will indeed turn out to be

the case. We first concentrate on bounding the terms of the first kind.

Lemma 6.6. For a p-balanced proof,

A 1
E A < (1- _
U,n[max((L U,K,,(D)] = ( p) + 1+ K
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Proof.

(}:]H[AUm,@] = U]::]m[max(07 AU,N70)] + U].:?K[mln(oa AUJ{,@)]'

Now,

E [max(07 A(],K,,@)] - [Fn[mln(o AU,K,,(Z))] = EU,NHAU,K,,@H S 1

and by Lemma 6.4

~ ] R 9
[Pﬁ[max(o’ AUva@)] + [E)K[mln(oz AU,K,,(Z))] S (1 - 2p) + K—+17

it follows that

[}Eﬁ[maX((L A(],K,,@)]

< 1+UE [min(O,Au,m@)]
2 A
< +(1—-2p 1 ’ '
1+(1-2 )+K 1 (]E,)K‘,[maX(Ol Uor,0)]
So

(Fm[max(07‘4(],n,@)] S (1 _p) + 1+ K’

Lemma 6.7. For a p-balanced proof,

> AppAlys(1-260)°1 < (1 -p)+1/(1+ K). (6.5)
BCSATW
™ (3)=0

UW,k

Proof. Since by Parseval’s equality, 0 < Zﬂ;z,w(ﬁ)zm flévﬁ < 1, it follows that

GE L Avpdins(1-20)7| < B max(0, Ay, o).
BCSATW
m " (8)=0

By Lemma 6.6, the lemma follows. "

Lemma 6.8. If HomLinTest accepts a p-balanced proof with probability at least
%Tp + m + J, there is a strategy for the 2P1R game with success probability

at least 86°.
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Proof. Recall that the probability that the verifier accepts may be written as 14,

2
where ¢ is

pw B, (D Aw (@) Aw ((f o))

- U,EJ/K, Z AU,K,,n-g’W(B)BW,B(l*25)‘6‘
BCSATW

By Lemma 6.7, the terms where 75" (8) = 0§ contribute at most (1 —p) + ﬁ= 80

the terms where 75" () # 0 must contribute at least 26.

First note that, for fixed U,W and &, by the Cauchy Schwartz inequality,

A A2
Z . AU,K,,ﬂ'g’W(B)AW,ﬁ(]' —25)l7 < (6.6)
BCSAT
w5 (8)7#0
DA w2023 A (67)
BCSATY BCSATY
“;]’W(/B)?é@ “;]’W(ﬁ)i(b
Now,
Ay < D Afu=1 (6.8)
BCSATW BCSATW
w5 " (8)70

by Parseval’s equality, so the right-hand side of (6.7) is at most

DAY A1 20700 ). (6.9)
BCSATW
w5 " (8)70

Thus, using E[X?] > E[X]? (Jensen’s inequality), we have

i2 42 2|8 2
U,E]/,n Z AU,mn;"W(a)AW,B(l - 26) 141 > 46°. (6.10)
BCSATW
w5 (8)7#0

Now consider the following strategy for the provers Pi and P»: The prover Py
receives a sequence W of u clauses whereupon P; picks a 8 with probability A%VB.
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Finally P, picks ay € 8 uniformly at random, and returns it. The prover P, receives
a sequence U of u variables, whereupon P, chooses a random « € {1,..., D(u)} and
a random « with probability fl%]’ma. Then P, picks a z € a uniformly at random,
and returns this z as its answer. If either P; or P, picks an empty a or (3, they
give up. The probability of convincing the verifier is at least

i2 i2 1
JEL | D AL A8 (6.11)
BCSATW
™ (8)#0
Since e* > 1+ x > x for real z, # > % = |B|, thus we have that |8]~"' >

20620181 > 25(1 — 26)/8!, where we again used e” > 1 + z in the last inequality
(with negative x). We have that (6.11) is at least

i2 i2 _ 95)2I8]
20 U,]I;E[)/,K, Z AU,K,,ﬂg’W(B)AWﬁ(l 29) . (6.12)
BCSATY
w5 (8)#0
By (6.10), this expression is at least 85°. .

The analysis above is essentially tight; consider the case of p = 0 and the
following strategy for a cheating prover: Color a fraction g of the variables blue
where ¢ is chosen so that exactly 1/2 of the sequences U contains at least one
blue variable. Call these U blue, and the sequences U which contain no blue
variables white. Similarly we call sequences W of clauses blue if they contain any
blue variables, and white otherwise. For each blue U, let Ay, be constant —1
for 1 < k < D(u), and for each white U let Ay, be constant 1. For each blue
Aw, let y € SATY be any assignment such that the assignment y’, obtained by
flipping the blue variables is still in SATY (such an y will almost always exist).
Let Aw = Xyy,47}- For the white W let Aw be constant 1. Now, if the verifier
pick a white U and a white W this strategy always convinces the verifier. If the
verifier picks a white U and a blue W, the strategy succeeds with probability at
least (1 — §)?, since Ay .(f) =1 and

Aw (@) Aw ((fom”W)ge) = Xiyy 1 @)Xy (f o7 W)ge)

X{yyy((fo 7 W)e)
= (for”"M))(f on”) (Y )e(v)e(y").
Now 7 y) (y") since y and y’ only differ in blue variables, of which there

are none in U, so Ay (g)Aw ((f o #""W)ge) = 1 with probability at least (1 — §)2.
If the verifier picks a blue U and a blue W, 7%W (y) # 7%W ('), since U contains

UW () = gUW
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at least one variable in which y and y' differ, so Aw (9)Aw ((f o 7¥")ge) will be

uniformly distributed, and the strategy will succeed with probability 1/2. Since all
variables in U occur in the clauses of W, the verifier will never choose a blue U and
a white W. Hence the probability of success is at least

1
Pr[U blue and W blue]§ + (1 — Pr[U blue and W blue])(1 — §)?.

Since the verifier chooses U uniformly and U is blue with probability 1/2,
Pr[U blue and W blue] = 1/2, and thus the strategy succeeds with probability

(1-6)%+1
4

at least 2 , which is essentially 3/4 when 4 is small.

6.3 Hardness of Approximating Balanced Homoge-
neous Equations

In this section we prove inapproximability results for Maximum Balanced-Lin-2 and
Minimum UnSat Balanced-Lin-2 by reducing from the proof system in the previous
section.

Lemma 6.9. Let L € NP. Then for any d§y > 0, given z it is possible to construct
a system of linear equations modulo 2 on n variables (of polynomial size), with all
right-hand sides 0 and where each equation contains exactly three variables, such
that the following holds:

e If € L, then there is a balanced assignment to the variables which satisfies
at least a fraction 1 — dg of all equations

e If z ¢ L then any p-balanced assignment satisfies at most a fraction 2% + do
of all equations.

Proof. Choose the parameters for HomLinTest so that § = %0, m < %0, and the
parameter u so that the soundness in the 2P1R game c;; < 853, For the resulting
verifier, write down for each random string the corresponding equation. Since the
verifier uses O(logn) random bits, this will be a polynomial number of equations.
By Lemma 6.5, if ¢ is satisfiable there is a balanced assignment which satisfies at
least a fraction 1 —d = 1—40¢/2 > 1 — Jg of all equations. By Lemma 6.8, if ¢ is at
most p-satisfiable, and there is a p-balanced assignment which satisfies as least a
fraction 2% + m +6< 2%” + d0/2 4 d0/2 of all equations, there is a strategy
for the 2P1R game which makes the verifier accept with probability at least 832, a
contradiction. The lemma follows since by Theorem 4.1 it is NP-hard to distinguish

between the cases that ¢ is satisfiable and that ¢ is at most u-satisfiable. "

Now we can prove inapproximability of Minimum E3-UnSat Balanced-Lin-2 .

Theorem 6.10. For any ¢ > 1, Minimum E3-UnSat Balanced-Lin-2 cannot be
approximated within ¢ in polynomial time unless P = NP.
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Proof. In Lemma 6.9 choose the parameter dy < i.

In the case when the input = € L, there is a balanced assignment which satisfies
all but at most a fraction dy of all equations, while in case z ¢ L, at least %
of all equations are unsatisfied by any balanced assignment. Hence if we could
approximate Minimum E3-UnSat Balanced-Lin-2 within ¢, we could decide an NP-
complete problem. "

For the maximization version, we have the following:

Theorem 6.11. For any € > 0, Maximum E3-Balanced-Lin-2 cannot be approxi-
mated within 4/3 — € in polynomial time, unless P = NP.

Proof. Choose § in Lemma 6.9 such that

1—4do
ra

< — —e€.

W o~

There are “pseudo-approximation” algorithms for Minimum Bisection which relax
the condition that the parts should be equal. For example it is possible to find a
solution where the smallest part is at least 1/3 and the number of edges cut is within
a factor O(logn) of the minimum bisection [41]. Because of this, it is interesting
with negative results of the same kind. Indeed, for the minimization problem we
can prove that the problem is still hard to approximate within any constant for this
kind of algorithm:

Theorem 6.12. For any 0 < p < 1, for any ¢ > 1 there is no polynomial time
algorithm with finds a p balanced solution which approximates the optimum of
Minimum E3-UnSat Balanced-Lin-2 within a factor ¢, unless P = NP.
Proof. Choose 6y < ﬁ in Lemma 6.9. Then if # € L there are at most ﬁ
unsatisfied equations for a balanced assignment, while if z ¢ L, for a p-balanced
assignment there are at least a fraction

p p pc

p
- — > - — =
5 %23 20c+1)  2(c+1)

unsatisfied equations. Thus if the p-balanced solution approximates within

=cC

pc / p
20+ 1)/ 2(e+1)
we could decide an NP-complete language. "

Theorem 6.13. For any 0 < p < 1, for any € > 0, there is no polynomial time
algorithm which finds a p-balanced solution which approximates the optimum of

Maximum E3-Balanced-Lin-2 within ﬁ — €.
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Proof. Choose the parameter dy in Lemma 6.9 so that

1— 4 2
2—p S
o td 2P

— €.

6.4 Conclusions and open problems

The most interesting question is whether these techniques can be applied to Min-
imum Bisection, and other similar problems. However, designing a PCP for Min-
imum Bisection seems difficult. It has to read two bits and check that they are
equal, and we don’t know how to do this with current techniques. An alternative
would be to try find a reduction from our problem to Minimum Bisection, since
they are somewhat similar, this might be a workable approach.

We have proven lower bounds; what about upper bounds? For Maximum Ek-
Balanced-Lin-2 there is a 2-approximation algorithm — the algorithm which just
partitions the variables into two equal sized parts at random will satisfy a fraction
1/2 — o(1) of all variables. For Minimum Ek-UnSat Balanced-Lin-2 we only know
of an approximation algorithm for the case £ = 2 i.e., Minimum Bisection. As
mentioned previously, there is an O(log2 n)-approximation algorithm for Minimum
Bisection [19]. It seems very unlikely that this algorithm would extend to k > 2,
since it is very graph-theoretical in nature.
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Chapter 7

Vertex cover on k-uniform
hypergraphs

7.1 Introduction

Consider Minimum Vertex Cover, i.e., the problem in which we are given a graph
and are asked to find a minimum set of vertices S such that each edge has an
end-point in S.

It is well-known that this problem is NP-hard to solve exactly, and it was
recently proven by Dinur and Safra [10] that it is NP-hard to approximate within
10v/5 — 21 — € ~ 1.3606. The best known algorithm approximates the problem
within a factor 2 — o(1)

Now consider the generalization to k-uniform hypergraphs. We call this problem
Minimum Ek-Vertex Cover. Since Minimum Vertex Cover on general hypergraphs
is equivalent to Minimum Set Cover, it follows by a result of Feige [16] that the
problem is “almost” NP-hard to approximate within a factor (1 — ¢)Ilnn for any
€ > 0. This result is essentially tight since there is an 1 + Inn-approximation
algorithm [34]. It is also known that the problem is NP-hard to approximate to
within Q(logn) [44].

A less well studied case is what happens when k is a constant not equal to 2.
There is a trivial approximation preserving reduction from Minimum Ek-Vertex
Cover to Minimum E(k+1)-Vertex Cover (just add one unique element to each
set), so the hardness result for Minimum Vertex Cover also applies to Minimum Ek-
Vertex Cover for k > 2. The best known algorithm is by Halperin and approximates
Minimum Ek-Vertex Cover within k& — W}% [26], so this is even farther from
tight than for Minimum Vertex Cover. Since the general problem where the size of
the sets is unbounded is hard to approximate within a logarithmic factor, we would
expect Minimum Ek-Vertex Cover to get harder to approximate as k grows. Indeed,
Trevisan [52] proved that asymtoptically Minimum Ek-Vertex Cover is NP-hard to
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approximate within Q(k'/19)

In this chapter we improve upon the result of Trevisan and prove that Minimum
Ek-Vertex Cover is NP-hard to approximate within Q(k'~¢), for any € > 0.

There are two sources of our improvement over Trevisan’s result. Firstly, we
give an improved reduction from a PCP system to Minimum Vertex Cover on
hypergraphs. By this reduction, we have that if NP can be characterized by a ¢
query PCP with answers from a domain of size d, with perfect completeness and
soundness s(d) (i.e., correct proofs are accepted with probability 1 and incorrect
proofs are accepted with probability at most s(d)), then Minimum Vertex Cover on
q(d — 1)-uniform hypergraphs is NP-hard to approximate to within s(d)'/¢.

Secondly, we use a different PCP characterization of NP. Trevisan constructs a
3 query PCP with perfect completeness, answer domain of size d = 2! and soundness
(3/4)F = d°8(/%) ~ 40415 We instead use a PCP with properties similar to the
query efficient PCP of Hastad and Khot [29]. Our PCP has perfect completeness,

makes 2t + #2 queries from a domain of size d > 3 and has soundness (d/2)~"".

7.1.1 Subsequent results

The Q(k'€) lower bound for Minimum Ek-Vertex Cover has subsequently been
improved to k — 3 — € by Dinur, Guruswami and Khot [8].

It has been communicated to me by Dinur, Guruswami, Khot and Regev that
they have since improved this to & — 1 — e. This result has not yet been published,
however.

7.2 A reduction from PCP to Minimum Ek-Vertex
Cover

In this section we prove that if NP C naPCP 44)[O(logn),q,d], then, for k =
q(d — 1), Minimum Ek-Vertex Cover is NP-hard to approximate within s(d) /4.
Our reduction is inspired by Goldreich [23], and its analysis uses techniques similar
to those used by Trevisan [52].

Assume that NP C naPCP ,4)[O(logn), ¢, d] and for some NP-complete lan-
guage L let V be the verifier which thus exists. First we modify the verifier to make
sure that each of the ¢ queries are uniformly distributed in the proof. We do this by
first making all positions equally likely by if necessary duplicating some positions in
the proof and when querying a duplicated position choosing one of the duplicates
randomly. If some positions are never queried then we simply omit them from the
proof. We also randomly permute the order of the queries. This is possible since
the verifier is non-adaptive. By doing this each query will be uniformly distributed
(albeit of course not independent from each other).

We now describe the reduction to Minimum Ek-Vertex Cover. On input z we
construct the hypergraph H. The vertices in H are pairs (p, a) for all positions p
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in the proofs and all the possible answers a. Hence if P is the number of positions
in the proof, the graph H consists of P layers S,, each layer of size d.

For each layer p we add an edge S, containing the vertices in layer p. We call
these edges layer-edges. The purpose of the layer-edges is to force a vertex cover to
contain at least one answer for each position.

Now we add edges for all the random strings . Suppose the verifier queries
the positions py,...,p, on random string ¢. Consider the corresponding ¢ layers
Spys- -5 Sp,- We want to ensure that for any vertex cover of H, there is at least one
way of picking (p1,a2), ..., (pg,aq) from the cover such that aq,...a, is accepted
by the verifier. We can achieve this by for each set for which this is not the case,
simply adding, as an edge in H, the complement in the subgraph induced by the
layers Sy, , ..., Sp,

More formally, for all non-empty subsets S; C Sy,,...,S, C Sp, such that
there is no way of choosing (p1,a1) € S1,...,(pg,aq) € Sy, such that aq,...,a, is
accepted by the verifier on random string o, we add (S,, \ S1)U...U(Sp, \ S,) as
an edge in H. We call these edges non layer-edges.

Lemma 7.1. If z € L then there is a vertex cover of size P in H.

Proof. If © € L then there is a proof = which makes the verifier accept with
probability 1. Construct S by for each layer p putting (p, 7(p)) in S. The layer-
edges S, are clearly covered. Suppose we have an uncovered non layer-edge e =
(Sp, \S1)U...U(Sp, \Sy). Then we must have (p1,7(p1)) € S1,..., (pg,7(py)) € Sy

But then 7(p1),...,m(p,) must be rejected by the verifier on random string o, a
contradiction. Thus all edges must be covered. "

Lemma 7.2. If z ¢ L, then no set of size less than s(d)~'/9P is a vertex cover of
H.

Proof. Suppose there is a cover S of size tP. To begin with, all layer-edges S, must
be covered, so each layer contains at least one vertex from the cover.

For layer p let L(p) = S,NS. Now define a random proof 7 by for each position
p picking uniformly at random a such that (p,a) € L(p) and letting 7(p) = a.
Consider a random string o, and note that since S is a cover, there must be at least
one way of choosing (p1,a1) € L(p1),...,(pg,aq) € L(py) such that the verifier
accepts on random string o when seeing the answers ay,...,a,, since otherwise
(Spy \ L(p1))U...U(Sp, \ L(py)) would be an edge in H which is not covered by S.
The probability that we picked these answers when constructing 7 is []_, |L(p;)| .
Also, E[|L(p;)|] = E[|L(p1)|] = t, since all the queries are uniformly distributed in
the proof. Hence the expected number of ¢ for which the verifier accepts on  is at
least

E

g
H |L(pi)]] > e BelZii L@l = g=aFeln[L(p)] >
i=1

e~ aIE[L(p1)]] — ,—alnt _ 4
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where we used that E[e¥X] > ePIX] and E[—In X] > — In E[X], by Jensen’s inequal-
ity.

If follows that there must be some m which makes the verifier accept with at
least probability ¢7¢

However, we know that no proof makes the verifier accept with probability
greater than s(d), so we must have ¢t > s(d) /9. .

We combine the two previous lemmas into the following theorem:

Theorem 7.3. Suppose that NP C naPCP, ;4 [0(logn),q,d]. Then Minimum
E(q(d-1))-Vertex Cover is NP-hard to approximate within s(d)~'/4.

Proof. On input z, create the hypergraph H as described above. The edges in
this hypergraph has size at most g(d — 1), and we can make sure that all edges
has exactly this size by padding them with unique elements. By Lemma 7.1 and
Lemma 7.2 if we could distinguish between the case that there is a cover of size
P and the case that no cover of size less than s(d) /9P is a cover, then we could
decide whether 2 € L. Hence it is NP-hard to approximate Minimum Vertex Cover

on g(d — 1)-uniform hypergraphs within s(d) '/ .

7.3 A query efficient PCP for NP

In this section we give an simplified construction as compared to that of Hastad
and Khot [29] of a query efficient non-adaptive PCP with domain d. We then use
it to prove the Q(k!~¢) lower bound for Minimum Ek-Vertex Cover. The test is
based on simple 3-query PCP with perfect completeness and domain d. Similarly
to Samorodnitsky and Trevisan [45] this test is then iterated in a query-efficient
way. The resulting test is similar to the test of Samorodnitsky and Trevisan, and in
particular to the generalization of this test to larger domains by Engebretsen [11].
The test is analyzed using techniques from Hastad and Wigderson’s [30] simplified
analysis of the PCP of Samorodnitsky and Trevisan.

