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Abstract

We present WalkQSAT, a solver for Quantified
Boolean Formulae (QBFs) which makes use of
stochastic local search. It is structured as two com-
ponents, one of which controls the QBF search
while the other is a slightly adapted version of the
classic SAT local search procedure WalkSAT. The
WalkSAT component has no knowledge of QBF,
and simply solves a sequence of SAT instances
passed to it by the QBF component. This means
that any standard SAT solver, including complete
methods, could also be used after minor adapta-
tions. We show that WalkQSAT can outperform
QuBE-BJ on some instances, and often outper-
forms our own direct QBF solver, suggesting that
with more efficient implementation it would be a
very competitive solver. WalkQSAT is an inher-
ently incomplete QBF solver, but still solves many
unsatisfiable instances as well as satisfiable ones.
We also study run-time distributions of WalkQSAT
distributions, and investigate the possibility of tun-
ing WalkSAT’s heuristics for use in QBFs.

1 Introduction
Stochastic local search methods are an area of continuing in-
terest in the satisfiability (SAT) community. While not guar-
anteed to return a solution (nor to determine unsatisfiabil-
ity), they can often be more effective than complete meth-
ods, as they are not restricted by the need to cover the entire
search space systematically. It is natural to wonder if stochas-
tic methods can be applied to Quantified Boolean Formulae
(QBF) problems. QBF is a generalisation of SAT with ap-
plications in areas such as hardware verification, planning,
and games. Variables in a QBF instance can be either exis-
tentially or universally quantified. Put simply, with details to
follow below, a QBF problem is satisfiable if the existential
variables can be set to satisfy the instance, in SAT terms, for
all possible instantiations of the universal variables.

Unfortunately, the application of stochastic local search
methods to QBF is problematic. The most pressing problem
is that individual search states are not simply assignmentsof
variables to the two truth values. Instead, the most natural
representation of a search state is as a strategy, defining the

values of the existential variables for each possible valueof
the universals. However this is an infeasibly large object ex-
cept where there are a very small number of universal vari-
ables. There are serious reasons why we should want to
exploit the power of local search techniques in a QBF solver.
Search in a QBF is a search for very many satisfying assign-
ments for a variety of very closely related SAT instances. Not
only can stochastic local search often perform these searches
very fast, they can naturally take advantage of solutions to
previous instances as starting points for the current search.

Our approach here is to use WalkSAT[Selman and Kautz,
1993] as an adjunct to a special purpose QBF solver. Our in-
complete solver, called WalkQSAT, is structured as a collab-
oration between two components. The QBF engine performs
a backjumping search, while WalkSAT is used as an auxil-
iary search procedure to find satisfying assignments quickly.
WalkQSAT has the following properties. If it returns True (T )
or False (F ) given an instance, that instance is guarenteed
to be true or false respectively. If it returns Unknown (U ),
then the truth or falsity of the instance could not be verified
within the given constraints. WalkQSAT is naturally more
likely to return successfully on true instances, given thatfalse
instances are more likely to contain more false leaf nodes,
but some false instances can be solved nevertheless. As we
will see, WalkQSAT can outperform state-of-the-art solvers
on some instances.

2 Background
A QBF is presented as a Boolean formula in conjunctive nor-
mal form (CNF) with a prefix of quantifiers. More for-
mally, a QBF is of the formQ = QF where the prefix
Q = q1x1q2x2 . . . qnxn is a sequence of pairs of quantifiers
qi ∈ {∀, ∃} and propositional variablesxi, andF is a propo-
sitional formula in CNF. A CNF formula is a conjunction of
clauses; each clause is a disjunction of literals, and each lit-
eral is a propositional variable in negated or unnegated form.
Within the prefixQ every variable inF is quantified exactly
once by either an existential or universal quantifier. These
variables are then known as existentials and universals re-
spectively.

The satisfaction of the CNF partF of a QBF is defined just
as in SAT, i.e. if every clause contains a true literal. However,
the QBF is only satisfied if appropriate values can be given
to the existentials to allowF to be satisfied for any values of



the universals. For this, the order of variables in the prefix
is critical. We can define the truth of a QBF recursively. A
QBF Q with an empty prefix is true iff its CNF partF is
satisfied. IfQ has a non empty prefix, there are two cases. A
QBF ∃x1Q1 is true iff eitherQ1[x1 := T ] or Q1[x1 := F ]
is true; while a QBF∀x1Q1 is true iff bothQ1[x1 := T ] and
Q1[x1 := F ] are true.

