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Global Configuration Stabilization for the VTOL
Aircraft with Strong Input Coupling

Reza Olfati-Saber

Abstract— Trajectory tracking and configuration stabiliza-
tion for the VT OL aircraft (vertical take off and landing) has
been so far considered in the literature only in the presence
of a slight (or zero) input coupling (i.e. for a small €¢). In
this paper, our main contribution is to address global con-
figuration stabilization for the VTOL aircraft with a strong
input coupling using a smooth static state feedback. In ad-
dition, the differentially flat outputs for the VTOL aircraft
are automatically obtained as a by-product of applying a
decoupling change of coordinates.
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I. INTRODUCTION

In the past recent years, trajectory tracking and config-
uration stabilization of the VT OL aircraft has been exten-
sively studied by many researchers [1], [2], [3]. Here, we

gu,

X

Fig. 1. The VTOL aircraft.

consider configuration stabilization of the VTOL aircraft,
depicted in Fig. 1, from any arbitrary initial configuration
and speed to any position with zero roll angle and zero
speed. The simplified dynamics of the VTOL aircraft (ver-
tical take off and landing) is given in [2] as the following

.’1.31 = I3
Z9 = —uysin(f) + eus cos(h)
o= . (1)
U2 = ujcos(f) + eussin(f) —g

f = w

w = Uy

where € # 0, 6 is the roll angle and the VITOL moves in
a vertical (z1,y1)-plane. In [1], approximate linearization
techniques were used that ignore the coupling between the
first two second-order subsystems in (1) and the (0,w)-
subsystem and then treat the system as a slightly non-
minimum phase system. Under a similar assumption, for
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e = 0 and sufficiently small |e], semiglobal stabilization of
the origin for the VTOL aircraft is considered in [3].

Here, we are interested in the case where € # 0 with arbi-
trarily large |e| or the strong input coupling case. This case
is important due to the fact that it similarly appears in an
accurate model of a helicopter where € is no longer small [4,
p. 168]. Since € explicitly depends on the physical param-
eters of the aircraft that can be measured, the assumption
that € is known is justified. For maneuverable aerospace
vehicles, the size of certain rotor tilt angles or elevator de-
flection angles can be possibly large that leads to the strong
input coupling case. From theoretical point of view, the
problem discussed in this paper is an example of a nonlin-
ear control system in the form & = f(x,u) + eg(x,u) that
can be transformed into z = f(z,v) with no dependence
on ¢, after applying a globally invertible nonlinear change
of variables and control z = ®(z,¢€), v = ®o(z, u,€) (ie.
x=®"(z,€), u=®, ' (x,v,¢). Apparently, if the original
system with ¢ = 0 can be globally asymptotically stabi-
lized to the origin using u = K(z), the perturbed system
can be globally asymptotically stabilized to x = 0 for any
arbitrary e with state feedback v = K(z) which can be
transformed into the original coordinates as

u= &, (x, K(®1(z,€)),¢) (2)

The key point in control design for (1) is the decou-
pling of the first two second order subsystems (z1,z2) and
(y1,y2) and the third subsystem (6, w) with respect to the
control input us. After, applying this decoupling global
change of coordinates, the control design for the system in
new coordinates is straightforward and can be done either
using standard backstepping procedure, or by applying a
second change of coordinates that transforms the system
into a cascade nonlinear system with an exponentially sta-
ble linear subsystem. Here, we take the second approach
to avoid the use of the second-order time-derivatives of the
Lyapunov function of the translational dynamics. As a by-
product of applying this decoupling change of coordinates,
we automatically obtain the differentially flat outputs for
the VTOL aircraft. These outputs can be later used for
trajectory generation/tracking [5]. We provide simulation
results that suggest the settling time of the trajectories are
relatively short.

Here is an outline of the paper. In section II, we explain
our decoupling method and its connection to differentially
flat outputs for the VTOL. In section III, we provide a
detailed control design for the VI'OL. Finally, we give sim-
ulation results and concluding remarks.

II. DECOUPLING METHOD

To decouple three second-order subsystems of the VITOL
aircraft in (1), we use a change of coordinates given in the
following theorem [6], [7]:

Theorem 1. (Decoupling Transformation) Consider the fol-
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lowing system

G = p,

1 = filg,p) +91(q2)u, (3)
q2 = P2,

P2 = falg,p) + 92(q2)u,

where ¢ = (q1,¢2) € B2, p = (p1,p2) € B2, fi’s and g;’s
are smooth functions, and g2(g2) # 0,Vga € R. Then, the
following global change of coordinates

2= g = [y 91(5)/92(s)ds,

7 = p1—01(42)/92(q2)p2, (4)
51 = (g2,

62 = D2,

decouples (g1, p1)-subsystem and (go, p2)-subsystem w.r.t.
u and in new coordinates the dynamics of the system trans-
forms into the normal form

Z = f(27£17£2)7
G = &, (5)
52 = v,

where v = f2(q,p) + g2(g2)u and z = (21, 22)7.