7.3.1 The basic 3-query protocol

The input to the verifier is a Standard Written d-Proof. Instead of accessing the
tables Ay and Aw directly, the verifier will access folded tables, Ay z, and Aw, z,.
The verifier is given in Figure 7.1. The test is very similar to the basic PCP by
Hastad described in Chapter 4. The difference is that the “noise”-function e has
been replaced by h which uniformly takes values in {1,w}, and instead of only
accepting when the product is 1, we make use of the larger domain and accept
both when the product is 1 and when the product is w. We note at this point
that this test is similar to the test used by Engebretsen and Guruswami [12] to
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BasicTest.

Input: An E3-CNF(5) formula ¢ = C; A ... A Cp, with n variables and m
clauses. The proof is a Standard Written d-Proof with parameter u, with
all the tables folded over Z .

1. Select uniformly at random a sequence W = (C,...,C,) of u clauses
and a sequence U of u variables by for each clause C} choosing uni-
formly at random a variable occurring in Cj,.

M {07]}17
2. Select uniformly at random f € Z
3. Select uniformly at random g € Z;ATW

4. Select h € ZEATW by choosing h(y) € {1,w} uniformly and indepen-
dently.

5. Accept if Ayz,(f)Aw.z,(9)Aw.z,(((f o 7¥W)g)""h) € {1, w}.

Figure 7.1. The above PCP is parameterized by the positive integers u and d
and tests if a E3-CNF(5) formula ¢ is satisfiable by querying three positions in a
Standard Written d-Proof with parameter u. With suitable choice of the parameter
u, the test has perfect completeness and soundness % + € for any € > 0.

prove inapproximability of linear in-equations over Z ;. In their test h(y) is chosen
uniformly in Z, \ {1} and the test accepts if

Av,z,(F)Aw.z,(9)Aw,z,((f o 7% W)g) "' h) # 1.

The completeness of the test is straightforward:

Lemma 7.4. If ¢ is satisfiable, a correct proof is accepted by BasicTest with prob-
ability 1.

We proceed to analyze the soundness.

Lemma 7.5. If BasicTest accepts with probability % + 9§, then there is a strategy
for the 2P1R game with success probability at least (2d) 242,

Proof. Fix U and W and let A = Ay, z, and B = Aw,z,. As a shorthand, let

Ace(y) = v TA(F)B(9)B((f o 7" V)g) " 'h),
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for v € {1,w}. We have that the acceptance probability can be written

d—1
1 k k| _
U’W}’:}’gyh p kz:% Ace(1)¥ + Ace(w)™ | =
1 d—1 d—1
- E  [Acc(1)¥ E [A k<
; (ZU,WJ,Q,,}[ SUERD PN ]) <
1 d—1 d—1
= E  [Ace(1)* E [A Kl = 1
- (Z s AR + 37 B [Ace(w) ]) (7.1)
k=0 k=0
2d71
z E  [Aecc(1)¥]]. 2
12 oAD" (7.2)

Where the last equality holds since Epw. s g.n[Acc(w)®] = w* Eyw,p.g.n[Acc(w)*]
and |w*| = 1. Now if the acceptance probability, and hence (7.2) is greater that
2/d + § there must be some term

[Ace(1)"]] = [AH*B(9)*B(((f o 7" )g) ™ h)"] (7.3)

E
U,W.f.g.h

E
UW.f.g.h

which is at least §/2. For notational simplicity we may assume that k = 1, since
if this is not the case we can just replace each table with its k:th power. Thus
consider

[A(F)B(9)B(((f o 7”W)g) " h)] (7.4)

E
UW.f.g,h

using the Fourier inversion formula (Theorem 5.8) we get that this can be written

[ 1

Fol 2 AaBaBa B a(Hxa (9)xe:((for"™)g) ' h)| (7.5)
T aezpn®
B .pre 2T

and we have that

B, xa(F2x0 (90X (F o7 )g) )] =

Elxa ()X ((f 0 W) Elxs, (9)x52 (97 D] Elxa, (b))

where we used the multiplicative property (5.1). We have that, by (5.2), (5.3) and
(5'4)7 Eg [Xﬁ1 (g)Xﬁz (gil)] = EQ [Xﬁl*ﬁz (Q)] = 0 unless 1 = 8 = #. Similarly by in
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UWw

UWHY=1)] = 0 unless 7, (8) = a.

addition using Lemma 5.21, Ef[xa (f)xg((fom
Also note that

Exa(h)] = E {H(h@)ﬁ(w} =TI 500+

yEB

where a factor is 1 if the corresponding ((y) is 0 and otherwise has absolute value
at most (1 + w)|/2. We have

14+ w? = (1+cos(2n/d))? +sin*(27/d)
= 24 2cos(2n/d).

For d € {3,4}, we have 2 + 2cos(2n/d) < 2, and for d > 5, we use the MacLaurin
expansion of cos(x) to get that

cos(2m/d) < 1 — (2m/d)? /2 + (2n/d)* /6 < 1 — (w/d)>.

Thus 2 + 2cos(2n/d) < 4 — (n/d)? ie., |(1 +w)[/2 < (1 =1/d*)'/?. Tt follows
that (7.5) has absolute value at most

' 1

o > \flﬂg,w(ﬁ)@é(l - 1/d2)ﬁ/2J . (7.6)
5 SATW
ez

By the Cauchy—Schwartz inequality, this is as most

E S A PBaP - ya@)e | [N B || =
vw Bez:ATW ¢ Bez:ATW
E > ALow ) PIBs2(1 = 1/a2)A1| (7.7)
vw BezsATW !
d

We also have that (1—1/d2)/8l < e~ 18l < (d-2|B|)~", so if we insert this in (7.7)
we have proven that

) R N
S<dE { > Ay B[ | . (738)
5 SATW
BEZ,

Now we describe the strategies for the provers in the 2P1R game. P, upon
receiving U picks an « with probability |A,|? and returns a random z such that
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a(z) # 0. P, upon receiving W picks a 8 with probability \B[3|2 and returns
a random y such that B(y) # 0. This is always possible since by Lemma 5.11
Ag = Bg = 0. The probability of success is at least

E | S [ Aow g IBs6

Uuw
pez3*”
2
=B | Z e 1BaP18l
’ BGZ:ATW
2
> E Y A PIBPRIE | (7.9)
’ Bez:ATW

Where we used E[X?] > E[X]?. Now by (7.8), we have that (7.9) is a least (2d) 242,
and we are done. .

Theorem 7.6. For any d > 3, for any € > 0,
NP = naPCPLQ/,H_F[O(lOg n)7 3, d]

Proof. By Theorem 4.1, deciding any language in NP can be reduced to distin-
guishing between the cases that an E3-CNF(5) formula ¢ is satisfiable of at most
1 satisfiable.

Choose the number of repetitions in the 2P1R game such that the soundness
¢ < (2d)~?€*. Clearly BasicTest makes 3 queries, and uses O(logn) random bits.
By Lemma 7.4, if ¢ is satisfiable, there is a proof which is accepted with probability
1. Thus the verifier has completeness 1. By Lemma 7.5, if ¢ is at most p satisfiable
and there is a proof which is accepted with probability at least 2/d + €, there
would be a strategy for the 2P1R game with success probability greater than c¥, a

I_Lﬂ
contradiction. Thus the soundness is at most 2/d + € "

7.3.2 The iterated test

In this section we iterate the basic test from the previous section. The iterated test
is given in Figure 7.2. Again the completeness is straightforward, and we omit the
proof of the following lemma:

Lemma 7.7. If ¢ is satisfiable, a correct proof is accepted by IterTest with prob-
ability 1.

We proceed to analyze the soundness.
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IterTest.

Input: An E3-CNF(5) formula ¢ = C; A ... A Cp, with n variables and m
clauses. The proof is a Standard Written d-Proof with parameter u, and all
the tables folded over Z .

1. Select uniformly at random a sequence U = (x4, .. ., x,) of u variables.

2. Select t sequences Wy, ... W; by independently for each j selecting W;
by for each z; € U picking uniformly at random a clause C; in which
x; occurs, and letting W; = (C1,...,Cy).

U
3. For 1 < i <t select uniformly at random f; € Zio’]} .
4. For 1 < j <t select uniformly at random g; € Z;ATWj.

5. For 1 < 4,5 <t select hy; € Z,?ATWj by choosing h;;(y) € {1,w}
uniformly and independently.

6. Accept if, for all 1 <i,j <,

Av,z,(fi) Aw;,z,(95) Aw, 2, (Fi 0 78 3) g5) " hyj) € {1,w}.

Figure 7.2. The above PCP is parameterized by the positive integers u, ¢t and d and
tests if a E3-CNF(5) formula ¢ is satisfiable by querying 2¢t+#2 . With suitable choice

2 2
of the parameter u, the test has perfect completeness and soundness 2t d~t" +¢, for
any € > 0 .

Lemma 7.8. If IterTest accepts with probability 2" d~t" + 6, then there is a strat-
2
egy for the 2P1R game with success probability at least 272¢ d—24§2.

Proof. We define the shorthand

Aceij(v) = v Avz, (fi) Aw;, 2,(95) Aw; 2z, ((fi o 7 9)gj) " ). (7.10)

Then the acceptance probability can be written as

{ I ZZ—éAC%(UkZzz—éA“”(“’)k]. (7.11)

g i [w)emxm

Nowlet S € {0,...,d—1}"" and T € {0,1}"" be vectors indexed by (i, ). Then (7.11)
can be written as

UWv])::v(r h; {dﬁ Z Z H Aceij (wT)50: j)} . (7.12)

Se{0..d—1}t* Te{0,1}t* (i,5)€[t]x[t]
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Now

B (TS | 2
U,Wi,fi,95,h; H Accl] (w )
(i,4)€lt]x[t]

¢ .. S(i.5)
v U,Wi7%7gj’hj H Accz](l)
(i,5) €[] x[]

where ¢ is some integer constant, so the absolute value of (7.12) is at most

DY b [ 11 Accij(1))5(id>}

UW;,fi,95.h;
sefo.a 1y | iTgihs [UJ)GU]XH

Hence if the acceptance probability is at least d—t'2t’ +4, there must be some S # 0
so that

. 5
UW-E " { H ACCz‘j(l))S(l’])-l > PR
”’““”[mﬁeme

Fix such an S. Without loss of generality we may assume that S(1,1) # 0. Fix U
and consider

I (Auz.(f)Aw; 2,095 Aw, z, (((fi o 7 )g) " )50 (7.13)
(i.g) €l 11

fix the values of fo,..., ft, Wa,...,Wa, go,...,g: and h;; except for hi; in such
a way as to not decrease the expectation (over Wy, f1, g1 and hq1). These values
depend only on U. Then (7.13) can be written as

A(f1)C(g1)B((f191) ' h11)

where
A= I Avz(f) I Aw,.z.(((fi ow""5)g;)  hiy)) 09
(i.9)€lt] 11 ()€t <10
i

is a function which depends on the values chosen above, B(g) = Aw, (9)°("") and
C(g) contains the rest of the factors. Applying the Fourier transform, we get that

|Euwy 191000 AP C(91) B(((fr o 7 ™1)g1) " hny)]| <

U,]%]"G Z |AW§"W1 (g)BﬁCB|(d72WD7]/2
- SATW1
BEZ,
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Using the Cauchy Schwartz inequality, this is as most

A 21B412(d-218) -1 A 12 _
(]11;]/{/1 ZW |A7r;7'w(5)‘ Bg|*(d—2|B]) ZW |Cs =
BGZEAT ! ﬁezzAT 1
A 21B.12(d-213])—1
.o > 1A v PIBslP(d218)
5 SATW1
BeEZ,

Now we define the strategies for the P; upon receiving W chooses a § with proba-
bility \E5|2 and returns a random y such that 8(y) # 0. The probability of success
is at least P, upon receiving U computes the function A whose value depends only
on U, and picks and a with probability \Aa|2 and returns a random z such that
a(x) # 0. If no such z exist, P, gives up. The probability of success is at least

Yo MApwm g PIBsPIBT = D0 A ) PIBsPI8 . (7.14)

. w . w
ﬁeziA’T‘ 1 BeziAT 1
U,w
4 1(B)#£0

Where the equality follows since if W;]’W(ﬂ) =0, then > B(y) =0 (mod d), and
if this is the case we have Bg = 0, since B(g) = Aw,.z,(g)5""), S(1,1) # 0, and
Aw, is folded over Z,, By the above we have that the right hand side of (7.14) is

at least 272" d—252. .

Combining the two previous lemmas, we get:
Theorem 7.9. For any t > 1, d > 2, for any § > 0,

NP =naPCP .2, > ;[O(logn),2t + 1>, d]

Proof. By Theorem 4.1, deciding any language in NP can be reduced to distin-
guishing between the cases that an E3-CNF(5) formula ¢ is satisfiable of at most
u satisfiable. Choose the parameter u such that the soundness of the 2P1R game
¢y < 272747252 The verifier TterTest makes 2t + 2 queries and uses O(logn)
random bits. By Lemma 7.7, the verifier has completeness 1, and by Lemma 7.8,
if ¢ is at most p satisfiable and there is a proof which is accepted with probability
at least 2¢°d—t" + §, there is a strategy for the 2P1R game with success probability
at least 272262, a contradiction. .

7.4 Hardness of approximating Minimum Ek-Vertex
Cover

Now we can put the PCP characterization of NP of the previous section into the
reduction of Section 7.2 and get the following inapproximability result:
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Theorem 7.10. For any € > 0, Minimum Ek-Vertex Cover is NP-hard to approx-
imate within Q(k'~¢)

Proof. Choose t = 2¢~!'. Combining Theorem 7.9 and Theorem 7.3, we have that
for any d > 2, Minimum Vertex Cover on k = (2t + #*)(d — 1)-uniform hypergraphs
is NP-hard to approximate to within
((d/2)7t2),1/(t2+2t) — (d/2)172/t
(d/2)'
Since ¢ depends only on e which is a fixed constant, d = Q(k) and (d/2)' ¢ =
Q(klfe). n



Chapter 8

Vertex cover on 3-uniform
hypergraphs

8.1 Introduction

In the previous chapter we studied what happened with the approximability of
Minimum Ek-Vertex Cover when the parameter k& goes to infinity. In this chapter
and the next, we instead consider the case when k is small constant greater than 2.
In particular, in this chapter we prove that Minimum E3-Vertex Cover is NP-hard
to approximate within 3/2 — e. We use the same reduction as in Chapter 7, but
instead of using the PCP from Chapter 7 we use a non-adaptive 3-query boolean
PCP with perfect completeness and soundness 3/4+ ¢, which is essentially the same
PCP which Héstad [28] uses to prove inapproximability of E3-Sat on satisfiable
instances.

When analyzing the reduction we do not use the PCP as a black box, instead
we do a careful analysis of the number of covered edges.

Compared to the original proof in [31], the analysis is simplified by the use of
the generalized two prover game which we reviewed in Section 5.2, and is in part
very similar to Khot’s simplified analysis of Hastad’s PCP [39].

8.1.1 Subsequent results

As mentioned in Chapter 7, Dinur, Guruswami, Khot and Regev have proven a
k — 1 — e lower bound for Minimum Ek-Vertex Cover, thus giving a lower-bound of
2 — € for the case of 3-uniform hypergraphs.
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8.2 Hardness of approximating Minimum E3-Vertex
Cover

We need to modify the basic setup as described in Section 5.2 somewhat, since we
have a bipartite situation where the verifier queries tables of two classes (corre-
sponding to sequences U and sequences W), it is important that the total number
of positions in the two classes are equal. To this end, let D(u) be the number of
copies we need of each position corresponding to an U to make the classes the same
size. We make the classes the same size by for 1 < k < D(u) for each U having
alternate tables Ay, and picking one at random when making a query. Again,
positions which are never queried are omitted from the proof.

The verifier is essentially Khot’s version of Hastad’s PCP for E3-Sat [28, 39].
Since we are interested in the simplest possible analysis rather than to get a result
for E3-Sat we use a different acceptance predicate. We give the verifier in Figure 8.1.

Recall that the verifier in LinTest could be viewed as reading the error corrected
value of (f o W) from Aw true and comparing with the value of f read from
AU,true-

While in LinTest the function (for?")e is essentially (for""") with uniformly
added “noise”, in Vc3Test the function h is essentially —(f o "W with some noise
added. However, the noise is not uniformly added, but is only added at points
y where (f o 7”W)(y) = —1. This makes is possible to get a test with perfect
completeness, since in the case when Ay ¢rue(f) = 1, we know that in a correct proof
Aw true(9) Aw true (gh) must have the value —1. In ‘rhe case when Ay true(f) = —1,
the verifier accepts immediately.

We proceed by applying the reduction described in Section 7.2 to this PCP. The
vertices of the hypergraph consists of pairs (p,a) where p is a position in the proof
and a € {—1,1}. Remember that because of folding not all f and g are queried
by the verifier. Denote by f and § the functions actually queried when the verifier
chooses f and g respectively. Note that, since we omit positions in the proofs which
are never queried, a position in the proof is given either by the triple (U, &, f) or
by the pair (W, ).

This means that a layer looks either as S(U%f) ={((U,x, f),-1), (U, &, f),1)},
or as S(W,g) = {((W7§)7 _1)7 ((W g)7 1)}

For a random string o for which the verifier makes queries (U, s, f) (W, §) and
(W, qh) the non-layer edges are the complemen‘rq of the rejecting views. For exam-
ple, in the case when f f, g =g and gh = gh, the rejecting views are (1,1,1)
and (1,-1,—1), so we add the edges corresponding to the answers (—1, —1, 71)
and (—1,1,1). Hence the size of the edges will be at most 3.

We note as this point that the same edge may be added several times by this
procedure. In the lemmas below which mentions the fraction of edges which is un-
covered, edges are counted with this multiplicity. However, since we are interested
in whether all edges are covered, the multiplicity doesn’t matter. Thus we may
consider the edges to be a set and not a multiset, and the graph which we construct
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Vc3Test.

Input: AnE3-CNF(5) formula ¢ = C; A ... A Cp, with n variables and m
clauses. The proof is a Generalized Standard Written 2-Proof with param-
eters v and T and all the tables folded over true.

1. Select a (T, u)-block W uniformly at random, and choose a random u
projection U of W.

2. Select uniformly at random f € 2SATY and g€ 9SATY

3. Select h € QSATW, by for each y, if f(#”W(y)) =1 set h(y) = —1. If
F(@%W(y)) = —1, set h(y) = 1 with probability 1 — & and h(y) = —1
with probability 4.

4. Accept if (1 + Ay x true(f))(1 + Aw true(9) Aw true (gh)) = 0, else re-
ject.

Figure 8.1. The above PCP is parameterized by the positive integers u and T
and the positive real § < 1/2 and tests if a E3-CNF(5) formula ¢ is satisfiable by
querying three positions in a Generalized Standard Written 2-Proof with duplicate
U-tables. With suitable choices of the parameters u, T' and ¢ as functions of €, the
above PCP has perfect completeness and soundness 3/4 + € for any constant € > 0.

is a hypergraph as per definition 2.20.

Let P be the total number of positions in the proof. By Lemma 7.1 it follows
that if ¢ is satisfiable, then there is a cover of size P.

Let 1 be the set of all triples (U, Ii,f) and @, be the set of all pairs (W, g).
By construction, P/2 = |@Q1] = |Q2].

Suppose there is a cover S of size tP in H. Now since S is a cover, all layer-
edges must be covered. We may thus view S as a function S : @1 U Q2 —
{{—1},{1},{1, —1}} defined by the intersection of S and S, for a position p. Define
tables By, and Bw by (for f = f i.e., f which are actually in the proof)

BU7I€(f) = 1 if S(UaKﬂle) = {]‘}
0 ifS(Uk, f)=1{1-1}.
For the f which are not in the proof — f must be in the proof so we define By . (f) =

—By,x(—f) (i.e., folding over true). Define By (g) in the same way and extend the
table to all g by folding over true.