2.1 Stochastic Local Search for SAT
Stochastic Local Search (SLS) algorithms for satisfiability
(SAT) attempt to solve a given CNF formulaF by iteratively
changing, or flipping, the value assigned to variables inF
such that the number of clauses that remain unsatisfied by
the assignment is minimised. The selection of the variale
to be flipped in each search step is typically performed us-
ing a randomised greedy mechanism. The WalkSAT family
[Selman and Kautz, 1993; McAllesteret al., 1997] comprises
some of the the most widely studied and best-performing SLS
algorithms for SAT; it is based on a randomised greedy lo-
cal search procedure that flips a variable from an unsatisfied
clause in each search step.

SLS-based solvers for SAT are typically incomplete, i.e.,
they cannot determine the unsatisfiability of a given formula,
but may find a satisfying assignment, if it exists, rather effi-
ciently. Thus, applied to an unsatisfiable formula, they will
eventually terminate and return Unknown. For satisfiable for-
mulae, True is returned (along with the respective assign-
ment) if a satisfying asssignment is found within the given
resource limits and Unknown is returned otherwise.

2.2 Backtrack Search for QBFs
A QBF is vacuously true if it consists of an empty set of
clauses. It is vacuously false if the set of clauses contains
either a clause with no literals (empty clause) or a clause with
only universal literals (all universal clause). An all universal
clause cannot be satisfied since the clause must be true for all
assignments to the universals and so it will be empty if all the
literals are assigned false.

If a variable is assigned true, any clause containing the lit-
eral of the variable with the positive sign can be removed, and
the variable can be removed from any clause containing the
literal of the variable with the negative sign. Additionally, the
variable can be removed from its quantifier and empty quan-
tifiers can be removed. In a backtrack search, variables are
assigned in turn until the QBF is vacuously true or vacuously
false. If true (respectively false), the variables are thenunas-
signed until a universal (respectively existential) assignment
is undone. The assignment is then reversed and the variables
are again assigned until a true or false leaf is found and the
process is repeated.

A unit clause is a clause that contains only one literal. This
literal must be assigned true for a path to a solution node, oth-
erwise the clause will be empty. A single existential clauseis
a clause that contains only one existential literal and in which
all universal literals are quantified further right in the prefix
than the existential. The existential literal must be assigned
true because if it is assigned false the clause will become all
universal and thus unsatisfied. A pure literal is found when
every occurence of a literal within the set of clauses has the
same sign. An existential pure literal can be assigned true.If

Figure 1: The possible branching and return values for CSBJ.
In the first column the second branch is not tried since the
first branch yields enough information.

we find a false leaf node then we can be sure that we could
have done no better in assigning the literal false, and so back-
tracking is unnecessary on the variable. A universal pure lit-
eral can be assigned false. If we find a true leaf node then we
can be sure that we would have done no worse in assigning
the pure literal true, and so again, no backtracking is required.

Conflict and Solution Directed Backjumping (CSBJ) for
QBFs[Guinchigliaet al., 2001b] reduces the number of back-
tracks performed. This is done by calculating either a conflict
set or a solution set. A conflict set is a set of existential vari-
ables that caused the conflict, i.e. the empty or all universal
clause. A solution set is a set of universal variables such that
all clauses not satisfied by the current existential assignment
are satisfied by at least one of the universal variables. On re-
turning to a existential branch point (in the case of a conflict),
or a universal branch point (in the case of a solution), a back-
track need only be performed if the variable assigned at the
branch point is in the set. This technique has been shown to
be useful in the solving of QBFs[Guinchigliaet al., 2001a],
in particular on random instances with three or more quan-
tifiers, and on ‘real world’ instances. The cover set used in
solution directed backjumping is not unique[Zhang and Ma-
lik, 2002]. It is important that a small cover set is chosen,
to reduce the number of universal backtrack points.

