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tIn this arti
le we generalize pa
king density problems from permutations topatterns with repeated letters and generalized patterns. We are able to �nd thepa
king density for some 
lasses of patterns and several other short patterns.The string 213322 
ontains three subsequen
es 233; 133; 122 ea
h of whi
h is order-isomorphi
 (or simply isomorphi
) to the string 122, i.e. ordered in the same way as 122.In this situation we 
all the string 122 a pattern.Herb Wilf �rst proposed the systemati
 study of pattern 
ontainment in his 1992address to the SIAM meeting on Dis
rete Mathemati
s. However, several earlier resultson pattern 
ontainment exist, for example, those by Knuth [9℄ and Tarjan [15℄.Most results on pattern 
ontainment a
tually deal with pattern avoidan
e, in otherwords, enumerate or 
onsider properties of strings over a totally ordered alphabet whi
havoid a given pattern or set of patterns.There is 
onsiderably less resear
h on other aspe
ts of pattern 
ontainment, spe
i�-
ally, on pa
king patterns into strings over a totally ordered alphabet (but see [1, 3, 7, 12,14℄). In fa
t, all pattern pa
king ex
ept the one in [14℄ (later generalized in [1℄) dealt withpa
king permutation patterns into permutations (i.e. strings without repeated letters).In this paper, we generalize the pa
king statisti
s and results to patterns over strings withrepeated letters and relate them to the 
orresponding results on permutations. We dealthe ele
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with monotone and layered patterns in Se
tion 2, with generalized patterns in Se
tion 3,and with superpatterns (strings 
ontaining all patterns in a given set) in Se
tion 4.1 PreliminariesLet [k℄ = f1; 2; : : : ; kg be our 
anoni
al totally ordered alphabet on k letters, and 
onsiderthe set [k℄n of n-letter words over [k℄. We say that a pattern � 2 [l℄m o

urs in � 2 [k℄n, or� hits �, or that � 
ontains the pattern �, if there is a subsequen
e of � order-isomorphi
to �.Given a word � 2 [k℄n and a set of patterns � � [l℄m, let �(�; �) be the total number ofo

urren
es of patterns in � (�-patterns, for short) in �. Obviously, the largest possiblenumber of �-o

urren
es in � is �nm�, when ea
h subsequen
e of length m of � is ano

urren
e of a �-pattern. De�ne�(�; k; n) = maxf �(�; �) j � 2 [k℄ng;d(�; �) = �(�; �)�nm� andÆ(�; k; n) = �(�; k; n)�nm� = maxf d(�; �) j � 2 [k℄ng;respe
tively, the maximum number of �-patterns in a word in [k℄n, the probability thata subsequen
e of � of length m is an o