Lemma 8.1. The fraction of non-layer edges which is covered is
E [By.«(f)?Bw(9)>Bw (gh)*(1 + By, (f))(1 + Bw (9)Bw (gh))]
8

where the expectation is over the choice of U, k, W, f, g and h in the verifier.

1- (8.1)
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Proof. Since for each random string ¢ there are two non-accepting views there is
exactly two non layer-edges e; and ey for each random string. Suppose that the
verifier picks functions f, g and h on random string o. Note that if at least one
of By,x(f), Bw(g) or Bw(hg) is 0, this means at least one of the corresponding
layers contains two elements from the cover, which means that both e; and ey are
covered. On the other hand, if none of By, (f), Bw(g) or Bw(gh) is 0, there is one
uncovered edge if By (f), Bw(g) and Bw (gh) would make the verifier reject, and
otherwise both edges are covered. In other words, the number of covered edges is

(1 + Bu.x(f))(1 + Bw(g)Bw (hg))
4

2 — Bux(f)’Bw(9)’ Bw (gh)*
Taking the expectation, we get that the fraction of covered non layer-edges is

E [Bu,«(f)?Bw(9)* Bw (hg)*(1 + Bu,x(f))(1 + Bw (9) Bw (hg))]

1—
8

Lemma 8.2. Let Cp, : 25477 5 [—1,1], and let Cy : 25T — [~1,1], Let

U,k,W, f,g,hbe chosen as in Vc3Test with0 < § < 1/2and T = mg(;%z’)' Suppose
that

(Cun (1) Cw (9)Cow (hg)] — | B[ CuinoCig] | 2 95. (3.2)

E
U,s,W.f.9.h

Then there is a strategy for the Generalized 2P1R game with success probability
at least

o
log(1/6)"

Proof. Using Fourier-expansion,

U,H,V[];],f,g,h [CU,n(f)CW (9)Cw(hg)] =

> érJ,n,aéW,ﬁléW,ﬁzfl*gjh[xa(.f)Xm(g)Xﬁz(hg)] - (83)

U,k,W
aCSATY
B1,82CSATW

We have that

f{;i [xa(F)xen (9)xs: (hg)] = Pgl[m (9)x5.(9)] fljlh[xa (f)xs, (h)].
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The expectation Eg[xg, (9)X3.(9)] = Eglx8.48,(9)] is 0 unless 41 = B2 = . Let us
next compute

E [xa(Dxo(h)]

E II @ I rw

TENQ YyeS

- B [lr= I rw| ]I I rw

TEQ yeRB zESATY \a yep
y:r VW (y)=x yr W (y)==
1 1
= Il II v-5 II -2«
TEQ yeps yepB
y:ﬂ'U’W(y)—z y 7rU'W(’l/):.11
I |5 I v+y I -2
2
ZESATY \a yeB yep
y:ﬂ_U,W(y):m y:TrU’W(y):T

For z € SATY, let s, be the number of y € 3 such that 7" (y) = . Then

E [xa(f)xs(h)] =

f.h
[In=-a-20) [I s-0=+0-2007)  84)
rEQ TESATY \

This expression is 0 if, for any = € a, s, = 0, that is, it is 0 unless a C 7YV (3).
When a C 7% (), we have that (8.4) may be written

[T sve-a-20 [ 0% +a-20%).

zerUW(B)Na zenUW(B)\a

N | =

Let us write v(a, ) for this quantity. Then (8.3) can be written

E [ Z Z C’(Jﬁmvﬂéavvﬁu(a,ﬂ)}.

U,k,W
[ﬁQSATW aCrU:W ()
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We split this sum into two parts depending on whether « is empty or not.

E { > X CU,WcA'émlu(a,g)} -

U,k,W [
ﬁQSATW agﬂ—U,W(ﬁ)
B | 2 émﬂﬂéaﬁvm7ﬂJ + (8.5)
T scsaTw J
U,]::W Z Z CA'U,maCA'aV’ﬁy(m B8] . (8.6)
o BCSATW a0
L ang’W(g)

We first consider (8.5). We claim that

u@ﬁ{}jc%ﬁm&ﬁﬁ < 50.
570
First consider the terms where || < 6T. Then by Corollary 5.18 with probability
at least 1 — |3]/T > 1 — § over the choice of U, there is an z such that s, = 1, in
which case |v(0, 3)| < 4. Thus the terms where |3| < 6T contribute at most 24.
Next consider the terms where |8| > 0T. Applying Corollary 5.20, we get that

the probability over U that |7%W (8)| < M is at most 20. Next, we have that

[T -0 +a-20)

zerW(B)

< (@-"ren

v (0, 8)|

Thus when |[77W(8)| > M, we have that

J‘TI'U'W

B) < 52

(1=5)""" B < e~

and thus the contribution is bounded by §. It follows that the contribution of the
terms where at |3| > 0T is at most 3. Hence

A2
ok > Ciypv(0,8) || < 56,
B#0

as claimed. It follows that (8.5) differ at most 59 from Ey ., w [CA’U%@CA"Q,V@}
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We next consider (8.6). Again we consider the sum where || < §T and |3] > 0T
separately. When |3| > 6T, we apply the Cauchy Schwartz inequality and get that

[ 1
U,EW { Z Z éff,maél%lfﬁ’/(aaﬂ)J

B>0T a0
aCr¥W (3)

s U,]:]W Z Z éfQJm,aéI%Vﬂ Z é%v,ﬁ Z v(a, 3)?
7” |B|=6T a0 |B|>6T aCrU:W (3)
{!gﬂ_U,W(B)
s UEW{ > Cis D V(mﬂ?} : (8.7)

|B|=6T aCr¥W ()

A calculation gives us that

The factor corresponding to z in this product is on the form a2+ b* where |a| + |b] =
1 and max(|al,|b]) < 1 — 4, hence the factor corresponding to z is bounded by
(1-6)2+62<1-6for§ <1/2. Thus > aCrUW (g) via,B)? < (1 - 6)~"" B3I
Applying Corollary 5.20, we get that with probability at least 1— 24 over the choice
of U, [#UW ()| > M, in which case

Z é%v,,@ Z v(a, B)? < \/(1 — B < §

|B|=6T aCr¥W(3)

since in any case the left hand side of the above expression is at most 1, we have
that (8.7) is at most 30. Next consider the terms in (8.6) where || < dT. Again
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we apply the Cauchy Schwartz inequality to get that

UII;]W[ Z Z é(],m,aéa/ﬁ’/(a:ﬂ)]

1B|<6T a0
=" (B)

- U,]:]W Z Z CIQJm,aCI%V,B Z C%V,,B Z v(a, 3)?
s |B]|<6T a0 |B|<éT aCrlU:W (8)
aCx¥W(B)

YooY GG ST C (=) B

IBI<6T a0 |8|<6T
aCr”W(8)

IN
™

Z Z é?f,m,aéiz/l/ﬂ ' (88)

1B|<6T a0
aCrg¥W

IN
S
ke
S
- 11— 121

(8)

Hence if (8.2) differ more than 96 from Ey , w [CA'U,HV(Z)CA'%V@], it must be that (8.8)

is at least 4.

We now describe a strategy for the provers in the Generalized 2P1R game: The
prover P; upon receiving W picks a 8 with probability proportional to ét%V,ﬁa and
returns a random y € . The prover P, upon receiving U picks & uniformly and «
with probability proportional to C'?me and returns a random x € « as its answer.
(if a or B is empty, the corresponding prover gives up). The probability of success
is at least

Uﬁ,I;j:W Z Z Oé,n7aéa/7ﬁ‘ﬂ‘71

BCSATW a0
aUW

aC (8)

2 (6T)71 UJ]S}W Z Z CA’?LK,(XCA"%Vﬁ

BI<S a0
L)

—152 _ 64
= 0170 = ey

Where we in the last inequality used E[X?] > E[X]? (which follows from Jensen’s
inequality) and the fact that (8.8) is at least . n
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Lemma 8.3. Let ¢t < 3/2 — €. Then there is a choice of the parameters u, T', and
& such that if ¢ is at most p-satisfiable, then for any set of size tP which covers all

2
£

layer-edges, the fraction of non-layer edges which is covered is at most 1 — 5

Proof. Choose T = %7 choose § such that 9§ <
soundness of the Generalized 2P1R game c); < %

;. and u such that the
Let

p1 = Pr [BUm(f) = 0]7

7,{!,

and

p2 = ‘}‘)/I‘ [BW(Q) = 0]7

9

Then tP = (p1 + 1)|Q1] + (p2 + 1)|Q2] = ((pr + p2)/2+ 1)P. So p1 +p> <1 2e.
Let

Dux(f) = Bp.(f)
Dw(g9) = Biy(9).
By construction, the tables By, and By are folded over true. We also have that
Duwo = PriBua(f) #0)
Dwoy = Pgr[BW(g) # 0]

so EU,K,[IA)U%@] =1-p;, and Ew [IADWM] = 1—py. Now consider the terms in (8.1).
By the choice of u and Lemma 8.2 with Cy,,. = By,,, Cw = Bw, the term

U,m,V[];,f,g,h[BU’K (f)?Bw(9)*Bw (hg)®] = U’H’V[]%f’g’h[BU,m(f)BW(g)BW (hg)]

is at least,
_ 5 52
9%+ B [BU7K,@BW7@} .

Since By is folded over true, BMK’@ = 0, so this is equal to —99. Similarly, since
By, is folded over true, the term

(J1N,WE/3f,g,h[BU7K(f)BW (g)sz(hg)Q]

is at least —94. For the term

U,mvll%f,g,h[BU”" (f)QBW (Q)Bw(hg)]
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we again apply Lemma 8.2 and by this time using that By is folded over true we
again get that this term is at least —94. Finally we have the term

U’mw]%f’g’h[BU,n (f)’Bw (9)* Bw (hg)?]. (8.9)

By Lemma 8.2 with Cy» = Dy, and Cw = Dy, this is at least
95+ E [D D? ] . 1
99 + o e (8.10)

Let Sy = Ew([Dw, | Ul. Then Ey .[Su,.] = 1 — ps, and Ew[D%,, | U] > SZ,..
Furthermore we have that
(FK[éU,m(Z) +Sux] = (1—p1)+(1—p2)

> 14 2e.

Note that, when X,Y are random variables taking values in [0,1], we have that
(X -=1)(Y —1) >0, and thus XY > X +Y — 1. Taking the expectation, E[XY] >
E[X] + E[Y] — 1. Also, E[XY?] > E[X?Y?] > E[XY]?. Combining these two
inequalities, we get that E[XY?] > (E[X + Y] — 1)2. Hence

E [ﬁU,m@D%M@] > E[ﬁU,N7(bS(2],K,]

U,x,W U,k
> (E[Dyyp+ Sl —1)°

U,k

> 4é.

To sum up, we have that the fraction of covered non-layer edges is at most

4e% — 364 . €2
- 0 1 2495<1— =,
4 cHdosl—g

Now we are ready to prove the inapproximability result for Minimum E3-Vertex
Cover .

Theorem 8.4. For any ¢ > 0, Minimum E3-Vertex Cover is NP-hard to approxi-
mate within 3/2 — e.

Proof. By Theorem 4.1, deciding any language in NPcan be reduced to distin-
guishing between the cases that an E3-CNF(5) formula ¢ is satisfiable of at most u
satisfiable. Choose the parameters u and § as in Lemma 8.3. Construct the graph
H as described above. Then if ¢ is satisfiable, there is a vertex cover of size tP of
H. If ¢ is at most p-satisfiable, for each set S of size at most (3/2 —¢€) P there must
be some uncovered edge, since either some layer-edge is uncovered, or some fraction
of non layer-edges is uncovered. Hence if we could distinguish between these two
cases, we could decide any language in NP. "



Chapter 9

Vertex cover on 4-uniform
hypergraphs

9.1 Introduction

In this chapter we continue the study of Minimum Ek-Vertex Cover and prove that
Minimum E4-Vertex Cover is NP-hard to approximate within 2 — e.

As usual our technique is to construct a specially tailored PCP. There is a twist,
however. The standard approach is to construct a PCP such that the optimization
problem of computing the proof which has maximum acceptance probability is easy
to reduce to the problem at hand. In our case, we instead look at the optimization
problem of the minimum number of —1 in the proof which makes the verifier accept
with probability 1, and we design our PCP so that this problem is almost trivial
to reduce to Minimum E4-Vertex Cover. We use the same tools as in the previous
chapters to analyze the acceptance probability of the verifier as a function of the
proportion of —1 and 1 in the proof.

This also makes it possible to prove NP-hardness of approximation for the
maximization version in which we are given a 4-uniform hypergraph and a number
B and we are asked to find a subset of the vertices of size B which intersects as many
edges as possible. We call this problem Maximum E4-Vertex Cover (or Maximum
Ek-Vertex Cover for the general problem on k-uniform hypergraphs). We prove
that Maximum E4-Vertex Cover is NP-hard to approximate within 16/15 — ¢, for
any € > (.

Our analysis also gives us a proof of the result of Guruswami, Hastad and
Sudan [24] that it is NP-hard to color a two-colorable hypergraph with a constant
number of colors.

83
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9.1.1 Subsequent results

The result by Dinur, Guruswami, Khot and Regev mentioned in Chapter 7 and 8
that Minimum Ek-Vertex Cover is NP-hard to approximate within £ — 1 — € gives
a 3 — € lower bound for Minimum E4-Vertex Cover. However, as far as I am aware
the results for Maximum E4-Vertex Cover presented in this chapter are still the
best known.

9.2 PCP for Minimum E4-Vertex Cover

Consider a verifier V' which non-adaptively queries k& bits. There is a natural k-
uniform hypergraph H associated with V', namely the one in which we have a vertex
for each position in the proof and for each outcome of the random bits have an edge
consisting of the k vertices which correspond to the positions queried. We wish to
construct a 4-query PCP so that the vertex cover problem on this hypergraph is
hard.

Note that a proof 7 is naturally associated with a subset S of the vertices of
H, defined by i € S if the corresponding bit 7(i) = —1. This means that if the
test in the verifier is that at least one of the queried bits is —1, the acceptance
probability is exactly the fraction of edges covered by S in H, if we count the edges
with multiplicity.

We mention at this point that there is a slight technicality in that the same
set of queries may occur for different random strings. When talking about the
fraction of covered edges, we count the edges with this multiplicity. As mentioned
in the previous chapter, for minimum vertex cover we do not need to consider the
multiplicity of the edges (since whether or not all edges are covered is not affected
by how many times each edge occur). The same holds for hypergraph coloring. For
the maximization version of minimum vertex cover, however, we need to count the
edges with their multiplicity.

If the verifier has perfect completeness and the long code is used to encode
correct proofs, a correct proof is balanced, and thus corresponds to a vertex cover
of 1/2 of all vertices. We want the verifier to have the property that if there is no
correct proof, then no p-balanced proof makes the verifier accept with probability
1, for p as close to 1 as possible. This implies that when there is no correct proof,
there is no vertex cover of size a fraction p of all elements. The following lemma
formalizes the above discussion.

Lemma 9.1. Let 1/2 < ¢ < 1 and suppose there is a (O(logn), O(1), 2)-restricted
verifier for some NP-complete language L with the following properties:

1. The verifier V non-adaptively reads exactly k bits and accepts if not all are
1.

2. If the input is in L, then there is a balanced proof which V accepts with
probability 1.
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3. If the input is not in L, then for p < ¢, there is no p-balanced proof which V'
accepts with probability 1.

Then Minimum Ek-Vertex Cover is impossible to approximate within % in polyno-
mial time, unless P = NP.

Proof. On input z, create the following instance of Minimum Ek-Vertex Cover : For
each bit 7(7) in the proof we have an element z; € X. For each random string o of
the verifier, we have a set S, containing the elements corresponding to the bits the
verifier reads. A proof 7w corresponds to a S C X by z; € S iff the corresponding
bit 7(i) is —1. By the second property of V, if & € L is satisfiable, then there is
a hitting set S of size less than or equal to |X|/2. By the third property of V,
if z ¢ L, no set of size smaller than |X|c is a hitting set. Thus it is NP-hard to
approximate Minimum Ek-Vertex Cover within % n

The verifier has access to a Generalized Standard Written 2-Proof but only uses
the tables corresponding to (T, u)-block W. Hence when considering the proportion
of —1 and 1 bits we only count the tables corresponding to (7', u)-blocks W. The
verifier is given in Figure 9.1.

This is essentially the same verifier which Hastad [28] uses to prove hardness of
approximation of Maximum Set Splitting on satisfiable instances. The difference is
in the acceptance predicate and in the use of the Generalized 2P1R game instead of
the basic 2P1R game. Instead of having the parameter § a fixed constant, Hastad
picks d according to a certain distribution. Using the Generalized 2P1R game makes
it possible to get by without this complication.

Similarly to the verifier Vc3Test in the previous chapter, this verifier can be
viewed as essentially reading an error corrected value of (f o 7%"1) from the ta-
ble Aw,, and reading an error corrected value of —(f o 7¥"2) from the table
Aw,. Since the “noise” is again not uniform, but only added to points where
(for”W1)(y) = 1and (for”W2)(y) = —1 for the tables Ay, and Aw;, respectively,
we know that for a correct proof at least one of the products Aw, (91)Aw, (g1h1)
and AW2 (gz)AW2 (gzhg) is —1.

Lemma 9.2. If ¢ is satisfiable, then for p > 1/2 there is a p-balanced proof which
VedTest accepts with probability 1. Furthermore, if p = 1/2, there is a proof such
that the values queried from the proof does not all have the same value (neither
—lorl).

For p < 1/2, there is a proof which Vcd4Test accepts with probability at least
1—(1-p)t+p* 4.

Proof. We first consider the case p = 1/2.

Let z be a satisfying assignment. Then there is a correct proof such that Ay,
is the long code of z|w . The tables Ay, and Ay, picked by the verifier are long
codes of z|w, and z|w, respectively. With probability 1/2, f(z|y) = —1, in which
case Aw, (¢1) = g1(z|w,) and Aw, (¢1h1) = —g1(x|w, ). Similarly with probability
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Vc4Test.

Input: An E3-CNF(5) formula ¢ = C; A ... A Cp, with n variables and m
clauses. The proof is a Generalized Standard Written 2-Proof with param-
eters u and T'.

1. Select a (T, u)-block W uniformly at random, and choose a random
u projection U of W;. Then choose Wy uniformly at random among
the (T, u)-blocks projecting to U.

QS‘ATU QSATWi

2. Select uniformly at random f € and g; €

3. Select hy € 25AT™" by for each y, if f(x"W1(y)) = —1 set hi(y) =
—1. If f(zYW1(y)) = 1, set hy(y) = 1 with probability 1 — § and
hi(y) = —1 with probability 4.

4. Select hy € 25AT™ by for each y, if f(7U'W2(y) = 1 set ho(y) = —1. If
F(@%W2(y)) = —1, set hy(y) = 1 with probability 16 and hy(y) = —1
with probability 4.

5. Reject if

Aw, (91) = Aw, (g1h1) = Aw, (92) = Aw, (g2h2) = 1

else accept.

Figure 9.1. The above PCP is parameterized by the positive integers v and 7" and
the positive real § and tests if a E3-CNF(5) formula ¢ is satisfiable by querying four
positions in a Generalized Standard Written 2-Proof. With suitable choices of the
parameters u, T and § as functions of ¢, the above PCP has perfect completeness
and soundness 1 — (1 — p)* 4 ¢ for any constant ¢ > 0 and a p-balanced proof.

