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aAbstra
t. LA is a simple and natural �eld independent system forreasoning about matri
es. We show that LA extended to 
ontain a ma-trix form of the pigeonhole prin
iple is strong enough to prove a hostof matrix identities (so 
alled \hard matrix identities" whi
h are 
andi-dates for separating Frege and extended Frege). LAP is LA with matrixpowering; we show that LAP extended with quanti�
ation over permu-tations is strong enough to prove theorems su
h as the Cayley-HamiltonTheorem. Furthermore, we show that LA extended with quanti�
ationover permutations expresses NP graph-theoreti
 properties, and provesthe soundness of the Haj�os 
al
ulus. A 
orollary is that a fragment ofQuanti�ed Permutation Frege (a novel propositional proof system thatwe introdu
e in this paper) is p-equivalent of extended Frege. Severalopen problems are stated.1 Introdu
tionThe theory LA ([4, 1, 5℄) is a �eld-independent logi
al theory for expressing andproving matrix properties. LA proves all the ring properties of matri
es (e.g.,A(BC) = (AB)C). In this paper, we restri
t LA to the two element �eld GF(2).While LA is strong enough to prove all the ring properties of matri
es, itspropositional proof 
omplexity is low: all the theorems of LA translate intoAC0[2℄-Frege proofs (see [5℄ for this result, and [2℄ for the ba
kground). LAseems too weak to prove those universal matrix identities whi
h require reasoningabout inverses, e.g., AB = I � BA = I (whi
h we shall denote by IPn, theInversion Prin
iple for n � n matri
es), proposed by Cook as a 
andidate forseparating Frege and extended Frege (this separation remains an important openproblem of 
omputer s
ien
e).In se
tion 2 we present the theory LA, and several of its extensions. Inse
tion 3 we show that LA strengthened to 
ontain the matrix form of thepigeonhole prin
iple 
an prove IPn. It was shown in [6℄ that a feasible bounded-depth Frege proof of IPn would lead to a feasible bounded-depth Frege proofof the fun
tional form of the pigeonhole prin
iple, whi
h is not possible, andhen
e no feasible bounded depth proofs of IPn exist. Se
tion 3 presents a weak
onverse of that result.In se
tion 4 we give a proof of the Cayley-Hamilton Theorem (CHT) basedon indu
tion over formulas with quanti�
ation over matrix permutations. This



2improves the proof of the CHT given in [5℄, where we used quanti�
ation overgeneral matri
es. We 
all the theory that formalized the new proof 9PLAP (itis de�ned in se
tion 2).In se
tion 5 we show how to express NP and 
o-NP graph-theoreti
 prop-erties in 9PLA and 8PLA. In se
tion 6, we prove the soundness of the Haj�os
al
ulus in 8PLA. In se
tion 7 we obtain a 
orollary whi
h states that a fragmentof Quanti�ed Permutation Frege|a novel proof system that we introdu
e in thispaper|is equivalent to extension Frege. We end with a list of open problems inse
tion 8.2 The theory LA and its extensionsLA is a three-sorted logi
al theory designed for reasoning about matri
es. It isstrong enough to prove all the ring properties of matri
es (i.e., 
ommutativity ofmatrix addition, asso
iativity of matrix produ
ts, et
.). The original de�nitionof LA had no quanti�
ation; in this paper we 
onsider a 
onservative extensionwith bounded index quanti�ers. This allows us to express that a given matrix isa permutation matrix. A full des
ription of LA 
an be found in [4, 1, 5℄.The three sorts are indi
es, �eld elements, and matri
es. All the usual axiomsfor equality are in LA. We have the usual axioms of Robinson's arithmeti
 inLA together with axioms de�ning div, rem, and 
ond, for elements of type index.The axioms for �eld elements are the usual �eld axioms, plus the extra axiom:a = 0 _ a = 1, sin
e in this paper we are interested in LA restri
ted to the twoelement �eld.LA is 
losed under the usual Frege rules for propositional 
onsequen
e, aswell as two spe
ial rules. Indu
tion: �(i) � �(i + 1) ` �(0) � �(n), note thati must be an index variable whi
h does not o

