Biometrika (1994), 81, 1, pp. 11-26
Printed in Great Britain

Bayes factors for discrete observations from diffusion processes

By NICHOLAS G. POLSON
Graduate School of Business, University of Chicago, Chicago, Illinois 60637, U.S.A.

AND GARETH O. ROBERTS
Statistical Laboratory, 16 Mill Lane, Cambridge, CB2 1SB, UK.

SUMMARY

We present an approach to model selection for a time series of data on a fine time scale.
The underlying process generating the data is modelled as a continuous time stochastic
process. The underlying continuous processes are assumed to be diffusions with time
varying drift and diffusion coefficient. Several approaches to modelling the diffusion
coefficient are described. To perform model selection, we propose an approximation to
the Bayes factor that uses only the discrete data. We illustrate our approach for several
well-known processes including: Brownian motion with drift, the Ornstein—Uhlenbeck
process, a mean reversion process with drift, exponential Brownian motion, and a logistic
growth model. Finally, we apply our technique to data from the Standard & Poor’s 500
stock index by comparing a random walk to a mean reversion model.

Some key words: Bayes factor; Brownian motion; Logistic growth; Mean reversion; Model choice; Ornstein—
Uhlenbeck process; Standard & Poor’s 500 stock index; Stochastic differential equation; Stochastic volatility.

1. INTRODUCTION

In this paper we provide a technique to evaluate competing continuous time models
based on a Bayes factor. We discuss the use of continuous time diffusion processes to
model data that arise on a fine time scale. While we focus on diffusion processes, our
technique applies to other continuous semi-martingale models. Then we show how to
define a Bayes factor between two continuous time processes which can be used to evaluate
competing models. Several calculations for commonly-used models are provided to illus-
trate the Bayes factor. We construct a discrete approximation of the Bayes factor to be
used for implementation. Finally, we apply the technique to choose between a random
walk and a mean reversion model for daily stock data using Standard & Poor’s 500 index.

While time series data are usually modelled as discrete processes, we argue that it is
often easier to model the underlying continuous process when observations are relatively
frequent. The use of continuous semi-martingale processes to model the underlying process
has several advantages over traditional methodologies. It eliminates the need to approxi-
mate incremental distributions and so applies directly to both equally and unequally
spaced observations. In addition, since semi-martingale processes are uniquely specified
by the drift and diffusion coefficients only two coefficients are modelled. These techniques
provide a simple and natural approach to modelling fine observations from a continuous
time stochastic process.

Our approach to model selection is based on approximating the Bayes factor between
competing continuous time models. We show that the Bayes factor can be calculated via
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Girsanov’s formula. We derive an approximation for the Bayes factor using the discrete
observations on a fine time scale. The advantages of using a Bayes factor rather than a
classical hypothesis test have been widely discussed; for example, see Berger & Sellke
(1987). This paper demonstrates that in continuous time the advantages of our method-
ology are even more striking. Our Bayes factor is typically easy to compute and does not
require asymptotic distributions of functionals of the process. The technique has a number
of potential applications in genetics (Ethier & Kurtz, 1986, Ch. 10) and financial modelling
(Cox, Ingersoll & Ross, 1985; Duffie, 1992). In this paper we provide an application in
finance, choosing between a random walk model and a mean reversion process for daily
data from the Standard & Poor’s 500 stock index.

Section 2 discusses modelling issues involved in continuous time processes. We consider
the family of continuous processes defined by the solution of the stochastic differential
equation

dXt=f(61 t, Xt) dt+0(t’ Xt) dBt, (1)

where f(0, t, X,) is the drift function, a(¢, X,) is the diffusion coefficient and B, is a Brownian
motion. The drift function depends on the parameter § which is modelled with a priori
density p(6). We present a simple approach for determining o(t, X,) based on the quadratic
variation of the fine stream of observations and discuss models that allow a(t, X,) to
evolve according to a stochastic differential equation. Such models are appropriate when
the observation interval is too coarse.

Section 3 defines the Bayes factor between continuous time processes. First, we derive
an analytical expression when the drift function is linear, f(8, t, X,) = 0f (¢, X,) + g(¢, X,),
with f(.,.) and g(.,.) known. Then an approximation to the continuous time Bayes factor
is developed that uses only the discrete data. As the observation interval for the data gets
finer our discrete time approximation converges to the continuous time Bayes factor.

