DUALLY STEADY RINGS

ROBERT EL BASHIR AND TOMAS KEPKA

ABSTRACT. Two duals of steady rings are introduced and studied.

1. PRELIMINARIES

Throughout the paper, R stands for a (non-zero and associative) ring with unit
and modules are unitary left R-modules. The terminology and notation used in
what follows is quite standard (see e.g. [11]).

The only exception is the (left R-) module R*/R(“) which is denoted by W in the
sequel. Finally, a module will be called complete if it is complete in a non-discrete
linear Hausdorff topology.

2. U-COMPACT MODULES AND STEADY RINGS

It is well known and easy to check that the following six conditions are equivalent
for a module M:

(A1) If M;, i < w, is a countable family of submodules of M such that ¥XM; = M,
then ¥;<, M; = M for some n < w.

(A2) If My € M; C M> C ... is a countable chain of submodules of M such that
\JM; = M, then M,, = M for some n < w.

(A3) Ife: ][], A; = M is an epimorphism, then e(]],.,, A;) = M for some n < w.

(A4) If ¢ : M — ][, A; is a homomorphism, then Im(p) C [[, 4; for a finite
subset J of I.

(A5) If ¢ : M — [], Ai is a homomorphism, then Im(¢) C [],., 4; for some
n < w.

(A6) If Q is a cogenerator for R-Mod and if ¢ : M — Q) is a homomorphism,
then Im(yp) C Q™ for some n < w.

Such a module M will be called U-compact in this paper (other known names: ¥-
compact, | [-slender, dually slender, small, ...) and one sees immediately that every
finitely generated module is U-compact. If the converse is true, then the ring R is
said to be left steady. Many such rings were studied in the literature (see e.g. [2],
[10], [12]) but we will mention only the following few examples:
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Proposition 2.1. R is left steady in each of the following cases:
(1) R is left noetherian.
) R is left perfect.

(2
(3) R is left semiartinian of countable Soc-length.
(4) R is a countable commutative domain.

Proof. See [2]. O

3. N-COMPACT MODULES AND 1-DUALLY STEADY RINGS

The following conditions are equivalent for a module M:

(B1) If M;, i < w, is a countable family of submodules of M such that (| M; = 0,
then (,.,, M; = 0 for some n < w.

(B2) If My D My D My D ... is a countable chain of submodules of M such that
( M; =0, then M,, =0 for some n < w.

(B3) If1: M — 11, A; is a monomorphism, then L’l(HQnAZ-) = 0 for some n < w.

Such a module M will be called N-compact in the paper and one sees again im-
mediately that every finitely cogenerated module is N-compact. If the converse is
true, then we will say that the ring R is left 1-dually steady. Some examples of
such rings:

Proposition 3.1. R is I-dually steady in each of the following cases:
(1) R is right noetherian and every left ideal is a two-sided ideal.
(2) R is left semiartinian.

(3) R is countable.

Proof. See [7], Prop. 3. O

Lemma 3.2. Let R be a commutative domain with a quotient field Q # R. Then
the following conditions are equivalent:

(i) R is N-compact.

(ii) Every countably generated submodule of rQ is a fractional ideal (i.e., rQ is
strongly U-compact).

Moreover, if R is uniserial, then the above conditions are equivalent to:

(iii) rQ is U-compact.

(iv) rQ is not countably generated.

Proof. Easy. O

4. SLENDER AND SLIM MODULES AND 2-DUALLY STEADY RINGS

Consider the following three conditions for a module M:

(B4) If ¢ : 1I;B; — M is a homomorphism, then TI;B; C Ker()) for a cofinite
subset J of I.

(B5) If ¢ : II,B; — M is a homomorphism, then II;>,B; C Ker(y) for some
n < w.

(B6) If ¢ : R¥ — M is a homomorphism, then R*\" C Ker(v)) for some n < w.
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Clearly, the conditions (B5) and (B6) are equivalent and the corresponding modules
are just the well known slender modules (see [3], Chapter IIT). Furthermore, (B4)
implies (B5), (B6) and the modules satisfying (B4) are called slim in [4].
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Proposition 4.1. ([1]) A module M is slender if and only if Homg(W, M) = 0,
W = R“’/R(“’), and M is not complete (i.e., not complete in any non-discrete linear
Hausdorff topology).

