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ABSTRACT
An estimation algorithm for a query is a probabilistic algo-
rithm that computes an approximation for the size (number
of tuples ) of the query. The main question that is studied is
which classes of logically de�nable queries have fast estima-
tion algorithms. Evidence from descriptive complexity the-
ory is provided that indicates not all such queries have fast
estimation algorithms. However, it is shown that on classes
of structures of bounded degree, all �rst-order queries have
fast estimation algorithms.

These estimation algorithms use a form of statistical sam-
pling known as adaptive sampling. Several versions of adap-
tive sampling have been developed by other researchers.
The original version has been surpassed in some ways by
a newer version and a more specialized Monte-Carlo algo-
rithm. An analysis of the average runtime of the original
version is given, and the di�erent algorithms are compared.
The analysis is used to compute what appears to be the best
known upper bound on the e�ciency of the original algo-
rithm. Also, contrary to what seems to be a commonly held
opinion, the two methods of adaptive sampling are incompa-
rable. Which method is superior depends on the query being
estimated and the criteria that are being applied. Lastly,
adaptive sampling can be more e�cient than the Monte-
Carlo algorithm if knowledge about the maximum values of
the data being sampled is available.

Categories and Subject Descriptors
H.2.4 [Database Management]: Systems|Relational
Databases

General Terms
Queries, Sampling

1. INTRODUCTION
�Research Supported by NSF Grant CCR-9406809

Estimating the size of a query can be described as the fol-
lowing problem. Given a database A, let R be the query
evaluated on A. jRj is the size of R, i.e., the number of
tuples in it. Let A be a probabilistic algorithm such that
when given A, it returns an estimate X for jRj. Suppose
that there is E > 0 and a probability p < 1 such that

pr(jX� jRjj � E) � p :

Then we say that A estimates jRj with error E and con�-
dence p. We are interested in �nding fast algorithms that
can estimate jRj to any desired degree of accuracy and con-
�dence. \Fast" can be interpreted in two ways. Either the
estimation algorithm runs in time o(t(n)), where t(n) is the
time required to compute jRj exactly, or its running time
has low complexity, say linear or even constant.

There are several reasons why database researchers are in-
terested in fast algorithms for estimating the size of queries.
Some queries, in particular those de�ned recursively, can be
quite expensive to compute. If the only important question
is their size, then a fast estimation algorithm has signi�cant
practical value. Even if an exact computation of the query
is needed, a fast estimation of its size can help to decide
whether it is feasable to actually perform the computation.
Also, the speed of computing the composition of simpler
queries can depend on the order of their execution. Estima-
tions of their size can help determine the optimal order of
execution.

An obvious question is whether such algorithms exist for
all queries. The following argument based on descriptive
complexity theory [7] indicates that this is unlikely. For
any natural number n, any s 2 f0; 1gn can be associated
with a �nite structure As whose universe is f1; : : : ; ng. For
any PSPACE language L � f0; 1g�, there is a formula �(x)
in partial �xed point logic such that for all s, it de�nes a
unary query R = fi 2 f1; : : : ; ng : As j= �(i)g such that
jRj = 0 or jRj = n, and s 2 L if and only if jRj = n.
Taking E = jRj=3, if there were fast estimation algorithms
for �, then for every probability p < 1, there would be a
fast probabilistic decision algorithm A such that for all s 2
f0; 1g�, with probability at least p, A accepts s if and only
if s 2 L.

This does not preclude the possibility that there are large
classes of databases and queries that do have fast estimation
algorithms, or whose average runtime is fast. In particular,
do there exist fast estimation algorithms for all �rst-order



queries on all databases? We do not know the answer to
this question, but an article by Abiteboul, Compton, and
Vianu [1] proposed the class of databases whose relations
have bounded degree as an important class to investigate.
They were not studying estimation algorithms; rather, they
considered probabilistic methods for speeding up the aver-
age time for exact evaluation of higher-order queries. We
will show that there are fast average time algorithms for
estimating all �rst-order queries on databases of bounded
degree.

There are actually two notions of average time complexity
for database algorithms. The �rst regards the database as
�xed, and the algorithm makes random choices in computing
its estimate. The second assumes the database itself is ran-
dom. (The algorithm may or may not be probabilistic.) In
this article, we concentrate on the �rst notion. Speci�cally,
we investigate a statistical sampling method for estimating
the size of queries in databases.

