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ABSTRACT: Based on the theory of elasticity, some exact solutions of functionally
gradient piezothermoelastic cantilevers under different coupled loadings are obtained.
As an application, these solutions have been successfully used to identify the gradient
piezoelectric parameter and the thermal material coefficients. Besides, some numerical
results have been carried out for the cantilever under two different kinds of loadings.
It is found that the tip deflection of the cantilever agrees very well with the experimental
and theoretical findings provided by other investigations. The present study also shows
that the linear change of thermal material parameters does not influence the distribu-
tion of the stress and induction of the cantilever. But it influences the components of
strain and electric field strength as well as the displacement and electric potential of the
cantilever.
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INTRODUCTION

S
INCE the Curie brothers found the piezoelectric
effect in 1880, piezoelectric materials have found

wide applications in engineering, and many important
achievements have been obtained, such as the investiga-
tions on piezoelectric ultrasonic motors (Philippe and
Kenji, 2003), vibration control of different kinds of
structures (Clark, 2000; Corr and Clark, 2001; Vázquez
and Kenji, 2001), actuators (Alexander and Brei, 2003;
Sirohi and Chopra, 2000a, 2003; Vendlinski and Brei,
2003), and so on.
In engineering applications, piezoelectric materials

are usually designed as unimorph with one layer or
bimorph with two layers, which are mechanically jointed
by a glue layer (Kenji, 1997; Kielczyński et al., 1998;
Pritchard and Bowen, 2002; Hou and Chen, 2003).
Sirohi and Chopra (2000b) gave a detailed discussion
on strain measurements from piezoceramic (PZT) and
piezo-film (PVDF) sensors and compared them with
strains from a conventional foil strain gage. The
principal weakness of these sandwich devices is that
the bonding layer may crack at a low temperature and
creep or peel off at a high temperature, which will reduce
the lifetime and reliability of these piezoelectric devices.
Sometimes, thermal loading is so far from being the
predominant reason of failure of these smart structures.

Hence, the effects of thermal loading have attracted
a considerable amount of attention in recent years.
For example, Schulz et al. (2003) discussed the general
properties and modeling of piezoelectric materials
at moderately elevated temperatures. Raja et al. (1999)
presented a generalized piezothermoelastic finite ele-
ment formulation of a laminated beam with embedded
piezoelectric material as distributed actuators/sensors.
Victor (1996) studied the effects of temperature on
piezoelectric sensors and on a composite substrate,
and found that even moderate fluctuations of tempera-
ture within 200�C can significantly change the voltage
reading from a piezoelectric sensor. Tian and Shen
(2003) finished a numerical analysis of thermomechani-
cal behavior of piezoelectric structures under finite
deformation.

To improve the durability of piezoelectric structures,
functionally gradient piezoelectric materials (FGPM)
were developed and have been used to produce devices,
such as sensors and actuators (Zhu et al., 1995; Qiu
et al., 2003). When piezoelectric materials are designed
with gradient in one or two dimensions, they can
overcome the peeling and cracking of the glue layer
and at the same time reduce the mechanical stress.
Based on a simple analytical model, Hauke et al.
(2000) investigated a kind of multimorph piezoelectric
actuator and predicted the behavior of functionally
gradient material (FGM) actuators. Based on the
theory of primary elasticity, Kruusing (2000) gave
not only some solutions for cantilever with gradient*Author to whom correspondence should be addressed.
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material properties but also a brief review of design
and modeling for cantilever microactuators. Kouvatov
et al. (1999) compared the bending behavior of
bimorphic and polymorphic bending actuators based
on finite element analysis. For the following three
kinds of piezoelectric cantilevers: (A) there is a
potential function for body forces (Shi, 2002), (B) the
piezoelectric parameter g31 changes linearly (Liu and
Shi, 2004) and (C) the elastic parameter S33 and body
forces change simultaneously (Shi and Chen, 2004), the
elastic analyses are provided and the fundamental
solutions are obtained.
Despite a considerable number of works on smart

