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raft with Strong Input CouplingReza Olfati-SaberAbstra
t|Traje
tory tra
king and 
on�guration stabiliza-tion for the VTOL air
raft (verti
al take o� and landing) hasbeen so far 
onsidered in the literature only in the presen
eof a slight (or zero) input 
oupling (i.e. for a small �). Inthis paper, our main 
ontribution is to address global 
on-�guration stabilization for the VTOL air
raft with a stronginput 
oupling using a smooth stati
 state feedba
k. In ad-dition, the di�erentially 
at outputs for the VTOL air
raftare automati
ally obtained as a by-produ
t of applying ade
oupling 
hange of 
oordinates.Keywords: Nonlinear 
ontrol, autonomous vehi
les,ba
kstepping, global stabilization, di�erential 
atnessI. Introdu
tionIn the past re
ent years, traje
tory tra
king and 
on�g-uration stabilization of the VTOL air
raft has been exten-sively studied by many resear
hers [1℄, [2℄, [3℄. Here, we
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Fig. 1. The VTOL air
raft.
onsider 
on�guration stabilization of the VTOL air
raft,depi
ted in Fig. 1, from any arbitrary initial 
on�gurationand speed to any position with zero roll angle and zerospeed. The simpli�ed dynami
s of the VTOL air
raft (ver-ti
al take o� and landing) is given in [2℄ as the following_x1 = x2_x2 = �u1 sin(�) + �u2 
os(�)_y1 = y2_y2 = u1 
os(�) + �u2 sin(�)� g_� = !_! = u2 (1)where � 6= 0, � is the roll angle and the VTOL moves ina verti
al (x1; y1)-plane. In [1℄, approximate linearizationte
hniques were used that ignore the 
oupling between the�rst two se
ond-order subsystems in (1) and the (�; !)-subsystem and then treat the system as a slightly non-minimum phase system. Under a similar assumption, forR. Olfati-Saber is with the Department of Control and Dynami
alSystems, California Institute of Te
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� = 0 and suÆ
iently small j�j, semiglobal stabilization ofthe origin for the VTOL air
raft is 
onsidered in [3℄.Here, we are interested in the 
ase where � 6= 0 with arbi-trarily large j�j or the strong input 
oupling 
ase. This 
aseis important due to the fa
t that it similarly appears in ana

urate model of a heli
opter where � is no longer small [4,p. 168℄. Sin
e � expli
itly depends on the physi
al param-eters of the air
raft that 
an be measured, the assumptionthat � is known is justi�ed. For maneuverable aerospa
evehi
les, the size of 
ertain rotor tilt angles or elevator de-
e
tion angles 
an be possibly large that leads to the stronginput 
oupling 
ase. From theoreti
al point of view, theproblem dis
ussed in this paper is an example of a nonlin-ear 
ontrol system in the form _x = f(x; u) + �g(x; u) that
an be transformed into _z = f(z; v) with no dependen
eon �, after applying a globally invertible nonlinear 
hangeof variables and 
ontrol z = �1(x; �); v = �2(x; u; �) (i.e.x = ��11 (z; �); u = ��12 (x; v; �). Apparently, if the originalsystem with � = 0 
an be globally asymptoti
ally stabi-lized to the origin using u = K(x), the perturbed system
an be globally asymptoti
ally stabilized to x = 0 for anyarbitrary � with state feedba
k v = K(z) whi
h 
an betransformed into the original 
oordinates asu = ��12 (x;K(�1(x; �)); �) (2)The key point in 
ontrol design for (1) is the de
ou-pling of the �rst two se
ond order subsystems (x1; x2) and(y1; y2) and the third subsystem (�; !) with respe
t to the