A variety of methods for sampling queries in databases have
been proposed. One approach is a form of sequential sam-
pling. It relies on a partitioning of the query into sets
that agree on the value of some attribute. More abstractly,
let n be a natural number and R � f1; : : : ; ngr be an r-
ary relation, i.e., relational query. For i = 1; : : : ; n, let
Ri = f(i2; : : : ; ir) : (i; i2; : : : ; ir) 2 f1; : : : ; ngrg. Then jRj =Pn
i=1 jRij. The sampling algorithm repeatedly makes ran-

dom choices of i 2 f1; : : : ; ng, calculates jRij, and adds it to
a cumulative sum until a predetermined stopping condition
is satis�ed. Then it produces an estimate of jRj.

Statistical inference based on the sum of a sequence of ran-
dom variables was used by W. Bartky [2] for other appli-
cations, and the general theory of sequential sampling was
formulated by A. Wald [19, 20]. These authors considered
the more general case when the sum could have negative
terms. R. Lipton and J. Naughton [16] developed a version
of sequential sampling which estimated the size of queries as
outlined above. Their algorithm stopped sampling when the
sum exceeded a predetermined value. They called it adap-
tive sampling because the number of samples taken was not
predetermined; it depended on how quickly the sum reached
the upper bound. Actually, similar stopping conditions had
been used by Bartky and Wald. In their case, the sampling
stopped when the sum either exceed an upper bound or fell
below a lower bound.

The upper bound used by Lipton and Naughton was of the
form cb(n), where b(n) is an a priori upper bound on the
size of the partitions. (Thus, with no additional knowledge,
b(n) = nr�1.) Their error term was of the form �jRj, for
some constant � > 0. They claimed that, by making c large
enough, any desired degree of accuracy can be obtained with
arbitrarily high probability. That is, for any � > 0 and
p 2 [0; 1), the probability that the estimate is within �jRj of
jRj can be made as large as p. This is true, but the proof
for their bound on c is incorrect. We present a very di�erent
proof with a slightly larger bound on c.

A later version of adaptive sampling is due to P. Haas and
A. Swami [11]. It does not make any a priori assumptions
about the data except that not all the jRij are equal. Haas

and Swami prove that, for �xed R, as �! 0, the probability
that their method produces an estimate that is within �jRj
of jRj approaches p. Further, their algorithm is asymptot-
ically e�cient in the sense that as � ! 0, the number of
samples taken is close to the minimum number needed to
get an estimate that is within �jRj of jRj with probability p.
Thus their algorithm will perform better than the Lipton-
Naughton algorithm on �xed samples as the error factor �
goes to 0. Although Haas and Swami clearly state in their
paper that their estimate may not be accurate if � does not
get small, it appears to be the belief of some database re-
searchers that the Haas-Swami algorithm is generally better
than the Lipton-Naughton algorithm. But the two algo-
rithms are actually incomparable. We will show that, for
�xed � and highly skewed data, the Lipton-Naughton al-
gorithm can give a better estimate than the Haas-Swami
algorithm.

2. ADAPTIVE SAMPLING
Adaptive sampling is a general method that applies to esti-
mating the sum of a �nite sequence of nonnegative integers.
For a natural number n, let a1; : : : ; an be a sequence of inte-
gers such that ai � b(n) for i = 1; : : : ; n, where b is a func-
tion of n. The intention is that ai = jRij, b(n) = nr�1, andPn
i=1 ai = jRj. In [16], R. Lipton and J. Naughton intro-

duced the following algorithm for estimating A =
Pn
i=1 ai.

The c is a �xed constant independent of n.

Algorithm 1.

S  0
m 0
repeat

do j  Random(1; n)
S  S + aj
m m+ 1

until S � cb(n)
return nS=m

In a later article [17], the same authors claimed that any
degree of accuracy and con�dence could be obtained from
this algorithm by taking c large enough. Speci�cally,

Claim 1. Assume ai > 0 for i = 1; : : : ; n. For 0 � p < 1
and d > 0, if c = d(d+ 1)=(1�pp), then

pr(jnS=m�Aj � A=d) � p :

Lipton and Naughton used an urn model to show that, by
taking a su�ciently large constant �, the probability that
the algorithm stops before �b(n) steps can be made arbitrar-
ily small, and for any given m � �b(n), pr(jnS=m � Aj >
A=d) can also be made arbitrarily small. However, this does
not imply their Claim because they still need to show either

1. for any m � �b(n), the conditional probability that
jnS=m� Aj > A=d, given that the algorithm stops at
m repetitions, is arbitrarily small, or

2. the sum over all m � �b(n) of pr(jnS=m�Aj > A=d)
is arbitrarily small.