materials and structures, only a few research papers
are related to the perfectly gradient piezothermo-
elastic materials, especially those considering these
materials under complicated loading cases. In this
article, a functionally gradient piezothermoelastic
cantilever subjected to different coupled loadings is
studied based on the theory of elasticity. Some exact
solutions are obtained and used to identify the gradient
piezoelectric parameter (g31) and the thermal material
coefficient (q3). As a special case, the tip deflection
of the cantilever obtained in the present study is
compared with that from both experimental and other
analytical models based on BaTiO3-ceramics, and a
good agreement is found. At the end of this article,
some inherent properties of the exact solutions are
discussed.

BASIC EQUATIONS FOR

PIEZOTHERMOELASTIC MATERIALS

UNDER PLANE STRAIN CONDITION

The cantilever that is often used as the model
for analyzing piezoelectric sensors and actuators
(Kielczyński et al., 1998; Kruusing, 2000), shown in
Figure 1, is studied. The upper and lower surfaces
of the beam are continuously adhered to electrodes.
To describe the basic equations of the problem clearly,
the Cartesian coordinate system (x, z) is introduced in
the present analysis. Let "ij, �ij, Di, Ei denote the
components of strain, stress, induction, and electric
field strength of piezoelectric media, respectively. The
constitutive equations for the piezothermoelastic
material under plane strain condition can be obtained
and expressed as (Zhong and Shang, 2003)

"x ¼ S11�x þ S13�z þ g31Dz � �11�

"z ¼ S13�x þ S33�z þ g33Dz � �33�

�xz ¼ S44�xz þ g15Dx

8><
>: ð1aÞ

Ex ¼ �g15�xz þ �11Dx

Ez ¼ �g31�x � g33�z þ �33Dz � q3�

(
ð1bÞ

where Sij, gij, and �ij are the coefficients of the effec-
tive elastic compliance, piezoelectric and dielectric
impermeability, respectively; � is the temperature rise;
�ii and q3 are thermal strain and pyroelectric coefficients
of the material, respectively. Without considering body
force and body charge, the equilibrium equations can be
written as:

@�x
@x

þ
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@z

¼ 0
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@�z
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8>><
>>: ð2aÞ
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where kii is the coefficient of thermal conductivity.
The components of strain and electric field strength are
related to the displacement (u,w) and electrical potential
� by the following equations:

"x ¼
@u

@x
, "z ¼

@w

@z
, �xz ¼

@u

@z
þ
@w

@x

Ex ¼ �
@�

@x
, Ez ¼ �

@�

@z

8><
>: ð3Þ

It is realized that the piezoelectric parameter (g31) plays
an important role in the judgment on the behavior of
piezoelectric materials and the performances of piezo-
electric products. A lot of investigations (Marcus, 1984;
Hauke et al., 2000; Kruusing, 2000) have been made on
the properties of piezoelectric materials with different
values of g31. In the present analysis, we focus on the
exact solutions of a piezothermoelastic cantilever.
The gradient property of piezoelectric parameter (g31)
is taken into account, while without loss of generality,
other material parameters are assumed to be constants.
In detail, the gradient property of piezoelectric param-
eter (g31) is assumed as:

g31 ¼ r1zþ r2 ð4Þ

where r1 and r2 are the material constants. Equations
(1)–(3) together with some suitable boundary conditions
can be used to study a piezoelectric thermoelectro-
elastic boundary value problem. The substitution of
Equations (1) and (2) into Equation (3) results in the

h

L
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z

Figure 1. Schematic of the piezoelectric cantilever.

532 C. YING AND S. ZHIFEI

 at PENNSYLVANIA STATE UNIV on September 16, 2016jim.sagepub.comDownloaded from 

http://jim.sagepub.com/


following governing equations in terms of the stress �x,
�z and induction Dx, Dz:
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8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

ð5Þ

In fact, Equation (5) is the compatibility equation
that makes it possible to find the displacement and
electrical potential when the stress and induction are
obtained.