Section 4 illustrates our approach with some well-known processes. Bayes factors, mar-
ginal beliefs and posterior distributions are derived for the following models: a Brownian
motion with drift, an Ornstein—Uhlenbeck process, a mean reversion process with drift,
an exponential Brownian motion, and a logistic growth model.

Section 5 applies our technique to daily data from the Standard & Poor’s 500 stock
index for the period 1927-1985. We use our model selection technique to evaluate a
random walk model against a Markovian mean reversion model. Under a constant
diffusion coefficient our results are quantitatively similar to the mean reversion studies of
Fama & French (1988) and Poterba & Summers (1988). Our methodology, however,
allows us to assess the probability of mean reversion and diagnose heteroscedasticities in
the diffusion coefficient. In doing so, we find evidence of changing volatility in the process.
When we allow for this effect the evidence for mean reversion is diminished to the extent
that neither model is preferred.

2. THE MODEL AND DISCRETE APPROXIMATION
2-1. General

Consider a continuous time diffusion process, X,, that evolves according to the stochastic
differential equation

dX,=f(6,t, X,)dt + a(t, X,)dB,, (2)
where f(0, t, X,) is a drift function depending on the parameter 6, and o(t, X,) is a diffusion
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coefficient. We model 6 with a priori density p(@). Therefore f(6, ¢, X,) represents the
systematic rate of change of the process at time ¢ and o(t, X,) is an instantaneous measure-
ment of volatility. This continuous time semi-martingale model can be viewed as an
approximation to the discrete time data generating process. The martingale term
a(t, X,) dB, provides an approximation to the ‘noise’ term in the discrete time model.
Therefore, there is no need explicitly to model the distribution of the error term in the
discrete model.

We observe data from this process on a fine time scale. Let {X, , i € I'} denote the discrete
observation set on the process where the times are ordered at equally or unequally spaced
points on the interval [0, T]. For the moment, suppose that we observe the full information
set X7 = {X,,0<t<T}. Let Pyr|o be the law of X7|6 which evolves according to (2) and
P, be the measure induced by the martingale dX, = a(t, X,) dB,. The likelihood function,
L(0), is then given by Girsanov’s formula (Oksendal, 1985, p. 126):

dPX |6 T f(es [ Xt) 1 T f(B’ I Xt) z
uo-ten-em| [ o3| 5t o) @
T f(e’ t’ Xt) 1 T f(e’ ts Xt) 2

log L(6) = , —o—z(t, X) X, — 3 L {——a(t, X) } dt. (4)

For the log-likelihood to be well defined we need to impose regularity conditions on the
drift and diffusion functions to ensure that, for each T >0, all the Pyr),’s are absolutely
continuous with respect to each other. Oksendal (1985) provides regularity conditions.
For example, it is sufficient to assume that X, is an It6 diffusion.

It is well known that, for all t € [0, T],

im 3 (X, —X,)= j o’(s, X,) ds (5)
8=04,, %t 0
almost surely,
Y Xy, —X,)— J. a*(s, X,) dS}=0{5(P‘°)} (6)
j+1 8t 0

for any nonexplosive diffusion process X, with a locally bounded continuous diffusion
coeflicient and sequence of partitions

P‘°={0=tg’<t‘,°<...<t§,?=T},

where d(P?¥) = sup; (¢, —t{’) >0 as i - co.

From a modelling perspective, this suggests that the diffusion coefficient can be estimated
very precisely if the time interval is ‘fine’ enough for (5) and (6) to hold. Thus, when
o(t, X,) is estimated precisely, we can use a quadrature based approximation to the
log-likelikood,

0 1 At _
g LO= T (X, X, ) it
1 f(ei ti—l’ t,_) g
_E,G,,Z,,q("_“"){ ot X,,_) } ! )

where t,=0 and X, is the starting point. This provides the basis for our Bayes factor
approximation.
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2-2. Modelling the diffusion coefficient

We now discuss the problem of estimating the diffusion coefficient, a(t, X,). First, when
the observations are on a fine time scale, we propose a simple estimate of the diffusion
coefficient based on the quadratic variation process. The log-likelihood is computed by
‘plugging in’ this estimate into equation (7). Our analysis then proceeds conditional on
this estimate. In § 3 we develop a discrete approximation to the continuous time Bayes
factor with an error that converges to zero as the grid size diminishes. Secondly, when
the observation interval is too coarse, we model the evolution of the diffusion coefficient
explicitly. This approach is appropriate since coarse observations make the quadratic
variation estimate unreliable. The log-likelihood, however, is not in closed form and we
must approximate the likelihood by a discrete time nonlinear filter or by a Monte Carlo
approach. Model comparison and inference can then be based on standard discrete time
Bayesian methodology.

