
Roundtrip Spanners and Roundtrip Routing in Dire
ted GraphsLiam Roditty � Mikkel Thorup y Uri Zwi
k �Abstra
tWe introdu
e the notion of roundtrip-spanners ofweighted dire
ted graphs and des
ribe eÆ
ient algo-rithms for their 
onstru
tion. For every integer k � 1and any � > 0, we show that any dire
ted graph on nverti
es with edge weights in the range [1;W ℄ has a(2k + �)-roundtrip-spanner with O(k2� n1+1=k log(nW ))edges. We then extend these 
onstru
tions and obtain
ompa
t roundtrip routing s
hemes. For every integerk � 1 and every � > 0, we des
ribe a roundtrip rout-ing s
heme that has stret
h 4k + �, and uses at ea
hvertex a routing table of size ~O(k2� n1=k log(nW )). Wealso show that any weighted dire
ted graph with arbi-trary positive edge weights has a 3-roundtrip-spannerwith O(n3=2) edges. This result is optimal. Finally, wepresent a stret
h 3 roundtrip routing s
heme that useslo
al routing tables of size ~O(n1=2). This routing s
hemeis essentially optimal. The roundtrip-spanner 
onstru
-tions and the roundtrip routing s
hemes for dire
tedgraphs that we des
ribe are only slightly worse than thebest available spanners and routing s
hemes for undi-re
ted graphs. Our roundtrip routing s
hemes substan-tially improve previous results of Cowen and Wagner.Our results are obtained by 
ombining ideas of Cohen,Cowen and Wagner, Thorup and Zwi
k, with some newideas.1 Introdu
tionThe main results of this paper are improved roundtriprouting s
hemes for dire
ted graphs. To obtain a 
learerpresentation of these s
hemes, and the te
hniques usedto 
onstru
t them, we begin with a dis
ussion of span-ners and roundtrip-spanners.A spanning tree is the sparsest subgraph that preservesthe 
onne
tivity of a graph. A spanner is a relativelysparse subgraph that preserves, to a 
ertain extent, thedistan
es in a graph. More formally, let G = (V;E) be�S
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an undire
ted graph with a weight (or length) fun
tionw : E ! IR+ de�ned on its edges. A subgraphH = (V;E0) of G is said to be a t-spanner of G ifand only if ÆH(u; v) � t �ÆG(u; v), for every u; v 2 V .(Here ÆG(u; v) is the distan
e between u and v in G.)For any integer k � 1, any weighted undire
ted graphon n verti
es has a (2k � 1)-spanner with O(n1+1=k)edges. (See Alth�ofer et al. [ADD+93℄, Peleg [Pel00℄,Thorup and Zwi
k [TZ01a℄.) This tradeo� between thestret
h of a spanner and its size is known to be tightfor k = 1; 2; 3; 5, and is believed to be tight for any k.(See, e.g., the dis
ussion in [TZ01a℄.) Spanners havemany appli
ations in distributed 
omputing (see Peleg[Pel00℄).Can the notion of spanners be extended to dire
tedgraphs? The de�nition of spanners still makes sensein the dire
ted setting, but the notion be
omes uninter-esting. Take a 
omplete dire
ted bipartite graph. Re-moving any edge 
hanges the rea
hability in the graph,so no stri
t subgraph is a t-spanner of this graph, forany �nite t. Thus, no general tradeo� between stret
hand size is possible for dire
ted graphs.Cowen and Wagner [CW99, CW00℄, working on routingproblems, made the very ni
e observation that some ofthe te
hniques related to approximated distan
es andpaths in undire
ted graphs 
an be used on dire
tedgraphs, if roundtrip distan
es , instead of one way dis-tan
es are 
onsidered. Here the roundtrip distan
e fromu to v is the one-way distan
e from u to v plus theone way distan
e from v to u. Roundtrip distan
es indire
ted graphs are very natural generalizations of dis-tan
es in undire
ted graphs. In parti
ular, roundtripdistan
es are symmetri
, and hen
e they de�ne a met-ri
 for dire
ted graphs.Impli
it in the work of Cowen and Wagner [CW99,CW00℄ is the notion of roundtrip spanners. We makethis notion expli
it and obtain vastly improved 
on-stru
tions of roundtrip spanners. Let G = (V;E)be a dire
ted graph with a weight (or length) fun
-tion w : E ! IR+ de�ned on its edges. A subgraphH = (V;E0) of G is said to be a t-roundtrip-spannerof G if and only if ÆH(u! v) � t�ÆG(u ! v), for everyu; v 2 V . (Here ÆG(u ! v) = ÆG(u! v)+ ÆG(v ! u) isthe roundtrip distan
e between u and v in G.)