Finally, we mention the Trivial Truth method[Cadoliet al.,
1998]. This is a method for using a SAT algorithm within a
QBF solver. With this technique a counterpartE to the QBF
Q is kept whereE is the same asQ, but with the universals
removed. If a solution toE can be found after a variable
assignment is made, this can be used as a solution for this
variable assignment. If no solution is found, the results are
discarded.

3 WalkQSAT
WalkQSAT is in essence an implementation of Conflict- and
Solution-directed backjumping (CSBJ) in QBF. However, it
uses an auxiliary stochastic SAT solver, WalkSAT, to guide
its search. WalkSAT is used to solve the current reduced
QBF instance viewed purely as a SAT problem, i.e. pretend-
ing each universal variable to be existential. This solution is
used to set the values of variables in the CSBJ search. This
has two consequences. First, it is possible for WalkSAT to
fail to find a solution, either because there is none or because
WalkSAT times out. This leads to the inherent incomplete-
ness of WalkQSAT. The second consequence is more positive.
Where WalkSAT finds a satisfying assignment, this guaran-
tees that the next leaf node in the search tree will be satisfied,
without backtracking. Thus WalkSAT is being used for



Figure 2: The additional branching and return values for
WalkQSAT. Note how the solver recovers in the last column.

WalkQSAT(Q,MaxFlips,p)
Q = Propagate(Q)
If Q vacuously trueReturn (SolutionSet(Q),T )
ElseIf Q vacuously falseReturn (ConflictSet(Q),F )
a := array of current assignments
w := WalkSAT(Q,MaxFlips,p,a)
If w = T Return QSearch(Q, MaxFlips,p,a)
ElseIf w = F Return (ConflictSet(Q),F )
Else Return (∅,U )

QSearch(Q, MaxFlips,p,a)
Q := Propagate(Q)
If Q is vacuously trueReturn (SolutionSet(Q),T )
ElseIf Q is vacuously falseReturn (ConflictSet(Q),F )
v := variable in outermost quantifier
Q := Q[v := a[v]]; and callFix(v, a[v])
(s1, r1) := QSearch(Q, MaxFlips,p,a)
Q := UnPropagate(Q, v)
Unassignv in Q and callRelease(v)
If (v ∈ ∃ and r1 = T ) or (v ∈ ∀ and r1 = F )

or (v /∈ s1 and r1 6= U)
Return r1

Else
Q := Q[v := a[v]]; and callFix(v, a[v])
(s2, r2) := WalkQSAT(Q,MaxFlips,p)
Q := UnPropagate(Q, v)
Unassignv in Q and callRelease(v)
If (v ∈ ∃ and r2 = T ) or (v ∈ ∀ and r2 = F )
or (v /∈ s2 and r2 6= U)

Return r2

Else
If (r1 = T and r2 = T )

or (r1 = F and r2 = F )
Return (s1 ∪ s2 − {v}, r1)

Else Return(∅,U )

Figure 3: The WalkQSAT algorithm and its QSearch subrou-
tine. True is represented asT , False asF and Unknown as
U . ∃ and∀ are respectively the sets of all existential and uni-
versal variables inQ. MaxFlips andp are standard WalkSAT
parameters,p being the noise, whilea is a boolean array for
the return of the satisfying assignment found by WalkSAT.
The call to WalkSAT returnsT , F or U . The function Prop-
agate assigns any unit and single existential clauses and pure
literals appropriately, and callsFix for each assignment made.
Unpropagate reverses these assignments and callsRelease for
each assignment reversed. SolutionSet and ConflictSet calcu-
late the appropriate sets.

more than purely heuristic guidance. From a satisfied leaf
node found this way, we continue as CSBJ normally would.
That is, we backjump to the most recent universal variable in
the solution set. After taking the right branch, WalkSAT is
called to determine the next path to take to a true leaf.

It is straightforward to deal with the case that WalkSAT
fails to solve an instance. When WalkSAT times out, it re-
turns the valueU for unknown. No further attempt is made to
solve the corresponding node in the CSBJ search, but Figure
2 shows the additional possibilities and the associated return
states allowing for Unknown values at nodes in the tree. If an
U is returned on the first branch, WalkQSAT always tries the
second branch, sometimes being able to determine the result.
If not, U is passed back up the tree.