Proposition 4.2. (i) If a module M is N-compact or if |M| < 2%, then M is
slender if and only if Homg (W, M) = 0.

(ii) If S is a submodule of R* mazimal with respect to R®) C S and (1,1,1,...) ¢
S, then the factor-module T = R“ /S is cocyclic and not slender.

(iii) If A is a non-zero slender module, then A“) is a slender module that is not
finitely cogenerated.

Proof. (i) The assertion follows immediately from 4.1.

(ii) The socle of T is an essential simple submodule, and hence T' is cocyclic. By
4.1, T is not slender.

(iii) Slender modules are closed under direct sums. O

Proposition 4.3. Assume that every mazimal left ideal of R is a two-sided ideal.
Then no non-zero finitely cogenerated module is slender.

Proof. Due to 4.1, no simple module is slender and it is enough to take into account
that slender modules are closed under submodules. [l

Proposition 4.4. The following conditions are equivalent:

(i) All slender modules are finitely cogenerated.

(ii) There exist no non-zero slender modules.

(iii) There exist no non-zero slender cyclic modules.

(iv) Homg(W, R/I) # 0 for every proper left ideal I such that the cyclic factor-
module R/I is not complete.

Moreover, if every left ideal of R is a two-sided ideal, then the above conditions
are equivalent to:

(v) Slender modules are closed under factor-modules.

Proof. First, (i) implies (ii) by 4.2 (iii) and (ii) implies (i), (iii) and (v) trivially.
Further, (iii) is equivalent to (iv) by 4.1 and (iii) implies (i) due to the fact that
slender modules are closed under submodules. Now, assume that all left ideals are
two-sided and that the condition (v) is satisfied. We are going to show that then
(iii) is true. For, let I be an ideal of R such that the cyclic module M = rR/I is
slender and let k be a cardinal number such that & > |R“|. Since slender modules
are closed under direct sums, the module N = M (%) is slender. On the other hand,
N may be viewed as a free R/I-module and consequently there is an epimorphism
p: N — M“. According to (v), M* is a slender module and it follows immediately
that M = 0. O

If the ring R satisfies the equivalent conditions 4.4 (i), ..., (iv), then we will say
that R is left 2-dually steady.

Lemma 4.5. Let I be an ideal, finitely generated as a right ideal, of R, and let
S = grR/I. If M is a module such that IM = 0, then M is a slender R-module if
and only if M is a slender S-module.
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Proof. There is a natural isomorphism 6 : W/IW — S /S(«). O

Corollary 4.6. If R is left 2-dually steady and I is an ideal, finitely generated as
a right ideal, of R, then the factor-ring R/I is also left 2-dually steady.

Lemma 4.7. No simple module is slender in each of the following cases:
(1) Every maximal left ideal is a two-sided ideal.
(2) T # I? for every mazimal left ideal T.
(3) R is a left V-ring.
(4) Every simple module is finite.
(5) R/J(R) is a left 2-dually steady ring.

Proof. Easy. O

Proposition 4.8. Assume that R is left semiartinian. Then R is left 2-dually
steady in each of the following cases:

(1) Every mazimal left ideal is a two-sided ideal.

(2) R is a left V-ring.

(3) Every simple module is finite.

(4) R/J(R) is left 2-dually steady ring.

Proof. Combine 4.7 and the fact that slender modules are closed under submodules.
O

Corollary 4.9. Every right perfect ring is both left 1- and 2-dually steady.

Proposition 4.10. FEvery complete commutative principal ideal domain is both 1-
and 2-dually steady.

Proof. If R is a principal ideal domain, then no simple module is slender and, up
to isomorphism, the only Soc-torsionfree cyclic module is R itself. Now, it is clear
that R satisfies the condition 4.4 (iv). O

Remark 4.11. Every slim module is slender and, according to [8] the converse is
true if and only if there are no measurable cardinal numbers (and then the condi-
tions (B4), (B5) and (B6) are equivalent). On the other hand, if x is a measurable
cardinal and |R| < k, then there exist no non-zero slim (R-) modules. Conse-
quently, in case there are too many measurable cardinals, non-zero slim modules
do not exist over any ring (the converse is also true - see [4], Theorem 8.2).