ur free on the right-hand side ofthe rule. Equality: r(A) = r(B); 
(A) = 
(B); e(A; i; j) = e(B; i; j) ` A = B,where i; j are index variables that do not o

ur free on the right-hand side ofthe rule.The theorems of LA translate into families of propositional tautologies withAC0[2℄-Frege proofs ([5℄). However, in this paper we use a (
onservative) exten-sion of LA whi
h has bounded index quanti�ers. Fortunately, it turns out thatthe translation result still holds for the extended LA. We prove this in the nextlemma, whi
h will be used in the proof of 
orollary 2.Lemma 1. The theorems of LA-with-bounded-index-quanti�ers, and over the�eld of two elements, translate into families of tautologies with AC0[2℄-Fregeproofs.Proof. Let � assign values to the index parameters of a formula, and let j�j bethe largest value in the assignment �. Let k�k� be the translation of � into afamily of propositional tautologies, parametrized by �.We know from [5℄, that if � is a formula over the language of LA, then,there exists a polynomial p� and a 
onstant d� su
h that for every �, the sizeof k�k� is bounded by p�(j�j), and the depth of k�k� is bounded by d�. If �



3is a true formula (in the standard model) then, the propositional formula k�k�is a tautology. Furthermore, if � is a theorem of LA-without-index-quanti�ers,then, there exists a polynomial q� and a positive integer d� su
h that for every �,k�k� has an AC0[2℄-Frege derivation ��;� su
h that the size of ��;� is boundedby q�(j�j) and the depth of ��;� is bounded by the 
onstant d�.Now 
onsider LA formulas with bounded index quanti�ers. We translatequanti�ers in the obvious manner:k(9i � n)�k� 7�! _1�j�knk k�k�(i=j) k(8i � n)�k� 7�! ^1�j�knk k�k�(i=j)where �(i=j) is � with i repla
ed by j. As in any LA proof the number ofquanti�ers is bounded (and hen
e in parti
ular the number of alternations ofquanti�ers is bounded), we still have a bounded depth d�.Furthermore, (Q1i1 � n1)(Q2i2 � n2) : : : (Qkik � nk)�, where Qi 2 f8; 9gare alternating quanti�ers, translates into a formula of sizeO(kn1k� � kn2k� � : : : � knkk� � size(k�k�)) (1)where in any LA proof, the k is bounded by a 
onstant, and so (1) is boundedby some polynomial in j�j.The reason why we want bounded index quanti�
ation is that it allows us tostate that a given matrix P is a permutation matrix:[r(P ) = 
(P )℄ ^ [(8i � r(P ))(9!j � 
(P ))e(P; i; j) = 1℄ ^ [PP t = I ℄ (2)(as we are dealing with a �eld of two elements, if e(P; i; j) 6= 1, it follows thate(P; i; j) = 0). Let (2) be abbreviated by Perm(P ). Then, (9P � n)� abbreviates(9P )[r(P ) � n^ 
(P ) � n^Perm(P )^�℄. Similarly, (8P � n)� abbreviates thesame formula but with the last \^" repla
ed by \�."De�nition 1. Let 9PLA denote the theory LA with bounded existential permu-tation quanti�
ation; in parti
ular, 9PLA allows indu
tion over formulas of theform (9P � n)�. Let 8PLA be an analogous theory, but with bounded universalpermutation quanti�
ation instead.De�nition 2. Let LAP be the theory LA with the matrix powering fun
tion P,whi
h is de�ned by the axioms: P(0; A) = I and P(n+ 1; A) = P(n;A) �A. Let9PLAP and 8PLAP be the extensions of LAP that allow bounded existential,respe
tively universal, permutation quanti�
ation.3 Matrix Form of the Pigeonhole Prin
ipleThe fun
tional form of the Pigeonhole Prin
iple (PHP) states that an inje
-tive fun
tion from a �nite set into itself must ne
essarily be surje
tive. Over the�eld GF(2), there are 2n2 matri
es of size n � n, and so the Matrix form of