Method 1. seems quite involved, while method 2. requires a
very tight bound on the probabilities being summed. Obvi-
ous approaches are suggested by the Central Limit Theorem,
but as we will show, the error term in the Central Limit The-
orem is so large that such a tight bound cannot be obtained.
Similar problems arise in attempting to use Cherno� [5, 12]
or Hoe�ding [15] bounds.

Using a very di�erent approach, we will analyze the average
running time of Algorithm 1. Our results will enable us
to derive an upper bound on c that is almost as good as
that in the Claim. We will model the Algorithm as a 1-
dimensional random walk, where at each step, the particle
makes a jump to the right, the distance being randomly
chosen from fa1; : : : ; ang. Here, the particle's initial position
is 0, and the �nal m is the time at which the particle passes
through an absorbing barrier located at cb(n). With this
interpretation, for 0 � p < 1 and � > 0, we will show how to
compute c such that for all n, with probability greater than
or equal to p, m will be within �cnb(n)=A of cnb(n)=A. It
follows that, by taking c su�ciently large, any desired degree
of accuracy and con�dence can be obtained. Our bound on c
is not as good as that in the Claim. However, the condition
that ai > 0 for all i = 1; : : : ; n can be relaxed. We need to
assume only that ai � 0 for all such i, and ai > 0 for at
least one i.

Consider a particle that performs a 1-dimensional random
walk at discrete time steps, with an absorbing barrier at
cb(n). Its position at time 0 is 0, and at any given time m,
its location is some integer k. It will continue its walk if
k < cb(n), in which case its position at time m+ 1 will be
k + ai, for some randomly chosen i 2 f1; : : : ; ng, where all
choices are equally likely. Thus if the particle is located at 0
at time 0, its location at each time m is the value of S in the
Algorithm after m iterations of the repeat : : : until loop,
and the time until absorption is the �nal value of m. The
theorem will be a consequence of a probabilistic estimation
of the absorption time.

For each k � 0, let Tk be the random variable that is
the absorption time of the particle, when initially located
at k. We will derive recurrences for E[Tk] and Var[Tk].
For k;m � 0, let pk;m be the probability that Tk = m,
and let pk(z) =

P1
m=0 pk;mz

m be the generating function of
hpk;m : m � 0i. Then

pr(Tk <1) = pk(1) ;

E[Tk] = p0k(1) and

Var[Tk] = p00k(1) + p0k(1)� p0k(1)2 :

It can be seen that the pk;m satisfy the following recurrence:

pk;0 = 1 for k � cb(n)
pk;0 = 0 for k < cb(n)

pk;m = 0 for k � cb(n) and m > 0

pk;m+1 =
nX
i=1

pk+ai;m=n for k < cb(n) :

Therefore, for k < cb(n),

pk(z) = z
nX
i=1

pk+ai(z)=n ; (1)

p0k(z) =
nX
i=1

[pk+ai(z) + zp0k+ai(z)]=n , and (2)

p00k(z) =
nX
i=1

[2p0k+ai(z) + zp00k+ai(z)]=n : (3)

In the following, H = fi : ai > 0g and h = jHj.

Lemma 2. For all integers k,

pk(1) = 1 :

Proof. This follows from more general theorems about
unlimited Bernoulli trials or random walks (see e.g. Feller
[8]), but we give an elementary proof. The Lemma is obvious
for k � cb(n). We will prove it for the remaining values by
decreasing induction on k.

Thus, assume k < cb(n) and the Lemma holds for all k0 >
k. Recalling our assumption that h > 0, by (1) and the
induction assumption,

pk(1) =
h

n
+

�
n� h
n

�
pk(1) ;

and the Lemma follows.

Lemma 3. For k � (c+ 1)b(n),

n(cb(n)� k)
A

� p0k(1) � n((c+ 1)b(n)� k)
A

:

Proof. We use decreasing induction on k = (c+ 1)b(n)
down to 0. For cb(n) � k � (c+ 1)b(n), pk(z) = 1, and the
result is obvious.