Suppose that the time scale of the observed process is ‘fine’ enough for the quadrature
estimate (7) to reasonably approximate (4). Then (5) indicates that the information
concerning the diffusion coefficient o(¢, X,) is contained in the process

Q(t)= Z (X,‘—X,i_l)z.

le Lt <t

This is a discretised version of the quadratic variation process, d[X],. If the diffusion
coefficient is continuous in both arguments, equation (5) ensures that

lim lim 2 H 8 =0t —¢)

£=0 30 2¢

~a*(t, X)) (8)

almost surely. Therefore, in the limit as the grid size diminishes, a continuous stream of
observations will identify the diffusion coefficient with probability one.

This result suggests a technique to estimate the diffusion coefficient and diagnose
heteroscedasticity. For a constant diffusion, we estimate o> by

1
== Y (K-X_ ) 9)
ielyy<T
Corrections can be employed to this estimate if it is ‘corrupted’ by drift. For example,
if the drift is f(¢, X,) and the volatility is a constant, then the following estimate is
more realistic

N

TieI,r,<T

X =) f(t-g, Xr,-l)}z-

Equation (8) suggests that we can diagnose departures from the constant diffusion assump-
tion by plotting Q(t) versus t and looking for changes in the slope. Another useful diagnos-
tic plot comes from the local estimate of a time varying diffusion coefficient 62(t,),

X, - X, )
6_2(ti)=( fy l!_!) .
L—t—y

A plot of these individual estimates versus time can identify periods of high or low volatility
in the process.

The estimate (9) can be thought of as an approximate posterior mode for a discrete
process with a prior on ¢. Consider the discrete time model with a random diffusion
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coefficient where
Xr,IXr aNN{Xr,_l'*'hf(ti—la X,,_l),azh}

with X, and f(.,.) given. We assume that the observations are equally spaced at time
intervals of size h so that t;=hi and t; —t,_, = h. Clearly this is a discretisation of the
continuous time process dX, = f(t, X,) dt + ¢ dB, as B, is an independent increments pro-
cess with B,,, — B, ~ N(0, 62h). The volatility per unit time interval is modelled with an
inverse gamma prior 62 ~ 1G(ay, by) with known hyperparameters. The posterior distri-
bution for the volatility degenerates as the grid size diminishes to the estimate given by
the quadratic vanation process. To show this, consider the log-likelihood function with
respect to Lebesgue measure,

i-1?

Tih

1 , T
log Lio)= = 55 3. X, — X,,_, — hf(ti-1, X,,_ )}~ loga.
i=0

The posterior distribution for ¢? is then inverse gamma with parameters

T 1 ,
a =ap+ 5K’ by =bo+ Z_hZ‘ {X,, —X,,_, —hf(ti_y, X,,_ )}~

Hence,

X =X, (6o, X, )} + 2hb,
T+ 2ha,

and it is straightforward to check that var (¢?|data) = O(h). Therefore, as the grid size
diminishes h— 0, the posterior distribution converges to a point mass at the quadratic
variation estimate Q(T)/T.

We now consider situations where the grid size of the observed process is too coarse
for quadrature to be a reliable approximation to the likelihood. In this case, we model
the stochastic evolution of the diffusion coefficient. Qur approach can be viewed as model-
ling the experimenter’s beliefs about the evolution of the diffusion coefficient within the
discrete observation period.