After applying the change of coordinates

z1 = 1z —esin(f)
zo = xy — ecos(f)w
w1 = y1 +e(cos(d) —1) (6)
we = Yz — esin(f)w
& = 0
o = w
in new coordinates, we have
,é‘l = 29
22 = — sin(fl)ﬂl =:U1
’Li)l = w9
’U.).Q = cos(&)ur — g =: v9 (7)
f_l = &
52 = U2

where 4; = u; — efg is a new control. The following result
states an important property of the change of coordinates
given in Theorem 1 for the purpose of trajectory generation
and tracking for nonlinear systems [8], [5].

Corollary 1. The change of coordinates in (4) applied to
the subsystems (z1,z2,0,w) and (y1,y2, 8, w), respectively,
(automatically) gives the two differentially flat outputs
z1,w; for the VT OL aircraft.

Proof: By direct calculation.
According to [5], the obtained flat outputs (z1,w) can
be now used for the real-time trajectory generation for the
VTOL aircraft.

III. CoNTROL DESIGN

In this section, we present a control design method for
configuration stabilization of the VIOL aircraft. Here is
our main result:
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Theorem 2. There exists a smooth static state feedback in
explicit form that globally asymptotically and locally expo-
nentially stabilizes any desired configuration of the VTOL
aircraft in (1) with zero velocity.

Proof: Without loss of generality assume the desired
configuration is ¢ = 0 where g = (z1,y1,0). Define

r1 =
T9 =

C1121 + C1222
coo (Ca1w1 + Caow2)

where ¢;1, ¢;o for i = 1,2 are coefficients of a Hurwitz poly-
nomial, 0 < ¢y < g, and o(-) = tanh(-). Given, v; =
and vy = 19, 2 = 0 and w = 0 are globally asymptotically
stable for the z and w subsystems, respectively (Later on,
we explain why ro should be bounded). This means that
taking

ki(z,w) == /17 + (r2 + g)*

U =
&L = k(z,w) = arctan< N > (8)
ry+g

(z,w) = (0,0) is globally asymptotically and locally expo-
nentially stable for the (z,w)-subsystem of (7). To avoid
the singularity of division-by-zero in the last equation, we
use a bounded control 7o with a bound ¢y < g¢. At this
point, a straightforward use of the standard backstepping
procedure proves that a globally stabilizing static feedback
law exists for (7). But we prefer to use a version of back-
stepping procedure which does not require the use of the
Lyapunov function of the zero-dynamics associated with
the output g3 = 0 where u; is defined in the following.
This preference is due to simplicity of calculations. After
applying he change of coordinates and control

po = & —ka(z,w)
p2 = & —ko 9)
U2 = Uy — ]{72
we get
pe = e (10)
H2 = U2

Thus, applying s = —dyu; — dops with dy,dy > 0 glob-
ally exponentially stabilizes (u1,u2) = (0,0) for the p-
subsystem. The dynamics of the closed loop system is in
the form

. 11
L= Ap (11)
where A is a Hurwitz matrix, 5 = (21, 20, wy,ws)”, and
22
—sin(ks (z,w) + p1) k1 (z,w
Fn) = (e w) w0 )

cos(ka(z,w) + 1 )k1(z,w) — g

Given puy = 0 for 5 = f(n,0), n = 0 is globally asymptoti-
cally and locally exponentially stable. Based on Theorem
3, for any solution of the u-subsystem the solution of the
n-subsystem is uniformly bounded and the asymptotic sta-
bility of (n, ) = 0 for the cascade system in (11) follows
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from a theorem in [9] due to Sontag. Therefore, global
asymptotic stabilization and local exponential stabilization
of the origin is achieved for the VTOL aircraft. To obtain
an explicit expression for ks, note that

Tty — (r2 4+ g)r

by = .
’I“'% + (7“2 + g)zn
i riiy — (ro + g)i1 (13)
* T e o
2[r171 + (ro + g)7o][(r2 + g)F1 — r172]
(r} + (r2 + 9)?)?
where
v = — sin(fl)ﬂl
v = —cos(&)étn — sin(&r)uy
vy = cos(&)uy —g
’l.)z = — Sin(£1)£2ﬂ1 + COS(fl)’Iil
.t (ra +g)re
(5} = i
1
1 = 1122 + C1201
1 = 1101 + 1201
ry = co(Corwa + Caov2)0’ (co1wi + caows)
Fo = co(Canva + €2002)0" (corwn + conws)

_|_

co(c21wa + 0221)2)2

0'”(821 w1 + CQQU)Q)

((") denotes the derivative). Note that in the equation of
i1, 41 appears in the denominator and could be a problem.
But due to the fact that |ro| < g, for all time @, (¢) > 0 and
4 is well-defined for all ¢ > 0. This finishes the proof.
Theorem 3. (boundedness of solutions) Consider the non-
linear cascade system in (11). For any solution of the
p-subsystem, the solution of the n-subsystem remains
bounded.