ontrol input u2. After, applying this de
oupling global
hange of 
oordinates, the 
ontrol design for the system innew 
oordinates is straightforward and 
an be done eitherusing standard ba
kstepping pro
edure, or by applying ase
ond 
hange of 
oordinates that transforms the systeminto a 
as
ade nonlinear system with an exponentially sta-ble linear subsystem. Here, we take the se
ond approa
hto avoid the use of the se
ond-order time-derivatives of theLyapunov fun
tion of the translational dynami
s. As a by-produ
t of applying this de
oupling 
hange of 
oordinates,we automati
ally obtain the di�erentially 
at outputs forthe VTOL air
raft. These outputs 
an be later used fortraje
tory generation/tra
king [5℄. We provide simulationresults that suggest the settling time of the traje
tories arerelatively short.Here is an outline of the paper. In se
tion II, we explainour de
oupling method and its 
onne
tion to di�erentially
at outputs for the VTOL. In se
tion III, we provide adetailed 
ontrol design for the VTOL. Finally, we give sim-ulation results and 
on
luding remarks.II. De
oupling MethodTo de
ouple three se
ond-order subsystems of the VTOLair
raft in (1), we use a 
hange of 
oordinates given in thefollowing theorem [6℄, [7℄:Theorem 1. (De
oupling Transformation) Consider the fol-



1950 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 11, NOVEMBER 2002 ISSUElowing system _q1 = p1;_p1 = f1(q; p) + g1(q2)u;_q2 = p2;_p2 = f2(q; p) + g2(q2)u; (3)where q = (q1; q2) 2 R2 , p = (p1; p2) 2 R2 , fi's and gi'sare smooth fun
tions, and g2(q2) 6= 0;8q2 2 R. Then, thefollowing global 
hange of 
oordinatesz1 = q1 � R q20 g1(s)=g2(s)ds;z2 = p1 � g1(q2)=g2(q2)p2;�1 = q2;�2 = p2; (4)de
ouples (q1; p1)-subsystem and (q2; p2)-subsystem w.r.t.u and in new 
oordinates the dynami
s of the system trans-forms into the normal form_z = f(z; �1; �2);_�1 = �2;_�2 = v; (5)where v = f2(q; p) + g2(q2)u and z = (z1; z2)T .After applying the 
hange of 
oordinatesz1 = x1 � � sin(�)z2 = x2 � � 
os(�)!w1 = y1 + �(
os(�)� 1)w2 = y2 � � sin(�)!�1 = ��2 = ! (6)in new 
oordinates, we have_z1 = z2_z2 = � sin(�1)�u1 =: v1_w1 = w2_w2 = 
os(�1)�u1 � g =: v2_�1 = �2_�2 = u2 (7)where �u1 = u1 � ��22 is a new 
ontrol. The following resultstates an important property of the 
hange of 
oordinatesgiven in Theorem 1 for the purpose of traje
tory generationand tra
king for nonlinear systems [8℄, [5℄.Corollary 1. The 
hange of 
oordinates in (4) applied tothe subsystems (x1; x2; �; !) and (y1; y2; �; !), respe
tively,(automati
ally) gives the two di�erentially 
at outputsz1; w1 for the VTOL air
raft.Proof: By dire
t 
al
ulation.A

ording to [5℄, the obtained 
at outputs (z1; w1) 
anbe now used for the real-time traje
tory generation for theVTOL air
raft. III. Control DesignIn this se
tion, we present a 
ontrol design method for
on�guration stabilization of the VTOL air
raft. Here isour main result:

Theorem 2. There exists a smooth stati
 state feedba
k inexpli
it form that globally asymptoti
ally and lo
ally expo-nentially stabilizes any desired 
on�guration of the VTOLair
raft in (1) with zero velo
ity.Proof: Without loss of generality assume the desired
on�guration is q = 0 where q = (x1; y1; �). De�ner1 = 
11z1 + 
12z2r2 = 
0�(
21w1 + 
22w2)where 
i1; 
i2 for i = 1; 2 are 
oeÆ
ients of a Hurwitz poly-nomial, 0 < 
0 < g, and �(�) = tanh(�). Given, v1 = r1and v2 = r2, z = 0 and w = 0 are globally asymptoti
allystable for the z and w subsystems, respe