urren
e of a �-pattern, and the maximum su
hprobability over words in [k℄n. We want to 
onsider the asymptoti
 behavior of Æ(�; k; n)as n!1 and k !1.Proposition 1.1 If n > m, then Æ(�; k; n) � Æ(�; k; n�1) and Æ(�; k; n) � Æ(�; k�1; n).Proof. The proof of Proposition 1.1 in [1℄ also applies to the �rst inequality in ourproposition, sin
e possible repetition of letters is irrelevant here. To see that the se
ondinequality is true, note that in
reasing k, i.e. allowing more letters in our alphabet, 
anonly in
rease �(�; k; n), and hen
e Æ(�; k; n). 2The greatest possible number of distin
t letters in a word � of length n is n, whi
himplies that �(�; k; n) = �(�; n; n) for k � n, and hen
e, Æ(�; k; n) = Æ(�; n; n) for k � n.Therefore, Æ(�; n; n) = limk!1 Æ(�; k; n):We also have Æ(�; n; n) = Æ(�; n+1; n) � Æ(�; n+1; n+1), so Æ(�; n; n) is non-in
reasingand nonnegative, and there existsÆ(�) = limn!1 Æ(�; n; n) = limn!1 limk!1 Æ(�; k; n):We 
all Æ(�) the pa
king density of �.the ele
troni
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Obviously, there are two double limits. Sin
e Æ(�; k; n) is non-in
reasing in n andgreater than 0, it follows thatÆ(�; k) = limn!1 Æ(�; k; n) 2 [0; 1℄exists and is nonde
reasing in k. Hen
e, we 
an de�neÆ0(�) = limk!1 Æ(�; k) = limk!1 limn!1 Æ(�; k; n):It is easy to see that Æ0(�) � Æ(�). Naturally, one wishes to determine when Æ0(�) =Æ(�). In this paper, we will provide one suÆ
ient 
ondition for this equality; however,we have not been able either to prove that Æ0(�) = Æ(�) for all � or to �nd � for whi
hÆ0(�) < Æ(�).The set [k℄n is �nite, so for ea
h k and n, there is a string �(�; k; n) 2 [k℄n, notne
essarily unique, su
h that d(�; �(�; k; n)) = Æ(�; k; n). To �nd Æ(�), we will need to�nd Æ(�; k; n), hen
e maximal �-
ontaining permutations �(�; k; n) are of interest to us,espe
ially, their asymptoti
 shape as n!1 and k !1.Example 1.2 Let � = f
mg, where 
m is a 
onstant string of m 1's. Then, 
learly,�(�; k; n) = 
n and d(
m; 
n) = 1 for n � m, so Æ(
m; k; n) = 1 for n � m, and hen
eÆ0(
m) = Æ(
m) = 1 for any m � 1.Example 1.3 Let � = fidmg, where idm is the identity permutation of Sm. Then�(idm; n; n) = idn and d(idm; idn) = 1, so Æ(idm; n; n) = 1 and Æ(idm) = 1.Determining Æ0(idm) is a bit harder. It is easy to see that �(idm; k; n) must be anonde
reasing string of digits in [k℄. Let ni be the number of digits i in �(idm; k; n), then�(idm; k; n) = �(idm; �(idm; k; n)) = n1n2 : : : nk and n1 + n2 + � � �+ nk = n. To maximizethe above produ
t we need n1 = n2 = � � � = nk = nk . (More exa
tly, [12℄ shows that weshould 
hoose for ni's to be su
h integers that jni � nk j < 1 and jn1 + � � �+ nr � rnk j < 1for ea
h r = 1; 2; : : : ; k.) It follows thatÆ(idm; k; n) � � km� �nk �m�nm�(where an � bn means limn!1 an=bn = 1), so Æ(idm; k) = �km�m!km , and thus Æ0(idm) = 1 asexpe
ted.Pa
king density was initially de�ned for patterns in permutations. Therefore, we mustshow that the pa
king density on permutations agrees with the pa
king density on words.Theorem 1.4 Let � � Sm be a set of permutation patterns, thenÆ(�) = limn!1 maxf �(�; �) j � 2 Sng�nm� ;i.e. the pa
king density of � on words is equal to that on permutations.the ele
troni
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Proof. It is enough to prove that�(�; n; n) = maxf �(�; �) j � 2 Sng;in other words, that there is a permutation in Sn among the maximal �-
ontaining wordsin [n℄n. Consider any maximal �-
ontaining word � 2 [n℄n. Let ni be the multipli
ity ofthe letter i in �. Let ij denote the jth o

urren
e of the letter i, and 
onsider the mapf : [n℄n ! Sn indu
ed by the map ij 7! �Pir=1 nr� � j + 1. Sin
e all letters of ea
hpattern in � are distin
t, � o