1/2, f(z|y) = 1, in which case Aw, (g2) = g2(z|w,) and Aw,(haga) = —ga2(zw,)-
Hence in each case at least one queried bit is —1, and at least one queried bit is 1.

The case when p > 1/2 follows, since changing 1 entries to —1 entries in a
correct proof will not decrease the acceptance probability.

For the case p < 1/2, we consider the proof where each table is as close to a
correct proof as possible. That is, the prover begins with a satisfying assignment
x to ¢ and A is made as close to LC(z|w ) as possible by changing a fraction
1 — 2p randomly chosen occurrences of —1 to 1. Note that in a correct proof with
probability at least % one of the queried bit is —1 in which case the probability
that this bit has been changed is 1 — 2p and with probability at least % three of
the queried bits are —1 in which case the probability that all these bits have been
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changed is at most (1 — 2p)?. Thus the verifier accepts with probability at least

1-6
21— (1= 2p) + 1= (1= 2p))
1-(1-2p)+1-(1-2p)*
2
= dp—6p> +4p* -6
1—(1—p)'+p' -0

)

For the soundness analysis, it turns out to be convenient to change from {1, -1}

notation to {0, 1} notation for the proof tables. This idea is due to Khot [39] and

greatly simplifies the analysis as compared to the original proof in [32]. The sound-

ness analysis is also simpler than the original in that we use the generalized two

prover protocol described in Section 5.2, instead of the original u parallel protocol.
We define for each (T, u)-block W k new table By :

1 if Ay(g) =1
BW(-"):{ 0 ifo(i):—l.

We note some properties of By :

> Biva = PiBw(g) =1 (9.1)
aCSATW '

Bwo = Pr{Bw(g)=1]. 92)
The probability that the verifier accepts may be written as

1- Wl,Wz,f,E,gz,hl,hQ[Bwl (91)Bw, (91h1) Bw, (92) Bw, (92h2)]. (9.3)

We next rewrite this expression using Fourier-expansion:

Lemma 9.3. The acceptance probability of VcdTest may be written as

1- E [ > Bivl,aﬁ’ﬁvz,gvmﬁ)}

W1, Wa [
aCSATW1 BCSATW?
where
1 S S
via,B)= ][ 3 (=1 (1 = 2¢)" + (1 = 2¢)* (=1)")
rESATY

W (

where s, is the number of y € a such that 7 y) = x and ¢, is the number of

y € B such that 7¥"W2(y) = .
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Proof. For fixed W7 and Wy, we apply Fourier-inversion on By, and Byw,. By the
usual calculations, we get that

[Bw, (91) Bw, (91h1) Bw, (g2) Bw, (92h2)]
£,91,91,92,h1,ha

= Y Y By uBhs B IXa(hi)xs(ha)l.

W
20 ¢ by ko
aCSATW1 BCSATW2

We proceed to calculate the expectation over f, hy and hs.

f,hI:j,h,2 [Xa(h1)xs(h2)]
N f»hlihz Ul;[a hi(y) UEQ hQ(U)]

This can be seen to be equal to v(«, 3). Hence the acceptance probability may be
written as

Wi, W»

1- E IVZB%VLQB%VLBV(O(,ﬁ)-I.
b J
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Thus we need to bound from below the expression

E
Wi, Wa

{ZB%MB%VQ,Maﬁ)} =

a7

E [Biy, 0By, 0 +

Wi, Wa
Biy, o By, gv(e.8)| +
Wy, W. Wi,aZWa,p '3
1, 2
| la|>6T Or|3|>8T J
By, Bl g, B) | +
W1, Wo wi,aPw, 8 )
) VW1 (a)Nx¥ W2 (8)=0
a0 OT B0
L la],|8|<oT |
)
Wi, W Z Bw, .oBw, gv(a, 3)
) 701 (a)nx ¥ W2 ()20
lal,|8|<oT |

One intuition for this way of breaking up the sum is that the different types of
terms corresponds to different kinds of strategies for a (possibly cheating) prover.
The first type of term corresponds to strategies in which the prover try to fool us by
manipulating the concentration of 1 and —1 for different tables (but distribute the
bits randomly within each table). It turns out that the best strategy is to distribute
the bits evenly over all tables.

The second type of term corresponds to strategies which are based on making
the tables close to large products of long codes. These strategies will fail because
of Corollary 5.20, i.e., that a large |3 has a large projection with large probability.

The third type of term corresponds to strategies which are based on making
the tables close to small products of long codes which are mutually inconsistent. It
turns out that these will fail because of Corollary 5.18, i.e., that for small 8, with
large probability there is some y € 8 with unique projection.

Finally, the fourth type of term corresponds to strategies in which the prover
tries to make the tables close to small products of long codes where there is some
consistency between the tables. It turns out that these strategies must fail, because
otherwise we could construct a strategy for the Generalized 2P1R game with good
success probability.

Lemma 9.4. For a p-balanced proof,

H2 H2 4
W]]:EW2[BW1,(Z)BW2,(B] >(1-p)
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Proof. Fix U and let

pu = B [Pr[Bw, = 0]| U]. (9-4)

Clearly Ew, [E}Wh@ | U] = Ew, [E}WM) | U] = (1 — py), and since Wy and W, are
independent and identically distributed once we have conditioned on U, we have
that

A A e 4
WPWQ[BIszl,mBIszz,m | U] = %[Bév,m |UP > (1=pv)

where we in the inequality used that E[X?] > E[X]? by Jensen’s inequality. Taking
the expectation over U and again using Jensen’s inequality to get that that E[X*] >
E[X]?, we get

E[(1 —pu)'] > E[(1 —pu)* = (1 -p)*".

Next consider the terms where at least one of @ and [ contains at least §71" elements.

Lemma 9.5. For a Generalized Standard Written 2-Proof with parameter T =

log(1/9)
53 H

W]EW { Z Biszl,aBtQ/VQ,ﬁV(Oé= 5)} < 66.
’ la|>6T Or|s|>8T
Proof. We have that

i { 2 BinaBi vl ﬂ)}

a|>8T Or|B|>8T

) 2
< wE. > Biy, .o B, plv(a, B)|
la|>6T or|g|>6T
< WlEWz Z BI2/V170¢BIQ/VQ,B|V({175)| +W1EW2 Z BI2/V170¢BIQ/VQ,B|V({175)|
’ la|>8T ’ |8|>6T
BCSATW2 aCSAT™M
= 2, B > By, WBiv, slv(@.B)] . (9.5)

|a|>6T
BCSATW2
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Furthermore,

lv(a, B)| = 11 %((—1)5*(1 —20)" + (1 =20)* (=1)")
zESATU
< 1II %(M—J)“(l——Qéfm + [ (1 =28)% (=1)" )
rESATUY
< ]I %(1 +(1—26)*)

zESATU
= (1- 5)\77””1 ()]

So (9.5) is at most

52 N2 2UW1 (o

WlEW2 { Z BWnaBWQ”g(]- — (S)‘ ( )J
’ o] >8T
BCSATW?

2 E ;2 _ 5T ()] ]

| 5 Biua-a 00
loe| >0

where the equality follows by Parseval’s equality. For fixed Wy, by Corollary 5.20,

the probability over U that [z (a)| < M is at most 25. If [7YW1(a)| >
lg(1/5)

3

(1= §)r"™ )] < ool ] < 5

where we used that for real z, 1 + z < e®. It follows that (9.6) is at most 65. The
lemma follows. "

Next we consider the sum where both 8 and « contains less than 67 elements, the
projections are disjoint, and at least one of a and (3 is non-empty.

Lemma 9.6. For a Generalized Standard Written 2-Proof with parameter T =

log(1/4)
P
W1EW2 Z B%’VnaBIQ/VQﬁV(O‘:ﬁ) < 66.
; pi”" W1 ()N W2 (3)=0
ab Or 520

lal,|B]<6T
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Proof. We have that

Y Ly

W1},3W2 Z Bw, o Bw, gv(a,8) || <

a0 OT B0
VW1 (a)nxV W2 (8)=0
lal,|B|<oT
.y .y
2w, > By, oBiv, s Iv(e. B)
, b
7UW1 (@) ¥ W2 (3)=0
lal,|B]<oT
Thus consider
. .Y
WII;EWQ Z BW];‘XBWLL? ‘V(Q,ﬂ)‘
a0
7UW1 ()N W2 (8)=0
|al,|B|<0T
This is equal to
. -
BN BB ¥ B2, (e8| ] (9.7)
o G W (@) W2 (5)=0
el <8T 16]<oT

When 7YW1(a) N 7YW2(B8) = 0, v(a, 3) can be written as

I1

2€xU W1 (a) zemU W2 ()

(= +-2p) [] S=0"+ 0 -20)0)

DN | =

Hence, since |3((—1)" + (1 — 26)"=)| < 1, it follows that (9.7) is less than or equal
to

2 [ 1 52 Sa 52 -|
LY Bwl,avgzl I[I sCu=+a-20% 3 BWJ <
a#0 zen”W1(a) |B|<6T
|| <oT

R 1
2 L 1ysa _ 98\sa
BLY Bhap | I 2=+
a£0 zenWi(a)
jal <67
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Where the last inequality holds because of Parseval’s equality. We next consider

Wa
zen - Wi(a)

E [ 1T %((71)32 +(1 25)32)} : (9.8)

By Corollary 5.18, with probability at least 1 — |3|/T > 1 — § over the choice of U,
there is an z such that s, = 1, in which case

1

S(C1™ 4 (1 20)) =4
Since the other factors in (9.8) have absolute value at most 1, the entire product
can be bounded by § in this case. The case that there is no z such that s, = 1
happens with probability at most §. It follows that (9.8) is at most 2§. The lemma

follows. =

Finally we consider the small a and 8 where the intersection of the projections is
non-empty, and prove that if the sum over these terms is large, the is a strategy for
the Generalized 2P1R game with good success probability.

Lemma 9.7. There is a strategy for the Generalized 2P1R game with success
probability at least

—2
wihw, | 0T) ) Biy, o Biva o
Wi (a)na” W2 (5)2£0
lal.|81<6T

Proof. The prover P, on receiving W, selects a 3 with probability B 5 and
returns a random y» € 3. On receiving U, the prover P» picks a random (T w)
block W; which project to U, and then o with probability B2 W1 .a- Then P picks
a random y' € o and returns x = 7¥W1(y"). The probability of picking a and 3

where the projections on U have non-empty intersection is
;2 2
Z BW1 ,OéBW2 B
Wi (a)Nr W2 (3)#0

The probability of the provers picking y and y’ which projects to the same element
in the intersection is at least |a| |8|™!. Thus the probability that the verifier
accepts is at least

> By, By, glal 7817 >
U W1 (a) NV W2 () £0
Z BI2/V],05B12/V2,/3’(6T)72
77 W (a)na W2 ()20
laf,|8]<6T

The lemma follows. =
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Lemma 9.8. For any ¢ > 0, there is a choice of the parameters 7', u and 4 in
VcdTest such that if ¢ is at most p-satisfiable, a p-balanced proof is accepted with
probability at most 1 — (1 — p)* + ¢

Proof. Choosed =¢/10,T = log{(;# and u such that ¢ < lngéi“z

VLR By Lemma 9.3,
the probability that the verifier accepts may be written as

th2 {Z By, oBiv, s H } (9.9)

o, zESATU

Now, by Lemma 9.4, Lemma 9.5 and Lemma 9.6, this expectation is at most

1-(1-p)' =95 B > By, o Biva.s
U AT (a)nm 2 (3)2£0
o, |8 <67

Furthermore, if

2 2
wE. ) By, .oBwy | 29,
S A (@)na Y2 (8)£0
lal|8|<aT

by Lemma 9.7 there is a strategy the Generalized 2P1R game with success prob-
ability at least (67) 26 = Tou( ]/6)2 > ¢, a contradiction. Thus (9.9) is at most
1—(1-p)*+106<1—(1-p)*+e .

9.3 Hardness of approximating Minimum E4-Vertex
Cover

We can now prove our main theorem of this chapter:

Theorem 9.9. For any ¢ > 0, Minimum E4-Vertex Cover is NP-hard to approxi-
mate within 2 — e.

Proof. By Theorem 4.1, deciding any language in NP can be reduced to distin-
guishing between the cases that an E3-CNF(5) formula ¢ is satisfiable of at most
u satisfiable.

By Lemma 9.2 and Lemma 9.8 for any § > 0 there is a choice of the parameters
for the verifier Vc4Test such that for p < 1 —¢, if ¢ is satisfiable, there is a balanced
proof which is is accepted with probability 1, and if ¢ is at most u-satisfiable, no
p-balanced proof is accepted with probability 1. Thus we have that the verifier
VcdTest fulfills the assumptions of Lemma 9.1 with ¢ = 1 — ¢, and we are done.
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For Maximum E4-Vertex Cover, we have the following:

Theorem 9.10. For any € > 0, Maximum E4-Vertex Cover is NP-hard to approx-
imate within 16/15 — €.

Proof. Create the same hypergraph as in Lemma 9.1, with the difference that we
count the edges with multiplicity, i.e., the edges form a multiset. By Lemma 9.2
and Lemma 9.8 with p = 1/2 it is NP-hard to distinguish between the case that a
there is a set of size B = n/2 which intersects all sets and the case that all sets of
size n/2 intersects at most a fraction 15/16 + € of all edges The theorem follows.

The previous statement says that an algorithm which should work for any size B
can at best approximate Maximum E4-Vertex Cover within 16/15 + . However,
we can also say something about the for the problem Maximum E4-Vertex Cover-p
where the relative size of the covering set is fixed.

Theorem 9.11. For any ¢ > 0, when p > 1/2, it is NP-hard to approximate
Maximum E4-Vertex Cover-p within

1
71_(1_13)4 + €.

When p < 1/2, Maximum E4-Vertex Cover-p is NP-hard to approximate within

1-(1-p)'+p
1—(1-p)*

Proof. Create the same instance of Maximum E4-Vertex Cover as in Theorem 9.10.
When p > 1/2 we have from Lemma 9.2 that if ¢ is satisfiable then there is a set S
of size pn which intersects all sets. If ¢ is at most u-satisfiable, then by Lemma 9.8
there is no set S of size pn which intersects more than a fraction 1 — (1 — p)* + 6 of
the sets. Since ¢ can be made arbitrarily small, this proves the case p > 1/2. For
the case when p < 1/2, we have that if ¢ is satisfiable then there is a set S of size
B which intersects a fraction 1 — (1 — p)* + p* — § of all sets. As before if ¢ is at
most p-satisfiable, there is no set S of size B which intersects more than a fraction
1 — (1 —p)* +104. By an appropriate choice of § the case p < 1/2 follows. n

+ €

Guruswami, Hastad and Sudan proved that it is NP-hard to color a two-colorable
hypergraph with a constant number of colors [24]. The analysis of our PCP gives
us an alternate proof of hardness of coloring two-colorable hypergraphs:

Theorem 9.12. For any constant ¢, there is no polynomial time algorithm which
colors all two-colorable 4-uniform hypergraph with ¢ colors, unless P = NP.

Proof. Create the same hypergraph as in Theorem 9.9, with ¢ < 1/c¢. Call this
hypergraph H. Proofs correspond to colorings in the obvious way, i.e., color vertices
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corresponding to positions which is —1 red and vertices corresponding to positions
which 1 blue. If ¢ is satisfiable, by Lemma 9.2, there is a proof such that each set of
queries made by the verifier contains both a 1 and a —1, hence H is two-colorable
in this case.

By the proof of Theorem9.9, if ¢ is at most u-satisfiable, there is no vertex cover
of size less than (1—¢)|V|. Since the complement to a vertex cover is an independent
set, there is no independent set of size > €|V|. Since each color-class must form an
independent set, it follows that we must use at least |V|/(|V]e) = 1/e > ¢ colors to
color H

Hence if there was a polynomial time algorithm which colored all two-colorable
4-uniform hypergraph with ¢ colors, it would in the case of ¢ satisfiable, color
H with ¢ colors, but would have to use > ¢ colors in the case of ¢ at most u-
satisfiable. Thus we could distinguish between these two cases, and thus decide a
NP-hard problem in polynomial time. n



Chapter 10

Non-Boolean 3 query PCP with
perfect completeness

10.1 Introduction

A natural question to ask is: What is the best soundness that can be achieved
with a small number of queries? In Chapter 4 we reviewed the construction of
Hastad [28] and saw that it is possible to construct a three-query PCP where the
soundness is arbitrarily close to 1/2. To be more precise: for any L € NP and
any given constant € > 0, Hastad’s construction gives a proof system that accepts
inputs in L with probability at least 1 — e and accepts inputs that are not in L with
probability at least 1/2 + €. Since Hastad’s proof system accepts inputs in L only
with probability 1 — ¢, and not always, we say that it has near-perfect completeness.
By contrast, recall that a proof system is said to have perfect completeness if inputs
in the language are always accepted.

Samorodnitsky and Trevisan [45] used a clever extension of Hastad’s construc-
tion to prove that any language in NP can be recognized by a (k2 +2k)-query PCP
with near-perfect completeness and soundness 2% 4+ ¢ for any € > 0. This result
is known to be essentially optimal since it is not possible to get better soundness
than 2' 77 for a non-adaptive g-query PCP for NP unless P = NP [50].

For several reasons we would prefer the proof systems to have perfect com-
pleteness. Firstly, it is simply esthetically pleasing to have a proof system where
a correct proof is always be accepted. Secondly, in several proofs of hardness of
approximation, perfect completeness has been important. For example, when prov-
ing hardness of hypergraph coloring [24, 40] (see also Chapter 9) and vertex cover
on hypergraphs (Chapter 7, 8 and 9) perfect completeness appears to be crucial.
Thirdly, it is of theoretical interest to get an understanding of how near-perfect ver-
sus perfect completeness and adaptive versus non-adaptive verifiers affect our ability
to construct proof systems with low soundness. For non-adaptive 3-query PCPs,

97
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Hastad’s construction provides a PCP for NP with near-perfect completeness and
soundness 1/2 + € for every constant ¢ > 0 and it is impossible to achieve soundness
better than 5/8 in proof systems with perfect completeness unless P = NP [51, 54].
Using the tools from Hastad’s paper, it is possible to construct a three query PCP
with perfect completeness and soundness 3/4 + € for any constant € > 0 (indeed, we
used essentially this PCP in Chapter 8, although we never analyzed its soundness
explicitly) and Guruswami et al. [25], building on Hastad’s work, proved that there
is an adaptive PCP for NP with perfect completeness and soundness 1/2 + ¢ for
any constant € > 0. For more than 3 queries, Hastad and Khot [29] proved that a
non-adaptive verifier can achieve perfect completeness and soundness 2% 4 ¢ with
k? + 4k queries, while an adaptive verifier can achieve the same completeness and
soundness with only k2 4+ 2k queries.

In all PCPs mentioned so far, the proof has been a list of bits, i.e., the proof
has been binary. Hastad also constructed a PCP where the positions in the proof
contain elements from a larger domain in his paper [28]: For the case when each
position in the proof contains an element from a domain of size d, where d is an
arbitrary integer constant, he constructed a proof system with near-perfect com-
pleteness and soundness d~' + € for any constant ¢ > 0. Engebretsen [11] adapted
the construction of Samorodnitsky and Trevisan [45] to domains of size d, thereby
constructing a proof system that queries k> + 2k positions in the proof, has near-
perfect completeness and soundness d—* + ¢ for any € > 0.