5. SMALL 2-DUALLY STEADY RINGS

Throughout this section, a small ring is any ring R with |R| < 2%.

Proposition 5.1. If R is small, then the following conditions are equivalent:
(i) R is left 2-dually steady.
(ii) Homg (W, R/I) # 0 for every proper left ideal I.
(iii) Homg(W, M) # 0 for every non-zero module M .

Proof. We have |A| > 2¢ for every complete module A and the rest is clear from
4.1 and 4.4. O

Proposition 5.2. A small prime ring R is (left, right) 2-dually steady if and only
if R is (isomorphic to) a full matriz ring over a division ring.
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Proof. The direct implication follows from [5], statement 4.1 of the paper, and the
converse one is clear. O

Theorem 5.3. The following conditions are equivalent for a small ring R:

(i) R is right noetherian and left 2-dually steady.

(ii) R is right artinian.

If these conditions are satisfied, then R is (left and right) steady, 1-dually steady
and 2-dually steady.

Proof. Assume (i) be true. Since R satisfies maximal condition on ideals, the prime
radical P of R is the intersection of a finite family of prime ideals, say P = P, N
...N P,. Further, by 4.6 and 5.2, all the factor-rings R/P; are completely reducible
and consequently P = J(R) and R is semilocal. Since R is right noetherian, P is
nilpotent and it follows easily that R is right artinian.

Conversely, if R is right artinian, then R is (left, right) steady by 2.1 (2) (and
its right hand form), R is 1-dually steady by 3.1 (2) and R is 2-dually steady by
4.9. O

6. COMMUTATIVE NOETHERIAN 2-DUALLY STEADY RINGS

Theorem 6.1. Let R be a commutative noetherian ring.

(i) R is 2-dually steady if and only if every non-zero Soc-torsionfree cyclic module
is complete.

(ii) If R is 2-dually steady, then R is semilocal and, moreover, if R is not ar-

tinian, then R/S/(;‘(R) is complete.

Proof. (i) Combine 4.4 (iii) and [6], statement 4.4 of the paper.
(ii) Use (i) and [6], statements 3.1 and 3.2 of the paper. O

REFERENCES

[1] R. Dimitrié¢, Slenderness in abelian categories, in: Abelian Group Theory, Lecture notes in
Math. 1006, Springer, 1983, 375-383.

[2] P. C. Eklof, K. R. Goodearl and J. Trlifaj, Dually slender modules and steady rings. Forum
Math. 9, No. 1 (1997), 61-74.

[3] P. C. Eklof and A. H. Mekler, Almost Free Modules. North Holland, New York, 1990.

[4] R. El Bashir and T. Kepka, Modules commuting (via Hom) with some limits. Fund. Math.
155 (1998), 271-292.

[5] R. El Bashir and T. Kepka, On when small semiprime rings are slender. Commun. Alg. 24
(1996), 1575-1580.

[6] R. El Bashir and T. Kepka, On when commutative noetherian rings are slender. Commun.
Alg. 25 (1997), 2585-2591.

[7] T. Kepka, N-compact modules. Comment. Math. Univ. Carolinae 36 (1995), 423-426.

[8] K. Eda, Slender modules, endo-slender abelian groups and large cardinals. Fund. Math. 135
(1990), 5-24.

[9] T. Head, Preservation of coproducts by Homg (M, —). Rocky Mount. J. Math. 2 (1972), 235-
237.

[10] R. Rentschler, Die Vertauschbarkeit des Hom-Funktors mit direkten Summen. Dissertation,
Ludwig-Maxmilian-Universitdt, Miinchen, 1967.

[11] R. Wisbauer, Grundlagen der Modul und Ringtheorie. R. Fisher, 1988.

[12] J. Zemlicka and J. Trlifaj, Steady ideals and rings. Rend. Semin. Mat. Univ. Padova 98
(1997), 161-172.

MFF UK, Sokolovska 83, Praha 8, 186 75, Czech Republic



6 ROBERT EL BASHIR AND TOMAS KEPKA

bashir@karlin.mff.cuni.cz  kepka@karlin.mff.cuni.cz