urs in f(�) at least at the same positions � o

urs in �,so �(�; f(�)) � �(�; �). The rest is easy. 2Apart from 
omputing pa
king densities of patterns, we would also like to determinewhi
h patterns have equal pa
king densities, whi
h ones are asymptoti
ally more pa
kablethan others, et
. For example, it is easy to see that the pa
king density is invariant underthe usual symmetry operations on [l℄m: reversal r : �(i)! �(m� i+ 1) and 
omplement
 : �(i)! l � �(i) + 1, (pa
king density is also invariant under inverse i : � ! ��1 whenpa
king permutations into permutations). The operations r and 
 generate D2, while r; 
; igenerate D4. Patterns whi
h 
an be obtained from ea
h other by a sequen
e of symmetryoperations are said to belong to the same symmetry 
lass.Example 1.5 The symmetry 
lass representatives of patterns in [3℄3 are 111, 112, 121,123 and 132. We know that Æ(111) = 1 = Æ(123). Galvin, Kleitmann and Stromquist (in-dependently, unpublished, see 
hronology in [12℄) showed that Æ(132) = 2p3�3 � 0:4641.Thus, we only need to determine the pa
king densities of 112 and 121 to 
ompletely 
las-sify patterns of length 3.Pri
e [12℄ extended Stromquist's results [14℄ to pa
king a single pattern � = 1m(m�1) : : : 2 and handled other single patterns su
h as 2143. Sin
e we will also be 
on
ernedmostly with singleton sets of patterns � = f�g, we will write Æ(�) for Æ(f�g), et
.Pri
e's results deal with patterns of spe
i�
 type, the so-
alled layered patterns.De�nition 1.6 A layered permutation is a stri
tly in
reasing sequen
e of stri
tly de-
reasing substrings. These substrings are 
alled the layers of �.Notation 1.7 It easy to see that a layered permutation is uniquely determined by thesequen
e of its layer lengths, hen
e we may denote it by su
h sequen
e, e.g. d321 b54 d9876 =[3; 2; 4℄, b1b2b3 = [1; 1; 1℄;b1 b32 = [1; 2℄; b21b3 = [2; 1℄;d321 = [3℄ are layered, with layers denotedby hats, while 312; 231 are non-layered.In fa
t, note that the union of symmetry 
lasses of layered permutations 
onsists ofexa
tly the permutations avoiding patterns in the symmetry 
lasses of 1342; 1423; 2413.In [14℄, Stromquist proved a theorem (later generalized in [1℄) on pa
king layeredpatterns into permutations. The indu
tive proof of this theorem de�nes a permutation(or a poset) � to be layered on top (or LOT ) if ea
h of its maximal elements is greaterthan any non-maximal element. The set of these maximal elements is 
alled the �nallayer of � (even if � is not ne
essarily layered). Re
all that �(�; �) is the total numberof o

urren
es of patterns in � (�-patterns, for short) in a string �.the ele
troni
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Proposition 1.8 Let � be a multiset of LOT permutations (not ne
essarily all distin
tor of equal length). Then there is an LOT permutation �� 2 Sn whi
h maximizes theexpression �(�; �) =X�2� a��(�; �); a� � 0; � 2 Sn: (1.1)Furthermore, if the �nal layer of every � 2 � has size greater than 1, then every su
h ��is LOT.Applying this proposition indu
tively, [1℄, following [14℄, obtainsTheorem 1.9 Let � be a multiset of layered permutations. Then there is a layered per-mutation �� whi
h maximizes the expression (1.1). Furthermore, if all the layers of every� 2 � have size greater than 1, then every su
h �� is layered.Following [1, 12℄, we will also de�ne the `-layer pa
king density Æ`(�) for sets of layeredpermutations � as the pa
king density of � among the permutations with at most ` layers.It was shown in both of the above works that Æ(�) = lim`!1 Æ`(�).2 Monotone and layered patternsThe easiest type of patterns with repeated letters are those whose letters are nonde
reasing(or non-in
reasing) from left to right. By analogy with layered patterns, we will 
onsidernonde
reasing patterns.We will 
all a maximal 
onstant segment of a word a blo
k. For a letter a and integerk � 1, we will de�ne ak = a : : : a| {z }k .Theorem 2.1 Let � 2 [l℄m be a set of nonde
reasing patterns � = 1a1(�)2a2(�) : : : lal(�).For ea
h � 2 � � [l℄m, let �̂ 2 Sm be the layered pattern �̂ = [a1(�); : : : ; al(�)℄, and let�̂ = f�̂ j � 2 �g. Then Æ(�; k) = Æk(�̂) and Æ0(�) = Æ(�) = Æ(�̂).Proof. There is a natural bije
tion between nonde
reasing patterns on l letters andlayered patterns with l layers. The map f of Theorem 1.4, indu
ed by the map ij 7!�Pir=1 ar(�)� � j + 1 (where ij is the jth i from the left), maps � to �̂. Clearly, f�1 isindu
ed by a map whi
h takes ea
h element in the ith layer (the ith basi
 subsequen
e,in general) to the integer i. (The ith basi
 subsequen
e of a permutation 
onsists ofelements that are \i" in some o

urren
e of pattern idi, but never \i+1" in any o

urren
eof idi+1. For example, the �rst basi
 subsequen
e 
onsists of the left-to-right minima.)Thus, o