The results of Cowen and Wagner [CW99, CW00℄ implythat, for any integer k � 1, any weighted dire
ted graphon n verti
es has a (2k � 1)-roundtrip-spanner of size~O(n1+1=k). For k = 2, this result is very 
lose to beingoptimal. For larger values of k, the stret
h obtained isextremely large. We show that for any k � 1 and any�xed � > 0, any weighted dire
ted graph on n verti
eswith edge weights in the range [1;W ℄ has a (2k + �)-roundtrip-spanner of size O(k2� n1+1=k log(nW )). Thisis very 
lose to the best available, and believed optimal,results for undire
ted graphs. For k = 2 we have aspe
ialized 
onstru
tion that shows that any n-vertexdigraph has a 3-roundtrip-spanner of size O(n3=2). Thisimproves the 
orresponding result of Cowen and Wagner[CW99, CW00℄ by a polylogarithmi
 fa
tor and makesit 
ompletely tight.There are several di�erent te
hniques for 
onstru
tingsparse spanners for undire
ted graphs. (See Alth�oferet al. [ADD+93℄, Awerbu
h et al. [ABCP99℄, Cohen[Coh99℄, Peleg [Pel00℄, Thorup and Zwi
k [TZ01a℄.)Interestingly, some of these te
hniques 
an be adaptedto the dire
ted setting while others 
annot, at least notin an obvious way. The te
hnique of Thorup and Zwi
k[TZ01a℄, for example, whi
h gives the fastest way of
onstru
ting (2k � 1)-spanners of size O(n1+1=k) forundire
ted graphs, extends to the dire
ted 
ase whenk = 2, but not for larger values of k. Using it we obtainthe optimal 
onstru
tion of 3-roundtrip-spanners. Toobtain sparser roundtrip-spanners with a larger stret
hwe use an extension of the ni
e te
hnique of Cohen[Coh99℄.One of the uses of spanners in distributed 
omputing isthe design of 
ompa
t routing s
hemes. Let G = (V;E)be a graph with port numbers assigned to its links. (Ina dire
ted graph a link is simply a dire
ted edge. Inundire
ted graphs, ea
h undire
ted edge represent twolinks, one in ea
h dire
tion.) The port number assignedto ea
h edge is unique. A routing s
heme assigns to ea
hvertex v 2 V a short label, or name, denoted label(v).Ea
h vertex v 2 V is also equipped with a lo
al routingtable RT (v). A vertex u that wants to send a pa
ket pto vertex v is assumed to know label(v). It 
onstru
t amessage (label(v); p) that 
ontains label(v) at its header,and passes its lo
al routing daemon. (Ea
h vertex ofthe network is assumed to run a lo
al routing daemon.)When a routing daemon at some vertex w of the networkre
eives a message with label(v) at its header, it has tode
ide, based on label(v) and on its lo
al routing tableRT (w), on whi
h out-going link to forward this message.This out-going link is identi�ed by its port number. Formore on routing s
hemes see Peleg [Pel00℄, Thorup andZwi
k [TZ01b℄.

The stret
h of a routing s
heme is the worst possibleratio between the length of the route that a messagefollows from u to v, divided by the distan
e from uto v in the graph. The roundtrip-stret
h of a routings
heme is the 
orresponding quantity for a roundtriproute from u to v and ba
k.It is easy to obtain stret
h 1, i.e., route along shortestpaths, if a full routing table of size O(n) is stored atea
h vertex. (We measure the size of a routing table inO(logn)-bit words.) However, it is unrealisti
 to expe
tea
h vertex of a network to hold a routing table thatis almost as big as the network itself. Hen
e, there isgreat interest what stret
hes are attainable with mu
hsmaller routing tables. Preferably, we would like allrouting tables to be small.Thorup and Zwi
k [TZ01b℄, improving many previousresults, obtained essentially optimal routing s
hemesfor undire
ted graphs. For every integer k � 1, theydes
ribe a routing s
heme that uses o(log2 n)-bit labels,lo
al routing tables of size ~O(n1=k), and has stret
h 2k�1. For k � 3, these routing s
hemes rely on an initialhandshaking pro
ess (see [TZ01b℄ for details). Withoutsu
h a handshaking pro
ess, the stret
h in
reases to4k � 5.Many real 
ommuni
ation networks 
annot be modeleda

