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Summary. The linear measurement error model is an alternative to the classical
regression model, in which we assume that the independent variables are subject to
error. This assumption can cause statistical inferences and parameter estimators to
differ dramatically from those obtained from the classical regression model. How-
ever, inferences may remain unchanged even though the independent variables are
assumed to be subject to error. This paper investigates the invariance property of
score tests for assessing heteroscedasticity, first-order autoregressive disturbance, and
the need for a Box-Cox power transformation. Under specific constraints, we show
that the score tests for measurement error models are the same as the corresponding
well-established tests derived from classical regression models. We also discuss some

possible generalizations.
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1. Introduction

In past decades, measurement error (errors-in-variables) models have received great
attention. Many of the early results are summarized in Fuller (1987), and updated
results of linear and nonlinear measurement error models can be found in Cheng and
Van Ness (1999) and Carroll et al. (1995). However, there are only a few articles
investigating statistical inference in measurement error models, while the parame-

ter estimators, predictions, interval estimations, and hypothesis tests associated with



classical regression models have been well established both theoretically and compu-
tationally. Due to the complexity resulting from the presence of measurement error,
it is important and natural to consider whether we can adopt directly these estab-
lished results when the true model is subject to measurement errors. It is known that
ignoring measurement error can cause misleading results, such as bias and inconsis-
tency in parameter estimation (see Cheng and Van Ness, 1999, p. 11 and p. 22). On
the other hand, Fuller (1987, p. 74) and Cheng and Van Ness (1999, p. 70) showed
that both least squares estimators and the maximum likelihood estimators obtained
from the classical linear regression model (see 1.1 below) and the measurement errors
model (see 1.1-1.2 below) lead to the same predictor. This finding, although admit-
tedly uncommon, motivates us to study the invariance property of score tests for
assessing heteroscedasticity, first-order autocorrelation and the necessity for Box-Cox
transformation in the linear measurement error model.

The classical linear regression model can be described as

yi:ﬁ0+ﬂ,€i+6ia (izla"'an)a (11)

where 3 and &, are p x 1 vectors, and the ¢; are random errors. If the independent
variables &, cannot be observed directly, and the observed independent variable x; is

the true value &; plus some random measurement error d;:
XZ:€Z+617 (z:l,,n), (12)

then the model (1.1)-(1.2) is called a measurement error (errors-in- variables) model.
The underlying predictors €, can be regarded as fixed unknown parameters (a func-
tional model) or as independent, identically distributed random variables (a structural
model). Hereafter we will assume the structural model type, that &,,d;, and ¢; are
independent, identically distributed normal random variables, and that ¢; and d; have
zero mean and a covariance matrix of
o2
7 2]
In addition, we assume that (&;, 8;') and §; are independent for all 7 and j. Note that

when normality is assumed, the parameters 3y and B are not identifiable. Hence,



we adopt the common identifiability assumption that 3ss5 is known (Fuller 1987,
Chapter 2). The model given by (1.1)-(1.2) is usually called a (structural) error-in-
the-equation model when the last assumption is adopted, because the error €; may be
the combination of measurement error and the equation error (Fuller, 1987, Section
2.2; Cheng and Van Ness, 1999, Section 1.5 and Gleser, 1992). It is this type of model
that we will consider in this paper.

In the section that follows we will use Gleser’s (1992) approach to reduce the
complexity of the log-likelihood expression for model (1.1)-(1.2). In Section 3 we
obtain score tests (Cox and Hinkley, 1974) for examining heteroscedasticity, first order
autocorrelation, and the need for a Box-Cox power transformation in the measurement
error model. Except for two constraints, which are satisfied when the sample size is
large, these tests are the same as their analogues for classical regression models.
Section 4 gives our concluding remarks on the invariance of the score test to the

measurement error.

2. Model Structure and Parameter Estimators

The usual form of the log-likelihood function for (1.1)-(1.2), based on the observed
data (x1',41),- "+, (Xa', yn), is complicated. To simplify our analysis we thus adopt
Gleser’s (1992) approach in order to obtain an alternative expression for this function.