This brings up the question that we address in this chapter: How does the
soundness behave, as a function of the domain size d, for 3-query PCPs with perfect
completeness? In Section 7.3.1 we saw that it is easy to construct a proof system
with perfect completeness and soundness 2/d for d > 3. In this chapter, we prove
that for a verifier with perfect completeness it is possible to achieve soundness
arbitrarily close to d~! 4+ d~2 with a non-adaptive PCP, and soundness arbitrarily
close to d~! if we allow the verifier to be adaptive.

This generalizes the constructions for the binary case [25, 28] and shows that
we can achieve, as a function of the domain size, the same higher order term in
the soundness for PCPs with perfect completeness as for the best currently known
PCPs with near-perfect completeness.

It appears difficult to get stronger results using current techniques. All of the
most efficient PCPs are essentially variants of the simple PCP which we reviewed
in Chapter 4 (generalized modulo d in our case). Since this test accepts on a linear
condition, a random assignment will always fool the verifier with probability %.
Thus we need another kind of test to get below %. However, since in the boolean case
it is known that a non-adaptive 3-query PCP cannot get soundness below % with
near perfect completeness and not below 5/8 with perfect completeness, it might
very well be the case that in general it is impossible for a non-adaptive 3-query PCP
to get soundness below % (with perfect or near-perfect completeness). However, for
d > 2 it is currently only known that it is impossible to get soundness d~2 in a
3-query PCP for NP [46] and it is at present unknown if it is possible to get better
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NonadaptiveTest .

Input: An E3-CNF(5) formula ¢. The proof is a Generalized Standard
Written d-Proof with parameters v and 7', with all the tables folded over
Zd:

1. Let W be a random (T, u)-block selected from ®.
2. Let U be a random u-projection of W.

3. Select f € Z;?ATU and g € Z;?ATW uniformly at random.

4. Select ey € Z;ATW by selecting, independently for every y € SATY

ef(y) such that: f(x"W(y)) #1 = ep(y) = 1; f(x"V(y)) =
1 = (Prles(y) = 1] =1-208) A (Prles(y) = w] = 9).

5. Accept if Au,z,(f)Aw,z,(9)Aw,z, (97 (f o 7¥W)Tey) = 1 or if
AU7Zd(f) = 1 and AW,Zd(g)AW,Zd(gil(f o 7TU7W)7]€f) = w; reject
otherwise.

Figure 10.1. The above PCP is parameterized by the positive integers d, v and T
and the positive real § and tests if a E3-CNF(5) formula @ is satisfiable by querying
three positions in a Generalized Standard Written d-Proof with parameter u. With
suitable choices of the parameters u, T and ¢ as functions of € and d, the above PCP
has perfect completeness and soundness d~! + d~2 + € for any constant ¢ > 0.

soundness with near-perfect completeness than with perfect completeness.

10.2 Non-adaptive PCP construction

The PCP is shown in Fig. 10.1. The intuition behind the protocol is to take a
linearity test which we know has soundness at most d~! + ¢ for any constant € > 0
and near-perfect completeness—and modify it a slightly in such a way that we get
at test with perfect completeness which is still close enough to a linearity test to
have soundness d~* + d~2 + ¢ for any constant ¢ > 0. The following lemma is
immediate:

Lemma 10.1. If ¢ is satisfiable, then there is a proof which NonadaptiveTest
accepts with probability 1.

To analyze the soundness of the protocol we follow the standard approach. We
estimate the acceptance probability of the verifier using Fourier analysis and prove
that if the acceptance probability is large there must exist pairs of correlated coef-
ficients whose product is large. We then use these products to devise a strategy for
the provers in the balanced version of the 2P1R game from Section 5.2. To simplify
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~ SATU o SATW
the notation, we let F = ZSAT” and H = ZSAT" . The groups Z,  and Z,

are denoted F' and H respectively.
The expression d~! Zi;é g” is an indicator for the event g = 1 when g assumes
values in Z 4. Hence, the test accepts with probability E[I; + I5] where

L= 53 (Aus (D Awz ) Awa, g (F o) Tep)

VR

S

M1
- o

(Awzs @ awzla™ (f o) Tea)).

=0

This expression can be rewritten as d~! +d 2 + E[L + Q + C; + Cs] where

1(171

L = =) (Auz.(f)", (10.1)
y=1
1 d—1 N

Q = 5 (AWZd( JAw.z,(9~ (fOF(]W)*lef)wfl), (10.2)
~y=1
]-df] ,

G o= 4 (AU,zd(f)AWZd( )JAw.z,(9 (fOWUW)*lef)), (10.3)
y=1

S8
|

S

Il

| =
HM

1 d—
Z
(Azfzd<> (Awz, @ Awz, (g (F o) Tepw )" (104)

We now prove that L and () have small magnitude and then prove that most of the
terms in Cj and C also have small magnitude. Finally, we prove that the remaining
terms can be used to extract a strategy for the provers in the Generalized 2P1R
game from Section 5.2.

Lemma 10.2. E[L] =0

Proof. Ef[Au.z,(f)?] = Bo, where B(f) = Ay.z,(f)?. Since Ay gz, is folded over
Z 4, B is y-homogeneous. It follows by Lemma 5.11 that Bg = 0, and thus E[L] = 0.

Let us now analyze E[Q]:

Fll= B |5

U,W,f,g,ef - (AW7Zd (g)AW,Zd (gfl (f o ’ITU’VV)ilef))’Y :

M
&
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Our aim is to show that

B = B [(Aws (@) Awa(o ! (Fon™) e)] (10,5

always has small magnitude, regardless of . To this end, we expand () in a Fourier
series:

Q’Y_fgp |: Z Bﬁ1B62X61(Q)X62( (fOTFUW) ef):|
! Br.B2€H
Z BﬁlB,Bz fie [XﬁQ(ef)Xiﬂ.;ﬁW(ﬁz)(f)] ];][X,31*,32(g)]7
Br.B26H

where B = A, , , and Bgl thus is the Fourier coefficient of Ay, , at 3. Since
Enlxs 5. (h)] = 0 unless B1 = P2 by Lemma 5.1, the above expression can be
simplified to

Qy = Z Bﬁ Xﬁ (€)X U"V(g)(f)]
BeH
Let us now compute

[H(ef(y))ﬁ(”) (f(7TU7W(y)))5(y)}

Y

- I 5| I s @)

zerW(B) CymUW(y)=z

B aen)X-nu (£ = B

f.es

Consider the factor corresponding to a fixed z in the above product. Since e;(y) de-
pends on f(z) we condition on f(x):

E[ 11 (ef(y)f](m))ﬁ(y)}

y:rV W (y)=a
lr] 1
=i T e @ | s =
=0yt W (y)=a

If f(z) # 1, ef(y) is always 1, otherwise ef(y) is selected according to a biased
distribution on {1,w}. Hence

E[ 11 (ef(l/)fl(m))ﬁ(y)}

yinU W (y)=a

d—
= ;112 II w*tﬁ(y) + % (1 -6+ wiWs)
t=1 UW

(y)= y:rUW(y)=z
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Recall the notation W;]’W(ﬂ)(m) = Y ynvw (y)= B(y) mod d. If W;]’W(ﬂ)(m) #0,
the first sum above is —1; otherwise it is d — 1. If we define

1
WFE( 11 (15+w6@)5)+d1>, (10.6)

VW (y)=z
1
_ 2 _ B(y)§) —
b[md( [I a-6+u°Ws) 1), (10.7)
y:r W (y)=a
we can write

@F=T8 I e I e

/36’:[ weﬂU’W(ﬁ) zeﬂU’W(,B)
75" (8)(z)=0 75 W (8)(x)#£0

<(SiaP)(Timr T leaa? I eal)

2

ﬁeﬁi /36’:[ weﬂU’W(,B) weﬂ'U'W(ﬁ)
77 (B)(x)=0 7 (8)(2)#0
= |Bs 11 lag .| 11 b5.0]%,
BeH zexW (3 zexW(3)
=Y (8)(x)=0 7 W () ()0

where the inequality is the Cauchy—Schwartz inequality and the last equality follows
from Plancherel’s equality.

Lemma 10.3. For any integer b # 0 mod d and any real § € [0,1], |1 —§+w’3|? <
1 —8d~?% and, consequently, |1 — 6 + w6 < 1 —dd~2/2.

Proof. Since w = €27/,

11— +wh®> <|1—8+wdf
= (1 —6(1 — cos(2n/d)))? + 6% sin® (27 /d)
=1-2(8—6%)(1— cos(2r/d)).

For d € {2,3,4} this expression is at most 1 — 20(1 — §) < 1 — ¢ while for larger d
it is at most,

1-2(0 —6%)(2r%d 2 = 2n"'d™*/3) <1 —27%d 25(1 = 6) < 1 —dd 2.

where we use the MacLaurin expansion of cos(z) to derive that cos(2m/d) < 1
212d =2 + 2r*d~*/3. The conclusion of the lemma now follows since (1 — 5)'/?
1—mn/2 for all n € [0,1].

s IN ]

Using separate arguments for terms where || = [{y € H : B(y) # 0}| is large and
terms where |3] is small, we now bound the factor multiplying |B,3‘2 by 2§. For
the case when |8| is small, we use Corollary 5.18 and when |g| is large, we use
Corollary 5.20.
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Lemma 10.4. Let Q. be defined as in equation (10.5) and let v € Z4 \ {0} and
& € (0,1) be arbitrary. Then Ey,w [|@Q4]?] < 26 provided that 7' > §*d*Ind—*.

Proof. By the above reasoning, we have established that

2 D 12 2 2
EllQ,]<E Z | Bg g{ I las.l || H (10.8)
BeH zexUW (8) zexUW (8)
77" (8)(x)=0 7 (8) ()70

We now bound the inner expectation above separately for every  and then use
Plancherel’s equality to bound the entire sum.

Suppose that || < §T and Bg # 0. It follows by Lemma 4.10 that Bg =0
if B(y) = 0 for all y; hence there exists some y such that 3(y) # 0. By Corol-
lary 5.18, with probability at least 1 — |3|/T > 1 — 4 over the choice of U there
is no other y’ such that 7%%(y) = 7Y% (y'). Given that this event happens,
FSJ’W(ﬂ)(ﬂ'U’W(y)) = B(y) # 0, and the factor corresponding to x = 7" (y) in the
product has magnitude

1-5+wPWs 1] 61 —-wPW| 26
& =T e e
Since the other factors have at most unit magnitude, the magnitude of the inner
expectation is bounded by 26d~? when |3| < §T. Since in any case the entire
product has at most unit magnitude, the factor multiplying |B,3‘2 in (10.8) is at
most (1 —§)-25d 2 +6 -1 < 35/2 when |3 < dT.

Next, we consider the case when || > 6T. Since |ag .| > |bg.|, we can up-
per bound the product inside the inner expectation in (10.8) by \a57m|2‘”U’W(ﬁ)‘ <
(1 — 6d-3/2)2*"" ) using Lemma 10.3 to bound |ag,|. By Corollary 5.20,
|7UW(B)| > 6|8] = 6 'd®Ind~' with probability at least 1 — 2§ over the choice
of U. When this holds,

(1—6d 3/2)2m" " (B < g=0d 2" ()] — 5,

When |7%W ()| fails to be large, which happens with probability at most 24,
the product has at most unit magnitude. Therefore, the factor multiplying |f35|2
in (10.8) is at most (1 —26) - d+J -1 < 2§ when |3]| > oT.

To conclude, the term corresponding to an arbitrary 8 in (10.8) has magnitude
at most 26| Bs|?, hence

B, ] < 28| 3 1857] - 25
BeH

Corollary 10.5. Let @) be defined as in equation (10.2) and 6 € (0, 1) be arbitrary.
Then | E[Q]|? < 6 provided that T'> 6 2d3In§ 1.
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Proof. Since E[Q] = E[d 2 Zi;l w~7Q,], and the function z — |z|? is convex, it
follows from Jensen’s inequality that

(d—1)°

[BlQIP =

ilz‘*’ WEQ’Y S

5 e

25(d — 1)?
=

)

where the last inequality follows from Lemma 10.4 and the first two inequalities
follow from Jensen’s inequality. "

Let us now look at the terms of degree three, i.e., the expectations (10.3) and (10.4).
They can be written as

d—1 d-1
1 -2
E[C, UW|: Z Cs, ’Y:|7 E[C,] = UEW [ﬁ Z Z w7 C’Yl,’yzj|
' 71=172=1
where
oo =, B [(A02, ()" (Awz (@) Awz, (g7 (For"™) " e)) ] (10.9)

To prove that E[C1] and E[C,] have small magnitude, it is enough to bound |Cs, .|
for arbitrary 71,72 # 0. To this end, we expand C,, ,, in a Fourier series:

Chie = Z Z A B,B XB(Pf)X . ;]’W(g)(f)]

a€FZ4pBeH

where A, is the Fourier coefficient of Aazd at o and Bg is the Fourier coefficient
of AY} w.z, at . Since ey and f are dependent, we cannot simply discard all terms
where o # 71'UW(5). However, we can discard some terms. For a € F and 8 € H,

we let @ < (3 denote the relation that for each z such that a(z) # 0, there is some
y € (r¥W)~1(x) such that B(y) # 0. Consider

fEf [Xﬁ(ef)xa,ﬂng(ﬁ) (Nl =

11 E[(f(m))“('” I (erwf@)"]. (10.10)

z€SATY y:rUW(y)=x

If & < 8 does not hold, there is some xo such that a(z) # 0 but S(y) = 0 for all
y € (7%"W)~1(z). The factor corresponding to this zo will be 0. Thus the only
terms which remain are those where a < 3, and

Crie = Z Z A Bﬁ Xﬁ(‘”f)X - ;’vW(g)(f)]-

,BGH acF
a=p3
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Let us now compute 10.10 in the case when a < 8. We consider each factor
separately. The factor corresponding to an arbitrary x can be written

Bl TT st

pr W (y)=a

d—1
_ (_11 (1= 6+wi0g) + = we@ [ w o
y:r W (y)=x t=1 U W (y)=x
1 1 -] Uw
- _ H (1 _ (S + wﬁ(y)(‘;) + E Zwt((l(l‘)*ﬂ'd (ﬁ)(T))
i ()= =

If a(x) # FSJ’W(ﬁ)(.’IJ), the second term evaluates to —d~!; otherwise it evaluates
to (d — 1)/d. Therefore,

Cormn = Y Y AaBipla, B) (10.11)
BeH ack
a=A
where
ple, B) = II ag,q 11 bs.a (10.12)
zexW(3) zex” W (3)

a(z)=r"" (8)(x) a(z)#r " (B)(x)

and ag , and bg , are defined in equations (10.6) and (10.7) above. We now proceed
to bound the terms corresponding to terms with |3] > T

Lemma 10.6. For any 8 € H,

(e8P = [ (lasal®+(d—1)bsal®),
a€F zenlU- W ()
a=p

where ag 4, bg . and p(a, B) are defined in equations (10.6), (10.7) and (10.12).

Proof. There are d™"" B different a such that a < B. Of those, exactly one «,

namely a = wg’w(,@) gives a product with only factors of type a. More generally,

lett A C 7Y% () be the set of z such that a(z) = F;]’W(ﬂ)(.’r). Then there are

(d — 1)l (O\AI different, ov such that « and 71';]7W(ﬂ) agree exactly on A and for
all those «,

p(a, O = [[ las.l> [  Ibs.l”

T€EA zex-W (B)\A
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uUu,w
(@O T asal? [T hsal’

]

=

>

=

T
Il

ach ACRUW (B) z€A zexU W (B)\ A
a=p
= II (agal+ @ Dlbsal?).
zEnV W (6)

Lemma 10.7. For all integers d > 2,

A 5\ T @)
> el < (1- 5

acF
a=p

Proof. By Lemma 10.6,
Y )= J[ (agsl®+(d—1)lbsal).

a€F zenl-W ()
a=p

We now bound each factor in the above product using the observation that

g + (@~ Dlbgal = (ap + (d— Dhga) (g +(d — Dbgs)”
—(d = 1)(as.abh, + s bse) — (d—1)(d—2)[ba>, (10.13)

where z* denotes the complex conjugate of z. We introduce the shorthand
Cgx = H (1— 6+ w’Ws).
yin U W (y)=x

With this shorthand, by the definitions of ag , and bg g,

1

agz = E(Cﬁ,z +d—1)
1

bg,z = E(Cﬁ,z —1).

Using these, and the notation ${z} for the real part of z, we now expand each of
the expressions in the right-hand side of (10.13):

ag,. + (d — 1)b57w = CB,z,

(ag,e + (d = Dbg ) (age + (d— Dbsa)* = |cgal®,

a’z;wbﬁﬁ = d72(|65’w|2 + (d - 1)Cﬁ7w - cZﬁz - (d - 1))7

aﬁ,mbg,m + a;}’mbg,m = 92472 (‘Cﬁ,m|2 + (d — 2)%{{35@} — (d — ].)),

bg.o* = d7?(lesa|* — 2R{cs.0} + 1),
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Hence ag ,bfy , + af ,bpa + (d = 2)|bg > = d s> —d" and

‘ ., d—1 1—lcpal?
el + (= Dlbsul? = gl — T (jego? — 1) =1 L0l
’ 7 7 d \'"? d
By Lemma 10.3,
s> = [ -0+ We? <1 -6a )@ <1 ga?

yirU W (y)=a

and we can therefore bound each |ag . |* + (d — 1)|bg.|* from above by 1 — §d 3.
Since there are |7”W ()| factors in the product, the proof is complete. "

As before, the terms in the Fourier series are bounded in separate ways depending on
the size of |G|. We first prove that the sum of all terms corresponding to large |3|
must have a magnitude that is upper bounded by an expression linear in §'/2.
Intuitively, this follows since p(«, 8) has small magnitude with very high probability
when |g| is large. Here we, again, use Corollary 5.20 from Section 5.2. We then
prove that the terms corresponding to small || must also have a magnitude that
is upper bounded by an expression linear in 81/2, or else there exists a strategy for
the provers in the 2P1R game from Section 5.2 that makes the verifier accept with
probability larger than .

Lemma 10.8. Suppose that B: Z;ATW — Z 4 is 7o-homogeneous for some 5 # 0,
that A: »SATY Z, is 71-homogeneous for some v, # 0. Let A, be the Fourier

coefficients of A and Bg be the Fourier coefficients of B and let @ <  mean that
a(z) #0 = zen(f). If

E[Z S AP Bs218 ] 2,

Bef[ acF
a=p

where the probability is over the selection of a (T, u)-block W uniformly at random,
and a random wu-projection U of W, there exists a strategy for the provers in the
Generalized 2P1R game from Section 5.2 that makes the verifier in that game
accepts with probability at least 7.

Proof. The strategy is as follows: On receiving a sequence W of clauses, the first
prover computes the Fourier coefficients Eg, selects a (3 according to probability dis-
tribution given by \E5|2 and then a y such that 8(y) # 0 uniformly by Lemma 4.10
such a y always exists this y is returned to the verifier.

On receiving a sequence U of clauses and variables, the second prover computes
the Fourier coefficients A, selects an o according to probability distribution given
by |Aq|? and then an z such that a(z) # 0 uniformly—by Lemma 4.10 such an
always exists this z is returned to the verifier.
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The assignment y always satisfies the clauses in W and it is guaranteed to be
consistent if & < 4 and the second prover happens to select a y that projects onto

the x selected by the first prover. Therefore, the success probability of the above

strategy is at least

E[} S A2 Bal 6]
BEH acF
a=p

Lemma 10.9. Let C,, -, be defined as in equation (10.9) and let v,
be arbitrary. Then, provided that T > §3d®Ind~!,

2
|CHLW|25;2

E{ S Y AlBe, 5)}

ﬁeﬁ ack
|B<86T a2

where A, is the Fourier coefficient of A?led at a and Bg is the Fourier coefficient

of Ay, at f3.