urately by undire
ted graphs. Some of the links ina network may be one-dire
tional, and in some of thebidire
tional links, the speed, or 
apa
ity, may dependon the dire
tion. Thus, the study of routing s
hemes fordire
ted graphs is well motivated. However, attemptsto design 
ompa
t routing s
hemes for dire
ted graphsmeet essentially the same obsta
les met when trying to
onstru
ted spanners for dire
ted graphs.It is in this 
ontext that Cowen and Wagner [CW99,CW00℄ suggest the 
onsideration of roundtrip routings
hemes. This is also supported by the fa
t that manyof the real-life appli
ations a
tually require roundtriproutes. The IP proto
ol, for example, requires ana
knowledgment to be sent after ea
h pa
ket is re
eived.Cowen and Wagner [CW99, CW00℄ des
ribe, for anyinteger k � 1, a roundtrip routing s
heme of stret
h2k � 1 that uses lo
al routing tables of average size~O(n1=k). The size of some of the routing tables in theirs
hemes may be as large as 
(n). They also des
ribea variant of their s
heme in whi
h the maximum tablesize is ~O(n(3k�1+1)=(2�3k�1)) and the stret
h is still 2k�1.Note, however, that the maximum table size is still
(n1=2), for any k � 1.We substantially improve these results and obtain, forany integer k � 1 and any �xed � > 0, a roundtriprouting s
heme of stret
h 4k + � and maximum table



size ~O(n1=k), assuming that the edge weights are poly-nomially bounded. With routing tables of total size~O(n1+1=k), we get stret
h 4k+ �, instead of 2k�1. Fur-thermore, we do that while keeping the maximum tablesize at ~O(n1=k), instead of 
(n1=2). Furthermore, fork = 2, we have an improved roundtrip routing s
hemethat has stret
h 3 and uses routing tables of maximumsize ~O(n1=2). This s
heme is essentially optimal. Ourroundtrip routing s
hemes do not use handshaking.Our improvements, for general k, over the results ofCowen and Wagner [CW99, CW00℄ are based on a 
on-stru
tion of Cohen [Coh99℄ that predates the results ofCowen and Wagner [CW99, CW00℄. Our improvementfor stret
h 3 extends a re
ent work by the last two au-thors [TZ01a, TZ01b℄.Note that the stret
h, 4k + �, of our roundtrip routings
hemes is about twi
e as large as the stret
h of ourspanners. This is the pri
e paid for being able to makelo
al routing de
isions. On the positive side, note thatour roundtrip routing s
hemes do not lag mu
h behindthe best known routing s
hemes for undire
ted graphsthat do not use handshaking that, for the same tablesize, have stret
h 4k � 5 (see [TZ01b℄).The rest of this paper is organized as follows. Inthe next se
tion we present eÆ
ient 
onstru
tions ofsparse roundtrip-spanners. In Se
tion 3 we present ourroundtrip routing s
hemes. In Se
tion 4 we presentan essentially optimal roundtrip routing s
heme withstret
h 3. We end in Se
tion 5 with some 
on
ludingremarks and open problems.2 Roundtrip-spannersLetG = (V;E) be an undire
ted graph with a weight (orlength) fun
tion w : E ! IR+ de�ned on its edges. AsubgraphH = (V;E0) of G is said to be a t-spanner of Gif and only if ÆH(u; v) � t�ÆG(u; v), for every u; v 2 V .(Here ÆG(u; v) is the distan
e between u and v in G.)For any integer k � 1, any weighted undire
ted graphon n verti
es has a (2k � 1)-spanner with O(n1+1=k)edges. (See Alth�ofer et al. [ADD+93℄, Peleg [Pel00℄,Thorup and Zwi
k [TZ01a℄.)The spanner de�nition 
an also be applied to dire
tedgraphs. However, it is not diÆ
ult to see that for any�nite t, there are n-vertex graphs with 
(n2) edges thatnone of their proper subgraphs is a t-spanner of them.(Consider a 
omplete bipartite graph were all edges aredire
ted in the same dire
tion.)Cowen and Wagner [CW99, CW00℄, in the 
ontext ofrouting problems, suggested 
onsidering roundtrip dis-tan
es in dire
ted graphs, instead of one-way distan
es.