In discrete time models, a common approach is to describe the volatilities determin-
istically according to a stochastic difference equation. Recent literature has focused on
models for equally spaced observations where the increments of the process y, = g,¢, have
a sequence of volatilities {o,} that evolve as a function of past volatilities and residuals.
Hence, given the data sequence, the volatilities update in a deterministic manner. Statistical
inference is then based on the discrete time likelihood function which can be recursively
computed using a nonlinear filter. In financial applications it is natural to model
the logarithm of volatility with a mean reverting component; for example, consider the
volatility filter

E(c?|data) =

1030}2+1=ﬂ—0‘1080’12+781—5|'31|- (10)

Here w =(«, B, 7, 8) is a parameter vector and g, is given. Under a normal error structure,
inference for w can be performed using the posterior p(w|y) oc L{w)p(w), where

AN
logL(co)=—§Z' p -3, logo,

and o, evolves according to (10). The relationship between these classes of discrete time
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models and continuous time models is complex. Nelson (1990) shows how to scale such
models appropriately in order to ensure a continuous time limit. Unfortunately, scaling
depends on the grid size and the assessment of prior distributions for the parameters of
the volatility equation is prohibitive as they have a grid size interpretation.

A natural alternative is to model the evolution of a(¢t, X,) in continuous time as a
stochastic differential equation. The stochastic terms driving the volatility can depend on
the observed process via dX, and d[X], terms or through a new Brownian motion dB,.
For example, a diffusion model of the form

do? = (B — ao?)dt + yo? dB, (11)

might be an appropriate model for the evolution of volatilities in financial applications.
This diffusion process prior is a continuous time counterpart to the standard conjugate
prior analysis of the normal linear model as the stationary distribution for &7 is
inverse gamma,

20 2B
0‘2~F<1+—,—'>
t AR

if 20/y* > —1 and B >0.

It is not possible to analyse these models using a continuous time Bayes factor due to
the limiting behaviour of the quadratic variation process. Model comparison and inference
has to be performed by viewing the model in discrete time as a hierarchical model where
the unobserved parameter vector {g,} has to be marginalised out to compute the likelihood
function for the parameters of the volatility equation.

These two approaches can be thought of as a way of avoiding the aliasing problem.
Since it is possible to have processes with different diffusion coefficients generating the
same discrete sample paths of observations, model comparison is ill posed unless either
we restrict ourselves to processes with the same diffusion coefficient or we explicitly model
the evolution of the diffusion coefficient. Finally, we emphasize that the problem of estimat-
ing the diffusion coefficient disappears when the grid size tends to zero as demonstrated
by equation (8). Our approach takes advantage of the continuous structure of the problem,
hence we assume hereafter that observations are on a fine grid. Therefore, we can use the
quadratic variation process to determine the diffusion coefficient. The experimenter is left
to model the appropriate drift behaviour. The Bayes factor provides a technique for
evaluating competing models. Drawing inferences for the drift parameter and performing
model comparisons using our technique are typically straightforward for a wide class of
models as we will see in the following sections. We now show how to define and implement
the Bayes factor.

3. BAYES FACTOR FOR CONTINUOUS TIME MODELS

The marginal beliefs for the process, Pyxr(.), are defined in terms of the likelihood
function Pxr4(.), as follows:

Pyr(A) = Jer|a(A)P(9) dé (12)

for all events A — $#;, where #; is the o-field generated by XT. We write Pyr 4(B) for
possibly 6-dependent sets B « #r x ©. We denote the marginal beliefs under the model
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M, by Pyr(A| A;) for A < F;. Let p(0| #,) indicate the possibility of different prior distri-
butions for the drift parameter in each model.

The Bayes factor (Jeffreys, 1961) between the models 4, and .#,, denoted by BF(X7),
is defined by the ratio of marginal beliefs

PxT(XTlv”o)
Pyr(XT| A,)

The dominating measure for 4 is given by P, which is induced by dX, = o(t, X,) dB,.
Hence, we need identical diffusion coefficients for the Bayes factor to be well defined. A
discrete time Bayes factor that compares models with different diffusion coefficients will
degenerate as the grid size diminishes because the data will select the model having the
‘correct’ diffusion coefficient with posterior probability one.

We now compute the Bayes factor when the drift functions are of the form
0fi(t, X;) + gi(t, X,). This proves the basis for the examples in §§ 4 and 5.