Now assume k < cb(n) and the result holds for all k0 such
that k < k0 � (c+ 1)b(n). By (2) and Lemma 2,

p0k(1) =

nX
i=1

[1 + p0k+ai(1)]=n ; and

�
h

n

�
p0k(1) = 1 +

X
i2H

p0k+ai(1)=n

� 1 +
X
i2H

(c+ 1)b(n)� k � ai
A

by the induction assumption

=
h((c+ 1)b(n)� k)

A
:

The lower bound is similar.



Lemma 4. For k � (c+ 1)b(n),

p00k(1) � n2((c+ 1)b(n)� k)2
A2

+
n2(
Pn
i=1 a

2
i )((c+ 1)b(n)� k)
A3

�2n(cb(n)� k)
A

:

Proof. We again use decreasing induction on k, and the
result is obvious for cb(n) � k � (c+ 1)b(n).

Now assume k < cb(n) and the inequality holds for all k0

such that k < k0 � (c + 1)b(n). By (3), Lemma 3, and the
induction assumption,

hp00k(1) �
nX
i=1

2n((c+ 1)b(n)� k � ai)
A

+
X
i2H

�
n2((c+ 1)b(n)� k � ai)2

A2

+
n2(
Pn
i=1 a

2
i )((c+ 1)b(n)� k � ai)

A3

� 2n(cb(n)� k � ai)
A

�

=
2n2((c+ 1)b(n)� k)

A
� 2n

Pn
i=1 ai

A

+
hn2((c+ 1)b(n)� k)2

A2
+
n2
Pn
i=1 a

2
i

A2

�2n
2((c+ 1)b(n)� k)Pn

i=1 ai

A2

+
hn2(

Pn
i=1 a

2
i )((c+ 1)b(n)� k)
A3

�n
2(
Pn
i=1 a

2
i )
Pn
i=1 ai

A3

�2hn(cb(n)� k)
A

+
2n
Pn
i=1 ai

A

=
hn2((c+ 1)b(n)� k)2

A2

+
hn2(

Pn
i=1 a

2
i )((c+ 1)b(n)� k)
A3

�2hn(cb(n)� k)
A

:

From Lemmas 2, 3, and 4, taking m = T0,

Theorem 5.

pr(m <1) = 1 ;

cnb(n)

A
� E[m] � (c+ 1)nb(n)

A
and

Var[m] � (2c+ 1)n2b(n)2

A2

+
(
Pn
i=1 a

2
i )(c+ 1)n2b(n)

A3
+

(1� c)nb(n)
A

:

We will now use these formulae to compute an upper bound
on c in Algorithm 1.

Theorem 6. For 0 � p < 1 and � > 0, there exists c such
that for all n,

pr(jnS=m�Aj � �A) � p :

Proof. By Chebyshev's inequality, for any 
 > 0,

pr

�
jm�E[m]j � 
cnb(n)

A

�
� Var[m]A2


2c2n2b(n)2

� 2c+ 1


2c2

+
(c+ 1)

Pn
i=1 a

2
i


2c2b(n)A
+

(1� c)A

2c2nb(n)

:

Since
Pn
i=1 a

2
i � b(n)A and c > 1,

pr

�
jm�E[m]j � 
cnb(n)

A

�
� 2c + 1


2c2
+
c+ 1


2c2

=
3c + 2


2c2
: (4)

Since����m� cnb(n)

A

���� � jm�E[m]j+
����E[m]� cnb(n)

A

����
� jm�E[m]j+ nb(n)

A
by Lemma 3,

in order to guarantee that

pr

�����m� cnb(n)

A

���� � 
cnb(n)

A

�
� p ;

it su�ces that

pr

�
jm�E[m]j � 
cnb(n)

A
� nb(n)

A

�
� p :

Therefore, by (4), it su�ces to take c and 
 such that


c� 1 > 0 and (5)

3c+ 2

(
c� 1)2
� 1� p : (6)

With probability 1, cb(n) � S < (c+ 1)b(n). Therefore if����m� cnb(n)

A

���� � 
cnb(n)

A
;

then, assuming 
 < 1,

cnb(n)A

(1 + 
)cnb(n)
� nS

m
� (c+ 1)nb(n)A

(1� 
)cnb(n) , i.e.,
A

1 + 

� nS

m
� (c+ 1)A

(1� 
)c :