4the Pigeonhole Prin
iple (MPHP) states that any inje
tive fun
tion fromthe set of n� n matri
es (over a �xed �nite �eld) into itself must be surje
tive.The 
onstru
ted terms of LA, i.e., terms of the form �ijhn; n; ti, de�ne fun
-tions from matri
es to matri
es in a very natural way: A 7�! �ijhn; n; t(A)iis a fun
tion from the set of all matri
es into the set of n � n matri
es. If werestri
t A to be an n � n matrix, we obtain a fun
tion from the set of n � nmatri
es into itself. This observation 
an be used to de�ne the MPHP in LA,with bounded matrix quanti�
ation. We 
an state that the above mapping isinje
tive as follows:(8X1 � n)(8X2 � n)[�ijhn; n; t(X1)i = �ijhn; n; t(X2)i � X1 = X2℄ (3)and we 
an state that it is surje
tive with:(8Y � n)(9X � n)[�ijhn; n; t(X)i = Y ℄ (4)Noti
e that we 
ould have stated the above more generally for n�m matri
es,but the resulting formulas would be less readable, as we would have to state(8X1)[r(X1) � n ^ 
(X1) � m℄, instead of the handy (8X1 � n). In any 
ase,square matri
es are suÆ
ient for what we want, and re
tangular matri
es 
anbe padded to be
ome square. We de�ne MPHP to be the s
heme of formulas(3) � (4) for all n; t. We let LAMPHP be LA with the MPHP s
heme.Note that despite the fa
t that we employed bounded matrix quanti�
ationto express MPHP in LA, the theory LAMPHP is still allowed to have indu
tionover formulas without quanti�ers only.An important reason why LA was designed in the �rst pla
e was to studythe proof theoreti
 
omplexity of the derivations of hard matrix identities.These are universal matrix identities, stated without quanti�ers but impli
itlyuniversally quanti�ed, that seem to require reasoning about inverses to provethem. The 
anoni
al example is IPn, whi
h 
an be stated in LA as follows:�ijhn; n;��klh1; n; AilBljii = In � �ijhn; n;��klh1; n; BilAljii = In (5)where In is given by �ijhn; n; 
ond(i = j; 1; 0)i.It turns out that there are a host of matrix identities, that 
an be derivedwith \basi
" properties from the IPn, su
h as AB = I ^ AC = I � B = C orAB = I � (AC = 0 � C = 0) (see [5℄ for more examples). All these identitiesare equivalent to IPn in LA (hen
e they 
an be shown equivalent with basi
 ringproperties). Let LAID be LA extended by some matrix identity ID (formally, IDis any LA-formula). We say that ID is a hard matrix identity if LAIPn = LAID.We 
an prove hard matrix identities in LA if at least one matrix is symmetri
(next lemma). It remains an open question whether LA 
an prove hard matrixidentities for general matri
es, but we 
onje
ture that it 
annot. On the otherhand, LAP 
an prove hard matrix identities for triangular matri
es, sin
e LAPproves the CHT for su
h matri
es.Lemma 2. LA proves hard matrix identities for symmetri
 matri
es.