They showed that some of the te
hniques that were usedin 
onne
tion with distan
es in undire
ted graphs 
ouldbe used in 
onne
tion with roundtrip distan
es in di-re
ted graphs.Let G = (V;E) be a weighted dire
ted graph. Welet Æ(u ! v) and Æ(v  u) be the one-way distan
efrom u to v in the graph G. We let Æ(u ! v) = Æ(u !v) + Æ(u  v) be the roundtrip distan
e from u to vin G. Clearly Æ(u ! v) = Æ(v ! u). When we want tostress the fa
t that the distan
es 
onsidered are in thegraph G, we add G as a subs
ript, as in ÆG(u! v) andÆG(u ! v). The following de�nition is now natural:Definition 2.1. (Roundtrip-spanners) Let G =(V;E) be a weighted dire
ted graph. A subgraph H =(V;E0) is said to be a t-roundtrip-spanner of G if andonly if ÆH(u! v) � t�ÆG(u ! v), for every u; v 2 V .Note that if G = (V;E) is an undire
ted graph,then ÆG(u ! v) = 2Æ(u; v), for every u; v 2 V , andthus roundtrip-spanners of undire
ted graphs are just
onventional spanners.Although the expli
it de�nition of roundtrip-spannersis new, the following result is impli
it in Cowen andWagner [CW00℄:Theorem 2.1. (Cowen and Wagner [CW00℄) Forevery integer k � 1, every weighted dire
ted graphon n verti
es has a (2k � 1)-roundtrip-spanner with~O(n1+1=k) edges.We substantially improve this result and prove:Theorem 2.2. For every integer k � 1 and every� > 0, every weighted dire
ted graph on n verti
es withedge weights taken from [1;W ℄ has a (2k+ �)-roundtrip-spanner with O(k2� n1+1=k log(nW )) edges.If W = nO(1), i.e., the edge weights in the graph are ofpolynomial size, then for roughly the same number ofedges, the stret
h is redu
ed from 2k � 1 to 2k + �, anexponential improvement.Theorem 2.2 is obtained by adapting an elegant 
on-stru
tion of Cohen [Coh99℄ for the dire
ted 
ase.Let G = (V;E) be an n-vertex graph with edge weightstaken from [1;W ℄. Let 1 � R � 2nW . Following Cohen[Coh99℄, we 
onstru
t a subgraph H = (V;E0) of G,with jE0j = O(kn1+1=k), su
h that for every u; v 2 V ,if ÆG(u! v) � R, then ÆH(u ! v) � 2k �R. Clearly, ifwe take the union of su
h subgraphs, 
orresponding to



R = (1+�)i, for 1 � i � log1+�(2nW ), we get a 2k(1+�)-roundtrip-spanner of G with O(kn1+1=k log1+�(nW ))edges.The subgraph H = H(R) is 
onstru
ted as follows. LetV 0 � V be a subset of verti
es. For every v 2 Vand r � 0, we let ballV 0(v; r) be the set of verti
esthat are of roundtrip distan
e at most r from v inthe subgraph G0 = G[V 0℄ indu
ed by V 0. In otherwords, ballV 0(v; r) = fu 2 V 0 j ÆG0(v; u) � rg. Wesay that a set B is a ball 
entered at v if and only ifB = ballV 0(v; r), for some V 0 � V and r � 0. Next,following Cohen [Coh99℄, we de�ne:Definition 2.2. ((k;R)-(roundtrip)-
over) A 
ol-le
tion C of balls is a (k;R)-(roundtrip)-
over of a di-re
ted graph G = (V;E) if and only if ea
h ball in Cis of radius at most kR, and for every u; v 2 V su
hthat ÆG(u ! v) � R, there is a ball B 2 C su
h thatu; v 2 B.For brevity, we usually refer to (k;R)-roundtrip-
overssimply as (k;R)-
overs. Figure 1 gives an extremelysimple algorithm for 
onstru
ting a (k;R)-roundtrip-
over of a graph. In the algorithm, sample(Vi; p) isa pro
edure that returns a random subset of Vi. Ea
helement of Vi belongs to the returned set, independently,with probability p. The algorithm 
hooses 
olle
tions ofballs of de
reasing radii. At the �rst iteration, wheni = k � 1, about n1=k balls of radius kR are 
hosen. Inthe se
ond iteration, with i = k� 2, about n2=k balls ofradius (k� 1)R are 
hosen, et
. In ea
h iteration, whena ball BVi(v; (i + 1)R) is added to the 
over C, its 
oreBVi(v; iR) is removed from the graph. The followingtheorems are adaptations, and slight improvements ofresults of Cohen [Coh99℄:Theorem 2.3. The 
olle
tion C 
onstru
ted by 
alling
over(G; k;R) is a (k;R)-
over of the dire
ted graphG = (V;E). For every v 2 V , the expe
ted number ofballs in the 
over 
ontaining v is at most kn1=k.Theorem 2.4. If the sampling probability in the i-thiteration of algorithm 
over is in
reased from n�i=k to2(n lnn)�i=k, then with very high probability, ea
h ver-tex v 2 V is 
ontained in at most O(kn1=k(lnn)1�1=k)balls of the 
over C returned by the algorithm.For 
ompleteness, we provide a proof of the �rst theo-rem. The se
ond proof is similar and is omitted fromthis extended abstra
t. Our proofs are slightly di�er-ent than the proofs given by Cohen, allowing us to getlogarithmi
 improvements over her results. Our argu-ments are somewhat reminis
ent of arguments used in[TZ01a℄.