It might seem that it is impossible for WalkQSAT ever to
determine the falsity of a QBF instance, as WalkSAT can-
not determine unsatisfiability of SAT instances. However,
as any CSBJ algorithm does, WalkQSAT implements single-
existential propagation, which can lead to a contradiction.
From this a conflict set can be calculated for backjumping,
and if the root of the tree is ever backjumped to, the prob-
lem has been proved false. Thus, with QBFs, we encounter a
different kind of incompleteness to that of WalkSAT. Specif-
ically: if False is returned, the problem is definitely false; if
True is returned, the problem is definitely true; but the solver
can still return Unknown if no proof is found. In practice,
we found that WalkQSAT was often able to determine falsity
of QBF instances. For this, the use of conflict-directed back-
jumping is a help, as an unknown value returned at a node not
in the conflict set does not prevent falsity being proved.

The key issue in design and implementation was to keep
WalkSAT and WalkQSAT in step. At any node in its search
tree, WalkQSAT needs to get a satisfying assignment for the
current settings of variables. So we cannot let WalkSAT con-
tinue solving the original instance of the QBF viewed as a
SAT problem. Instead, we tell WalkSAT each time a vari-
able is set, via an interface callFix(variable, value). We
implemented a variant of WalkSAT in which fixed variables
could not be changed. After each variable is set either by
branching or propagation,Fix is called. This means that
whenever WalkQSAT calls on WalkSAT, the SAT search is
only on variables free at this node in the search tree. When
WalkQSAT backtracks over a fixed variable, a corresponding
Release(variable) call is made. This results in two data struc-
tures being maintained to keep the current search state, one
of which is a data structure optimised for efficient complete
search, while the other is optimised for efficient local search.

One aspect of WalkSAT we found to affect performance
was the starting position of its second and later searches. In-
stead of a random position each time, we found it much more
effective to start the search from the last assignment visited
during the previous search, except for changes forced byFix
calls. This is natural, as often there will be relatively fewFix
calls between calls to WalkSAT, so a solution at the last node
is likely to be a near-solution at the next node.

Figure 3 shows pseudocode for WalkQSAT. Note that
WalkSAT is only an example of a solver that could be used:
any SAT solver can be used as long as it implements the inter-
face defined here, and that it never returns an incorrect value.



While in this paper we restrict ourselves to the use of Walk-
SAT, it will be interesting to see if other SAT solvers can per-
form well in this framework.1

4 Experimental Methodology
To test WalkQSAT experimentally, we need both a good
set of benchmark instances, and a good methodology which
gives a fair understanding of WalkQSAT with respect to
the state of the art. To compare against the state of the
art, we compare results with the complete solver QuBE-BJ
[Guinchiglia et al., 2001b]. We chose this because, like
WalkQSAT, it is a backjumping algorithm and so makes
for a good comparison. We undertook benchmark tests
on both random and structured problems. The latter came
from QBFLib (http://www.mrg.dist.unige.it/QBFLIB/), and
we used as many instances as time permitted, using a selec-
tion of both true and false instances.

For randomised instances, we used Gent and Walsh’s
Model A [Gent and Walsh, 1999], because it is used many
times in previous literature and is well understood. The pa-
rameters used were 20 variables per quantifier, 4 quantifier al-
ternations with the universal outermost, 5 variables per clause
and a number of clauses from 25 to 450 in steps of 25.

WalkQSAT has a number of parameters that must be set for
each run. These affect how the search performed by WalkSAT
is carried out. In particular, there is the MaxFlips parameter,
which is the number of flips WalkSAT will perform before re-
turningU , and the noise parameterp which affects the level
of randomisation vs. hill-climbing. The setting of MaxFlips
affects performance in QBF because there is a tradeoff be-
tween allowing WalkSAT enough time to solve each instance
and spending too much time in wasted searches. Many of
the tested subinstances will be unsatisfiable, and extra flips
are entirely wasted. The noise parameter is often be criti-
cal for application of WalkSAT, and the default value of 0.5
sometimes gives very poor performance. To set these param-
eters to poor values could give an unduly bad impression of
how WalkQSAT performs. On the other hand, to optimise
performance on all instances would give an unduly good im-
pression: in practice we cannot optimise parameters when
presented with an instance that needs to be solved just once.