urren
es of any � 2 � in any word � 
orrespond to o

urren
es of �̂ in f(�), so�(�; �) = �(�̂; f(�)). The rest is easy. 2Example 2.2 Using the previous theorem and results of Pri
e [12℄, we obtain Æ(112) =Æ( b21b3) = 2p3� 3, Æ(1122) = Æ( b21 b43) = 3=8. More generally, for k � 2,Æ(1 : : : 1| {z }k 2) = k(1� �)�k�1; where 0 < � < 1; (1� k�)k+1 = 1� (k + 1)�:the ele
troni
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Similarly, for r; s � 2,Æ(1 : : : 1| {z }r 2 : : : 2| {z }s ) = Æ(1 : : : 1| {z }r 2 : : : 2| {z }s ; 2) = �r + sr � rrss(r + s)r+s :In other words, the maximal pa
king is a
hieved on 2-letter words 11 : : : 122 : : : 2 withstrings of 1's and 2's of relative lengths r=(r + s) and s=(r + s). Using the results ofAlbert et al. [1℄, we also �nd that Æ(1123) = Æ(1233) = Æ(1243) = 3=8, Æ(f122; 112g) =Æ(f132; 213g) = 3=4.Notation 2.3 Amonotone nonde
reasing pattern is uniquely determined by the sequen
eof its blo
k lengths. Be
ause of this and as a 
onsequen
e of Theorem 2.1, we may byabuse of notation denote a monotone nonde
reasing pattern by the sequen
e of its blo
klengths, e.g. 112 = [2; 1℄; 122 = [1; 2℄; 123 = [1; 1; 1℄.By analogy with layered permutations, we de�ne layered strings as follows.De�nition 2.4 A string � 2 [l℄m is layered if it is a 
on
atenation of a stri
tly in
reasingsequen
e of non-in
reasing substrings. In other words, � = �1 : : : �r, where �i are non-in
reasing, and �1 < � � � < �r (that is any letter of �i is less than any letter of �j if i � j).Substrings �i maximal with respe
t to these properties are 
alled the layers of �.De�nition 2.5 Let us say that the layered permutation � is simple if there exists asequen
e f�ng of layered permutations with �n 2 Sn su
h that every �n has r layers andlimn!1 d(�; �n) = Æ(�).Simple permutations are, as indi
ated by the name, the easiest type of permutationsto 
al
ulate the pa
king density of. Indeed, it was shown in [7, Theorem 1.2℄ that thelayered permutation � of type [m1; : : : ; mr℄ with log2(r+1) � minfmig is simple and thatin this 
ase d(�) = m!mm rYk=1 mmkkmk! ;where m := m1 + : : :+mr.Theorem 2.6 Let � be layered pattern with ea
h layer isomorphi
 to either k : : : 1 or1 : : : 1. Let �0 be the layered permutation with layer lengths equal to those of �. If � issimple, then Æ(�) = Æ(�0).Proof. Let us denote by m the number of layers in �. If f is an operation as inTheorems 1.4 and 2.1 and � is layered, then �0 = f(�) is layered. Sin
e �0 is simple, the�0-maximal permutation is essentially one with m layers of size proportional to those of�. But transforming this permutation into a layered pattern by 
hanging a layer to blo
kif the 
orresponding layer of � is a blo
k gives a pattern � for whi
h d(�; �) ! Æ(�0).Therefore Æ(�) � Æ(�0).Let � be a �-maximal pattern. Then every o

uren
e of � in � is an o

uren
e off(�) = �0 in f(�), so that Æ(�) � Æ(�0). It follows that Æ(�) = Æ(�0). 2the ele
troni
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Example 2.7 Let � = k(k � 1) : : : 1(k + 1)q. If q � 2 thenÆ(�) = �k + qk � kkqq(k + q)k+q :If q = 1 then Æ(�) = Æ(1k2) = Æ([k; 1℄), given in Example 2.2. The �rst 
laim follows byTheorem 2.6 and [7, Theorem 1.2℄. The se
ond 
laim follows by Theorem 2.6 and [12,Theorem 5.2℄.Conje
ture 2.8 If � is a set of layered patterns, then Æ0(�) = Æ(�) and among maximal�-
ontaining strings in [k℄n, there is one whi
h is layered.Next we will dis
uss a non-monotone type of patterns related to monotone patterns.Theorem 2.9 Let � = 1p2r1q, for p; q; r � 1. ThenÆ(�) = �p+ qp � ppqq(p+ q)p+q Æ(1p+q2r) = �p+ qp � ppqq(p+ q)p+q Æ([p+ q; r℄):Proof. Let � be a �-maximal pattern of length n. Denote by ai the number of i's in �.It is 
lear that � 
an be assumed to have at least two blo
ks at every height ex
ept thegreatest.Let us 
ompare the hits (o