5Proof. If at least one of A;B is symmetri
 (A = At or B = Bt), and AB = I ,then (AB)t = It = I . And (AB)t = BtAt. Suppose A is the symmetri
 one,then BtA = I . Sin
e AB = I implies in LA that A(BA� I) = 0, it follows thatBA� I = 0, so BA = I . Similar argument if B is the symmetri
 matrix.In [6℄ we showed that IPn does not have a bounded depth Frege proof, sin
ewe 
an derive from IPn (in bounded depth Frege) the fun
tional form of thePHP, whi
h does not have a bounded depth Frege proof. Here we show a weak
onverse of that result; LA with the matrix form of the pigeonhole prin
iple 
anprove IPn(over the �eld of two elements, and over any �nite �eld).Lemma 3. LAMPHP proves hard matrix identities.Proof. Suppose that we want to prove AB = I � BA = I . Given AB = I , letfA(X) := XA. The fun
tion fA 
an be de�ned in LA with a 
onstru
ted term.If XA = Y A, then (XA)B = (Y A)B, so by asso
iativity X(AB) = Y (AB), soX = Y . Hen
e fA is 1-1. By the PHP, (9X)fA(X) = I , so XA = I . This gives usa left-inverse for A. Sin
e AB = I implies (in LA) that A(BA�I) = 0, it followsfrom this that BA� I = 0, so BA = I . Sin
e all the hard matrix identities 
anbe shown equivalent in LA (by de�nition), we have the result.4 The Cayley-Hamilton TheoremWe show that the CHT 
an be proven in the theory 9PLAP. In fa
t, 8PLAPalso proves the CHT, as the two theories prove the same theorems in the languageof LAP. Many other universal properties of matri
es follow from the CHT withinLAP (see [4, Chapter 5℄), so we have their proofs in 9PLAP as well.The 
hara
teristi
 polynomial of a matrix A 
an be given as a term pA in thelanguage of LAP, using Berkowitz's algorithm (see [4, Chapter 4℄). Let pA(A)be the LAP-term expressing the result of plugging A into its 
hara
teristi
polynomial. The CHT states that pA(A) = 0.If A is a square matrix, de�ne A[n℄ to be the n-th prin
ipal submatrix of A;that is, A[1℄ is A with the �rst row and 
olumn removed, A[2℄ is A with the �rsttwo rows and 
olumns removed, and so on until A[r(A)�1℄ whi
h is just the 1�1matrix 
onsisting of the bottom-right 
orner entry of A (here r(A) = 
(A) =rows and 
olumns of A). Formally in LAP,A[n℄ =def �klhr(A) � n; 
(A)� n; e(A; n+ k; n+ l)i:Note that A[0℄ = A.Let CH(A; n) be a LAP formula stating that the CHT holds for the matri
esA[n℄; A[n+ 1℄; : : : ; A[r(A) � 1℄:Formally, CH(A; n) is given by(8n � i < r(A))pA[i℄(A[i℄) = 0Note that the 8-index quanti�er 
ould be repla
ed with a �-
onstru
tion, butwe assume that we have bounded index quanti�ers.



6Lemma 4. 9PLAP proves the following::CH(A; n) � (9P � r(A)):CH(PAP t ; n+ 1): (6)Proof. If :CH(A; n), then there exists a k 2 fn; n+ 1; : : : ; r(A) � 1g su
h thatpA[k℄(A[k℄) 6= 0:We 
hoose the largest su
h k, and 
onsider two 
ases.Case 1 If k 6= n, then k � n + 1, so let P = I , and 
learly :CH(A� ; n + 1)holds.Case 2 If k = n, then by de�nition of k,pA[n+1℄(A[n+ 1℄) = : : : = pA[r(A)�1℄(A[r(A) � 1℄) = 0 (7)We now �nd the �rst non-zero 
olumn of pA[n℄(A[n℄), and 
all it j. Note thatj 6= 1 sin
e pA[n+1℄(A[n + 1℄) = 0, and we know by [4, lemma 8.2.1℄ that inthat 
ase the �rst 
olumn of pA[n℄(A[n℄) must be zero. Thus 1 < j � r(A)�n.Let Ik be the matrix obtained from the identity matrix by permuting rowsk and k + 1. Ik 
an be easily expressed with a �-
onstru
tion. We now runthe program given in Figure 1 for �nding a permutation P and an integer0 � i < n su
h that p(PAP t)[n+j�i℄((PAP t)[n+ j � i℄) 6= 0.The program 
learly terminates (in at most j � r(A) steps). It must outputa 
orre
t P before i rea
hes the value j � 1, sin
e otherwise it would followthat p(PAP t)[n+1℄((PAP t)[n+ 1℄) = 0 with P = InIn+1 � � � In+j�1:This is not possible, sin
e it means that 
olumn j of A is in position n ofPAP t, and p(PAP t)[n+1℄((PAP t)[n+ 1℄) = 0so again by [4, lemma 8.2.1℄ it would follow that the j-th 
olumn is zero.This 
ontradi
ts the original assumption about the j-th 
olumn of A.Note that the program is a sear
h over �nitely many matri
es, using iteratedmatrix produ
ts. Thus, it 
an be formalized in LAP. Sin
e j > 1 and i � 0,p(PAP t)[n+j�i℄((PAP t)[n+ j � i℄) 6= 0implies :CH(PAP t; n+ 1).This ends the two 
ases and the proof of (6).Theorem 1. 9PLAP proves the CHT, i.e., 9PLAP ` pA(A) = 0.Proof. From (6) we 
an easily obtain:(9P � r(A)):CH(PAP t ; n) � (9P � r(A)):CH(PAP t; n+ 1) (8)