Since we want jnS=m�Aj � �A, it su�ces to take

1� � � 1

1 + 

and

c+ 1

(1� 
)c � 1 + �, or


 � �

1� � and
1

c
� �� 
 � 
� :



(The �rst condition above applies when � < 1. If � � 1,
then it can be omitted.) In order that c > 0, the second of
the above conditions requires that 
 < �=(1 + �), which is
a stronger condition than the �rst. Therefore it su�ces to
take


 <
�

1 + �
and (7)

c � 1

�� 
 � 
� : (8)

All four conditions (5){(8) can be satis�ed by taking 0 <

 < �=(1 + �) and c > max(1=
; 1=(� � 
 � 
�); �), where �
is the larger root of

3x+ 2

(
x� 1)2
= 1� p ;

i.e.,

� =
1



+

3 +
p
8(1� p)
2 + 12(1� p)
 + 9

2(1� p)
2 :

It can be seen that 1=
 � �, so we can take

c > min

2(0;�=(1+�))

max(1=(�� 
 � 
�); �) : (9)

The expression in (9) is rather cumbersome, but it has some
simpler approximations. As �! 0,

� ! 1



+


 + 3

(1� p)
2

� 
 + 3

(1� p)
2 :

It can be seen that over the interval (0; �=(1 + �)), (
 +
3)=((1� p)
2) is decreasing and 1=(�� 
� 
�) is increasing,
and the functions are asymptotic to in�nity at opposite ends
of this interval. Therefore there is a unique 
 2 (0; �=(1+�))
where these functions are equal, and their value at this point
is greater than the value of the expression in (9).

Solving


 + 3

(1� p)
2 =
1

�� 
 � 
�
for 
,


 =
�3 � 2�+

p
(3 + 2�)2 + 12(2 + �� p)�
2(2 + �� p)

� � as �! 0 :

Since (
 + 3)=((1 � p)
2) is continuous in a neighborhood
around �=(1 + �), c can be approximated by

3

(1� p)�2 :

The bound given in Claim 1 is asymptotic to 1=((1�pp)�2)
as � ! 0 (i.e., d ! 1), which is smaller than our bound.
Since 1� p = (1 +

p
p)(1�pp) � 2(1 �pp) as p! 1, our

bound is larger than the bound in Claim 1 by a factor of
about 1.5 as �! 0 and p! 1.

3. COMPARISON TO OTHER SAMPLING
ALGORITHMS

P. Haas and S. Swami [11] proposed a variation on Algorithm
1. They pointed out that the stopping condition S � cb(n)
can be overly conservative if b(n) is actually much larger
than max(a1; : : : ; an). Their stopping condition is based on
the Central Limit Theorem. Let Sm be the value of S after
m iterations of the repeat : : : until loop in Algorithm 1.
Then, as m gets large,

pr

�����nSmm �A
���� � �A

�
= pr

�����Sm �m�p
m�

���� �
p
m��

�

�

� 2�

�p
m��

�

�
� 1 ; (10)

where � =
Pn
i=1 ai=n is the expectation of a randomly cho-

sen ai, �
2 =

Pn
i=1[ai � �]2=n is its variance, and

�(t) =

Z t

�1

1p
2�
e�x

2=2 dx

is the standard normal distribution function.

Let

�p = ��1((1 + p)=2) and

m =
�2p�

2

�2�2
;

Then, as � approaches 0, m gets arbitrarily large and the
error term in (10) will go to 0. Therefore for su�ciently
small �, the estimate nSm=m will be within �A of A with
probability p.

Of course, � and � are not known a priori. The algorithm
of Haas and Swami makes successive estimates of � and �
as it samples fa1; : : : ; ang. It can be shown that with high
probability, the mth estimates �m and �m approach their
true values, and when �m > 0 and m > �2p�

2
m=(�

2�2m), the
probability that the estimate nSm=m has the desired accu-
racy is at least p. Further, their method is asymptotically
e�cient, meaning that as � gets small, their algorithm takes
just enough samples to guarantee the desired accuracy and
con�dence.

Note that Theorem 6 does not make any assumptions about
the asymptotics of the parameters, while Haas and Swami
assume that � ! 0. As they point out, if � is �xed, then it
is possible that the error term in (10) is quite large, and the
probability that the estimate is within the desired accuracy
range could be less than p. Speci�cally, A. Berry [3, 4] has
shown that the error term is bounded by

4
Pn
i=1 jai � �j3p
m�3

;

which can be quite large if we know only that a1; : : : ; an �
n. This is the case when the size of a binary relation on
f1; : : : ; ng is being estimated. The following example illus-
trates this possibility.