urren
es) of � in � with those of the pattern �0 = 1p+q2rin �0 = 1a12a2 : : : kak . Let us 
ount the number of hits in ea
h 
ase with the blo
ks of1's at height i and the 2's at height j > i. The maximum number of su
h hits of � in �o

urs in the pattern ipai=(p+q)jaj iqai=(p+q) and equals�pai=(p+ q)p ��ajr ��qai=(p+ q)q �:(This argument is stri
tly true only if ai is divisible by p+ q, otherwise we have to roundsuitably.) On the other hand the hits of �0 in �0 with the 1's and the 2's at these heightso

urs in � aip+ q��ajr �
ases. By 
onsidering this ratio for large ai, we �nd that�(�; �) � �p+ qp � ppqq(p+ q)p+q �(�0; �0):(We do not need to 
onsider small ai's sin
e their 
ontribution as n!1 will be negligi-ble.) But we know the density of �0 by Theorem 2.1, and so it follows thatÆ(�) � �p+ qp � ppqq(p+ q)p+q Æ([p + q; r℄):On the other hand it is easy to see that we 
an 
onstru
t patterns 
ontaining this many�'s; we take a �0-maximal pattern and split ea
h blo
k ex
ept the one on the highest levelthe ele
troni
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into two blo
ks of relative sizes p and q and pla
e the �rst before and the latter after allhigher height blo
ks. Therefore the inequality is in fa
t is an equality, and the theoremis proved. 2Note that Theorem 2.9 also applies when p = 0 or q = 0, in whi
h 
ase it redu
es toan identity.Remark 2.10 If r > 1 in the previous theorem, thenÆ([p+ q; r℄) = �p + q + rr � (p+ q)p+qrr(p+ q + r)p+q+r ;and so Æ(�) = �p+ q + rp; q; r � ppqqrr(p+ q + r)p+q+r :The �-maximizing string here is of the type 1a2
1b with asymptoti
 layer lengths� pp+ q + r ; rp+ q + r ; qp+ q + r� :Remark 2.11 When r = 1, we 
an 
al
ulate Æ([p+ q; r℄) as in Example 2.2, whi
h yieldsÆ(�) = �p+ qp �ppqq (1� (p+ q)�) �p+q�1;where � 2 (0; 1) is the unique solution of (1� sx)s+1 = 1� (s + 1)x and s = p+ q. The�-maximizing string here is of the type 1a12a23a3 : : : : : : 3b32b21b1 with asymptoti
 layerlengths (p�; p�(1� s�); p�(1� s�)2; : : : ; : : : ; q�(1� s�)2; q�(1� s�); q�).As an aside we note that� = 1s+ 1 � (s+ 1)�(s+2) +O �(s+ 1)�2s� ;sin
e for x0 = 1=(s+ 1)� (s+ 1)�(s+2) we have(1� sx0)s+1 + (s+ 1)x0 � 1 = � 1s + 1 + s(s+ 1)s+2�s+1 � (s+ 1)�(s+1)= s(s+ 1)2s+1 +O �(s+ 1)1�3s�For s � 3, the error in � is at most 4�6 < 0:00025, so x0 approximates � up to at least 3de
imal pla
es.Example 2.12 Æ(121) = 12Æ(112) = 12Æ(213) = p3 � 3=2. This 
ompletes the inventoryof pa
king densities of 3-letter patterns by symmetry 
lass.Symmetry 
lass 111 112 121 123 132Pa
king density 1 2p3� 3 2p3� 32 1 2p3� 3the ele
troni
 journal of 
ombinatori
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3 Generalized patternsHere we 
onsider pa
king generalized patterns into words. Generalized patterns wereintrodu
ed by Babson and Steingr��msson [2℄ and allow the requirement that some adja
entletters in a pattern be adja
ent in its o