Let
yi:ﬁg+/3*lxi+5:7 (7::17"'777’)7 (2'1)

where 35 = 6o+ B (L, — A, B =AB, =064 - (1, - AN)p—-Ax}+e,
p = E¢; = Ex;, I, is the identity matrix, A = 2! 5 = (Sge + Z55) ' Bee, which
is called the reliability matriz by Gleser (1992), and X, and X are the covariance
matrices of x; and &;, respectively. Further, £} are independent, identically distributed
normal random variables with mean zero and variance 0? = B'35A08 + o2 for i =
1,---,n, and £} is independent of x;. In addition, let h be the density function of £*,

and g(x) be the density function of x with mean g and covariance X + 355. Then,



applying Cheng and Van Ness’s (1999, p. 138) result, f(x,y) = g(x)h(c*), we obtain
the log-likelihood function (ignoring constants) for model (1.1)-(1.2). Tt is

1 *
L(Yaxa 6071870—37“’7 2{5) - Zlog g(xz) - 5 lOg | Q |

3l = B X8 @)y - 551 - X, 22

where y = (y1, .., yn)’, 1= (1,...,1), X = (x}, ..., x3)’, and Q* = ¢?1,,.
Based on (2.2), Gleser (1992) showed that the maximum likelihood estimators of
G5 and B* are the ordinary least squares estimators, provided Syx — Xss is positive

definite and the constraint given below (Gleser, 1992, equation (3.4)) is satisfied:

6% = S,y — Syx(Ssx — Zs5) ' Sxy > 0, (2.3)

&

where Sy, Sy, and Sy, are the sample covariances. When the sample size is large,

Y
Gleser (1992) showed that this constraint is satisfied and that Sxx — Xss is positive
definite. For small to moderate sample sizes, if Sy, — 35 fails to be positive definite or
(2.3) is violated, then we recommend either collecting more data, or proceeding only

after conducting model checking and performing appropriate remedies (see Fuller,

1987). In this paper, we assume these constraints are satisfied.

3. Score tests
Rao (1947) and Cox and Hinkley (1974) established the general form for score statis-

tics as
S — Vll (IH - 11212_21121)_1V1, (31)

where V|, = 0L(0)/00,, 8 = (0,0,)", 0, is the set of parameters to be tested,
I;j = —E(0°L(6)/06;00)) for i,j =1 and 2, and L is the log-likelihood function for
the given measurement error model with the vector of unknown parameters 6. In
addition, the quantities on the right side of (3.1) are evaluated at (6',y, 82(81)")", 61
is the parameter specified under the null hypothesis, and 92(010) is the maximum

likelihood estimator of @5 when 0; = 0.



Under the null hypothesis, the score test statistic asymptotically has a chi-squared
distribution with p; degrees of freedom, where p; is the dimension of ;. The advan-
tage of the score test is that the maximum likelihood estimator needs to be computed
only under the null hypothesis, not under the alternative hypothesis. We will make
use of equation (3.1) to obtain score tests for assessing heteroscedasticity, autocor-
relation, and the need for Box-Cox transformation (see Sections 3.1, 3.2, and 3.3,

respectively) in measurement error models.

3.1 Score Test for Heteroscedasticity
We first assume that the disturbances, ¢;, are independently distributed random vari-

ables with mean zero and variance
var(g;) = wio? = w(t;, A)o? (i=1,...,n), (3.2)

where A = (A\y, ..., \,)’, t; = (ti1, ..., tig)" is a known vector, and o2 is an unknown
constant. We further assume that the weight w; is a twice-differentiable function of
A, and that there is a unique value A* of A such that w(t;, A\*) = 1foralli=1,--- n

The log-likelihood function for the structural model (see equation (2.2)), ignoring

constants and incorporating the weighted function in (3.2), is

L(yax;ﬁﬂwgaogal‘l’a 2657 Zlog g Xl Zlog /8 255A-/8+0. 'UJZ)

SN v,
5 2551\5 + o2w;

. A~ ~ A~ A . *I A
Now let U* be an n vector with elements €:2/62, where éf = y; — 35 — B x;, 6% =

Y &2 /n, and (5, B*I) are the maximum likelihood estimators of (85, 3") calculated
under the null hypothesis (Hy : A = A*) and the log-likelihood function in (2.2). Also
let D be the n x ¢ matrix [Qw(t;, A)/0\;] evaluated under the null hypothesis, and
let D = D — 11'D/n. Then by applying (3.1), we obtain the score test statistic for

testing the null hypothesis:

S, = U*’D(D D)



It has the same form as that for testing heteroscedasticity in the classical weighted
regression model, but the computations are quite different (see the derivation of S;
in the appendix and the result in Breusch and Pagan, 1979, and Cook and Weisberg,
1983).