For i = 1; : : : ; n let

ai =

8<
:

0 if i < n and i even
1 if i < n and i odd
n if i = n



Then, with probability greater than (1� 1=n)n � 1=e, an is
not chosen in the �rst n iterations of the repeat : : : until
loop. If this happens, then the estimates of both � and �
will rapidly approach 1=2, which almost surely will result
in a stopping time less than !(n), for any function ! that
increases monotonically to1. More speci�cally, if �p is su�-
ciently large, i.e., p is su�ciently close to 1, or � is su�ciently
small, then with probability close to 1=e, the algorithm will
return an estimate close to n=2, i.e., the probability that it
is within �A of A will not be p.

A very di�erent method for estimating the sizes of relations
is a Monte-Carlo algorithm due to E. Cohen [6]. It repeats
the following process some predetermined number of times,
say t. In each iteration s = 1; : : : ; t, it performs the following
two steps.

1. It randomly assigns a ranking rs(i) 2 [0;1) to each
i 2 f1; : : : ; ng.

2. Then, for each i 2 f1; : : : ; ng, it computes �s(i) =
min(rs(j) : j 2 Ri).

After the tth iteration, it estimates each jRij. There are

several ways of doing this. Let Ŝi be the estimate for jRij.
Using the average of the t samples:

Ŝi =
tPt

s=1 �s(i)
;

or, letting ~�(i) be the bt(1� 1=e)c-smallest value in f�s(i) :
1 � s � tg,

Ŝi =
1

~�(i)
:

The idea behind this approach is that there is a strong cor-
relation between �s(i) and jRij. The smaller �s(i) is, the
larger jRij is likely to be. As t increases, the probability that
Ŝi is within a desired accuracy also increases. Speci�cally,

pr(jŜi � jRijj � �jRij) = e�
(�t)

for each i = 1; : : : ; n, and

pr(j
nX
i=1

Ŝi � jRjj � �jRj) = e�
(�t) :

The e�ciency of this algorithm depends on the speed of
computing all the �s(i). At present, no e�cient method ap-
plicable to all queries is known. An important case where
there is a fast algorithm is the transitive closure of a bi-
nary relation. Letting G = hf1; : : : ; ng; Ei be a graph on n
vertices with m = jEj edges and Ri be the set of vertices
reachable from i by a path in G, R = [ni=1Ri is the transitive
closure of E. Cohen shows how to estimate each jRij and
jRj in time O(n+m). Using adaptive sampling, Lipton and
Naughton [17] show how to estimate jRj in time O(n

p
m),

and therefore Cohen's method is more e�cient on general
graphs.

However, if it is known that the sizes of the reachability sets
are small, then adaptive sampling can estimate the transitive
closure faster than the Monte-Carlo method. For example,
suppose it is known that the reachability sets have size at

most k, where k2 = o(n). The Monte-Carlo algorithm will
run in time 
(n), but if the adaptive sampling algorithm
uses b(n) = k, then it will take only O(k2) time to reach the
same level of accuracy and con�dence.

4. ESTIMATING QUERIES
A natural application of adaptive sampling is the estimation
of queries, i.e., relations, on a �nite structure. That is, we
partition the relation R into disjoint sets and estimate jRj
by computing the sizes of randomly chosen partitions. Al-
though the partitioning is often determined by the value of
the �rst coordinate of the tuples in the relation (as outlined
in the Introduction), there is no reason to expect that this
is the optimal partitioning in all cases. Let R be r-ary. For
any j = 1; : : : ; r, R can be partitioned into nj sets indexed
by elements in f1; : : : ; ngj . Given (i1; : : : ; ij) 2 f1; : : : ; ngj ,

Ri1;:::;ij = f(ij+1; : : : ; ir) : (i1; : : : ; ir) 2 Rg :
(Note that when j = r, Ri1;:::;ir = ; or f�g where � is
the null sequence.) Then jRj can be estimated by sampling
jRi1;:::;ij j for random (i1; : : : ; ij).

Replacing n in Theorem 5 by nj and b(n) by nr�j ,

Theorem 7. Let the cost of computing jRi1;:::;ij j on
structures of size n be fj(n). Then for any p 2 [0; 1) and
� > 0, the average time required by adaptive sampling to
produce an estimate ~A such that

pr(j ~A� jRjj � �jRj) � p
is O(nrfj(n)=jRj).