urren
es in an ambient string as well. Forexample, an o

urren
e of a generalized pattern 21-3 in a permutation � = a1a2 � � �an is asubsequen
e aiai+1aj of � su
h that ai+1 < ai < aj. Clearly, in the new notation, 
lassi
alpatterns are those with all hyphens, su
h as 1-3-2.Notation 3.1 This notation (introdu
ed in [2℄) may be a little 
onfusing sin
e 
lassi
alpatterns (the ones with all hyphens) were previously written the same way as the gen-eralized patterns with all adja
ent letters (i.e. with no hyphens). From now on, we willuse the generalized pattern notation. However, if we 
onsider subword patterns (thosewith no hyphens), we may write �g for a generalized pattern � without hyphens wherethe 
ontext allows for ambiguity.If � 2 [l℄m is a generalized pattern with b blo
ks of 
onse
utive letters (i.e. b � 1hyphens), then it is easy to see by 
onsidering the positions of the �rst letters of theblo
ks of � that the largest possible number of times � 
an o

ur in � 2 [k℄n is�n�m+ bb �(this yields �nm� when b = m, i.e. when � is a 
lassi
al pattern).In fa
t, this maximum is a
hieved when � is a 
onstant generalized pattern, i.e. any ofthe generalized patterns obtained from the 
onstant strings 11 : : : 1 by inserting hyphensat arbitrary positions (possibly, none). Obviously, maximal �-
ontaining strings are the
onstant strings of length n. Thus, any set of 
onstant generalized patterns has pa
kingdensity 1. Similarly, any set � of hyphenated identity generalized patterns has Æ(�) = 1.Given a set of generalized patterns with b blo
ks, � � [l℄m, we de�ne the pa
kingdensity of � similarly to that of a set of 
lassi
al patterns. We will use the same notationas in Se
tion 1 for the generalized patterns.It is not diÆ
ult to see that the analog of Theorem 1.4 holds for generalized patternsas well.Theorem 3.2 Let � � Sm be a set of generalized permutation patterns. The pa
kingdensity of � on words is equal to that on permutations.Proof. The same argument as in Theorem 1.4 shows that among maximal �-
ontainingstrings in [n℄n there is one whi
h has no repeated letters. 23.1 Generalized patterns without hyphensTheorem 3.3 Let � = 1a12a2 : : : lal 2 [l℄m (l > 1) be a non
onstant monotone generalizedpattern without hyphens. If there exists a positive integer j � l � 2 su
h that a1 � aj+1,the ele
troni
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ai = ai+j (2 � i � l � j � 1) and al�j � al, then we denote by j0 the least su
h j andde�ne M� = a2 + � � �+ aj0+1. Otherwise we set M� = maxfa1; alg + a2 + : : : + al�1. Ineither 
ase we have Æ(�) = Æ0(�) = 1=M�.Proof. M� is the smallest shift at whi
h � overlaps with itself. The rest is 
lear. 2Theorem 3.4 Let � = [a1; a2; : : : ; al℄ 2 Sm be any l-layer (l > 1) generalized patternwithout hyphens. Let M� be as in Theorem 3.3. Then Æ(�) = Æ0(�) = 1=M�.Proof. The same mapping as in Theorem 2.1 shows that our � has the same pa
kingdensity as the 
orresponding monotone generalized pattern without hyphens of Theorem3.3. 2Corollary 3.5 Let �1 = 11 : : : 12g 2 [2℄m and �2 = 1m(m � 1) : : : 2g 2 [m℄m, thenÆ(�1) = Æ0(�1) = 1=(m� 1) and Æ(�2) = Æ0(�2) = 1=(m� 1).For instan
e, Æ(112g) = Æ0(112g) = 1=2, Æ(132g) = Æ0(132g) = 1=2 and Æ(123g) =Æ0(123g) = 1.3.2 Generalized patterns with one hyphenThe maximal number of o

urren
es of a generalized pattern in [l℄m with one hyphen (i.e.with b = 2 blo
ks) is �n�m+22 � � n2=2 as n!1.Proposition 3.6 Æ(11-2) = Æ0(11-2) = 1.Proof. Let � 2 [k℄n be a maximal (11-2)-
ontaining word, then � is a monotone nonde-
reasing string in whi
h the letter i o