BF(XT) = (13)

THEOREM 1. Consider the class of diffusions for model #, that evolve according to
X, = {0f(t, X)) + gi(t, X,)} dt + o,(t, X,) dB,

and 0| M;~ N(u;,1}) for known hyperparameters u;,t,. Then, the marginal beliefs
Pxr(XT|.A,) are given by

2log PxT(XTlﬂi)=—lT“(ffB?+2#iBi prA;) +2C, —log (z} A4, +1),  (14)
1+ 174,
where
T[4 X2 T flt, X)) X) Si(t, X)gi(t, X)
4= .[) {Ui(t: Xt)} . Bi= o o2t X)) X) J- oi(t, X,) a
T gi(t, Xt) 1 J.T {gi(ta Xt)}z
y A6 X)X T2 ) e x)f © ()

Proof. The log-likelihood for model .#, is given by (4),

T 0fi(t, X))+ gi(1, X)) 0fi(t, X)) + gi(t, X,)
logLT(Bl.l,-)=L 20X) dX, — 2L{ ) }dt. (16)

The marginal beliefs Pyr(XT|.#4;) = | L7(0]#,)p(6].#,) d6 can be computed as follows: we
can write

exp (C)) 1
Prr(XT|4,) = (2”)& ’ [— 57 (07774, — 26768, + (6 —ui)Z}] 6

using (16), the normality of the prior, and the definitions of (4;, B, C;). After completing
the square, integrating and some algebraic manipulation, we have

2log Pxr(XT|.4,) = (t7Bf + 2B, — p} A;) + 2C, — log (z} 4, + 1), (17)

1 + T%Ai
as required. O
A special case of interest occurs when g,(t, X,) =0 and g, = 0. In this case, the processes
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evolve according to dX, = 0f,(t, X,) dt + o,(t, X,) dB, and a priori 6 ~ N(0, z?). Theorem 1
shows that the marginal beliefs are given by

r 2 B? -
2log Pxr(X"| #4) = T+24 log (ti 4; + 1), (18)
where 4, = A, and
T 1, X,
i= j;( )dXi.
o gi(t, X)

We use a quadrature based approximation to the stochastic integrals that cannot be
evaluated explicitly using Itd’s formula (Oksendal, 1985, p. 32) to derive an approximation
to the Bayes factor using only the discrete sequence of data. For example, if B, is not
analytically available, we use an approximation of the form

6 X, )
B=Y i x KX

4. SOME SIMPLE MODELS
4-1. General

We now apply our methodology to several well-known continuous time Markov pro-
cesses. We consider the following diffusion processes: a Brownian motion with drift, an
Ornstein—Uhlenbeck process, a mean reverting process with drift, an exponential Brownian
motion, and a logistic growth model. For the purpose of illustration, we assume that the
diffusion coefficient is constant and 8 ~ N(y, t?) for known hyperparameters.

4-2. Brownian motion with drift (#,)
Consider the process X, that is the solution of dX, = 0 dt + ¢ dB, with log likelihood

1
log L(B]#4) = — 5 {6°T + 0(X1 — Xo)}-

The marginal law as given by Theorem 1 is

62Xy — Xo)? +2u1" 21Xy — Xo) — 1217 %T 2T

2log Pxr(XT| M) = T+o%c-? —log 1+—02—
(19)
under the prior 6 ~ N(y, t?). The posterior distribution can be calculated via Bayes

theorem as
X7~ X, + pott™? a?
0|XT~N L 0 2#..21: ’ -2 (20)
T + 6%t T+ d%t

Our procedure provides an alternative approach to a classical hypothesis test of #,:0 =
0 against 4, that is a process with drift versus no drift. The Bayes factor can be computed
by noting that the law of .#,, dX, = o dB,, is the dominating measure for (19). Hence,

6 2 Xr—Xo) +2ut A Xy — Xo) — 4172 T 2T
—logl{l+ .

2log BF(XT) = T4 o2 ey
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The posterior odds of .4, versus .4, is given by
P(A4,| XT) 0 (X — Xo) + 2u1*(X7 — Xo) — #ZT_ZT} P(A,)
P(A# | XT) 2(T+ %172 P(A#,)’
where P(#,) is the a priori probability of model 4.