Proof. By equation (10.11),

IN

U;W[ > zﬁaégpm,m}

Beﬁ acF
B]<6T o=

+ 60,

UW[Z S A, Bl

BeEH acF
|B]|>6T a=8

)

72 € Z4\ {0}

2

where the inequality follows from Jensen’s inequality. We now bound the latter
sum above. By the Cauchy-Schwartz inequality and Parseval’s equality applied to

Bg,

> ZABL%P”@

GH acF
\m>5Tﬂ<5

(T ThEr) (X X 1Pl

BeEH acF EH ack
\ﬁ\>5Tﬂ<B \ﬁ\>5Tﬂ<B

<

BeH acF
|B8]>6T a=p

Y 1Bl Y In(a, B,



10.2. Non-adaptive PCP construction 109

hence
2
E| T S dsen]| <p| 2 |Bg2g[2|p<a,ﬂ>|2H.
" " BeH ack BeH ack
|B|>6T a=0 |8|>0T a=p

Consider the expression multiplying |Bg|2. Since || > 6T > 6 2d3Iné~"', Corol-
lary 5.20 implies that |7 (8)] > §~'d® In 6! with probability at least 1 — 26 over
the choice of U. When this holds,

5\ 0 @) )
sl <(i-5)  <e(a @) <b
=7

In the other case, when |7YW ()] fails to be large,

S e, )P < 1.

aeﬁ‘
a=p

To conclude, for any fixed W,

E[Z p(a,ﬂ)ﬂ <(1-28)-0+25-1<36

meﬁ‘
azxp
and hence
2
ioR2 512
|| S doiten| | <o 5 i)
BeEH ack BeH
|B|>T a=p [B]>T

Since the latter expectation is at most 1 due to Plancherel’s equality, the conclusion
of the lemma follows. "

Lemma 10.10. Let Cs, ., be defined as in equation (10.9) and let 71,72 € Z4\{0}
and & € (0,1) be arbitrary. Then if ¢ is at most u satisfiable, E[|C,, ,,|*] < 88
provided that 7> 6~ ?d®Ind~" and u > (logT)/logc, .

Proof. By Lemma 10.9,

DD IEN ]

BeH acF
8|<6T a=8

2

|CV17’Y2|2 S 2 +6(57
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where A, is the Fourier coefficient of Al , at aand By is the Fourier coefficient
of A} 5, at 8. Now suppose that |C., ,,|* > 8. Then

UW{ Y. D A Bﬁp”ﬁ}

ﬁeH acF
|B|<6T =B

B 2
< ES S AuBip(a. ) ]
LU ged ack
|8|<6T a=p

_UW:( > T E) (2 % |Bﬁ|2p(a,m2)]

BeEH ack BeH ack
18]<oT =5 18]<6T a5

U,W:< > > |Aa235|2>< > |Bs)? (1%)”17"”(6))]

BeH acF BeH
|B|<6T @28 [B|<6T

E Aq|?Bg?
A DI SN
" BEH a€eF
|B|<8T a=8

<ot B | 5 X VAaPiBaPisl |

,BGH acF
|B|<6T =B

<ot 5 |50 S 1AL Pl Iel .

ﬁeHaEF
azp

A\
!

IN
=

IN

We can now apply Lemma 10.8 with 5 = T~ ! to see that there exists a strategy
for the provers in Generalized 2P1R game from Section 5.2 with success rate 7.
Note that the functions A?]‘Z and A;{‘}Z are known to the provers in that game
since the provers can 51mp1y try all p0551ble combinations of vy, v2, Ay,z,, and
Aw,z, and select the combination that gives the largest expectation. But since
u has been selected in such a way that ¢;; < n, we obtain a contradiction, and
hence |C,, ,|* < 84. -

Corollary 10.11. Let Cy and Cy be defined as in equations (10.3)—(10.4) and
d € (0,1) be arbitrary. Then if ¢ is at most u-satisfiable, | E[C]|* < 8(d — 1)§ and
| E[C2]]? < 86 provided that T > §~?d*Iné~" and u > (logT')/logc,!
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Proof. By the definitions of C; and Cy from equations (10.3) (10.4) it follows that

d—12] 1 — P (d-1) e
|E[C1]]> = % -1 ZE[C’Y,’Y] < ( 7 ) Z |E[C, ,]?
=1 =1

d—1
86(d — 1)2
S i, A7 < 2L

r=1

<

(d—1)
d?

and similarly that

85(d —1)*

[FICa)” < —

B[|Cy, 4 [7] <

Hence | E[C1]]? < 8§ and | E[Cs]|? < 8. -

Putting the pieces together, it turns out that if we first select § as a function
of €, then select T' as a function of € and d and finally select u as a function of
€,  and T, we can prove that all the terms above sum up to something having
magnitude strictly less than e under the assumption that the verifier in the PCP
accepts with probability = + d=2 + .

Lemma 10.12. For any integer d > 2 and any constant € > 0, there are choices
of the parameters §, T" and u such that if ¢ is at most u-satisfiable, the verifier in
Fig. 10.1 with these parameter choices accepts with probability most d=' +d =2 +e.

Proof. Given e, first select § < €2/52 and then select T > § 2d®*Iné ! and u >
(logd~"' +1log T + T'logd)/logc,'. Now suppose that the verifier in Fig. 10.1 with
these parameter choices accepts an incorrect input with probability d=1 + d=2 + €.
Then

e = E[L] + E[Q] + E[Ch] + E[C;] = E[Q] + E[C1] + E[C],

where L, Q, Cy, and Cy are defined as in (10.1)—(10.4) and the last equality follows
since E[L] = 0 by Lemma 10.2. Jensen’s inequality now implies that

¢ < 3|E[Q]* + 3| E[C1]* + 3| B[]

Since |E[Q]|> < & by Corollary 10.5 and |E[C1]|> + | E[C2]|?> < 166 by Corol-
lary 10.11, we obtain a contradiction. "

Combing Lemma 10.1 and Lemma 10.12, we get

Theorem 10.13. For any d > 2, for any constant € > 0,

NP = naPCP, ;-1,4-2,.[0(logn),3,d].
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AdaptiveTest .
Input: An E3-CNF(5) formula ¢. The proof is a Generalized Standard
Written d-Proof with parameters u and T

1. Let W be a random (T, u)-block selected from ®.
2. Let U be a random u-projection of W.
3. Select f € Z;ATU and g € Z,‘?ATW uniformly at random.

4. Select ey € Z;ATW by selecting, independently for every y € SATY
er(y) such that: f(x(y)) # 1 = es(y) =1 f(n(y) =1 =
(Prles(y) = 1] =1—=0) A (Prles(y) = w] = 4).

5. Select e,y € ZEATW by selecting, independently for every y € SAT"
ews(y) such that: wf(r"W(y)) #1 = eur(y) = L wf(@"W(y)) =
1 = (Prlews(y) =1] =1=206) A (Prless(y) = w] = 9).

6. If AU,Zd(f) 7é 1, accept if AU7Zd(f)AW7Zd(h)AW7Zd(h7](f o
7TU,W)flef) =1;
If AU,Zd(f) =1, accept if AW,Zd(h)AW,Zd(hil(Wf o ﬂ'U’W)ilewf) =
w™ L reject otherwise.

Figure 10.2. The above PCP is parameterized by the positive integers d, v and T
and the positive real § and tests if a E3-CNF(5) formula & is satisfiable by adaptively
querying three positions in a Generalized Standard Written d-Proof with parame-
ters w and T. With suitable choices of the parameters u, T" and ¢ as functions of
€ and d, the above PCP has perfect completeness and soundness d—' + e for any
constant € > 0.

Proof. Choose the parameters of NonadaptiveTest as in Lemma 10.12.
By Theorem 4.1, deciding any language in NPcan be reduced to distinguishing
between the cases that an E3-CNF(5) formula ¢ is satisfiable of at most u satisfiable.
By Lemma 10.1, the verifier has perfect completeness. By Lemma 10.12, if ¢ is at
most p-satisfiable, no proof is accepted with probability greater than d=! 4+d~2 +e.
The lemma follows. "

10.3 Adaptive PCP construction

In this section we give an adaptive version of the PCP construction in the previous
section. The PCP is shown in Figure 10.2. The verifier proceeds as in the non-
adaptive case when the first queried value, Ay z,(f), is not 1. When Ay z,(f) =1,
the verifier essentially makes the same test as it would have if wf would have
taken the place of f. Since Ay z,(wf) # 1, the verifier may thus accept for only
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one value of Aw z,(-)Aw.z,(-), as in the case Ay z,(f) # 1. Due to folding,
Ay z,(wf) = wAuy z,(f), so the test can be performed without reading any extra
values. Again we have perfect completeness:

Lemma 10.14. If ¢ is satisfiable there is a proof which AdaptiveTest accepts with
probability 1.

Turning to the soundness, we note that the acceptance probability of the verifier
can be written as E[I; + I] where

n=(13 g(AU,zd(fW)

and

d—1 Yy
. ( (wAwz, (M) Aw,z, (" (wf o 79™) Teuy) )

= (% i: (wlAU,zd(qu))v>

v=0
1 d—1 ,
X <E ;](WAW,zd(hl)AWVZd(hl(wf o ﬂ'U’W)*lewf)) )7

where the second equality follows since Ay z,(w™'f) = w 'Apz,(f). We have
that

E[]=d™' —d? - E[L] - E[Q] + E[C}] — E[C5]

where L, ), C; and Cy are defined as in (10.1)—(10.4). We use that, since f is
selected uniformly at random in the protocol,

Bl (Au7,@ )] = Bl (v, ()]

and

E KAW,Zd(h,)AW,Zd(hfl(f o ﬁff,W)*lef))”} _

f.ez

B [(Awz, (0 Awz, (b wf o) teup)) ],

frewy
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to write

E[l,] = d ? + E[I'] + E[Q'] + E[C]

where
/ = - .
L = E w (AU,Zd(f)) )
y=1
! 1 v -1 UWy-1 v
Q' = =YW (Awz W Awa, b (For" ) Tep)
y=1
d—1 d—1
1
O’ == ﬁ
Yy1=172=1

V2

w2 (Auz,(f)) (Awz, (B)Aw,z, (b (forP V) ey)
(A02.0) " ( )

To sum up, E[I; + I,] =d~' — E[L] — E[Q] + E[C:] — E[C:] + E[L'] + E[Q'] + E[C"],
and from the previous section, we already know how to bound all these terms.

Lemma 10.15. Let 6 € (0,1) be arbitrary and suppose that T > §3d®In§~! and
u> (logT)/loge,'. Then E[L'] =0, |E[Q"]]* < 4, and | E[C']|* < 85

Proof. E[L'] = 0 since the tables in the proof are folded. Since
] 41
E[Q'] = U]%V [ﬁ Z“ﬂQW]
: o
and
T
E[Cl] = U%V [E Z Z wwz%C’Yl,’Yz‘| )

Y1=172=1

the two inequalities follow from Lemmas 10.4 and 10.10 in the same way as Corol-
laries 10.5 and 10.11. "

To prove that the adaptive protocol has soundness d~! + € for any constant ¢ > 0
is now straightforward.

Lemma 10.16. For any integer d > 2 and any constant € > 0, there are choices
of the parameters §, T' and u such that, if ¢ is at most u-satisfiable, AdaptiveTest
with these parameter choices accepts with probability most d—! + €.
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Proof. Given e, first select § < €2/131 and then select T > § 2d*Iné ! and u >
(logT + T'logd)/logc,". Now suppose that the verifier in Fig. 10.1 with these
parameter choices accepts an incorrect input with probability d=' + €. Then

e = E[L] - E[Q] + E[C,] - E[Cy] + E[L'] + E[Q'] + E[C']
— —E[Q] + E[C\] - EIC.] + E[Q'] + EIC],

where L, @, C;, and Cy are defined as in (10.1)—(10.4), Q' and C' are defined
above, and the last equality follows since E[L] = E[L'] = 0 by Lemma 10.2. Hence
Jensen’s inequality implies that

¢ <5|E[QI” + 5 E[C1]]* + 5| B[C]|” + 5| E[Q']]* + 5| B[C"]|*.

Since |E[Q]]? < & by Corollary 10.5, |E[C1]|? + | E[Cs]]? < 164 and |E[Q']]*> +
| E[C"]]> < 9 by Lemma 10.15, we obtain a contradiction. .

Combing Lemma 10.14 and Lemma 10.16, we get

Theorem 10.17. For any d > 2, for any constant € > 0,

NP =PCP, ;-1 [O(logn),3,d].

10.4 Conclusions and open problems

We have established that there exists, for every constant ¢ > 0, a non-adaptive
PCP for NP that reads three values from a domain of size d, has perfect com-
pleteness and soundness d~! 4+ d~2 4+ €. Moreover, we have presented an adaptive
version of that PCP where the soundness is improved to d~' + €. As mentioned in
the introduction, for d > 2 it is currently an open question whether these results
are optimal. However, improvements would probably require new techniques for
constructing PCPs. We believe that a search for better approximation algorithms
for 3-ary constraint satisfaction over domains of size d could be very fruitful. In
particular, an algorithm with approximation ratio better than d—' 4+ d~2 for satis-
fiable instances would prove that adaptive verifiers are strictly more powerful than
non-adaptive ones also for non-Boolean PCPs.
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Chapter 11

Equations over finite groups

11.1 Introduction

Many fundamental computational problems can be naturally posed as questions
concerning the simultaneous solvability of families of equations over finite groups.
This connection has been exploited to achieve a variety of strong inapproximability
results for problems such as Maximum Cut, Maximum Di-Cut, Exact Satisfiability,
and Vertex Cover [10, 11, 13, 24, 28, 38, 45, 54]. A chief technical ingredient in these
hardness results is a tight lower bound on the approximability of the problem of
simultaneously satisfying equations over a finite Abelian group; in this chapter we
extend these results to cover all finite groups. Recall that an equation in variables
Z1,...,T, Over a group G is an expression of form w; ... wy = lg, where each
w; is either a variable, an inverted variable, or a group constant and 14 denotes
the identity element. A collection of equations £ over the same variables induces a
natural optimization problem, the problem of determining the maximum number of
simultaneously satisfiable equations in £. Recall that by definitions 2.11-2.13, EQ
denotes this optimization problem, and that the special case where a variable may
only appear once in each equation is denoted EQlG; furthermore when each equation
has single occurrences of exactly k variables, the problem is denoted EQ};[k] Our
main theorem of this chapter asserts that for any finite group G it is NP-hard to
approximate EQ[3] (and hence EQ(, and EQ) to within |G| — € for any € > 0;
this is tight.

If G is Abelian and £ is a collection of equations over G, each of which can
individually be satisfied, the trivial randomized approximation algorithm which
independently assigns to each variable a uniformly selected value in G satisfies
an expected fraction |G|~' of the equations. This algorithm can be efficiently
derandomized by the method of conditional expectation and it in fact also applies
to EQg for any finite group G.

In Chapter 4, we reviewed Hastad’s proof that, for G = Z,, if P # NP, then
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no polynomial time approximation algorithm can approximate EQS[3] to within
|G| — € for any € > 0. Hastad [28] also proves that the same bound holds for any
finite abelian group.

The main theorem of this chapter shows that this same lower bound holds for
all finite groups.

To adapt the methods to equations over arbitrary finite groups we need to over-
come a couple of technical difficulties. These are surveyed briefly in Section 11.1.1,
below.

11.1.1 Technical contributions

Our main technical contributions are from the part of the analysis where we es-
tablish the connection between the proof system that tests a group equation and
the 2P1R game for E3-Sat. The first step in this analysis is to “arithmetize” the
acceptance probability of the former protocol. In the case of Z,,, this is fairly
straightforward: The acceptance probability can be written as a sum of m terms.
If the acceptance probability is large, there has to be at least one large term in
the sum. We then proceeded by expanding this allegedly large term in its Fourier
expansion and then uses the Fourier coefficients to devise a strategy for the provers
in the 2P1R game.

For non-Abelian groups, the way to arithmetize the test turns out to require a
sum of the traces of products of certain matrices given by the representation theory
of the group in question. As in the case of Z,,, we find that if the acceptance
probability of the linear test is large, there has to be one product of matrices
with a large trace. Our next step is to expand this matrix product in its Fourier
series. Unfortunately, the Fourier expansion of each entry in those matrices contains
matrices that could be very large; consequently, the Fourier expansion of the entire
trace contains a product of matrices with potentially huge dimension. Thus, the
fact that this trace is large does not necessarily mean that the individual entries in
the matrices are large and directly using the entries in the matrices to construct the
probabilistic strategy for the provers in the 2P1R game does not appear to work.
Instead, and this is our first main technical contribution, we prove that the terms
in the Fourier expansion corresponding to matrices with large dimension cannot
contribute much to the value of the trace. Having done that, we know that the
terms corresponding to matrices with reasonably small dimension actually sum up
to a significantly large value and we use those terms to construct a strategy for the
provers in the 2P1R game; this is our second main technical contribution.

11.2 Representation theory and the Fourier trans-
form

In this section, we give a short account of the representation theory needed to state
and prove our results. For more details, we refer the reader to the excellent accounts
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by Serre [47] and Terras [49].

The traditional Fourier transform focuses on decomposing functions f: G —» C
defined over an Abelian group G. This “decomposition” proceeds by writing f
as a linear combination of characters of the group G. Unfortunately, this same
procedure cannot work over a non-Abelian group since in this case there are not
enough characters to span the space of all functions from G into C'; the theory of
group representations fills this gap, being the natural framework for Fourier analysis
over non-Abelian groups and shall be the primary tool utilized in the analysis the
“non-Abelian PCP”.

Group representation theory studies realizations of groups as collections of ma-
trices: specifically, a representation of a group G associates a matrix with each
group element so that the group multiplication operation corresponds to normal
matrix multiplication. Such an association gives an embedding of the group into
GL(V), the group of invertible linear operators on a finite dimensional C-vector
space V. (Note that if V' is one-dimensional, then this is exactly the familiar notion
of character used in the Fourier analysis over Abelian groups.)

Definition 11.1. Let G be a finite group and let V' be a finite dimensional vector
space over C. A representation of G is a homomorphism v: G — GL(V); the
dimension of V' is denoted by d, and called the dimension of the representation.

Two representations are immediate: the trivial representation has dimension 1 and
maps everything to 1. The permutation action of a group on itself gives rise to
the left reqular representation. Concretely, let V' be a |G|-dimensional vector space
with an orthogonal basis B = {e, : ¢ € G} indexed by elements of G. Then the left
regular representation reg: G — GL(V) is given by reg(g): en — eg4p; the matrix
associated with reg(g) is simply the permutation matrix given by mapping each
element h of G to gh.

If ~v is a representation, then for each group element g, v(g) is a linear operator
and, as mentioned above, can be identified with a matrix. We denote by (y(g);;) the
matrix corresponding to v(g). Two representations v and 6 of G are isomorphic if
they have the same dimension and there is a change of basis U so that Uy(g)U ™! =
f(g) for all g. A representation non-isomorphic to the trivial representation is said
to be nontrivial.

If v: G — GL(V) is a representation and W C V is a subspace of V', we say
that W is invariant if v(g)(W) C W for all g. If the only invariant subspaces
are {0} and V, we say that v is irreducible. Otherwise, v does have a nontrivial
invariant subspace Wy and notice that by restricting each y(g) to Wy we obtain a
new representation. When this happens, it turns out that there is always another
invariant subspace W so that V' = Wy & W and in this case we write v = 9 & 71,
where 79 and ~; are the representations obtained by restricting to Wy and W;. This
is equivalent to the existence of a basis in which the (g) are all block diagonal,
where the matrix of 7(g) consists of 79(g) on the first block and ~1(g) on the second
block. In this way, any representation can be decomposed into a sum of irreducible
representations.
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Recall that a matrix A is unitary if A*A = I, where A* is the transpose con-
jugate of A, i.e., A* = At. If (g) is unitary for all g, we say that -y is a unitary
representation. It turns out that any irreducible representation is isomorphic to a
unitary representation.