Proof: Define
’IU), B = M1

(12) can be rewritten as

a = ky(z,
Then, f(n, 1) in
F(m, 1) = (22, —sin(a + B)kr, w2, cos(a + Bk — g)"

Now, one can express f(n, u1) in the form

f(ﬁ:lll) = f(77, 0) + h(n/ //'1)//’1

where f(1,0) = (22,71, w2,m2)T and h(n,u1) is a con-
tinuous function that is explicitly determined in the se-
quel. The main objective is to construct a smooth, posi-
tive definite and proper Laypunov function V () satisfying
VYV (n)-f(n,0) <0,Vn € R* such that for all vanishing dis-
turbances p(-) as the solutions of the p-subsystem, V(n)
remains bounded. Since V() is proper, this implies 7 re-
mains bounded in a compact set.

Step i) Calculation of h(n, p1) in (14): Define the following
continuous function

(14)

(15)
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which takes its maximum at f = 0. Thus, |p(8)] < 1,V6.
Based on elementary trigonometric properties of sm(r) and
cos(z), we have

a8 = e enans 09
where
h(a,B) = p(B/2)cos(a+ 3/2) (17)
ha(a,B) = —p(B/2)sin(a+ 5/2)
and therefore |h;(a,8)| < 1,Va, 8,i = 1,2. The function

h(n, 1) can be expressed as

0
h(777,u1) = 7h1 (k2(z7w)(7)ﬂl) . kl (Z,’u))

ho(ke(z,w), u1) - k1 (2, w)

Step ii) Construction of V(n): In this case, we designed
the state feedback laws r1 and ry so that the origin is GAS
for the (21, z9)-subsystem and the (w;,ws)-subsystem, re-
spectively. We take V() to be the sum of the Lyapunov
functions associated with these two closed-loop subsystems.
To be specific, we have

Sli{%l -2

(18)

22 = Ta1z1 — G222
(19)
S - W = w»
2 { wy = —azo(agwy + azws)

where the a; > 0,7 = 1,...,5 are the parameters of the
controllers of subsystems Sy, 5’2 in (19) and 0 <as <g.
Define the scalar function ¢(z) = fo s)ds and notice
that ¢(z) is a positive definite functlon Let

Vi(z) = lalzf—l—%zg

2 G
Vo(w) = Z¢(agwr) + jw)

(20)
Then, along the .solutions of S; and S,, we have V1 <
0,Vz € R? and V» < 0,Yw € R2. The former property
is easy to see and the latter one can be verified as the
following;:

Vo = %(asws)[o(asw) — o(aswr + azws)] (1)
= Z—zwg(o'(wl) — 0'(1[)1 +1I)2)) < O,V’LDQ 7é 0
where wy; = aqwi, wWo = asws. The last property holds

due to the fact that the sigmoidal function o(-) is strictly
increasing. Therefore, based on LaSalle’s invariance prin-
ciple, (w1, ws) = 0 is globally asymptotically stable (GAS)
for subsystem Sy (the GAS property of z = 0 for subsystem
Sy is trivial). As a result, taking the following Lyapunov

function
Vin) =Vi(z) + Va(w), (22)

guarantees that for the overall 5-subsystem of the cascade
system (11) the property VV (n) - f(n,0) <0 holds.

Step iii) Given the Lyapunov function V(7)) defined in
(22), we prove the boundedness of the solutions of the
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7-subsystem of the cascade system in (11) using some
straightforward calculations that are omitted due to space
limitations (see Theorem 7.3.4 in [4, p. 235] and [10] for a
detailed proof). O

Figures 2 and 3 show the state trajectory and control of
the VTOL aircraft from initial condition (2,3,4,1,7/3,1)
with € = 1. It can be observed that the control inputs in
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Fig. 2. The state trajectory of the VTOL aircraft: (a) configuration
and (b) velocity.

Fig. 3 are rather aggressive actions that occur in relatively
short periods.

IV. CONCLUSION

In this paper, we considered global configuration stabi-
lization of the VTOL aircraft with arbitrary ¢ # 0. We
showed a key point in control of the VITOL aircraft is
in decoupling of its three second-order subsystems using
a global change of coordinates introduced in [6] and was
later generalized in [7]. Then, we gave a globally stabi-
lizing smooth static state feedback law in explicit form for
the VTOL aircraft. As a by-product of applying the decou-
pling change of coordinates, the differentially flat outputs
for the VT OL aircraft are obtained automatically. Simula-
tion results were presented for a difficult initial condition
with initial roll angle of 7/3 and strong input coupling. It
is observed that the controller stabilizes the origin for the
VTOL aircraft with an aggressive maneuver.
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Fig. 3. The control input of the VTOL aircraft.
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