To resolve this dilemma, we follow a practice suggested by
Hoos[Hoos, 1998], of performing a coarse optimisation on a
small subset of the instances. To this end, we varied MaxFlips
from 1 × n to 50 × n, wheren is the number of variables in
the instance, and noise from0 to 0.75 on a random instance
and an individual structured instance. In neither case did per-
formance seem particularly sensitive to the settings of these
parameters. We saw that settings of10×n and0.5 gave good
performance in both cases, and we use these values in all ex-
periments we report for WalkQSAT in this paper.

Since WalkQSAT is a randomised procedure, through its
use of WalkSAT, data from an individual run could be mis-
leading. Instead we are interested in the entire distribution of
data from a number of runs. Throughout this paper we report

1This is why we deal correctly the possibility of WalkSAT re-
turning F in our pseudocode: while WalkSAT can never returnF ,
other SAT solvers can.
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Figure 4: Phase transition for various algorithms on random
problems from Model A.

results on 100 runs of WalkQSAT on each instance we test.
The only exceptions are those that QuBE-BJ failed to solve
in 1 hour cpu on a 1GHz PC: for these we tested WalkQSAT
in only 25 tries of 1 hour each, which in all cases failed and
for which we report no further results.

For all the experiments, we used the Novelty+ variant of
WalkSAT [Hoos, 1998]. This variant has been shown to per-
form very well on many SAT problems, but it is left as fur-
ther work to examine the performance of other variants in
WalkQSAT.

5 Experimental Results
WalkQSAT was compared to QuBE-BJ and QuBE-BJ with
trivial truth. Figure 4 shows the phase transition commonly
observed for random problems. WalkQSAT performs well
here compared to QuBE-BJ but does not often outperform
QuBE-BJ with trivial truth, although often gives the same
performance at the 10-percentile range. It is conjectured that
where WalkQSAT performs the same as QuBE-BJ with trivial
truth WalkQSAT finds the same assignments that trivial truth
makes, and so solves the QBF without the use of universals.

This last point can be seen even more clearly in figures
5 where the 10-percentile errorbar extends to the same run
time as QuBE-BJ with trivial truth on some instances. This
figure also shows how WalkQSAT can outperform QuBE-BJ
without trivial truth, even on false instances, which we find
surprising.

The performance of WalkQSAT on structured instances is
demonstrated by figure 6. Here, WalkQSAT only performs
better than QuBE-BJ near the 10-percentile and only on a
few problems. There are some problems on which there is
very litte variation in the run time of WalkQSAT for all the
instances in some sets of structured problems, as shown by
diagonal lines of points where the errorbars are not visible
(these are the CHAIN instances). WalkQSAT does better
when compared to QuBE-BJ with trivial truth, which shows
that WalkQSAT is not the same as backjumping with trivial
truth. WalkQSAT outperforms QuBE-BJ on 63 runs on 12
different instances, and QuBE-BJ with trivial truth on 70 on
11 different instances, out of the 65 instances we tested.
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In order to understand the run-time behaviour of
WalkQSAT in more detail, we studied run-time distribu-
tions (RTDs) for individual problem instances following the
methodology by Hoos and Stützle[Hoos and Stützle, 2000].
Since WalkQSAT, like WalkSAT, is a stochastic algorithm,
when applied to the same instance, its run-time will vary
stochastically. It is known that for WalkSAT, if sufficiently
high noise parameter settings are used, the RTDs are well
approximated by exponential distributions[Hoos, 1998]. As
can be seen in figure 7, this is not the case for WalkQSAT.
Although considerable variability in run-time can typically be
observed, the right tail of the RTDs tends to be much skinnier,
indicating that the probability of very long runs (comparedto
the average or median run-time) is very small. Interestingly,
this appears to hold for satisfiable and unsatisfiable, random
and structured instances. It implies that, different from sev-
eral state-of-the art randomised systematic search algorithms
for SAT, simple restarting strategies will not improve the per-
formance of the algorithm.

We also note that when measuring only the total number of
WalkSAT steps, we obtain run-length distributions that have
substantially higher variability. But as can be seen from our
RTD results, this large amount of variability present in the
WalkSAT runs is reduced, rather than amplified when Walk-
SAT is used within the CSBJ framework.