EXACT SOLUTIONS OF A

PIEZOTHERMOELASTIC CANTILEVER

UNDER COUPLED LOADINGS

For the piezoelectric cantilever, shown in Figure 1,
subjected to coupled thermal and mechanical/electric
loadings, the exact solutions can be found based on the
theory of elasticity. The temperature field can be easily
obtained first.

Temperature Field

Assume that the piezoelectric cantilever is homo-
geneously heated at the upper surface and the tempera-
ture of the upper and lower surfaces of the beam is kept
constant at �0 and 0, respectively. This means we have
the following thermal boundary conditions:

� x,
h

2

� �
¼ 0, � x, �

h

2

� �
¼ �0 ð6Þ

In this case, Equation (2c) becomes

k33
@2�

@z2
¼ 0 ð7Þ

So the temperature field of the cantilever can be easily
obtained as:

� ¼ Aþ Bz ð8Þ

where A ¼ �0=2, B ¼ ��0=h.

Mechanical and Electric Fields

Keeping Equation (8) in mind, the compatibility
equation (5) can be rewritten as:
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8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð9Þ

To find the mechanical and electrical fields of the
piezoelectric cantilever, the Airy stress function method
is used. The stress function ’ and induction function  
are introduced. The components of stress and induction
can be expressed as:

�x ¼
@2’

@z2
, �z ¼

@2’

@x2
, �xz ¼ �

@2’

@x@z

Dx ¼
@ 

@z
, Dz ¼ �

@ 

@x

8>><
>>: ð10Þ

To find the solutions, the following two kinds of
coupled loadings are considered separately.

Case I: Cantilever Subjected to Thermal and Electric
Loadings

Besides being subjected to thermal loading, the
piezoelectric cantilever is also subjected to an electric
loading, as shown in Figure 2. That is to say, there is an
electric potential difference between the upper and lower
surfaces of the cantilever

� x, �
h

2

� �
� � x,

h

2

� �
¼ V0 ð11Þ

In this case, the stress function and induction function
can be assumed as:

’ ¼ 0 and  ¼ bx ð12Þ

V0

h

L

o
x

z

Figure 2. The cantilever subjected to thermal loading and electric
field.
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where b is an unknown constant to be determined
later. Substituting Equation (12) into Equation (10),
the expressions of stress and induction can be
obtained as:

�x ¼ �z ¼ �xz ¼ Dx ¼ 0 and Dz ¼ �b ð13Þ

It is obvious that the compatibility equation (9) is
automatically satisfied in this case. Besides, the stress
and induction also satisfy all the following boundary
conditions, i.e.,

Mechanical boundary conditions

�xz ¼ �z ¼ 0 at z ¼ �h=2

�xz ¼ �x ¼ 0 at x ¼ 0

(
ð14aÞ

Electric boundary conditions

Dx ¼ 0 at x ¼ 0,L ð14bÞ

Using Equation (1), the strain components and electric
field strength can be obtained as:

"x ¼ �ðr1zþ r2Þb� �11ðAþ BzÞ
"z ¼ �g33b� �33ðAþ BzÞ
�xz ¼ 0

8<
: ð15aÞ

Ex ¼ 0
Ez ¼ �&33b� q3ðAþ BzÞ

�
ð15bÞ

To determine the displacement and the electric potential
of the cantilever, the following boundary conditions are
considered:

uðL, 0Þ ¼ 0, wðL, 0Þ ¼ 0,
@wðL, 0Þ

@x
¼ 0 and

�ðL, 0Þ ¼ 0

ð16Þ

By integrating Equation (3), and using the above
boundary conditions and Equation (11), the displace-
ment components and electric potential as well as the
unknown constant b can be determined as:

u ¼ ðr1zþ r2ÞbðL� xÞ þ �11ðAþ BzÞðL� xÞ

w ¼ �g33bz� �33 Azþ
B

2
z2

� �

þ
1

2
ðr1bþ B�11Þðx

2 � 2xLþ L2Þ

8>>>><
>>>>:

ð17aÞ

� ¼ &33bzþ q3 Azþ
B

2
z2

� �
ð17bÞ

where

b ¼ �
q3Ahþ V0

&33h
ð18Þ

The above analysis and solutions show that the coupled
thermal and electric loadings do not lead to stress
components in the perfectly gradient piezoelectric

cantilever. This conclusion demonstrates that the
predication (Hauke et al., 2000) is correct. For the
distribution of electric potential on any cross section of
the beam, a quadratic expression is found.