7P  Ii 0while i < jif p(PAP t)[n+j�i℄((PAP t)[n+ j � i℄) = 0 thenP  In+j�i�1Pi i+ 1else output PbreakFig. 1. Program for 
omputing the permutation P .So now suppose that the CHT theorem fails for some matrix A, so pA(A) 6= 0.Then :CH(A; 0), so 
ertainly (9P � r(A)):CH(PAP t ; 0), where we 
an takeP = I . This is our basis 
ase, and (6) is our indu
tion step, so we 
an 
on
ludeby the indu
tion rule that :CH(A; r(A) � 1). But that means that the CHTfails for a 1� 1 matrix. It is easy to show in LAP that the CHT holds for 1� 1matri
es, and so we obtain a 
ontradi
tion.The above theorem is also provable with the following indu
tion hypothesis:(8P � r(A)):CH(PAP t ; n+ 1) � (8P � r(A)):CH(PAP t; n)and so it follows, as was stated in the �rst paragraph of this se
tion, that 8PLAPproves the CHT as well.Sin
e 9PLAP proves the CHT, it follows (by [5, theorem 4.1℄) that 9PLAP(8PLAP) also proves hard matrix identities, and, by further results in [5℄, themultipli
ativity of the determinant.Corollary 1. 9PLAP proves hard matrix identities and the multipli
ativity ofthe determinant.5 Expressing graph-theoreti
 propertiesIn this se
tion we show that the theories 9PLA and 8PLA are very well suitedfor expressing graph-theoreti
 properties. In the next se
tion we show that 8PLA
an a
tually prove the soundness of the Haj�os Cal
ulus. Not surprisingly, 9PLA
an expressNP graph problems, and 8PLA 
an express 
o-NP graph problems.Re
all that Graph Isomorphism (GI) is the de
ision problem of whethertwo graphs G1 = (V;E1) and G2 = (V;E2), on the same set of nodes V , areisomorphi
. That is, whether there is a permutation (i.e., re-labeling) � of thenodes V su
h that G2 = �(G1), where �(G1) = (V; f(�(u); �(v))j(u; v) 2 E1g).GI is one of the few examples of de
ision problems that are in NP and notbelieved to be in P or NP-
omplete.We 
an express GI su

in
tly in 9PLA as follows:(9P � r(A))[A = PBP t℄



8here A and B are the adja
en
y matri
es for graphs G1 and G2 (re
all that Ais the adja
en
y matrix for G = (V;E) if r(A) = 
(A) = jV j and e(A; i; j) = 1i� (i; j) 2 E). Note that the (i; j)-th entry of PBP t, (PBP t)ij , is given byP1�k;l�n PikBklP tlj = P1�k;l�n PikBklPjl (assuming that A;B; P are n � nmatri
es). Note that P tlj = Pjl sin
e for permutation matri
es P t = P�1. Sin
eP is a permutation matrix, it 
an be regarded as a fun
tion P : [n℄ �! [n℄ whereP (i) = j i� Pij = 1. Hen
e, (PBP t)ij = BP (i)P (j).We 
an also express the de
ision problem Path in 9PLA. Path on input(G; s; t; k) de
ides if there is a path in G from node s to node t of length k. Ifthere is su
h a path, then there is a sequen
e of nodes s = i1; i2; : : : ; ik = t su
hthat (ij ; ij+1) 2 E for all j. Given i1; i2; : : : ; ik, there is a re-labeling � of thenodes so that in �(G) we have �(s) = 1; 2; : : : ; k = �(t), and (i; i+1) is an edgein �(G). Thus, Path 
an be expressed in 9PLA as follows:(9P � r(A))[(80 < i < k)e(PAP t; i; i+ 1) = 1 ^ Ps = e1 ^ Pt = ek℄The formula (80 < i < k)e(PAP t; i; i+1) = 1 in the above expression is statingthat the upper-left k� k 
orner of PAP t has 1s on the diagonal above the maindiagonal.Hamiltonian Path (HP) 
an be stated as:(9P � r(A))(80 < i < r(A))[e(PAP t; i; i+ 1) = 1℄The idea is that we have 1s above the main diagonal, so that for 1 � i � n� 2there is an edge (i; i+ 1) in the re-labeled graph.For example, in the undire
ted graph G given in Fig. 2, if we re-label thenodes a