The matrix entries of unitary irreducible representations of a finite group G are
orthogonal with respect to the inner product

(fi | f)a |G| > filg (11.1)

9€G
for functions from G to C (See, for example Terras [49, Chapter 15, Theorem 1]).

Proposition 11.2. Let v and 6 be two unitary non-isomorphic irreducible repre-
sentations of G. Suppose that they are represented by the matrices (v;;) and (6x¢),
respectively. Then (v;; | Ore)e = 0 for all i, 4, k,1 and d- (vij | Yee)a = dirdje-

In particular, any nontrivial representation is orthogonal to the trivial representa-
tion:

Corollary 11.3. Let v: G — GL(V) be a nontrivial irreducible representation
of G. Then ) ;v(g9) =0.

For a finite group G, there are only a finite number of irreducible representations
up to isomorphism; we let G denote the set of distinct unitary irreducible represen-
tations of G.

There is also a natural product of representations, the tensor product. We
define the tensor product A ® B of two matrices A = (a;;) and B = (bg¢) to be the
matrix indexed by pairs (i, k); (j,£) so that (A ® B) s),j.e) = aijbre. Note that
(A1 ® A3)(B1 ® By) = (A1B1) ® (A2B5) and that the tensor product is bilinear.
We will use the so called inner trace of a tensor product: For a matrix M indexed
by pairs (z k); (j,¢) the inner trace, denoted by Tr M, is defined by (Tr M);; =
>k Mgy (.k)- We let tr denote the normal trace. The inner trace is the “opposite”
of the tensor product in the sense that Tr(A ® B) = (tr B)A. If v and 6 are
representations of G and H, respectively, we define v ® 6 to be the representation
of G x H given by (y® 0)(g,h) = v(g) ® 6(h).

Proposition 11.4. Let G and H be finite groups. Then the irreducible represen-
tations of G x H are precisely {y® 6 | v € G,0 € H}. Furthermore, any two of
these representations are non-isomorphic.

For a representation v, the function g — try(g) is called the character corresponding
to v and is denoted by x,. Note that x., takes values in C even if v has dimension
larger than one. Our principal use of the character comes from the following fact:

Proposition 11.5. Let g be an element of G. Then 3 d\x,(g) = |G|if g = 1¢
and ) dyx~(g) = 0 otherwise.

Since y(1¢) is always an iden‘ri‘ry matrix, x,(la) = dy:
Corollary 11.6. >, a2 =G|
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11.2.1 The Fourier transform

We now proceed to describe the Fourier transform of functions from an arbitrary
finite group G to C. Let f be a function from G to C and ~ be an irreducible
representation of G. Then

A 1
fy = €] > fa)r(g) (11.2)
9€G

is the Fourier coefficient of f at v. Moreover, f can be written as a Fourier series

flg)=>"dytr(fiy(g ") (11.3)
WEG‘
In our analysis, we need the following version of Plancherel’s equality:
Lemma 11.7. Suppose that f is a function from G to C. Then

Y Y X altiwel =g X (11.4)

yeG1<i<dy 1<5<d, 9eq

if the representations v € G are represented in unitary bases.

Proof. We expand the expression above using the definition of (- | -)g:

(S 1 vii)a

= ﬁ D> F9) ((9)) " T (R)vi ()

geG he@

Since v is a unitary representation, y(h~') = v~ ' (h) = v*(h), and hence v;;(h ') =
(7i5(h))". Therefore,

Yo > Y dl(flwie

yeG1<i<dy 1<j<d,

_ ﬁ dod Do D0 DD @ mvile ()
VeG

1<i<d, 1<j<d-, g€G heG

=G 2 L@ 0 Y e ()

9€G he@ NG

= GE X @I Y ) = = Y1)

gEG heG Nl geq

2

where the last equality follows from Proposition 11.5. (See also Serre’s account [47,
§6.2, Exercise 6.2], which discusses this in different language.) "
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11.2.2 The Fourier transform of matrix-valued functions

We also need to use the Fourier transform on functions f: G — End(V'), where
End(V) is the set of linear maps from the vector space V to itself; we here identify
End(V) with the space of all dim V' x dim V' matrices over C. Although we have not
found any treatment of such transforms in the literature, it is straightforward to
generalize the concepts from the previous section to matrix-valued functions. For
a representation v of G, we define

F= g X et (11.5)

geG

Treating the f(g) as matrices, this is nothing more than the component-wise Fourier
transform of the function f. The reason for grouping them together into these tensor
products is the following: Let f,h: G — End(V) be two such functions, and define
their convolution as

(f*h)(g |G|Zf

teGG

this product being the rlng product in End(V) (that is, function composition).
Then it turns out that (f xh), = f7 ~, this product being matrix multiplication:

(Fh), = ‘G‘Z fxh)(9) ®(9)

geG

= ‘2 > ) ®y(tt " g)
geGte

= Z S (f( 1) (h(t™'g) @~(t'g))
geGte@

_ f,/,,y.

In this case, the Fourier series is
=34, Tr(fw(1®7(g*1))) (11.6)
ve@

where Tr M is the inner trace. This also gives rise to a Plancherel equality: for two
functions f,h: G — End(V),

‘G‘Zf = (f x =" d, Tr(f,h). (11.7)
9eG veG

As we noted above, the representations of a finite group can always be expressed in
a unitary basis. Recall that a matrix A is Hermitian if A* = A. When a function
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from a finite group G to End(V') behaves like a unitary matrix in a certain sense and
the representations of G are expressed in a unitary basis, the Fourier coefficients
are Hermitian. This turns out to be important in our analysis.

Definition 11.8. Let G be a finite group, V' be a finite-dimensional vector space,
and f be a function from G to End(V'). Then f is skew-symmetric if f(g~!) = f*(g)
forall g € G.

Lemma 11.9. Let G be a finite group, V' be a finite-dimensional vector space, and
f be a skew-symmetric function from G to End(V). Then f, is Hermitian if ~ is
expressed in a unitary basis.

Proof. By equation (11.5),

fr= ‘G‘Zf 9) © (g 2‘G,‘Z( 9)+1g7) & vlg™)

9eG geG

2‘G‘Z( 9)+ f(9) 27 (9)).

9eG

where the last equality follows since f is skew-symmetric and ~ is expressed in a
unitary basis. Now, f(g) ® v(g) + f*(g) ® v*(g) is clearly Hermitian, and since a
sum of Hermitian matrices is Hermitian, f, is Hermitian. "

11.3 The non-Abelian long code

Let K be a finite set and denote by G¥ the set of all functions from K to G.
The long G-code of some z € K is the function LCq(z) from G¥ to G such that
LCa(z)(f) = f(=).

In the analysis of the soundness of the verifier, we study the Fourier transform
of such purported long codes composed with a representation of G, i.e., the Fourier
transform of functions from G¥ to End(V'), where V is the underlying vector space
of a representation p.

11.3.1 Folding

We first note that the concept of folding which we first introduced in Chapter 4
and which we generalized to long codes over Z,, in Chapter 5 further extends to
the long G-code.

Definition 11.10. Let G be a finite group, v € G be arbitrary, V be the space
corresponding to v, K be a finite set, and A be a function from G¥ to End(V).
Then A is y-homogeneous if A(gf) = v(g)A(f) for all g € G and all f € G¥.

Lemma 11.11. Let G be a finite group, v be an arbitrary nontrivial represen-
tation of G, V be the space corresponding to v, K be a finite set, and A be a
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y-homogeneous function from G¥ to End(V). Then flp = 0 when p is the trivial
representation of G¥.

Proof. Since p(f) =1 for all f when p is the trivial representation, (11.5) immedi-
ately yields

A 1
Ay = W Z A(f) = |G|\K\+1 Z Z A(gf)

feG® 9€G FEGK
1
=GR Z <Z 7(9)>A(f) =0,
FEGK “geG
where the last equality follows from Corollary 11.3. "

By employing a certain access convention in the verifier, we can ensure that tables
correspond to y-homogeneous functions.

Definition 11.12. Let G be a finite group, K be a finite set, and A be a function
from G¥ to G. Partition G¥ into equivalence classes by the relation =, where
f = hif there is g € G such that f = gh. Write [f] for the equivalence class of f.
Define Ag, A left-folded over G by choosing a representative for each equivalence
class and defining Ag(h) = gA(f), if h = gf and f is the chosen representative
for [h].

Lemma 11.13. Let G be a finite group, K be a finite set, and A be a function
from G¥ to G. Then 7 o Ag is y-homogeneous for every v € G.

Proof. Note that Ag(gf) = gAq(f) for all g € G and all f € GX. Hence (y o
Aa)(gf) =v(9)(v o Ag)(f). .

It turns out that our analysis only requires some of the tables in the proof to be
folded, while the other tables must be skew-symmetric functions as per Defini-
tion 11.8. Again, this can be accomplished by proper access conventions in the
verifier. In this case, we achieve our goal by, when accessing A(f), with probability
1/2 using the value A(f~1)! instead.

Lemma 11.14. Let G be a finite group, K be a finite set, and A be a function
from G¥ to G. Let v € G be unitary, and B(f) = Eyeq_1,13[(7 0 A)(f")"] Then B
is skew-symmetric.
Proof. We have that
B(f)= E A)(fh?
(D=, E [0
1

=5(ro () + %(vofh(f*l)*1

= %(yoA)(f) + %(voAxf”)*

where the last equality holds since v is unitary. Hence B(f ') = 3(yo A)(f 1) +
1(yo A)(f)* = B(f)*, and B is skew-symmetric by Definition 11.8. .
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We remark, that if A is a long G-code, Aq is identical to A, and A(f 1)~ ! = A(f).

11.3.2 Projection

To state the final long G-code property that we need, we have to develop a more
precise and detailed description of the Fourier transform. Since we can represent a
function f: K — G by a table containing f(z) for every z € K, we can identify G¥
with G/¥I. In order to reason about the Fourier transform of a function from G*
to End(V'), we need an understanding of the irreducible representations of powers
of G. It follows from Proposition 11.4 that the irreducible representations of G¥ are
precisely those representations obtained by taking tensor products of | K| irreducible
representations of GG: when p, € G for each z € K this is the representation given
by

p= ® Pa where p(f) = ® pz(f(z))

reEK reK

We treat the tensor product of two matrices as a matrix indexed by pairs. Anal-
ogously, we treat the tensor product of |K| matrices as a matrix indexed by |K]|-
tuples. In order to reason about single entries in the tensor product that forms a
representation p = @), p» we define the set of indices 1(p). An element i € 1(p)
is a vector indexed by elements of K so that for all z € K,1 < i, <d,_; we refer
to such an element ¢ as an indez. Then for two indices i, j € ¢(p) we define

pii(£) =] (Pw(f(m)))

e K zy]

We also define the weight |p| of an irreducible representation p of GE to be the
number of z € K such that p, is nontrivial.

The verifier in our PCP checks positions in tables corresponding to two related
long codes. The precise details of how these tables are related is described below; for
now it is enough to know that the tables correspond to functions from F = G¥ to G
and from H = G* to G, respectively, where there is an onto function 7: L — K.
There is a natural way to transform an f € F into a function in H by composing
it with 7; we denote this function by f o w. The projection m can also be used to
transform the components of a representation p € H into a function on F. For
i,j € t(p) the components p;; are functions from H to C. We denote the new,
associated, function by pf;: F' — C; it is defined by the map f — p;;(f om). Using
our definition of the index sets,

i =mtom =11 TI (n(e))

iy ]
2€K yer—1(z) y:Jy

We are now ready to formulate the following projection lemma:
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Lemma 11.15. Let K and L be finite sets and 7: L — K be an onto function.
Let F = GE and H = GL. Define the relation ~ on F' x H so that for 7 € F and
p€ H, ~pifforall z € K such that 7, is nontrivial, there is some y € 7~ Y(z)
such that p, is nontrivial. Then

Lr~p = |7 <pl.
2. T p = Vi,j€up), Yk, L€ u(r), ((pf; | The)F = 0).

Proof. The first implication follows directly from the definition of the relation ~.
To prove the second implication, assume that 7 £ p; then there is some z' € K
such that 7, is nontrivial but p, is trivial for all y € 7' (2). Recall that we can
write

pzy H H ( )iy,jy and Tre(f) = H (Tm(f(z)))km,zm

zeEK yen—1(z) reK
by our definition of the index sets; hence

(Pij | Tee) P = 7 Z(H 11 ( )iy,jy> (H (T“(f(z))): zm>

FEF “zeK yen—1(z

-7 (I I (o0 @), ) (I (=0e),,)

fEF *xeK yem—1(

‘F‘ZH(TT @), . I (@),

feEF zeK yemn—1(z) uidy
- (G Ze6 0 1T o),
qeG yemn—1(x)

where the last equality holds since a sum over all functions f € F' can be viewed as
| K| nested sums over the possible values of f(z) for x € K. We can then change
the sums of a product into a product of |K| sums, i.e., a product of sums over all
g€eq.

Since p, is trivial for all y € 7' ('), the factor corresponding to z' in the above
product is

1 _
|Gl (2 (9™, =0
9€G
where the equality follows from Corollary 11.3. "

11.4 Identities from linear and multilinear algebra

This section contains some identities and bounds that are needed in the next section.
They all follow in a straightforward manner from standard linear and multilinear
algebra.
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Lemma 11.16. Let A be a unitary n x n matrix. Then ), lai;]> = 1 for all
1<i<n. '

Corollary 11.17. The elements of a unitary matrix have at most unit magnitude.

Proof of Lemma 11.16. Let A be unitary. Then AA* is the identity matrix. Since
for all 1 <i <, (AA*); = 32, aijaj; = 3, |ai;]?, the lemma follows. .

The next lemma shows that a convex combination of unitary matrices has elements

of at most unit magnitude.

Lemma 11.18. Let Ay be a family of unitary n x n matrices and let A, be non-
negative real numbers such that >°, Ay = 1. Let B = >, Ay Ax. Then for any

Proof.

|bij| =

> Xe(Ar)ij

k

< ZAk‘(Ak)iﬂ <1
3

where the first inequality follows by Jensen’s inequality, and the second follows by
Corollary 11.17 and Y, Ay = 1. .

Lemma 11.19. Let € € [0,1], S, be a family of positive semidefinite matrices and
d, and n, be positive integers. Then

Z dy(1 =€) trS, < (1—e¢)° Zd trS,.

ping>c

Proof. Since the S, is positive semidefinite Zp:np>c dy,(1 —€)" trS, is a sum of
non-negative numbers and thus non-negative. Therefore

Zd (I—e)™trS, <(l—¢ Zd‘rr5<lf€ Zd‘rrS
pinp>c piny>c

Lemma 11.20. Let U be an n x n unitary matrix, {S,} be a family of positive
semidefinite matrices that are tensor products of n x n matrices and k x k matrices,
{V,} be a family of unitary matrices that are tensor products of n x n matrices and
k x k matrices, and {a,} be a family of non-negative real numbers. Then

tr (U Zap Tr(Spr)> < Z a,trS,,
p 2

where the inner trace is with respect to the tensor products forming S, and V,,.
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Proof. Since tr(AB) = tr(BA) for any matrices A and B,

(U3 a, T(S,V,)) ‘ =[or (3 a, T(S,V,)0) ‘

tr(z a, Te(S,V,(U @ Ik))) \

where the last equality follows from Lemma 11.21 below. Since the a, are non-
negative,

tr(a, Te(S,V, (U @ 1) ) ‘ <3 a,|r T (S,V, (U @ )]

=3 a|tx(S,V,(U © 1)) |

P
< ZaptrSp,
P

where the last inequality follows from Lemma 11.22 below. "

Lemma 11.21. Let A and C be n X n matrices and B be a tensor product of an
n X n matrix and a k x k matrix. Then A(Tr B)C = Tr((A ® I;)B(C ® I},)).

Proof. Suppose that B = B; ® By. Using the identity (4; ® A2)(B; ® By) =
(A1B1)®(A3B5), we get that (A®I,)B(C®I) = (AB1®B:)(C®I) = AB1C®B;
and hence Tr((A ® I,)B(C ® Iy)) = (tr Bo)AB:C = A(Tr B)C, where we used
Tr(A ® B) = (tr B)A. .

Lemma 11.22. Let A be a positive semidefinite matrix and U be a unitary matrix.
Then |tr(AU)| < tr A.

Proof. As A is positive semidefinite, it may be written V DV* where V is unitary
and D is diagonal with non-negative entries on the diagonal. Since the trace is
invariant under similarity, tr A = >, D;; and we may rewrite

tr(AU) = te(VDV*U) = te(VDV*UVV*) = te(DV*UV) = tr(DW),

where W = V*UV is a product of unitary matrices and therefore unitary. All
entries of a unitary matrix have absolute value less than or equal to one; hence

Z D;iWy;

as desired. =

[ tr(AU)| =

< Z |DiiWii| < ZDH =trA4,
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GroupTest.
Input: An E3-CNF(5) formula ¢. The proof is a Standard Written G-Proof
with parameter u.

1. Select uniformly at random a sequence W = (C,...,C,) of u clauses
and a sequence U of u variables by for each clause C} choosing uni-
formly at random a variable occurring in Cj,.

2. Select uniformly at random f € G011} and g€ GSAT”

3. Choose e € GSATW, such that, independently for each y € SATY,
(a) With probability 1 — ¢, e(y) = 1g.
(b) With probability €, e(y) is chosen uniformly at random from G.

4. Choose by and by independently and uniformly at random in {—1,1}.

5. If Apc(f)Aw (h2)0 Ay (R (f o wUW)~Te)b2)b2 = 14 then accept,
else reject.

Figure 11.1. The above PCP is parameterized by the positive integer u and the
positive real e and tests if a E3-CNF(5) formula ¢ is satisfiable by querying three
positions in a Standard Written G-Proof with parameter u.

11.5 The PCP

Definition 11.23. A Standard Written G-Proof with parameter u for a formula ¢
consists of a table Ay : G101} 5 @ for each sequence U of u variables from ¢ and
a table Ay : GSAT™Y 5 @ for each sequence W of u clauses from ¢.

The protocol itself is similar to that used by Hastad [28] to prove inapproximability
of equations over finite Abelian groups, which is in turn a straightforward general-
ization of the protocol which we reviewed in Chapter 4. The tables corresponding
to sequences of variables are left-folded over GG. The verifier is given in Figure 11.1.

Lemma 11.24. If ¢ is satisfiable, the verifier in Figure 11.1 accepts a correct proof
with probability at least 1 — (1 — |G| ™")e.