3.2 Score Test for Autocorrelation
We next investigate the score test for first-order autoregressive AR (1) measurement-
error models. Here we assume that the errors ¢; follow a first-order autoregressive

process, i.e.,
g =pgi1+u; (i=2,--,n),

where p is the unknown autocorrelation coefficient and the u; are independent and
normally distributed with mean zero and common variance o?.
The log-likelihood given in equation (2.1) still holds, except that the covariance

matrix Q of e; becomes
by =0 =BEuAB+62, @ =016 Vi), (3.3)

where 62 = 02/(1 — p?). Thus the reformulated log-likelihood function, ignoring

constants, is

1 .
L(y,X; Bo, B, 00, b, Bee, p) = > _ log g(x;) — 5 log ||
1 7% * *
—3 = A1 =XBY(@) (v - H1 - XB").

Again applying (3.1), the score statistic for testing the null hypothesis Hy : p = 0 is

g Es)t  (EEEL)
- ~ N a2 T . ~q
(n—1)(62+BTuAp) (=10

where Y’ indicates summation over i = 2, - - -, n. The derivation of Sy is shown in the
appendix, and it has the same form as the score test statistic for evaluating first-order

autocorrelation in the classical AR(1) regression model (see Tsai, 1986).
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3.3 Approximate Score Test for the Box-Cox transformation
Finally, we consider the Box-Cox transformation model (Box and Cox, 1964), and its

associated score statistic. Let

where 5, 0* and ¢} are defined as in (2.1), y;(v) = (v — 1)/v if v # 0, and y;(v) =
log y; if v = 0. Based on model (3.4), we can adapt Atkinson’s (1973) approach to
obtain the approximate score test statistic for testing the null hypothesis Hy : v = 1

which is
Sy = —('A2/Z'AZ)s,,

where z(v) = y(v)/J'™, J is the Jacobian of the transformation, z = 2(v)|,=y,,
A=1T,- X(X'X)"'X', and s, = [{#'Az — (¢ A%)?/(2'A%)}/(n — p — 1)]"/2. This
test is the same as Atkinson’s (1973) approximate score test, since not only is the
model structure the same (3.4) but also the parameter estimates for these two tests

are identical.

4. Conclusions
For the linear normal structural model, we apply Gleser’s (1992) formulation of the
log-likelihood function to obtain score tests for testing heteroscedasticity and auto-
correlation, respectively. The resulting score tests are the same as those obtained
in the classical regression model with no measurement errors. Hence, practitioners
can assess assumptions of constant variance and independent errors, as well as the
need for a Box-Cox transformation, without caring whether or not the variables are
measured with error.

Two natural questions should be raised: (i). Why are score tests Sp, Sy, and Sj
invariant to errors in variables? (ii). Are all score tests invariant to measurement

error? An answer to the first question is given below.



Suppose that V; and I;; — I;5I5)'T5; in (3.1) computed from the model with mea-
surement errors are the same as constants m and m? multiplied respectively by V;
and I;; — 1121521121 computed from the corresponding model without measurement
errors. Then the resulting score tests computed from the models with and without
measurement errors are the same. It can be seen that the score tests S; and S; have
m equal to 62 and 62/(62 + ,31255AB)2, respectively. Note that the insensitivity to
measurement, error usually only holds for testing the specific null hypothesis. For
example, if we test p = py # 0 for model (3.3), then the resulting score test ob-
tained from the measurement error model is different from the corresponding score
test obtained from the classical autoregressive regression model. This is because only
under p = 0 do we have 0? = 02, which leads to the invariance of Sy to measurement
errors. It is also worth noting that the computations for S; in measurement error
models (see appendix) is much more complicated than the corresponding score test
obtained from the classical weighted regression model (see Cook and Weisberg, 1983)
even though both tests are identical. Finally, the transformation model (3.4) has the
same structure as the classical transformation model, which leads to the score test S3
being invariant to measurement errors.

The answer to the second question really depends on the model structure and
the parameter to be tested. Consider the score test for testing Hy : B, = 0 in model
(1.1)-(1.2), where B8 = (8}, 35)’, and B, and 3, are p; x 1 and py X 1 vectors. Applying
(3.1), we obtain

Sy = éI,XQ(XéXz)_lXééI/5%a

where X = (X{, X)), X and X, are n x p; and n X p, matrices, €} = y—ﬁg —Xlﬁ’{,
o1 = é¥'ér/n, Xy=(I—-HH)X;, Hf = XF(XP'XH) ' XY, and (X7, X3) = XA, If 555
is 0, then Sy is the same as the score test obtained from the classical regression model.
Otherwise, S, is sensitive to measurement errors. This example clearly indicates that

score tests may be sensitive to measurement error. In conclusion, since score tests

depend on the model structure and the hypothesis setting, they may not be invariant.