ording to the permutation P : 1 7! 1; 2 7! 5; 3 7! 4; 4 7! 3; 5 7! 2, weobtain the graph G0 on the right with a HP 1-2-3-4-5 indi
ated by the arrows.
tt ttt G0 =G = 41 325��������� tt ttt31 452 -���	 ���6���RFig. 2. Graph G and its re-labeling G0.We 
an express the k-Colorability of graphs in 9PLA. Let 0k denote thek � k matrix of zeros. Let G be a graph, and AG its 
orresponding adja
en
ymatrix. We 
an state that G is k-
olorable, for any �xed k, as follows:(9P � r(AG))(9i1; i2; : : : ; ik � r(AG))[PAGP t = 266640i1 � � � � �� 0i2 � � � �... ... . . . ...� � � 0ik 37775℄



9The unspe
i�ed entries in the above graph (i.e., the entries in the blo
ks labeledby \�") 
an be anything. For k = 3, let Non-3-Col(A) be the negation of theabove formula, stating that the graph whose adja
en
y matrix is A is not 3
olorable. Note that Non-3-Col(A) is a formula in the language of 8PLA.Hamiltonian Cy
le, Vertex Cover and Clique 
an also be stated usingsimilar te
hniques.6 The Haj�os Cal
ulusIn this se
tion we will show that the theory 8PLA proves the soundness of theHaj�os 
al
ulus. The Haj�os 
al
ulus is a very simple non-deterministi
 pro
e-dure for building non-3-
olorable graphs. It 
an also be used as a propositionalrefutation system, and as su
h it is p-equivalent to extended Frege|see [3℄.The Haj�os 
al
ulus has the 4-
lique as its only axiom: let K4 denote the4-
lique (a 
omplete graph on 4 verti
es). 8PLA 
an show that K4 is not 3-
olorable, that is 8PLA ` Non-3-Col(AK4). Furthermore, the Haj�os 
al
ulushas the following three rules for building bigger non-3-
olorable graphs:1. Addition Rule: Add any number of verti
es and/or edges.2. Join Rule: Let G1 and G2 be two graphs with disjoint sets of verti
es.Let (i1; j1) and (i2; j2) be edges in G1 and G2, respe
tively. Constru
t G3as follows: remove edges (i1; j1) and (i2; j2), and add the edge (j1; j2), and
ontra
t verti
es i1 and i2 into the single vertex i1. See Fig. 3 for an example.
tt tt������ tt tt������ =) tt ttttttj1 j2 j1 j2i1 i1i2 ���QQQQ�������Fig. 3. The join rule applied to two K4 graphs.3. Contra
tion Rule: Contra
t two nonadja
ent verti
es into a single vertex,and remove the resulting dupli
ated edges. The new vertex 
an be either ofthe two original verti
es.A derivation in the Haj�os 
al
ulus is a sequen
e of graphs fG1; G2; : : : ; Gngsu
h that ea
h Gi is either K4, or follows from previous Gj 's by one of the threerules. Gn is the graph being derived, i.e., the 
on
lusion. The Haj�os 
al
ulus isboth 
omplete (any non-3-
olorable graph 
an be derived in it), and sound(only non-3-
olorable graphs 
an be derived). See [3℄ for proofs of 
ompletenessand soundness.Lemma 5. 8PLA proves the soundness of the rules of the Haj�os Cal
ulus.