Proof. Let x be the assignment corresponding to a correct Standard Written G-
Proof with parameter u for a formula ¢. Then, by the definition of the long G-code,
Ava(f) = f(z|y) for all f and Aw (h) = h(z|w) for all h; hence

Ava(f)Aw (h")" Aw (B (f o 7”)7le)")"
= f(@lo)h(elw)h™ (@lw) f~H (zlo)e(zlw) = e(z|w).
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Considering how e is selected by the verifier, e(x|w) = 1 with probability 1 —
(1 —|G|71)e and hence the verifier accepts a correctly encoded proof of a satisfying
assignment with probability 1 — (1 — |G|~ ")e. -

11.5.1 Analysis of the soundness

We proceed as usual. We assume that the verifier accepts a proof corresponding
to an unsatisfiable formula with probability |G|™! + § and prove that it is then
possible to construct strategies for the provers in the 2P1R game that make the
verifier of that game accept with high probability. Since it is known that this cannot
be the case, there cannot exist a proof corresponding to an unsatisfiable formula
that the PCP verifier accepts with probability |G|~' +§. To this end, we first apply
Proposition 11.5 to arrive at an expression for the acceptance probability. Since

G171 Y7 oy (Ava (F) (Aw (B™) (Aw (71 (f 0 7¥)2e) )" )
WGG

is an indicator of the event that the verifier accepts, the acceptance probability can
be written as:

G Y dy By (Ava (D Aw ()" Aw (07 (f 0 70 W) )2y | =

WGG

GI'+HGI™ Y dy B[ (Ava () Aw (0 Aw (7 (for W) Tl e)2) )]
vEG\{1}

where the expectations are over the choice of U, W, f, h, e, b; and bs. With the aid of
Corollary 11.6, we deduce that if the verifier in Figure 11.1 accepts with probability
|G|t + 4, there must be some nontrivial irreducible representation v of G such that

\E[xw (AU,G(f)AW(hb‘)b‘AW((hf] (fo nU=W)*1e)b2)”2)} ‘ >d 5. (11.8)

We now proceed by applying Fourier-inversion to v o Ay, and vy o Ay. More
precisely, we first apply Fourier-inversion to v o Ay, resulting in:

Lemma 11.25. Suppose that the verifier in Figure 11.1 accepts with probability
|G|7! + 4. Then there exists a nontrivial representation v of G such that

[tr (A(f) > d,(1—¢)! Tr(f}g (I, ®p(fo nU=W)))>} ‘ > dy0.

B
fUW "
pEH

where A =y 0 Ayg, H=G*"" and B(h) = Eye_1.11[(7 0 Aw)(h")"].

Proof. Since the verifier in Figure 11.1 accepts with probability |G|™! + & there
exists a nontrivial representation v of G such that the inequality (11.8) holds; we
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now fix that v and select a basis such that it is unitary. We proceed by expanding
the expectation in (11.8) in a Fourier series. We have that the expectation in (11.8)
is equal to

YA a() E b Aw (8] E [rw (717 077 e) )]

tr E
f.h,e, UW

To shorten the notation, we introduce the shorthands A = vy o Ay and

B =, B D(Aw®)")] = B [0 Aw)(H)]

where we used that y(g~1) = v(g) !. With these shorthands the expectation above
is equal to

tr M’EUW[A(]‘)B(h)B(h” (forW)le)] =

i B AW E[BOBG (for"") o))

We expand the inner expectation in its Fourier series. Since Ep, [B(h)B(h™!(f o
aUW)=le)] = E.[(B * B)((f o #%"W)~1e)], this is immediate:
Bl(B+B)(fon"") 1)) = 3 d, Tr (Bf, (L0, ® (o(f 07" E[p(eln)))-
peH
To compute E.[p(e™1)], note that

® (py(e(y)]))]— ® g)[py(e(y)’])],

€
yESATW yESATW

where the second equality follows since e(y) is selected independently for every y.
Now, E,y)lpy(e(y)~")] = L4, if p, is trivial; otherwise

L [py(e(y)fl)] = (1 =py(le) +¢ Elpy(9)] = (1 -,

where the last equality follows from Corollary 11.3. Hence E.[p(e™!)] = (1—€)I?/ T4 ;
when this is substituted into the above expression, (11.9) becomes

trE[A(f)B(h)B(h™'(f o n”") )] =

tr (A(f) > d, (1 (B2 (L, @ plf ow“W))))]. (11.9)

peH

E
f




132 Chapter 11. FEquations over finite groups

We will now see that for any fixed f, the terms in the resulting sum corresponding
to p with |p| > ¢ contribute very little.

Lemma 11.26. Let G be a finite group, V be a d,-dimensional vector space,
A(f) € End(V) be unitary, H be a power of G, and B: H — End(V) be skew-
symmetric. Furthermore, let B be such that for all h € H, B(h) is a convex
combination of unitary matrices. Then

tr (A(f) 3 dy(1 o)l Tr(Bf,(Idv ® p(f MUW)))> <d,(1—¢)° (11.10)

peH
lp|>c

for any positive real € and any positive integer ¢ > 0.

Corollary 11.27. Suppose that the verifier in Figure 11.1 accepts with probability
|G|~ + 4. Then, for any unitary v € G and any ¢ > [(logé — 1)/ log(1 —€)], where
logs are taken base 2,

LE (40 S a0 (B e g es ) )| < G
e

where A =y 0 Ay, H =G and B(h) = Eye(_1,13[((7 0 Aw)(h"))"]

Proof of Lemma 11.26. Note that, since by Lemma 11.14, B is skew-symmetric,
B is Hermitian by Lemma 11.9 and thus B2 is a symmetric real matrix. Since the

eigenvalues of A2 are the squares of the elgenvalues of A, Bf) has only non-negative

real eigenvalues, i.e., Bz is positive semidefinite. Hence, a direct application of
Lemma 11.20 bounds the left-hand side of (11.10) from above by

Z d,(1— e)‘p‘tréi.

pEH
lp|>c

By Lemma 11.19, the above expression can be bounded from above by

(1—¢)° Z dptrB?) =(1- 6)“‘51‘(2 deréi).

pEH pEH

By Plancherel’s equality (11.7), > d, TrB = (B * B)(1g) . We have that

peH

B B B
(B + \H| 2 B
heH

Since the product of unitary matrices is unitary, if follows that for any h, B(h)B(h™1)
is a convex combination of unitary matrices. By Lemma 11.18, [(B(h)B(h™1));;] <



11.5. The PCP 133

1. Hence (B % B)(1g) has entries of absolute value at most 1, and tr((B * B)(1g))
is at most d,. Thus

(1-€)°> dytr B} <d\(1—¢)°,

peH

which completes the proof. "

While we bound the terms corresponding to p with |p| > ¢ by a purely algebraic
argument, we bound the terms corresponding to p with |p| < ¢ by using them to
devise a strategy for the provers in the 2P1R game. Since this strategy has a success
probability that is independent of u, the number of repetitions in the 2P1R game,
we can then, in the standard fashion, select u in such a way that also the terms
corresponding to p with |p| < ¢ have to be upper bounded by d, /2.

Lemma 11.28. Suppose that for any nontrivial vy € G',

E [tr(A(f) Z d,(1—e)l?! Tr(Bi(Id7 ®p(fo7rU’W)))>} >n (11.11)

,UwW !
pEH

lpl<e

where A: G901} 5 End(V) is unitary and B: GSAT" — End(V) is a convex
combination of unitary matrices, V' is the vector space corresponding to -y, and
H = G5*™ _ Then there is a strategy for the provers in the 2P1R game with
success probability at least n*c™'|G|~°d;°.

Corollary 11.29. Let Ay,¢ and Ay be the tables in a Standard Written G-Proof
with parameter u corresponding to an at most u-satisfiable formula. Then, for any
unitary v € G,

‘f,(}JE,JW [u(A(f) Z d,(1 76)\9\Tr(1§§ (I, ®p(fo7rU’W)))>” < ‘%5 (11.12)
fi<e

where A =vo Ay g, H = GSATY and B(h) = Epeq_1,13[((v0) Aw (h*))?] provided
that u > [(2log ' +log c+clog|G|+4logd, +2)/log c;]] where ¢, is the constant
from Section 4.1.

Proof of Lemma 11.28. Expand A(f) using Fourier inversion (11.6). Then the left
hand side of (11.11) becomes

s {n(Z > dedy (1= T (A (T, 07(7 7)) T (B (1, ®p(fonU’W)))>}
e




134 Chapter 11. FEquations over finite groups

where F = G2 . If this expression is larger than 7, then there must be some index ¢
such that
Ui 2 Uw
L <LE <Z Y did Tr( (Io, @7(f )))I}(Bp(ld7®p(fon ))))J
reF peH v
lp|<c

(11.13)

We now fix this value of . By our notation for the index sets +(7) and i(p) and the
“projected” representation p7, from Section11.3.2,

<Tr(AT (Idv ®T(f1)))> - Z (AT)tn,kamn(f71)7 and

tk m,new(r)

(Tr(Bi(I,iw®p(f07rU’W)))) = Z (éi)mtppgp(f)

kt o peulp)

Z Z (Bp)ko,rq(Bp)rqﬂipp:)rp(f)-

o.p€L(p) q€i(p)
1<r<d,

Inserting these expressions into the right hand side of (11.13), we get

n

P T AT T
1<k<dy reF peH mneu(r)
1<r<d, |p|<co.p.a€e(p)

drdy (A intom (Bp)ko,ra(By)raip B[rmn () o5 (f UWH (11.14)

Focus now on the innermost expectation
E[run(f )05 (D] = Blrim 5o (£)] = (05, | T

By Lemma 5.17, this is zero unless 7 ~ p, where ~ is the relation defined in
Lemma 5.17. Hence (11.14) becomes

d, — ,W ! "
1<k<d, pEH reF mneu(r)
1<r<d, lol<c T~P 0,p,q€e(p)

Ao B Bo)rasn | o) [ (1119
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We now apply Cauchy Schwartz twice, first to the sum over k,r and then to the
remaining sums, to simplify the above expression further:

<Y BIYY XY

4
R 1<k<dy peH reF m,ne(r)
1<r<d, [p|<c T~P 0,p,q€L(p)

d-d, (Ar)tn,km (Bp)komq (Bp)rq,tp@go | Tam) F

< 2 (ZZ > drdp(Ar)m,kmﬂ(Bp),CmWF)

1<k<d, pEFI refF mmneu(r)
1<r<d, [p|<c T~P 0,p,q€L(p)

(ZZ Z d.dy|(B rq,tp2|<p;:o|rnm>ﬁ>].

peH reF mn€u(r)
[p|<c T~P 0,p,q€L(p)

T

(11.16)

'

We proceed by bounding the second factor above, i.e.,

Z Z Z dep|(Bp)rq,tp|2‘<pgo | Tnm)F|2

peH Tk m,neu(r)
[p|<c T~P 0,p,q€L(p)

= Z Z dp|(Bp)Tq,tp|2<Z Z d; | (Ppo | Tnm) F| ) (11.17)

peH P,9c€i(p) refFm,neu(r)
lpl<e T~p o o€L(p)

By equation (11.4) in Lemma 11.7,

Z Z dT|<P’£o | 7'nm) Z Z Ppol foﬂ'UW)‘ =1,
[Ial

reFm,neu(r) fEF ocu(p
o€ul(p)

where the last equality follows since p is written in a unitary basis and the in-
ner sum is therefore exactly one for every f. Regarding the rest of (11.17), note

that (B,)rq.tp = [H| ™' S pem Bri(h)pgp(h) = (Brt | p,) ) irs another application of
Lemma 11.7 therefore shows that

S Y Bl =Y D Bl pp)a \H|Z‘

pEH P.a€L(p) peH p,a€L(p) heH

where the inequality follows since B is a convex combination of unitary matrices
and therefore by Lemma 11.18 has entries with at most unit magnitude. Using the
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above bounds in (11.16) transforms that bound into

A J1) 5b b DR AL AR LRy

1<k<d, rel pe H mn€u(
1<r<r] TP ‘p‘<popq61(p)

D YN -H) S0 DR DIV [E BRY 2R

1<k<d, reF pe H m,n€u(r)
1<r<d, TP pl<c 0,9€L(p)

where the second inequality follows by summing over p in the innermost sum. To
conclude, there must be some k,r € {1,...,d,} such that

. R 2
{Z > Z d-d|(A t”7km|2(Bp)ko7rq2:| > |G7|]f~‘d6 : (11.18)

pEH reF mmneu v
|pl<c T~P o0,q€u(p )

We now describe the strategies for the provers in the 2P1R protocol. The index ¢
is independent of U and W and can be calculated by the provers in advance. Also
the values of & and r mentioned above can be calculated in advance.

Upon receiving W, P, first picks p € H with probability

Z d| korq‘2
0,q€L(p)
This is a well-defined procedure since
S 5 e = X B <1
pEH 0,0€1(p) heH

If the sum is < 1, P; takes some arbitrary action with the remaining probability.
Having selected p, P; then returns a random y such that p, is nontrivial. If no
such y exists—this happens only if p is trivial—P; gives up.

Upon receiving U, P, picks 7 € F with probability

Z d | fnkm‘

n,meu(r)

This is a well-defined procedure since
Z Z d | fnkm| |F|Z|A”€‘ ‘2<1
rekn,méeur) feF

Again, if the sum is < 1, P, takes some arbitrary action with the remaining prob-
ability. Then P, picks a random z such that 7, is nontrivial and returns this = as
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its answers. This is always possible since A, is nonzero only for nontrivial 7 by
Lemma 4.10.

To give a lower bound on the success rate of this strategy, we argue that there
are many choices of the provers that make the verifier accept: Specifically, suppose
that P; picks p and P, picks 7 such that 7 ~ p. If P, returns z', then there must be
some y' € 7 !(z') such that p, is nontrivial. The probability of P, picking this y’
is at least |[p|!. Hence the probability of success is at least

d'rdp|(14-r)tn,km|2‘(Bp)ko,rq‘2 772
5T Y >

b ref mmei(r) z
[p|<c T~P o0,q€u(p)

where the inequality follows from the bound (11.18). .

Finally, we put together these two parts and establish the soundness of the verifier.

Lemma 11.30. For any constants § > 0 and 0 < € < 1, there is a choice of the
parameters ¢ and « such that the soundness of the PCP in Fig. 11.1 is at most
|G~ + 6.

Proof. Suppose for contradiction that ¢ is at most u-satisfiable and there is a proof
which the verifier accepts with probability |G|~' + 6. By Lemma 11.25, for this
proof, there is a nontrivial irreducible representation v of G such that

E [tr(A(f) Z d,(1—¢)l?! Tr(Bi(Idv ® p(f o n)))ﬂ ‘ > d,0.

L,UwW
pEH

where A =vo0 Ay g, H = GSAT" and B(h) = Eyeq—113l(v 0 Aw (h?))?]. However,
by selecting constants ¢ > [(logd — 1)/log(l — €)] and u > [(2logd ! + loge +
clog|G| + 4logd, +2)/logc; '], Corollaries 11.27 and 11.29 show that

.. d~ o
B30 X - (B 1 s trem)) ][ <5
pEH
[p|>c
E A d,(1— )Pl Tr(B2(I el
LB (A X a1 - P T (B (I, @ p(Fom) ) || < 55
pEH
lpl<e
which is a contradiction. =

11.6 Hardness of approximating EQé[3]

We now apply this PCP to obtain hardness results for approximating systems of
equations over G.
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Theorem 11.31. For any finite group G and any constant € > 0, it is NP-hard
to approximate EQg;[3] to within |G| — e.

Proof. By Lemma 11.24 and Lemma 11.30 for any constants € > 0 and 4 > 0 it
is possible to choose the parameters of the verifier in Figure 11.1 such that it is
NP-hard to distinguish between the case that there is a proof which the verifier
accepts with probability 1 — ¢, and the case that there is no proof which is accepted
with probability more than |G|™' + 4.

Now we create a system of equations in the obvious way; the variables correspond
to the positions in the proofs, and we add an equation for each random string
corresponding to the test made for this random string. It can be shown that the
instance so obtained contains 4(5n)%|G|>" (|G|? /€)™ equations, which is polynomial
in n if u, |G| and € are constants. One may think that the equations would always
be of the form zy‘z7 = 1g, where i,j € {1,—1}, but this is not the case due to
folding over G and in general an equation is of the form gry’z/ = 14, where g is
a group constant. There is also a technicality in that there is a small probability
that h = h='(f o m)~'e in the protocol, and thus a variable can occur more than
once. But since this happens with very small probability, such equations may be
omitted from the instance. Hence we may construct instances of EQg[3] in which
it is hard to distinguish between the case that 1 — € of all equations are satisfiable,
and the case that at most |G|~ +§ of all equations are satisfiable, which completes
the proof. "

11.7 Conclusions and open problem

An interesting question is that of satisfiable instances. Some problems, such as
E3-Sat, retain their inapproximability properties even when restricted to satisfi-
able instances. This is not the case for EQ[k] when G is a finite Abelian group,
since if such a system is satisfiable a solution may be found essentially by Gaus-
sian elimination. However, when G is non-Abelian, deciding whether a system of
equations over G is satisfiable is NP-complete [22], so it seems reasonable that the
problem over non-Abelian groups retains some hardness of approximation for sat-
isfiable instances. However, the following simple argument shows that we can not
hope, even for the non-Abelian groups, for a lower bound of |G|~! + 6: Given an
instance o of EQg[k] over some non-Abelian group G, we construct an instance o’
over EQ},[k], where H = G/G' and G’ is the commutator subgroup of G, i.e., the
subgroup generated by the elements {g 'h~1gh: g, h € G}. The instance ¢’ is the
same as o, except that all group constants are replaced by their equivalence class
in G/G'. Now since H is an Abelian group, we can solve over H. The solution is
an assignment of cosets to the variables. We then construct a random solution of
x by for each variable choosing a random element in the corresponding coset. Now
the value of the left hand side of each equation will be uniformly distributed in the
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coset of the right hand side, and thus we will satisfy an expected fraction |G'| ™! of
all equations.
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Chapter 12

Concluding remarks

We have studied several combinatorial optimization problems and proved lower
bounds on their approximability by constructing special purpose probabilistic proof
systems, further establishing the power of PCPs to get strong inapproximability
results. We analyzed these PCPs using the discrete Fourier transform.

What are the limitations of these techniques? Can we come up with new gen-
eral techniques for proving NP-hardness of approximation other than constructing
special purpose PCPs? And can we come up with new methods of constructing
and analyzing PCPs?

It turns out that for some problems one can actually prove that PCPs in some
sense are necessary. More precisely, one can prove that an NP-hardness of ap-
proximation result is equivalent to the existence of a PCP with certain parameters.
For constraint satisfaction problems such as Maximum E3-Lin-2 or E3-Sat such a
reverse connection holds almost trivially. It was also established by Bellare et al. [5]
that the reverse connection holds for the Maximum Clique problem as well.

For many problems it is not known whether PCPs are necessary, and even for
the problems where an inapproximability result implies the existence of a PCP,
there might be an easier route to the inapproximability result than explicitly con-
structing the PCP. Thus is makes sense to search for other general methods of
proving hardness of approximation.

A possible step in this direction was recently suggested by Feige [17], who proved
a connection between the average case complexity of refuting CNF-formulas and
lower bounds for several problems for which there currently are no NP-hardness of
approximation results, among them Minimum Bisection. To turn these results into
NP-hardness of approximation results would require a strong connection between
worst case complexity and average complexity to be proven, however, and this seems
to be far beyond us at present.

The PCPs which we have constructed in this thesis were analyzed using the
discrete Fourier transform, a technique introduced by Hastad [27, 28]. Up until
recently, this was essentially the only available tool to analyze the kind of PCPs
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which we construct. However, Dinur and Safra [10], proving an improved lower
bound for Minimum Vertex Cover, introduced combinatorial techniques which ap-
pears to open up new possibilities. Extensions of their techniques have already
been used to get improved lower bounds for Minimum Vertex Cover on k-uniform
hypergraphs [8], and for proving NP-hardness of coloring two-colorable 3-uniform
hypergraphs with a constant number of colors [9]. Hopefully the techniques of
Dinur and Safra can be applied to many other problems as well.

Let us finish with some intriguing open problems, whose solution will probably
require significant new ideas.

Prove or disprove:

e For all £ > 2, Minimum Ek-Vertex Cover is NP-hard to approximate within
a factor k —e.

e Minimum Bisection is NP-hard to approximate within any constant.

e It is NP-hard to color a three-colorable graph with any constant number of
colors.

Our conjecture is that the three statements above are true.
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