Appendix

Derivation of S|

For the purpose of simplicity, we assume that p, 5y and 3¢ (and hence A) are known.
As for the tedious computations of the score test under the full parameters wu, [y,
¢, B, 02 and A, it can be obtained from the first author upon request. Here, the
log-likelihood function L(3, 02, A) of the measurement error model (1.1)-(1.2) with

weight function wj is

(Z/z‘ - B*,Xi)Z
B'E55A8 + o2w;’

1 1
L(B,02, ) = const. — 3 Y log (B'SssAB + o2w;) — B >

where 8 = AS. Let

3,02 ) = [ L L ]

Iy Iz
be the expected Fisher information matrix partitioned so that I;; corresponds to
second partial derivatives with respect to (83,02) and Iss corresponds to the second
partial derivatives with respect to the elements of .

Denote the inverse matrix of J by

I YB,0%N) = Li" D" _
e I PSR PPN

Straightforward but somewhat tedious computations show that

T V/
Ill - AV F )

where

L (XA)(XA) 2nE5ABB8 ATy

T pr— _EaBIBI — 6‘2 + 6'4 )
o2 nYssAS 2L n
V' = _E _ d F=—-E —
08002 T 0202 ~ 251

where 62 = BIZMAB + 62 =n"1Y &2 and all the expectations are evaluated at the

maximum likelihood estimators of 3, 02 and A = A*. Analogously, we obtain

6—62 ' ~ 1 1 ! 6—3 /
I, = g(D 18 AX, §D 1) and Iy = T;z;D D.



Using equations (9) and (10) of Henderson and Searle (1981), we have

L1 (T-V'F'V)"'  —(T-VF V) 'VF!
Y PV -VEF V) (F-vT v

Further algebraic simplifications yield
T - V'F 'V = (XA)(XA)/6?,
and
—(T = VF'V) 'V'F! = —262{(XA) (XA)} ' ZsAB.

To compute (F — VI V') " we use equation (17) of Henderson and Searle (1981),

namely,
(F-VT 'V) ' =F '+ F V(T - V'F V) 'VF ! =25+ 46%,

where a = B AZg{(XA) (XA)} ' Ts5AB. Thus

) {(XA) (XA} —2{(XA)'(XA)} '=5A08
—28' AS 5 {(XA) (XA)} 262 /n + 4a

-1 ~
I]_1 =0

and hence

' =25Y(D'D) /5t

i;z = (Ipp — 121111_1121,)_ .

Let Ly (X | B,0?) be the g x 1 score vector with the jth component

[OL(B,02) /0Ny _x\+-

It can be shown that Ly (A" | 3,62) = 62D'(U — 1)/262, where U is the n vector

with elements £;%/6%. Then the score statistic for testing the hypothesis A = A* is

1

S0 = (LA | B.6)) el LA | B,67)) = (U - 1/D(D'D) ' D/(U - 1)

1 .
= ,U'D(D'D) 'D'U.



Derivation of S5
Again, we assume that p, fy and 3¢ (and hence A) are known. Then, the log-
likelihood function L(3, 02, p) of (1.1)-(1.2) with the AR(1) error structure is

L(B, 0%, p) = const. — J log | 9 | ~ 3y — XB")(@") " (y - X8°),

where Q" is defined in Section 3.2 and X is the n X p matrix of the independent
variables. Using the formulae (cf. Searle, 1981 Ch. 12)

8log | Q* | 1 89* 8 1 1 89* 1
— = tr{(QF)  — d —{(Q* = —(Q") —(QF
5y =@ 5 amd @) ) = (@) @)
it can be shown that
5 on 0 XIEEL
Lp(p | :87012) = . R

~ ~ >
(62 + B XsAB)
Furthermore, we obtain

— 1)
121 = (0, 0) and 122 = (n )Uu -

(62 + BIEMAB)

Since In; = (0,0), the matrix I;;1* is not needed to be computed for obtaining

~ ~ 1 A2
(62 4+ BXs5A0)

I, =
. (n —1)a,

Under the null hypothesis, p = 0, we have 02 = 0. Then applying (3.1), we obtain

g OZes)t  (EEEL)
- Al ~ 2 ~ .
(-1 +BTuap (71
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