6 A WalkSAT heuristic for QBF
The objective function of WalkSAT is usually the number of
unsatisfied clauses,u. To help reduce the number of universal
variables assigned, and so help solution directed backjump-
ing, we alter the objective function of WalkSAT to beαu+βe,
wheree is the number of satisfied clauses not satisfied by an
existential. This gives us two parameters to tune,α andβ.
Since the important factor isα/β, α is set at 10, andβ is
varied.

It is found that on Rintanen’s impl set of problems from
QBFLIB, a value ofβ > 0 provides some significant im-
provements in run time. For example, on impl14, the median
run time was 18.1 seconds withβ = 0 and 2.07 seconds with
β = 1. With increasing values of beta, the median run time
does not vary greatly e.g. withβ = 1000, the median run



time is 2.13 seconds.
Futher analysis shows that QuBE-BJ with trivial truth is

more effective on these instances than without trivial truth.
This is observed in figure 6 as a set of points that appear below
the diagonal representing the impl problems. The reasoning
for the effectiveness ofβ on these problems is therefore likely
to be thatβ > 0 makes WalkSAT behave more like trivial
truth. Whilst this is the case, it has also been observed that
β > 0 on other problems has no effect; this suggests that it is
safe to use a high value ofβ just in case trivial truth helps on
these problem. This is done with the risk that with increasing
values ofβ, the time spent by WalkSAT in optimising the
solutions may be better spent elsewhere and may result in
WalkSAT not finding a solution at all.

7 Related Work
There has been an increase in interest in solving QBFs in re-
cent years, starting with the introduction of a backtracking
algorithm[Cadoliet al., 1998], followed by its application to
planning problems translated to QBF[Rintanen, 1999]. The
next big step was the introduction of backjumping for QBF
[Guinchiglia et al., 2001b], in particular solution directed
backjumping, which lead to significant improvements in run-
time. This gave rise to the next logical step of learning in QBF
solvers[Guinchiglia et al., 2002; Zhang and Malik, 2002;
Letz, 2002], which provided improvements on some prob-
lems, whilst making others worse.

The WalkSAT algorithm family[Selman and Kautz, 1993;
McAllester et al., 1997; Hoos and Stützle, 2000] comprises
some of the most widely studied and best-performing SLS al-
gorithms for SAT. WalkSAT/SKC, the WalkSAT variant used
in WalkQSAT, was proposed in[Selman and Kautz, 1993].

Some interest in QBF has been on translation of QBF into
SAT [Plaistedet al., 2003; Rintanen, 2001]. This is naturally
exponential in space, but the resultant SAT problem can be
given to any SAT solver, including WalkSAT and other SLS
solvers. To our best knowledge, WalkQSAT is the first QBF
solver using SLS, except in this trivial sense.

8 Conclusions and Future Work
In this paper, we introduced WalkQSAT, a new QBF solver
that combines Conflict and Solution Directed Backjump-
ing (CSBJ) with a Stochastic Local Search procedure. We
presented empirical evidence indicating that WalkQSAT, al-
though an inherently incomplete algorithm, in most cases
is able to correctly determine the satisfiability of a given
QBF, and in some cases correctly determines unsatisfiability.
(Like incomplete SLS algorithms for SAT and other prob-
lems, by design, WalkQSAT never gives an incorrect result,
but may return “Unknown”.) Although our implementation
of WalkQSAT is not optimised for efficiency, it can solve sev-
eral of the tested benchmark instances faster than QuBE, a
state-of-the-art QBF solver based on CSBJ. Our local imple-
mentation of CSBJ is based on the same library as WalkQSAT
and is known to be less efficient than QuBE. Improving this
library should help to provide even better results.

A key issue in solution-directed backjumping is obtaining
solutions which use only a small number of universal vari-

ables, minimizing the size of the solution sets. We have
started to help in this by providing a modification of the ob-
jective function of WalkSAT, which helps on some instances.
However, when WalkQSAT finds a solution quickly, it may
be worth continuing search to see if a better solution can
be found, involving fewer universals. This could be seen
as a solution-directed version of Schiex’s ‘stubbornness’for
conflict-directed backjumping[Schiex and Verfaillie, 1994].
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