Proof. We �rst argue that the set C generated by thealgorithm is indeed a (k;R)-
over. Let u; v 2 V be su
hthat ÆG(u! v) � R. Let 
 be a 
losed tour in G oftotal length at most R that 
ontains u and v. Let i bethe largest index for whi
h a vertex u' on 
 is 
apturedby the 
ore ballVi(w; iR) of a ball ballVi(w; (i + 1)R)that is added to the 
over. By the 
hoi
e of i, all theverti
es on 
 are 
ontained in Vi. Thus ÆG[Vi℄(w ! v) �ÆG[Vi℄(w ! u0)+ÆG[Vi℄(u0 ! v) � iR+R = (i+1)R, andv 2 ballVi(w; (i+1)R). Similarly, u 2 ballVi(w; (i+1)R),as required.We now bound the expe
ted number of balls in the 
overthat 
ontain a given vertex v 2 V . We show that at ea
hiteration, the expe
ted number of balls 
ontaining v thatare added to the 
over is at most n1=k.Consider B = ballVi+1(v; (i + 1)R), the set of verti
esthat are at distan
e at most (i + 1)R from v at thebeginning of the (i+1)-st iteration. (The �rst iterationis iteration number k�1, the se
ond is iteration numberk� 2, et
.) Let ` = jBj be the number of these verti
es.Ea
h vertex u 2 B has a probability of n�(i+1)=k ofbeing 
hosen to Si+1. If a vertex u is 
hosen, then vwould be 
ontained in the 
ore ballVi+1(u; (i + 1)R),and v would be removed from the graph and would notbe 
ontained in any ball added to the 
over at the i-th iteration. Note that if v 2 ballVi(u; (i + 1)R), then
learly v 2 ballVi+1(u; (i+ 1)R), and thus u 2 B.Thus, for every u 2 B, the probability that u is 
hosenat the i-th iteration and that v 2 ballVi(u; (i + 1)R) isat most (1 � n�(i+1)=k)` � n�i=k. (None of the verti
esof B should be 
hosen at the (i + 1)-st, i.e., previous,iteration, and u has to be 
hosen at the i-th, i.e.,
urrent, iteration.) The expe
ted number of balls that
apture v in the i-th iteration is therefore, at most`(1� n�(i+1)=k)` � n�i=k.It is easy to 
he
k that the fun
tion x(1 � p)x, where0 < p < 1 is a �xed 
onstant, attains it maximum valueof 1ep when x = � 1ln(1�p) . It follows easily that theexpe
ted number of balls 
ontaining v that are addedto the 
over at the i-th iteration is at most n1=k=e, asrequired.Definition 2.3. (In and out trees) Let G =(V;E) be a weighted dire
ted graph. Let V 0 � V ,v 2 V and r � 0. Let B = ballV 0(v; r). We letOutTree(B; v) be a tree 
ontaining dire
ted shortestpaths in G0 = G[V 0℄ from v to all the verti
es of B.Similarly, we let InTree(B; v) be a tree 
ontaining di-re
ted shortest paths from all the verti
es of B to v. Welet InOutTrees(B; v) = InTree(B; v) [ OutTree(B; v).We refer to InOutTrees(B; v) as a double-tree. We



algorithm 
over(G; k;R)C  � ; Vk�1  Vfor i k � 1 downto 0f Si  sample(Vi; n�i=k)C  C [ f ballVi(v; (i+ 1)R) j v 2 SigVi�1  Vi �[v2SiballVi(v; iR)greturn C ;Figure 1: Cohen's algorithm for 
onstru
ting a (k;R)-(roundtrip)-
oversometimes omit the 
enter v from these notations whenit is from the 
ontext.Let B = ballV 0(v; r). It is easy to 
he
k that if u 2 B,and w is on a shortest path from u to v, or from v to uin G0 = G[V 0℄, then w 2 B. This follows from the fa
tthat ÆG0(v ! w) � ÆG0(v ! u). Thus, all the verti
es inInTree(B) and OutTree(B), and thus in InOutTrees(B),are in the ball B. It follows that the number of edgesin InOutTrees(B) is at most 2(jBj � 1). (Note thatInTree(B) and OutTree(B) may share edges.) We alsoneed the following lemma:Lemma 2.1. Let B = ballV 0(v; r), and let u1; u2 2 B.Then, InOutTrees(B; v) 
ontains a 
losed dire
ted tour
ontaining u1 and u2 of length at most 2r.Proof. By de�nition, InOutTrees(B; v) 
ontained a
losed tour of length ÆG0(v ! u1) 
ontaining v and u1,and a 
losed tour of length ÆG0(v ! u2) 
ontaining vand u2. By 
ombining these tours we get a tour of lengthat most ÆG0(v ! u1) + ÆG0(v ! u2) � 2r 
ontaining u1and u2.We 
an now present a proof of Theorem 2.2:Proof. (of Theorem 2.2) Let �0 = �2k . For every 1 �i � log1+�0(2nW ), let Ci be a (k;Ri)-
over of G, whereRi = (1 + �0)i, 
onstru
ted by 
alling 
over(G; k;Ri).Let H be 
omposed of the union of InOutTrees(B), foreveryB 2 [iCi. Clearly, the obtained graph is a (2k+�)-roundtrip-spanner of G and that the expe
ted numberof edges in it is O(k2� n1+1=k log(nW )).Our roundtrip-spanner 
onstru
tion a
tually proves astronger result:

Definition 2.4. (Double-tree 
overs) Let G =(V;E) be a weighted dire
ted graph. A 
olle
tion T ofdouble-trees of G is said to be a t-double-tree-
over of Gif and only if for every u; v 2 V there is a double-treeT 2 T su
h that u; v 2 T and ÆT (u ! v) � t�ÆG(u ! v).Theorem 2.5. For every integer k � 1 and every� > 0, every weighted dire
ted graph on n verti
es withedge weights taken from [1;W ℄ has a (2k + �)-double-tree-
over su
h that every vertex v 2 V is 
ontained inat most O(k2� n1=k(logn)1�1=k log(nW )) double-trees.3 Roundtrip routing s
hemesFraigniaud and Gavoille [FG01℄ and Thorup and Zwi
k[TZ01b℄ des
ribe an extremely eÆ
ient way of routingon trees:Theorem 3.1. ([FG01℄,[TZ01b℄) Let T = (V;E) bean undire
ted tree on n verti
es with ea
h edge e 2 Eassigned a unique O(logn)-bit port number. Then,it is possible to eÆ
iently assign ea
h vertex v 2 Van O(log2 n= log logn)-bit label, denoted label(v), su
hthat if u; v 2 V , then given label(u) and label(v), andnothing else, it is possible to �nd, in 
onstant time, theport number assigned to the �rst edge on the path in Tfrom u to v.Let B be a ball 
entered at v. We 
an 
onvertea
h double-tree InOutTrees(B; v) into a standard treeInOutTree(B; v) (note the slight di�eren
e in notation)by 
onsidering InTree(B; v) and OutTree(B; v) as beingtrees on di�erent sets of verti
es, and joining themat v. For every u 2 B, u 6= v, we let u0 be the 
opyof u in the InTree(B; v), and u00 be the 
opy of u inOutTree(B; v). We also let v0 = v00 = v. For everyu1; u2 2 B, there is a dire
ted path in InOutTree(B; v)from u01 to u002 . Although Theorem 3.1 was stated forundire
ted trees, it is easy to extend it to dire
tedtrees like InOutTree(B; v), and thus to double-trees likeInOutTrees(B; v).Theorem 2.5 essentially redu
es the problem ofroundtrip routing in general dire
ted graphs into theproblem of routing in double-trees. Routing in double-trees 
ould be done using the te
hniques of Fraigniaudand Gavoille [FG01℄ and Thorup and Zwi
k [TZ01b℄.One big problem still remains, however. Suppose that uwants to route a message to v. We know that thedouble-tree 
over T 
ontains a double-tree T in whi
hÆT (u ! v) � (2k + �) � ÆG(u! v). But, how does uidenti�es this tree?For any Rj = (1 + �)j , where 1 � j � log1+�(nW ),and any 0 � i � k � 1, the double-tree 
over T of