=(1+1%072T) *exp {

4-3. Mean reversion with drift (#,)
Consider a mean reversion model with drift where X, evolves according to
dX,= {0 — (X, - 0t)} dt + o(t, X,) dB,

and a« > 0. The component —a(X, — 0t) in the drift function implies that the process is
‘forced’ to revert to its mean. To compute the marginal beliefs, we rewrite the model as

dX,={(1+ at)0 — aX,} dt + o(t, X,) dB,
and apply Theorem 1 with f(t, X;)=(1 + at) and g(¢, X,) = —aX,. This yields marginal
beliefs

ZB%

T
2log Pyr(XT|.4,) = m +2C,—log (1 +124,),
2

where

T 1+ozt}2 J'T 1+at T(1+ar)X,
A, = dt, B,= dX, +«a e dt,
2 f {a(t,x,) ) e X) o ot X))

T X az T Xt 2
C,=— L dX, — — dt.
: “L o}t X,) ' 2 f {a(t,x,)}

The correlation structure for this process with a constant diffusion coefficient takes the

form
corr (X,, X;) =exp {— <-§> Is — tl}

for each s, t. As with all one-dimensional Markovian diffusion processes the correlations
are all positive. The incremental process Z¢ = X, ., — X, has a negative correlation structure
for s+e<t, given by

corr (Z:’ Zi) == Pr—s—: (l - pz)za
where p,_, = corr (X, X,) =exp { —(a/0)|s — t|}. We use this result for the example in § 5.

4-4. Ornstein~-Uhlenbeck process (M)
The Ornstein—Uhlenbeck process is the solution of dX,=0X,dt+ o dB, with log-
likelihood
0 T 92 T
log L(0]| #43)= pe; L X, dX,— 257 J; X2 dr,

where

T
1
J X, dX, = > (X} —X§—o’T).
0

9T0Z ‘ST Joquieides uo (q17 oueted) AliseAIuN a1eisS uusd e /B1o'seulnolploixo ewoig//:dny woj papeojumoq


http://biomet.oxfordjournals.org/

20 NicHoLAs G. PoLsON AND GARETH O. ROBERTS

The posterior distribution of the drift parameter, under a normal prior  ~ N(u, t2), is
given by

fo X, dX, + po’t 2 o2 )

T
61X N( [Tx2dt+o2c72 ) X2 dt + 0?02

The marginal beliefs can be derived from Theorem 1. One model for comparison is a
mean reverting Brownian motion given by the solution of dX, = 0 sgn (X,) dt + ¢ dB,.

4-5. Exponential Brownian motion (.#,)

Consider the process X, that evolves to dX, = X,(@dt + o dB,). The log-likelihood is
given by

6 (TdX, 6°T
—— | =_"_ 21
log L(6|.#,) 2 X "2 (21)
where
T dx, 1
L X,t =log XT—logXo+-2-0'2T.
Theorem 1 gives marginal beliefs
72 T dx, 2T
T - _ =t — . 22
2 log Pyr(XT|.#4,) g L X og (1 + = > (22)

The posterior for the drift parameter is given by

{0 dX,/X, + po*t 2 e
T+ot™2 "T+o*t72%)

01X ~ N(
This model generalises to the logistic growth model considered next.

4-6. Logistic growth model (#)

The logistic growth model, commonly used in population genetics, is the solution to
dX, = X,{6(1 —eX,) dt + o dB,}. When ¢ = 0 this reduces to exponential Brownian motion.
The marginal beliefs are given by

12B?
2log PXT(XTIVIl5)=m—IOg(1 + 1% As), (23)
where
1 (T T dX,
O'2A5=';J; (I—EXt)z dt, JZB5= o "X_t‘—E(XT—Xo).

Here we have taken a normal prior with mean zero. The Bayes factor between .4, and
45 can then be computed from (22) and (23).

The diffusion models considered above are all one-dimensional Markovian models.
Therefore, they only allow a positive correlation structure for the data. To model a negative
correlation structure a non-Markovian model is required, such as allowing the drift to
depend on the full history of X,. Our approach generalises straightforwardly to these cases.
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5. MEAN REVERSION IN THE STANDARD & Poor’s 500 INDEX

As an illustration of our technique, we choose between a Brownian motion with drift
and a Markovian mean reversion process for describing daily stock returns. Our analysis
employs daily data from the Standard & Poor’s 500 index for the period 1927-1985.
Hence, our technique can be used to assess departures from an efficient market hypothesis
where the alternative is a mean reversion process. Mean reversion could result from market
and fundamental values diverging and then eventually converging as they ‘correct’ them-
selves, or mean reversion might be the rational outcome of time-varying equilibria. To
explore the evidence for mean reversion we calculate the Bayes factor, determine the
conditional probability of mean reversion and perform diagnostics to determine hetero-
scedasticity in the diffusion coefficient.