Case II: Cantilever Subjected to Thermal and Mechan-
ical Loadings

For the piezoelectric cantilever shown in Figure 3,
besides being subjected to thermal loading, an eccentric
loadF is also applied at the free end. In this case, the stress
function and induction function can be assumed as:

’ ¼ �az3 � cz2 and  ¼ 0 ð19Þ

where a and c are unknown constants to be determined.
Then the components of stress and induction can be
obtained using Equation (10) as:

�x ¼ �6az� 2c, �z ¼ �xz ¼ Dx ¼ Dz ¼ 0 ð20Þ

It is obvious that the compatibility equation (9) is
satisfied. Besides, some of the mechanical and electric
boundary conditions are also automatically satisfied, i.e.,

�xz ¼ �z ¼ Dz ¼ 0 at z ¼ �h=2

Dx ¼ 0 at x ¼ 0,L

(
ð21Þ

To satisfy the mechanical boundary conditions at the
free end of the cantilever, Saint-Venant’s principle is
introduced, i.e.,

�xz ¼ 0,

Z h=2

�h=2

�x dz ¼ F ,

Z h=2

�h=2

�xz dz ¼ �Fz0 at x ¼ 0

ð22Þ

Substituting Equation (20) into Equation (22), we get

a ¼
2Fz0

h3
, c ¼ �

F

2h
ð23Þ

Using Equation (1), the strain components and electric
field strength can be obtained as:

"x ¼ �2S11c� �11A� ð6S11aþ B�11Þz

"z ¼ �2S13c� �33A� ð6S13aþ B�33Þz

�xz ¼ 0x

8><
>: ð24aÞ

F 

z0

L

o
x

z

Figure 3. The cantilever subjected to thermal loading and eccentric
load.
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Ex ¼ 0
Ez ¼ 6ar1z

2 þ ð2cr1 þ 6ar2 � q3BÞzþ 2cr2 � q3A

�
ð24bÞ

Furthermore, the displacement and electric potential
can be obtained respectively as follows:

u ¼ ð2S11cþ A�11ÞðL� xÞ þ ð6S11aþ B�11ÞðL� xÞz

w ¼ �
1

2
ð6S13aþ B�33Þz

2 � ð2S13cþ �33AÞz

þ
1

2
ð6S11aþ B�11Þðx

2 � 2Lxþ L2Þ

8>>>><
>>>>:

ð25aÞ

� ¼ �2ar1z
3 �

1

2
ð2cr1 þ 6ar2 � Bq3Þz

2 � ð2cr2 � Aq3Þz

ð25bÞ

It can be found from this solution that all the stress
components except �x are zero when the cantilever
is subjected to an eccentric load F and a thermal
loading. The cubic expression for the distribution of
electric potential on any cross section of the cantilever
is also derived.

PARAMETER IDENTIFICATION

As a kind of inverse problem, parameter identifica-
tion plays an important role in precisely describing the
internal behavior of a FGM. For a gradient material, it
is very difficult, or impossible to process a homogeneous
specimen to measure the properties of a concerned
material point by using a general method (Bui, 1993).
Much attention has been given as to how to identify
a non-homogeneous material. As an inverse problem,
Ashida and Tauchert (1997) determined the temperature
field of a contacting body using a potential function
approach including three displacement potentials
and two electric potentials. Liu et al. (2001) presented
a computational inverse procedure for the characteriza-
tion of material properties of FGMs using the surface
displacement response of the plate. Franke et al. (2002)
measured the temperature dependencies of the real
and imaginary parts of the coefficient sE11 by using the
method of piezoelectric resonance. Fang (1999) devel-
oped a simple technique to characterize the elastic
moduli of thin films of any thickness. In the present
article, the method to identify the material parameters
for functionally gradient piezothermoelastic materials
is discussed.