tively (Later on,we explain why r2 should be bounded). This means thattaking �u1 = k1(z; w) :=pr21 + (r2 + g)2�1 = k2(z; w) = ar
tan� �r1r2 + g� (8)(z; w) = (0; 0) is globally asymptoti
ally and lo
ally expo-nentially stable for the (z; w)-subsystem of (7). To avoidthe singularity of division-by-zero in the last equation, weuse a bounded 
ontrol r2 with a bound 
0 < g. At thispoint, a straightforward use of the standard ba
ksteppingpro
edure proves that a globally stabilizing stati
 feedba
klaw exists for (7). But we prefer to use a version of ba
k-stepping pro
edure whi
h does not require the use of theLyapunov fun
tion of the zero-dynami
s asso
iated withthe output �1 = 0 where �1 is de�ned in the following.This preferen
e is due to simpli
ity of 
al
ulations. Afterapplying he 
hange of 
oordinates and 
ontrol�1 = �1 � k2(z; w)�2 = �2 � _k2�u2 = u2 � �k2 (9)we get _�1 = �2_�2 = �u2 (10)Thus, applying �u2 = �d1�1 � d2�2 with d1; d2 > 0 glob-ally exponentially stabilizes (�1; �2) = (0; 0) for the �-subsystem. The dynami
s of the 
losed loop system is inthe form _� = f(�; �1)_� = A� (11)where A is a Hurwitz matrix, � = (z1; z2; w1; w2)T , andf(�; �1) := 2664 z2� sin(k2(z; w) + �1)k1(z; w)w2
os(k2(z; w) + �1)k1(z; w)� g 3775 (12)Given �1 = 0 for _� = f(�; 0), � = 0 is globally asymptoti-
ally and lo
ally exponentially stable. Based on Theorem3, for any solution of the �-subsystem the solution of the�-subsystem is uniformly bounded and the asymptoti
 sta-bility of (�; �) = 0 for the 
as
ade system in (11) follows
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 stabilization and lo
al exponential stabilizationof the origin is a
hieved for the VTOL air
raft. To obtainan expli
it expression for �k2, note that_k2 = r1 _r2 � (r2 + g) _r1r21 + (r2 + g)2�k2 = r1�r2 � (r2 + g)�r1r21 + (r2 + g)2+ 2[r1 _r1 + (r2 + g) _r2℄[(r2 + g)�r1 � r1 _r2℄(r21 + (r2 + g)2)2 (13)where v1 = � sin(�1)�u1_v1 = � 
os(�1)�2�u1 � sin(�1) _�u1v2 = 
os(�1)�u1 � g_v2 = � sin(�1)�2�u1 + 
os(�1) _�u1_�u1 = r1 _r1 + (r2 + g) _r2�u1_r1 = 
11z2 + 
12v1�r1 = 
11v1 + 
12 _v1_r2 = 
0(
21w2 + 
22v2)�0(
21w1 + 
22w2)�r2 = 
0(
21v2 + 
22 _v2)�0(
21w1 + 
22w2)+ 
0(
21w2 + 
22v2)2�00(
21w1 + 
22w2)((0) denotes the derivative). Note that in the equation of_�u1, �u1 appears in the denominator and 
ould be a problem.But due to the fa
t that jr2j < g, for all time �u1(t) > 0 and_�u1 is well-de�ned for all t � 0. This �nishes the proof.Theorem 3. (boundedness of solutions) Consider the non-linear 
as
ade system in (11). For any solution of the�-subsystem, the solution of the �-subsystem remainsbounded.Proof: De�ne� = k2(z; w); � = �1Then, f(�; �1) in (12) 
an be rewritten asf(�; �1) = (z2;� sin(�+ �)k1; w2; 
os(� + �)k1 � g)TNow, one 
an express f(�; �1) in the formf(�; �1) = f(�; 0) + h(�; �1)�1 (14)where f(�; 0) = (z2; r1; w2; r2)T and h(�; �1) is a 
on-tinuous fun
tion that is expli
itly determined in the se-quel. The main obje
tive is to 
onstru
t a smooth, posi-tive de�nite and proper Laypunov fun
tion V (�) satisfyingrV (�) �f(�; 0) � 0;8� 2 R4 su
h that for all vanishing dis-turban
es �(�) as the solutions of the �-subsystem, V (�)remains bounded. Sin
e V (�) is proper, this implies � re-mains bounded in a 
ompa
t set.Step i) Cal
ulation of h(�; �1) in (14): De�ne the following
ontinuous fun
tion�(�) :=8<: 1 ; � = 0sin(�)� ; � 6= 0 (15)

whi
h takes its maximum at � = 0. Thus, j�(�)j � 1;8�.Based on elementary trigonometri