We model the logarithm of the price index, X, =log P,, as evolving according to either

My :dX,=0dt + o(t, X,)dB,
or
My dX, = {0 —a(X,— 0t)} dt + o(t, X,) dB,.

Here o >0 and the term —a(X, — 0t) dt corresponds to mean reversion in the drift. To
complete our model specification we assume that 6 ~ N(0, t*). Each of these models is a
simplification of possible continuous time processes generating the data; however, our
technique is straightforward to extend to mean reversion models with non-Markovian
drift. The two processes have the same diffusion coefficient so our Bayes factor is
well defined.

To compute the Bayes factor we need three calculations: the marginal beliefs for the
two models, approximations for these beliefs based on the discrete data and an estimate
of the volatility. We initially assume that o(t, X,) = o 1s constant over the period of interest.
See Merton (1980) and Poterba & Summers (1986) for discussion of this assumption.
Later, we relax this assumption on the basis of diagnostics indicating heteroscedasticity
using techniques described in § 2.

The random walk model has marginal beliefs given by

(XT — X0)2 TZT
2log Pyr(XT | M) = —5———-—1 1+—). 24
og Pxt(X"|.4,) A(T+oir-7) o8\1+ 73 (24)
For the mean reversion model the marginal beliefs are given by (18) as
2B2
2 log Pyr(XT| My) = ——2— +2C, — log (1 + 12 4,), (25)
14144,

where

2T2
o2, = T(l +aT+ 2 ; )

T T

tdX, + « j (1 +at)X, dt,

OJBZ=XT_X0+GJ‘
0

[

o a2 T
0?Cy=—=(X:-Xi-’T)—— | X3dt.
2 2 J,

Next, we use quadrature to approximate the stochastic integrals with only the discrete
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observation set {X, }. For example, we use the approximations:

T
[ (14 at) dxrﬁz,‘ (1 +at,-_1)(X,‘ —X,‘_l),
0

T
j X2 df*z,, X?_ (ti—ti-y).
4]

Then, we estimate the diffusion coefficient, g, using

62 = l Z (X't - X‘i—l)z'
T lel<T
We diagnose departures from the assumption of constant volatility by plotting the quad-
ratic variation process and looking for changes in the slope of this process. Finally, we
take 12 =1 throughout our analysis. This seems reasonable a priori and our results are
very insensitive to changes in this parameter due to the amount of data.

Using these approximations, we compute the Bayes factor, Br(XT), between the compet-
ing models. If the Bayes factor is greater than one then there is evidence in the data against
the model 4 in favour of the model .#,. See Jeffreys (1961, Appendix B) for further
discussion of a scale on which to grade the Bayes factor. We can also assess a probability
of mean reversion. Suppose that we specify a priori odds O = P(#4,)/P(#,) of mean
reversion versus a random walk model. Typically O = 1. In light of evidence in the data,
these odds are updated by the Bayes factor to posterior odds. An assessment of the
probability of mean reversion is given by

P(A#;|data) = (26)

O +BF’
Now we have a simple interpretation of the Bayes factor on a probability scale.

Figure 1 plots the daily Standard & Poor’s 500 index for the period 1927-1985. Figure 2
plots the logarithm of prices. The Bayes factor and conditional probability of mean rever-
sion are computed using the approximations described above. Figure 3 plots the prob-
ability of mean reversion P(.#,|data) versus a with a priori odds O = 1. We see that there
1s evidence in the data for a mean reversion parameter in the range « € (0, 0-0005). For
the purpose of illustration, suppose that we were to a priori compare the model 4, :a =
0-0002 to a random walk model .#,:a=0. In this case, BF = 5-2 and the probability of
mean reversion is 0-84.

Mean reversion implies that the autocorrelations of long horizon returns are
negative. For a = 0-0002 and ¢ = 00114, the logarithm of returns Z, =log (P, /P, _,) has
correlation structure

1
corr (Z.n Zt) = - 5 (1 - ps—l)2’

where p,_,=exp {—(a/o)|s —t|}. Under these parameter values, one and two year
returns have a negative correlation of —0-006 and —0-020 which compare with sample
correlations of —0-011 and —0-018. Hence, this sample Markovian mean reversion
model provides a plausible explanation of the negative sample correlations of long
horizon returns.