10Before giving the proof, note that a formula stating the 
ompleteness of the Haj�os
al
ulus would have to be a 8X9Y -formula (for any A, if Non-3-Col(A), thenthere exists a derivation (i.e., there exists a long matrix en
oding a derivation)of A). Thus, 
ompleteness 
annot be expressed in 8LA. (Furthermore, a matrixen
oding a derivation is not going to be a permutation matrix in general.) We
onje
ture that the stronger theory 9LA 
an prove 
ompleteness.Proof (of lemma 5). For the addition rule, let G0 be G with new verti
es/edges.This 
an be stated as follows:r(AG) � r(AG0 ) ^ (8i; j � r(AG))[e(i; j; AG) = 1 � e(i; j; AG0) = 1℄So, AG0 
ontainsAG in its upper-left 
orner, with, possibly, 
ertain 0s repla
ed by1s, and so it is easy to derive the sequent Non-3-Col(AG) ! Non-3-Col(AG0).For the join rule, let G1 and G2 be the two graphs as in the statement ofthe rule, and AG1 and AG2 the 
orresponding adja
en
y matri
es. Suppose thate(AG1 ; i1; j1) = e(AG2 ; i2; j2) = 1. Then AG is given by a 
onstru
ted matrixwith r(AG1 ) + r(AG2 )� 1 rows (and 
olumns), and of the form:24AG1 [i1ji1℄ D1AG2 [i2ji2℄ D2Dt1 Dt2 0 35 (9)where A[ijj℄ is standard notation for a matrix with row i and 
olumn j removed,and D1 is a 
olumn ve
tor with a 1 in position j i� e(AG1 ; i1; j) = 1, and D2 isa 
olumn ve
tor with a 1 in position j i� e(AG2 ; i2; j) = 1. Matrix (9) 
an begiven as a 
onstru
ted matrix over LA. It is not diÆ
ult to derive the sequent:Non-3-Col(AG1) ^Non-3-Col(AG2)! Non-3-Col(AG)The soundness of the 
ontra
tion rule 
an be shown in a similar way.There are two versions of the Haj�os 
al
ulus: with labeled and un-labeledgraphs. The two versions are p-equivalent. In fa
t, this 
an be shown in 8PLA,as we 
an derive (8Q � r(A))Non-3-Col(QAQt) from Non-3-Col(A) (thisderivation is very easy, pra
ti
ally by de�nition of Non-3-Col).Theorem 2. 8PLA proves the soundness of the Haj�os Cal
ulus.Proof. A derivation in the Haj�os Cal
ulus is given by a sequen
e of graphsfG1; G2; : : : ; Gng, where Gn is the 
on
lusion, and ea
h Gi is either K4 or fol-lows from previous Gj 's by the appli
ation of one of the three rules. We 
anen
ode the derivation as a long matrix [AG1AG2 : : : AGn ℄. Using indu
tion onn, lemma 5, and the observation that 8PLA ` Non-3-Col(AK4), we 
an showNon-3-Col(AGn).



117 Quanti�ed Permutation FregePermutation Frege is a well studied propositional proof system where, besides theusual Frege rules for propositional 
onsequen
e, we have a restri
ted substitutionrule � ` �� whi
h allows us to permute the variables of � (a