Thus the e�ciency of adaptive sampling can depend on
the choice of j. In general, the fastest way to compute
jRi1;:::;ij j may be to examine each element (ij+1; : : : ; ir) 2
f1; : : : ; ngr�j , and decide whether (i1; : : : ; ir) 2 R. Letting
g(n) be the cost of computing this decision, the average time
to estimate jRj becomes O(n2r�jg(n)=jRj), which is minimal
for j = r, i.e., O(nrg(n)=jRj). Since jRj can be computed
exactly in time O(nrg(n)), adaptive sampling can be signif-
icantly faster if jRj is large. However, the knowledge that
jRj is small relative to nr can be useful, and it can be ob-
tained by estimating jRj, where R is the complement of R.
A modi�ed version of adaptive sampling can estimate jRj in
parallel with the estimate of jRj. For example, Algorithm 1
would be modi�ed as follows:

Algorithm 8.

S  0
T  0
m 0
repeat

do (i1; : : : ; ij) Random(f1; : : : ; ngj)
S  S + jRi1;:::;ij j
T  T + nr�j � jRi1;:::;ij j
m m+ 1

until S � cnr�j or T � cnr�j
return nS=m, nT=m



Theorem 9. Let the cost of deciding whether

(i1; : : : ; ir) 2 R on structures of size n be g(n). Then for any
p 2 [0; 1) and � > 0, the average time required by Algorithm

8 to produce an estimates ~A, ~B such that

pr(j ~A� jRjj � �jRj or pr(j ~B � jRjj � �jRj) � p
is O(g(n)).

4.1 First-Order Queries
The two theorems above are quite general. Here, we ex-
amine the special case when R is de�ned by a �rst-order
formula. That is, let �(x1; : : : ; xr) be a �rst-order formula,
and for any structure A in the class, let R� = f(a1; : : : ; ar) 2
f1; : : : ; ngr : A j= �(a1; : : : ; ar)g. For arbitrary A, we do
not know of a fast estimation algorithm any better than
the ones described in the two theorems above. But we will
show that all �rst-order queries have fast estimation algo-
rithms on �nite structures of bounded degree. They rely on
characterizations of �rst-order properties in terms of local
\neighborhoods" of elements, �rst used by H. Gaifman [10]
and W. Hanf [13] on arbitrary structures. Every member A
of such a class has the form hf1; : : : ; ng; P1; : : : ; Pki, where
n is a natural number, and each Pi � f1; : : : ; ngpi for some
�xed pi. The Gaifman graph G(A) of A is hf1; : : : ; ng; Ei,
where

E = f(a; b) 2 f1; : : : ; ng : there exists i 2 f1; : : : ; kg
and (a1; : : : ; api) 2 Pi
such that fa; bg � fa1; : : : ; apigg :

Letting � be the usual notion of distance in the undirected
graph G(A), for any natural number d and a1; : : : ; ai 2
f1; : : : ; ng, the d-neighborhood of a1; : : : ; ai in A is

Nd(a1; : : : ; ai) = [ij=1fb 2 f1; : : : ; ng : �(aj ; b) � dg :
It is easy to de�ne the property �(x; y) � d by a formula in
the �rst-order language of P1; : : : ; Pk. A formula is said to be
d-local if its quanti�ers are of the form (8x 2 Nd(y1; : : : ; yi))
or (9x 2 Nd(y1; : : : ; yi)). Of course, every d-local formula is
equivalent to a �rst-order formula. Further,

Theorem 10 (H. Gaifman [10]). Every �rst-order
formula is equivalent to a Boolean combination of d-local
formulae for some d, and sentences of the form

9x1 : : : xi(
î

j=1

�j(xj) ^
^

1�h6=j�i

�(xh; xj) > 2m) (11)

for some m and m-local formulae �j .

Let us call sentences of the form (11) background sentences
of �. The intention is that in order to compute or estimate
jR�j, one �rst determines whether the background sentences
are satis�ed. Note that this can be decided in time O(n).
Then, having done that, jRj can be estimated just by esti-
mating the number of tuples satisfying the d-local formulae
of �.