Theorem 2.5 
ontains at most ~O(n1=k) double-trees ofradius (i + 1)Rj 
ontaining v. A naive solution tothe problem posed above would be to spe
ify all thesetrees in label(v). But label(v) would then be of length
(kn1=k log1+�(nW )), whi
h is too mu
h, as we areaiming for labels of polylogarithmi
 size.We 
an de
rease the labels to polylogarithmi
 size atthe pri
e of doubling the resulting stret
h. We need thenotion of extended 
ore and the following lemma:Lemma 3.1. Let C be a (k;R)-(roundtrip)-
over of aweighted dire
ted graph G = (V;E) 
onstru
ted usingalgorithm 
over of Figure 1. Let v 2 V . Let i be thelargest index for whi
h there is a ball B = ballVi(w;(i+1)R) 2 C, su
h that v 2 B0 = ballVi(w; (i+1=2)R) 2C. (We refer to B0 as the extended 
ore of B.) Then,if u 2 V and ÆG(u ! v) � R=2, then u 2 B.Proof. Let 
 be a shortest 
losed tour 
ontaining uand v. We show that 
 � Vi, and therefore,ÆG[Vi℄(w ! u) � ÆG[Vi℄(w ! v) + ÆG[Vi℄(v ! u) � (i +1=2)R+R=2 � (i+ 1)R, and thus u 2 B, as required.Suppose, therefore, for the sake of 
ontradi
tion, thatthere is a vertex u0 on 
 that is not in Vi. Thismeans that there is a vertex w0 2 Sj , for j > i su
hthat u0 2 ballVj (w0; jR). But then ÆG[Vj ℄(w0 ! v) �ÆG[Vj ℄(w0 ! u0) + ÆG[Vj ℄(u0 ! v) � jR + R=2 � (j +1=2)R, a 
ontradi
tion to the 
hoi
e of i.Let �0 = �4k . Let v 2 V be a vertex. For everyRj = (1 + �0)j , where 1 � j � ` = dlog1+�(nW )e, we
hoose a single ball ballVi(w; (i + 1)Rj) 2 C, su
h thatv 2 ballVi(w; (i+1=2)Rj) 2 C, as in Lemma 3.1, and let
entj(v) = w be its 
enter. We letlabelj(v) = (
entj(v); tree-labelj(v)) ;where tree-labelj(v) is the label of v in the double-treeof the ball 
entered at 
entj(v), assigned by the treerouting s
heme of Theorem 3.1. Finally, we letlabel(v) = (label1(v); label2(v); : : : ; label`(v)) :The routing table RT (u) of a vertex u 2 V is 
omposedof ` = dlog1+�(nW )e (two-level) hash tables. The j-th table RTj(u) holds the 
enters of the balls of the(k;Rj)-
over that 
ontain u. (It is possible to 
ombinethese tables into a single hash table, but for simpli
ity,we assume that they are separate.) For ea
h one ofthese 
enters, RTj(u) holds the tree-label of u in the
orresponding double-tree.Suppose now that u wants to send a message to v. Itsimply �nds the smallest j for whi
h 
entj(v) 2 RTj(u).

The message 
an then be routed on the double-tree
entered at 
entj(v). The label of u in that tree isextra
ted from RTj(u), and the label of v in that treeis extra
ted from labelj(v).The initial routing de
ision takes O(log1+�(nW ) time.Ea
h subsequent de
ision takes only 
onstant time,as the 
orre
t double-tree was already identi�ed. Animplementation of linear spa
e, 
onstant query time,hash tables is des
ribed in Fredman et al. [FKS84℄. (Fordeterministi
 
onstru
tions of su
h hash tables, see Alonand Naor [AN96℄ and Pagh [Pag00℄.) We thus have:Theorem 3.2. The roundtrip routing s
heme des
ribedabove has stret
h 4k + �. It uses lo
al routing ta-bles of size ~O(k�n1=k log(nW )) and o(k� log2 n log(nW ))-bit labels. The headers atta
hed to the messages areo(log2 n)-bit long. The initial routing de
ision takesO(k� log(nW )) time. Ea
h subsequent routing de
isiontakes only 
onstant time.Proof. Let u; v 2 V and suppose that ÆG(u ! v) =R=2, where (1 + �0)j�1 � R � (1 + �0)j . Considerthe ball B, 
entered at 
entj(v) that 
ontains v in itsextended 
ore. By Lemma 3.1, this ball also 
ontains u.The radius of this ball is at most k(1+�0)j . The double-tree 
orresponding to this ball 
ontains a 
losed tour
ontaining u and v of total length at most 2k(1 + �0)j .Messages from u to v, and ba
k, would be routed alongthis tour, giving a stret
h of at most (1+�0)4k = 4k+�.4 A roundtrip routing s
heme with stret
h 3In this se
tion we des
ribe an essentially optimalroundtrip routing s
heme of stret
h 3. It uses lo
alrouting tables of size ~O(n1=2) and O(logn)-bit labels.Ea
h routing de
ision takes 
onstant time. This rout-ing s
heme 
ombines ideas from Cowen [Cow01℄, Cowenand Wagner [CW99, CW00℄, and Thorup and Zwi
k[TZ01b℄. We start with the following de�nitions:Definition 4.1. (Roundtrip ordering) Let G =(V;E) be a weighted dire
ted graph and let v 2 V .We assume, without loss of generality, that V =f1; 2; : : : ; ng. We say that u1 �v u2 if and only if oneof the following 
onditions holds:1. Æ(u1 ! v) < Æ(u2 ! v),2. Æ(u1 ! v) = Æ(u2 ! v) but Æ(u1! v) < Æ(u2! v),3. Æ(u1 ! v) = Æ(u2 ! v) and Æ(u1! v) = Æ(u2! v)but u1 < u2.