urs ni times, n1 + � � �+ nk = n. Then�(11-2; n; k) = maxn kXi=1 (ni � 1)(ni+1 + � � �+ nk) : n1 + � � �+ nk = no:From here, it is not diÆ
ult to determine that �(11-2; k; n) � n2=2 as n ! 1. Chooseni's to be su
h integers that jni� nk j < 1 and jn1+� � �+nr� rnk j < 1 for ea
h r = 1; 2; : : : ; k.Then �(11-2; n; k) � �nk�2�k2�;out of �n�12 � maximum possible o

urren
es, and the result follows. 2Proposition 3.7 Æ(12-3) = Æ(21-3) = 1.Proof. For pattern 12-3, 
onsider the identity permutation. For pattern 21-3, 
onsiderthe layered permutations of length n with pn layers of length pn. 2We think, but have not been able to prove rigorously, that Æ(12-1) = Æ0(12-1) = 1=3.At least Æ(12-1; 2) = 1=3, sin
e in this 
ase the string with the maximal number ofo

urren
es of 12-1 is of the type� = 1212 � � �1211::1 2 [2℄nthe ele
troni
 journal of 
ombinatori
s 9(2) (2003), #R20 10



where the string 12 o

urs in � exa
tly d times. So�(12-1; n; 2) = max1�d�n(d(d� 1)=2 + d(n� 2d));and the maximum o

urs at d � n=3. It seems that allowing more symbols in � does not
hange anything, but here we 
ould not �nd a proof.A more general question related to this and somewhat analogous to the question ofsimple layered permutations is: for whi
h � 2 [k℄n is Æ(�; k) = Æ(�)?4 The problem of the shortest superpatternThe problem of the shortest superpattern problem deals with pa
king di�erent patternsinto a word. It was treated in [5℄ in the 
ase of permutation patterns. Here we 
onsiderthe analogous problem in whi
h the patterns 
an 
ontain repeated letters.Let n(l; m) be the length of the shortest superpattern for [l℄m, i.e. the shortest wordthat 
ontains every pattern of length m on at most l letters. Clearly, n(l; m) = n(m;m)for m � l, hen
e we are interested only in the values of n(l; m) for m � l.For example, n(2; 2) = 3 (sin
e 121 
ontains patterns 11; 12; 21) and n(3; 3) = 7 (sin
e3123132 
ontains patterns 111; 112; 121; 211; 122; 212; 221; 123; 132; 213; 231; 312; 321). Thefollowing 
onstru
tion for a superpattern for [l℄l is given in [10℄.Lemma 4.1 For any l � 3, n(l; l) � l2 � 2l + 4.Proof. Consider the word �� = (idl�1)l�212 where idl = 123 : : : l. Now insert l 
opies ofletter l as follows. Insert the �rst l at the beginning of �� , then, for i = 1; 2; : : : ; l�1, insertthe (i + 1)-st 
opy of l immediately after the ith 
opy of l � i. The string � 
onstru
tedthus has the length (l � 1)(l � 2) + 2 + l = l2 � 2l + 4. It is easy to 
he
k that � is asuperpattern for [l℄l. 2Example 4.2 For instan
e, for l = 5 we get �� = 1234 1234 1234 12, and therefore � =512345 12354 12534 152.A straightforward 
orollary of Lemma 4.1 is the following.Corollary 4.3 For any m � l � 3, n(m; l) � (m� 2)l + 4.Proof. The 
on
atenation of � from Lemma 4.1 and (idl)m�l is a superpattern for [l℄m.2 The upper bound in Corollary 4.3 
an probably be improved. However, in the 
ase ofn(l; l), it is a long-standing 
onje
ture [11℄ (also mentioned in [6℄) that the upper boundis apparently a lower bound as well.Conje
ture 4.4 For any l � 3, n(l; l) = l2 � 2l + 4.the ele
troni
 journal of 
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The diÆ
ulty of the 
onje
ture is apparent given that the best known lower bound forn(l; l) is n(l; l) � n2 � 
n7=4+�for any � > 0 and some 
onstant 
 = 
(�) (see [11℄).This di�ers from the 
orresponding result in [5℄ on permutation patterns, i.e. those inSl, where the upper bound of 3l2=4 for the length of the shortest 
ommon superpatternwas established, and there is numeri
al eviden
e that the a
tual value is 
loser to l2=2.A
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