ording to �) toobtain ��. As the permutation rule is a kind of restri
ted substitution, we knowthat Permutation Frege 
an be p-simulated by extended Frege. It remains aninteresting open problem whether Permutation Frege and extended Frege are infa
t p-equivalent, or whether Permutation Frege is stri
tly weaker.We introdu
e a novel propositional proof system, whi
h we 
all Quanti�edPermutation Frege (QPF). As the name suggests, QPF allows quanti�
ationover permutations, just as Quanti�ed Frege ([2, x4.6℄) allows quanti�
ation overvariables.In this paper we shall 
onsider two fragments of QPF, namely 9�-Fregeand 8�-Frege. In 9�-Frege we allow propositional formulas plus formulas of theform 9�S�, where � is a propositional formula without any quanti�ers. Here �Sdenotes an automorphism (permutation) of the variables in the �nite set S, and�S jS
 = id. Similarly, 8�-Frege 
onsists of propositional formulas plus formulasof the form 8�S�. Note that the restri
tion on quanti�
ation is stri
t in thesense that we allow one quanti�er in prenex form only. (Sin
e S 
an 
onsistof any �nite number of variables, we 
an always express a blo
k of existential(universal) permutation quanti�ers with one existential (universal) permutationquanti�er.)The semanti
 of 9�S� is as follows: given a truth value assignment t, t � 9�S�i� there exists a permutation of the variables in S su
h that t�S � �, wheret�S (x) = t(�S(x)). The semanti
 of 8�S� is de�ned analogously.The rules of 9�-Frege and 8�-Frege are the usual Frege rules plus the follow-ing four sequent rules for introdu
ing permutation quanti�ers:� ! �;�� ! �; 9�S��S �; � ! �9�S��S ; � ! � � ! �;�� ! �;8�S��S �; � ! �8�S��S ; � ! �where �S is some permutation of the variables in S, and ��S is � with thevariables permuted a

ording to �S . There are the following restri
tions: � maynot 
ontain any (permutation) quanti�ers, and for 9�S introdu
tion left and 8�Sintrodu
tion right, the variables in S are not free in the bottom sequent. Thevariables in a �nite set S are not free in a given formula � if either they donot o

ur in � at all, or � is of the form 9�Q
 (or 8�Q
), with 
 having noquanti�ers, and S � Q.It is easy to 
he
k that the four rules are sound. It is an open questionwhether, with the given de�nition of restri
tion, the system is 
omplete (i.e.,
an we prove all true 9� and 8� sequents?). However, here we use 9�-Fregeand 8�-Frege to prove propositional formulas without quanti�ers, and for theseformulas 
ompleteness follows from the 
ompleteness of Frege. The permutationquanti�ers allow us to (apparently) shorten the proofs 
onsiderably.We leave it as future resear
h the de�nition of a general QPF system, wherewe allow arbitrary alternations of quanti�ers, with a restri
tion that renders it
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omplete. We 
onje
ture that a well de�ned QPF system should be equivalentto the general Quanti�ed Frege (
alled G in [2, x4.6℄).De�ne 9�-Frege� and 8�-Frege� to be the same as 9�-Frege and 8�-Frege,but with the additional requirement that the proofs have to be tree-like (i.e.,ea
h sequent in the proof o

urs at most on
e). Theorem 2 allows us to provethe following interesting 
orollary.Corollary 2. 9�-Frege� and 8�-Frege� are p-equivalent to extended Frege.Proof. 9�-Frege� and 8�-Frege� 
an be simulated by G�1 whi
h is p-equivalentto extended Frege ([2, se
tion 4.6℄). Conversely, extended Frege and the Haj�os
al
ulus are p-equivalent ([3℄), and by theorem 2, 8PLA proves the soundness ofthe Haj�os 
al
ulus. On the other hand, the proof of theorem 2 
an be translatedinto 8�-Frege� (and 9�-Frege�), as 
an be seen by noting that the theoremsof LA translate into AC0[2℄-Frege (by lemma 1), and by noting that universalpermutation quanti�ers o

ur in the form (8P � n)�(PAP t), and so they 
anbe easily translated into 8�Ak�(A)k�0 . (Note that � and �0 are di�erent obje
ts;one is permutation quanti�
ation, and the other a translation parameter.) Itfollows that 8�-Frege� (and 9�-Frege�) 
an simulate the Haj�os 
al
ulus, andhen
e extended Frege.8 Open ProblemsIs there an LAP proof of the CHT? A related question is: 
an we prove hardmatrix identities in LAP? Can we show that hard matrix identities are inde-pendent of LA? What would be a natural de�nition of QPF (one that ensuressoundness and 
ompleteness)? Is (a good de�nition of) QPF p-equivalent to G?A
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