 properties of sin(x) and
os(x), we havesin(�+ �) = sin(�) + h1(�; �)�
os(�+ �) = 
os(�) + h2(�; �)� (16)where h1(�; �) = �(�=2) 
os(�+ �=2)h2(�; �) = ��(�=2) sin(�+ �=2) (17)and therefore jhi(�; �)j � 1;8�; �; i = 1; 2. The fun
tionh(�; �1) 
an be expressed ash(�; �1) = 2664 0�h1(k2(z; w); �1) � k1(z; w)0h2(k2(z; w); �1) � k1(z; w) 3775 (18)Step ii) Constru
tion of V (�): In this 
ase, we designedthe state feedba
k laws r1 and r2 so that the origin is GASfor the (z1; z2)-subsystem and the (w1; w2)-subsystem, re-spe
tively. We take V (�) to be the sum of the Lyapunovfun
tions asso
iated with these two 
losed-loop subsystems.To be spe
i�
, we haveS1 : � _z1 = z2_z2 = �a1z1 � a2z2S2 : � _w1 = w2_w2 = �a3�(a4w1 + a5w2) (19)where the ai > 0; i = 1; : : : ; 5 are the parameters of the
ontrollers of subsystems S1; S2 in (19) and 0 < a3 < g.De�ne the s
alar fun
tion �(x) = R x0 �(s)ds and noti
ethat �(x) is a positive de�nite fun
tion. LetV1(z) = 12a1z21 + 12z22V2(w) = a3a4�(a4w1) + 12w22 (20)Then, along the solutions of S1 and S2, we have _V1 �0;8z 2 R2 and _V2 � 0;8w 2 R2 . The former propertyis easy to see and the latter one 
an be veri�ed as thefollowing:_V2 = a3a5 (a5w2)[�(a4w1)� �(a4w1 + a5w2)℄= a3a5 �w2(�( �w1)� �( �w1 + �w2)) < 0;8 �w2 6= 0 (21)where �w1 = a4w1; �w2 = a5w2. The last property holdsdue to the fa
t that the sigmoidal fun
tion �(�) is stri
tlyin
reasing. Therefore, based on LaSalle's invarian
e prin-
iple, (w1; w2) = 0 is globally asymptoti
ally stable (GAS)for subsystem S2 (the GAS property of z = 0 for subsystemS1 is trivial). As a result, taking the following Lyapunovfun
tion V (�) = V1(z) + V2(w); (22)guarantees that for the overall �-subsystem of the 
as
adesystem (11) the property rV (�) � f(�; 0) � 0 holds.Step iii) Given the Lyapunov fun
tion V (�) de�ned in(22), we prove the boundedness of the solutions of the
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as
ade system in (11) using somestraightforward 
al
ulations that are omitted due to spa
elimitations (see Theorem 7.3.4 in [4, p. 235℄ and [10℄ for adetailed proof).Figures 2 and 3 show the state traje
tory and 
ontrol ofthe VTOL air
raft from initial 
ondition (2; 3; 4; 1; �=3; 1)with � = 1. It 
an be observed that the 
ontrol inputs in
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(b)Fig. 2. The state traje
tory of the VTOL air
raft: (a) 
on�gurationand (b) velo
ity.Fig. 3 are rather aggressive a
tions that o

ur in relativelyshort periods. IV. Con
lusionIn this paper, we 
onsidered global 
on�guration stabi-lization of the VTOL air
raft with arbitrary � 6= 0. Weshowed a key point in 
ontrol of the VTOL air
raft isin de
oupling of its three se
ond-order subsystems usinga global 
hange of 
oordinates introdu
ed in [6℄ and waslater generalized in [7℄. Then, we gave a globally stabi-lizing smooth stati
 state feedba
k law in expli
it form forthe VTOL air
raft. As a by-produ
t of applying the de
ou-pling 
hange of 
oordinates, the di�erentially 
at outputsfor the VTOL air
raft are obtained automati
ally. Simula-tion results were presented for a diÆ
ult initial 
onditionwith initial roll angle of �=3 and strong input 
oupling. Itis observed that the 
ontroller stabilizes the origin for theVTOL air
raft with an aggressive maneuver.
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Fig. 3. The 
ontrol input of the VTOL air
raft.A
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