A purely subjectivist analysis would model the mean reversion parameter a with a prior
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measure p(x). The Bayes factor, as a function of @, is a marginal likelihood and can be
used to re-weight the prior and give a posterior density p(x|data). Rather than using a
one-number summary, namely the Bayes factor, the experimenter can use the posterior
to draw inferences about the magnitude of the mean reversion. In this framework, evidence
for mean reversion will generally be diminished mainly due to the marginalisation over «
in computing the Bayes factor. We do not explore this direction further. Instead, we
demonstrate the presence of heteroscedasticity and if we model this, the evidence for mean
reversion is greatly diminished.

Figure 4 plots the quadratic variation process for the period. Therefore, it is reasonable
to assume heteroscedasticity in the diffusion coefficient as there is a change in the slope
of the process. We consider a model where a period of high volatility is followed by a
lower one with a changepoint around 1951. This is plausible from the quadratic variation
plot and from the data in Fig. 2. Using piecewise estimates from the quadratic variation
process, we obtain ¢; =0-0144 for the period 1927-1951 and 6, = 0-0077 for the period
1951-1985. Quantitatively, our results are robust to the changepoint in the window
1947-1955.

Fig. 4. Quadratic variation process, Q(t), for 1927-1985.

It is straightforward to extend (24) and (25) to compute the Bayes factor for a diffusion
coefficient with a changepoint. Figure 5 plots the Bayes factor versus «. The evidence for
mean reversion is diminished. The Bayes factor is only slightly greater than one for small
a values, the plausible range for the mean reversion parameter is now a € (0, 0-00002).
This indicates that there is virtually no evidence in the data when comparing a Markovian
mean reversion model against the random walk model if we relax the assumption of
constant volatility.

Fama & French (1988) and Poterba & Summers (1988) find that long horizon returns
have negative autocorrelation and suggest that this is due to a mean reversion in prices.
Fama & French (1988) find evidence for mean reversion by regression multiperiod returns
on lagged multiperiod returns. This suggests that a non-Markovian model might be more
appropriate for investigating mean reversion. Poterba & Summers (1988) find weak evi-
dence in the data for a mean reverting component although they find that a random walk
model cannot be rejected at conventional statistical levels. They also note that classical
tests have low power for alternatives against an efficient random walk behaviour for prices.
Another approach to explore nonrandom walk behaviour is to compare the relative varia-

9T0Z ‘ST Joquieidss uo (g1 oueTed) AlseAIUN 31eIS Uusd e /B1o'seulnolplosxoewolg//:dny woly papeojumoq


http://biomet.oxfordjournals.org/

25

bility of returns over different horizons using variance-ratio tests. Short horizon returns,
however, tend to have a small positive autocorrelation contrary to a mean reversion
model. The daily autocorrelation of the returns on the Standard & Poor’s 500 index is
0-064. Gallant, Rossi & Tauchen (1992) model the series in discrete time allowing for
volume effects and conditional heteroscedasticity. In discrete time there are many other
effects one might wish to control for, in particular, weekend and monthly trading effects.
Our technique is flexible enough to allow non-Markovian models and can provide
assessments of the probability of mean reversion. It is also straightforward to extend the
model to including explanatory variables for the parameters (6, @) in a hierarchical fashion
and to model these parameters with a priori distributions. For predictive purposes, we
might allow for a two-point mixture between the random walk and mean reversion model.
The weights on the models will adapt as we observe the process. This approach is particu-
larly appropriate when there is weak evidence in the data concerning model selection.

6. Di1sCUSSION

For data arising as fine observations from a continuous time stochastic process, our
approach has several advantages over a traditional approach to inference. There is no
need to compute asymptotic distributions of functionals of the process or to compute
conditional distributions given ancillary statistics. Prediction becomes more natural within
our approach and can be performed for arbitrary time points.

There are many interesting and important issues still to be resolved. The suitability of
our approach depends on the validity of the approximations used. First, more sophisticated
smoothing techniques for estimating the diffusion coefficient are clearly appropriate in
many applications. Plotting the quadratic variation process and comparing different vola-
tility estimates can provide useful diagnostic information. Secondly, a limiting feature of
using Markov models in one dimension is the positivity constraint that this imposes on
the correlation structure. Our approach, however, extends naturally to a non-Markovian
framework where negative correlations can be modelled. The multidimensional generalis-
ations, in both state and parameter space, are also conceptually straightforward.
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