Identification of Piezoelectric Parameter (g31)

Based on the results obtained in the above sections,
the piezoelectric parameter (g31) can be identified.

To determine the unknown parameters (r1 and r2) in
Equation (4), a cantilever loaded axially by a concen-
trated force F at the free end, as shown in Figure 4, is
considered. Ignoring the temperature rise of the beam,
the electric potential of the beam can be obtained from
Equation (25b) as:

� ¼
F

2h
r1z

2 þ
F

h
r2z ð26Þ

Let �U and �L denote the electric potential at the upper
and lower surfaces of the beam, respectively. Then the
parameters (r1 and r2) can be found as:

r1 ¼
4ð�U þ �LÞ

Fh
, r2 ¼

�L � �U
F

ð27Þ

The above formulas demonstrate that once the electric
potential at the upper and lower surfaces of the
cantilever is obtained from the tests, the piezoelectric
parameter (g31) can be identified.

Identification of Pyroelectric Coefficient (q3)

For the case when the cantilever is loaded by a
temperature rise and a concentrated force simulta-
neously, as shown in Figure 4, the electric potential of
the cantilever can be deduced from Equation (25b) as
follows:

� ¼
B

2
z2 þ Az

� �
q3 � ðr1z

2 þ 2r2zÞc ð28Þ

Further, if the symbol �LFT is used to denote the electric
potential at the lower surface of the beam under this
coupled thermal and mechanical loadings, the pyro-
electric coefficient (q3) can be identified as:

q3 ¼
8�LFT þ ð2r1h

2 þ 8r2hÞc

ðh2Bþ 4hAÞ
¼

8�LFT þ ð2r1h
2 þ 8r2hÞc

h�0

ð29Þ

If the cantilever is loaded by a thermal loading only,
then we have

q3 ¼
8�LT
h�0

ð30Þ

where the symbol �LT denotes the electric potential
detected at the lower surface of the cantilever in this
loading case. Equation (30) shows that once the electric

F 

L

ox

z

Figure 4. The cantilever subjected to concentrated load.
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potential at the lower surface is detected when a
temperature rise is provided at the upper surface of
the cantilever only, the pyroelectric coefficient (q3) can
be identified.

SPECIAL LOADING CASES AND COMPARISONS

Besides being used to identify material parameters,
the results obtained in the above sections can also be
used to some special loading cases and lead to some
simple results. In this section, two special loading cases
are discussed. The geometric parameters of the canti-
lever discussed in the investigation by Hauke et al.
(2000) are adopted, i.e., L¼ 16mm and h¼ 1.32mm.
Some changes in physical quantities of the cantilever
under thermal loading are obtained. Besides, some
results given in the present article under electric loading
are compared with those obtained in the experimental
and theoretical investigations (Hauke et al., 2000) and
a good agreement is found.

Cantilever Subjected to Thermal Loading Only

If the cantilever is subjected to a temperature rise
only, the solutions can be directly deduced from the
findings obtained in Case I by assuming V0¼ 0 and
&33 ! 1 or in Case II by assuming F¼ 0. In detail,
we can obtain the following simple expressions:

Stress and induction components

�x ¼ �z ¼ �xz ¼ Dx ¼ Dz ¼ 0 ð31Þ

Strain and electric field strength components

"x ¼ ��11ðAþ BzÞ, "z ¼ ��33ðAþ BzÞ, �xz ¼ 0
Ez ¼ �q3ðAþ BzÞ, Ex ¼ 0

�
ð32Þ

Displacement components and electric potential

u ¼ �11
1

2
�

z

h

� �
ðL� xÞ�0

w ¼ �
�33

2
z�

z2

h

� �
�0 �

�33

2h
ðx2 � 2Lxþ L2Þ�0

� ¼
q3

2
z�

z2

h

� �
�0

8>>>>>>>><
>>>>>>>>:

ð33Þ

For the cantilever made of cadmium selenide and
polarized in the thickness direction, the following mate-
rial parameters �11¼�2:16�10�6 1=K, �33¼�1:76�
10�6 1=K, and q3¼�2:95�104N=ðKCÞ are used in the
present study (Kapuria et al., 1996). The longitudinal
and transverse displacements of every point at the upper
surface of the actuator are plotted in Figures 5 and 6,
respectively, for the different temperature rises 1, 2,

and 5K. Figure 7 shows the distribution of electric
potential at any cross section of the beam under
different temperature rises. These results are consistent
with the findings obtained by Kapuria et al. for a finite
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Figure 7. The electric potential distribution at any cross section of
the cantilever.
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Figure 5. The longitudinal displacement u at z¼�h/2.
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Figure 6. The transverse displacement w at z¼�h/2.
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transversely isotropic piezothermoelastic axisymmetric
cylindrical shell.

Cantilever Subjected to Electric Field Only

If the cantilever is subjected to an electric field only,
the solutions can be directly deduced from the findings
obtained in Case I by assuming �0 ¼ 0 as:

Stress and induction components

�x ¼ �z ¼ �xz ¼ Dx ¼ 0, Dz ¼
V0

h&33
ð34Þ

Strain and electric field strength components:

"x ¼
V0

&33h
ðr1zþ r2Þ, "z ¼

V0g33

&33h
, �xz ¼ 0

Ez ¼
V0

h
, Ex ¼ 0

8>><
>>: ð35Þ

Displacement components and electric potential

u ¼ �
V0

&33h
ðr1zþ r2ÞðL� xÞ

w ¼
V0

&33h
g33z�

1

2
r1ðx

2 � 2xLþ L2Þ

� �

� ¼ �
V0

h
z

8>>>>>><
>>>>>>:

ð36Þ

Now let us compare the results obtained in the present
study with some experimental and theoretical findings
obtained in another investigation (Hauke et al., 2000).
To do so, the transverse deflection of the cantilever
caused only by an electric voltage loading is rewritten as
follows:

w ¼
V0

&33h
g33z�

1

2
r1ðx

2 � 2xLþ L2Þ

� �
ð37Þ

Based on the elementary theory of elasticity and
following the procedure introduced by Marcus (1984),
Hauke et al. (2000) obtained the tip deflection (�) at the
free end of the actuator as:

�ðNÞ ¼
E3L

2d max
31

h

N þ 1

N

� �
ð38Þ

where E3 is the applied electric field, d max
31 is the

piezoelectric parameter of the lower layer of the beam.
In Hauke et al.’s investigation on BaTiO3-ceramics
bending actuators, the FGM specimens consisted
of N layers with different piezoelectric properties. For
simplicity, the dielectric ("T33 ¼ 2000F=m) and other
material parameters were assumed to be constant for all
layers. Besides, each layer has the same thickness, given
by the formula tL ¼ h=N with h¼ 1.32mm and a surface
area of 16� 4mm2.
Based on the relations of piezoelectric parameters,

all the material parameters used in the present study
including the distribution of gradient parameter (g31)

can be determined for BaTiO3-ceramics (Hauke et al.,
2000). We have g31 ¼ 45:5zVpm=N (�h=2 � z � h=2),
g33 ¼ 0:08Vpm=N, and &33 ¼ 0:0005m=F. According
to Equation (37), the tip deflection � ¼ wð0, �h=2Þ
related to the applied voltage is shown in Figure 8.
The figure gives a slope of m ¼ @w=@V ¼ 0.0089 mm/V.
For comparison, the linear regression of Hauke et al.’s
experimental data for the trimorph actuator is also
plotted in the same figure. Hauke et al.’s regression gives
a slope of m¼ 0.011 mm/V.