We say that u1 � u2 if and only if u1 � u2 or u1 =u2. It is easy to verify that �v and �v are transitiverelations.Definition 4.2. (Centers and 
lusters) Let G =(V;E) be a weighted dire
ted graph. Let A � V be aset of 
enters. For every v 2 V , we let 
entA(v) be theelement of A that satis�es 
entA(v) �v w, for everyw 2 A. The 
luster CA(u) of a vertex u 2 V is de�nedas follows: CA(u) = fv 2 V j u �v 
entA(v)g. Finally,we let Æ(A ! v) = Æ(
entA(v) ! v).With these 
areful de�nitions, we now have:Lemma 4.1. If v 2 CA(u) and w is on a shortest pathfrom u to v, then v 2 CA(w).Proof. If w = u, then the 
laim is obvious. Otherwise,as w is on a shortest path from u to v, we haveÆ(w ! v) � Æ(u! v) and Æ(w ! v) < Æ(u ! v).(Note that we assume that all edge weights are positive.)Thus, w �v u. As v 2 CA(u), we get that u �v
entA(v). By the transitivity of �v, it follows thatw �v 
entA(v), and thus v 2 CA(w), as required.Using a simple adaptation of an iterative samplingte
hnique of Thorup and Zwi
k [TZ01b℄ to the dire
ted
ase, we obtain:Theorem 4.1. Let G = (V;E) be a weighted dire
tedgraph with jvj = n and jEj = m. It is possible, inO(mn) time, to �nd a set A � V of 
enters su
h thatjAj = O((n logn)1=2) and jCA(w)j = O((n logn)1=2),for every w 2 V .The stret
h 3 roundtrip routing s
hemes starts by
hoosing a set of 
enters A that satis�es the 
onditionsof Theorem 4.1. Ea
h vertex v 2 V is then assigned thefollowing label:label(v) = (v; 
entA(v); port(
entA(v); v)) ;where for every u; v 2 V , we let port(u; v) be the portnumber 
orresponding to the �rst edge on the shortestpath from u to v in G.The routing table RT (u) at a vertex u 2 V is a (2-level)hash table that holds for ea
h v 2 A [ CA(u) the pair(v; port(u; v)). The size of this table is O((n logn)1=2)and for ea
h v 2 A [CA(u), the pair (v; port(u; v)) 
anbe lo
ated in worst-
ase 
onstant time. As before, weuse the data stru
ture of Fredman et al. [FKS84℄. (Seealso Alon and Naor [AN96℄ and Pagh [Pag00℄.)When a message destined for v rea
hes u, it is routedas follows:

1. If u = v, the message rea
hed its destination.2. Otherwise, if v 2 A [ CA(u), route the messageusing the edge with port number port(u; v). (Thisport number is found, in 
onstant time, by a

ess-ing RT (u).3. Otherwise, if u = 
entA(v), route along the edgewith port number port(
entA(v); v). (The 
enter
entA(v) and the port number port(
entA(v); v) aretaken from label(v).)4. Otherwise, route along the edge with port numberport(u; 
entA(v)). (As 
entA(v) 2 A, this portnumber 
an be obtained, in 
onstant time, bya

essing RT (u).)We now 
laim:Theorem 4.2. The routing algorithm des
ribed aboveroutes a pa
kage from u to v on a path whose length ismost Æ(u ! v)+ Æ(u! v). The stret
h of the roundtriproute from u to v and ba
k is, therefore, at most 3.The proof is very similar to proofs given in Cowen[Cow01℄ and Thorup and Zwi
k [TZ01b℄ for the undi-re
ted 
ase, and is omitted from this extended abstra
t.We just note that if the route from u to v is of lengthat most Æ(u ! v) + Æ(u ! v), and the route from vto u is of length at most Æ(u ! v) + Æ(v ! u), then theroundtrip route is indeed of length at most 3Æ(u ! v).5 Con
luding remarksWe have made expli
it the notion of roundtrip-spannersand obtained greatly improved algorithms for 
onstru
t-ing them. In parti
ular, we showed that for any �xedinteger k � 1 and any �xed � > 0, any dire
ted graphon n verti
es with edge weights in the range [1;W ℄ hasa (2k+�)-roundtrip-spanner with O(k2� n1+1=k log(nW ))edges, and that su
h a spanner 
an be 
onstru
ted inO(mn) time. The dependen
e on W here 
an be elim-inated. Details would appear in the full version of thepaper. Is it possible to redu
e the stret
h in this 
on-stru
tion to 2k�1, whi
h is believed to be optimal evenfor undire
ted graphs?We have also obtained greatly improved roundtrip rout-ing s
hemes. To obtain logarithmi
 size labels, we hadto double the stret
h of the s
hemes from 2k+� to 4k+�.Is there a way of avoiding this doubling, perhaps usinga handshaking pro
ess?Finally, Cohen and Zwi
k [CZ01℄ des
ribe an ~O(n2) timealgorithm for 
omputing stret
h 3 distan
es between



all pairs of verti
es of an n-vertex undire
ted graph.Is it possible to obtain an analog result for roundtripdistan
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