Figure 9 shows the relationship between the tip
deflection and the number of layers of the actuator
at V¼ 100V (corresponding to an effective field of
0.75 kV/cm) according to Marcus’ analytical model and
experimental results. According to Equation (37), the tip
deflection determined by the present study is 0.89 mm,
which is also plotted in Figure 9. It can be seen that the
tip deflections obtained by the experiment and by the
N-morph analytical model decrease with increasing
number of layers, and the tip deflection obtained
in the present study is slightly smaller than that given
by another investigation based on the N-morph model
(Hauke et al., 2000). It is clear that the more the number
of layers, the more the tip deflection inclining to the

Present result
Marcus solution
Experimental data

Number of layers

w
(µ

m
)

1.2

0.6

0.3

0.0
12108642
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Figure 9. Tip deflection of the actuator based on different analytical
models at V¼100V .
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Figure 8. Dependence of the tip deflection on the applied voltage.
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result given in Equation (37), of the present article for
FGM actuators.

DISCUSSION AND CONCLUSIONS

(1) In the analysis described above, all the thermal
material coefficients are assumed to be constant. In this
section, the thermal material coefficients with gradient
properties are discussed. The thermal material param-
eters (�11, �33, and q3) are assumed as changing linearly
along the z-direction, which is sufficient for most
engineering applications, i.e.,

�11 ¼ m1zþm2, �33 ¼ n1zþ n2, q3 ¼ t1zþ t2 ð39Þ

Combining Equations (1), (4), and (39), the compat-
ibility equation can be rewritten as:

S11
@2

@z2
þ S13 þ

S44

2

� �
@2

@x2

� �
�x

þ S33
@2

@x2
þ S13 þ

S44

2

� �
@2

@z2

� �
�z

þ ðr1zþ r2Þ
@2Dz

@z2
þ g33

@2Dz

@x2
þ 2r1

@Dz

@z
� g15

@2Dx

@x@z

�ðm1zþm2Þ
@2�

@z2
� ðn1zþ n2Þ

@2�

@x2
¼ 0

r1zþ r2 þ g15ð Þ
@�x
@x

þ g33
@�z
@x

þ �11
@Dx

@z

� �33
@Dz

@x
þ ðt1zþ t2Þ

@�

@x
¼ 0

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð40Þ

It is obvious that the components of stress and induc-
tion as well as the temperature field obtained in the
present study for every considered loading case satisfy
Equation (40). In other words, the linear change of
thermal material parameters (�11, �33, and q3) does not
influence the distribution of the stress and induction for
the cantilever. But it tremendously influences the
distribution of strain, electric field strength, and the
components of displacements as well as the electric
potential of the cantilever.
(2) Based on the theory of elasticity, the present

analysis provides some exact solutions for functionally
gradient piezothermoelastic cantilevers under some
coupled loading cases.
(3) As a kind of inverse problem, the solutions

obtained in the present study have been successfully
used to determine the gradient profile for piezoelectric
parameter (g31). In the present analysis, the piezoelectric
parameter (g31) and the thermal material coefficient (q3)
are identified based on the results of the cantilever
under an electric loading. It is easily understood that
the parameters can also be identified in terms of the
displacement components of the cantilever.

(4) The longitudinal displacement u changes linearly
with the coordinate x under both electric loading and
temperature rise. The plane of any cross section before
loading remains in plane after loading for the above two
loading cases. The transverse displacement w caused by
electric loading or temperature rise is quadratic with the
coordinate x. The electric potential changes linearly with
z at any cross section when an electric loading is applied
but the distribution will be quadratic when the
temperature rise is provided.

(5) The tip deflection of the actuator with gradient
behavior is slightly smaller than that of the N-morph
model. The more the number of layers of the N-morph
model, the more the tip deflection inclining to the result
given in the present article for FGM actuators.
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