A class of structures is said to be of bounded degree if there
is some b such that for every structure in the class, its Gaif-
man graph has degree bounded by b. In such a class, for

every i and d, there is an upper bound on the sizes of the d-
neighborhoods of all i-tuples of elements in the members of
the class, and therefore each d-neighborhood is completely
characterized up to isomorphism by some �rst-order for-
mula. In this case, a modi�ed version of adaptive sampling
as illustrated in Algorithm 8 can estimate �rst-order queries
in constant average time.

Theorem 11. On classes of structures of bounded degree,
for any p 2 [0; 1) and � > 0 and any �rst-order local formula

 , adaptive sampling can produce estimates ~A of R and ~B
of R such that

pr(j ~A� jR jj � �jR j or pr(j ~B � jR jj � �jR j) � p
in constant average time.

Proof. Let  (x1; : : : ; xi) be a d-local formula of �. It
is characterized by a �nite collection of disjoint �nite struc-
tures: the components of its isomorphism type. Arbitrarily
select an element from each of these components. Without
loss of generality, say they correspond to x1; : : : ; xj . Then
we partition R according to j as above. Since all of the
neighborhoods of i1; : : : ; ij are of bounded size, there ex-
ists a constant b such that jR ;i1;:::;ij j � b, and therefore
R ;i1;:::;ij can be computed in O(1) time. Then, applying

Theorem 9, jR j and jR j can be estimated in constant av-
erage time.

Corollary 12. On classes of structures of bounded de-
gree, for any p 2 [0; 1) and � > 0 and any �rst-order formula

�, adaptive sampling can produce estimates ~A of R� and ~B
of R� such that

pr(j ~A� jR�jj � �jR�j or pr(j ~B � jR�jj � �jR�j) � p
in constant average time O(n).

5. FUTURE WORK
The problem of whether all �rst-order queries on arbitrary
structures have fast estimation algorithms has already been
mentioned. There is also the question of whether queries in
more powerful logics can be estimated rapidly. For many
of these logics, including transitive closure logic, the local-
ity properties described by Gaifman and Hanf fail. Esti-
mating query sizes, even on structures of bounded degree
appears di�cult in these cases. For example, consider a
structure on f1; : : : ; ng whose relations include successor
f(i; i+ 1): 1 � i < ng. One application of transitive closure
on successor can de�ne �, and once this is done, other ap-
plications of transitive closure can de�ne any NLOGSPACE
property. Then, as was shown for NSPACE in the Introduc-
tion, if there were fast estimation algorithms for transitive
closure queries, for every NLOGSPACE language L, there
would be fast probabilistic algorithms that decide member-
ship in L with arbitrarily high con�dence. This still leaves
open the possibility that a single application of transitive
closure to a �rst-order formula could be estimated quickly on
structures of bounded degree. One of the Lipton-Naughton
papers [16] studied fast estimation algorithms for the usual
transitive closure relation on a graph, which is a special
case of this problem. It seems likely that this algorithm,



combined with Gaifman's Theorem 10, would extend to the
more general case.

Another potential area of investigation would be to consider
broader classes of structures and logics that still obey local-
ity conditions similar to Gaifman's and Hanf's. One exam-
ple comes from a recent article by M. Frick and M. Grohe
[9]. They developed fast algorithms for evaluating �rst-order
sentences on locally tree-decomposable graphs, which are a
generalization of bounded degree graphs.

An article by L. Hella, L. Libkin, and J. Nurmonen [14]
shows that notions of locality extend to logics augmented
by counting quanti�ers. Since we are concerned here with
approximate counting, a natural generalization of our re-
sults would be to consider approximate analogues of count-
ing quanti�ers. Let  1(x; u1; : : : ; uk) and  2(y; v1; : : : ; vl) be
formulae. The analogue of the Rescher quanti�er would be
QR;�, where, for any structure A on f1; : : : ; ng and
i1; : : : ; ik; j1; : : : ; jl 2 f1; : : : ; ng,

A j= QR;�xy( (x; i1; : : : ; ik);  (y; j1; : : : ; jl))

if and only if

jfb : A j=  1(b; i1; : : : ; ik)j � (1+�)jfc : A j=  2(c; j1; : : : ; jl)j:
The analogue of the H�artig quanti�er would be QH;�, where

A j= QH;�xy( (x; i1; : : : ; ik);  (y; j1; : : : ; jl))

if and only if

jjfb : A j=  1(b; i1; : : : ; ik)gj
� jfc : A j=  2(c; j1; : : : ; jl)gjj
� �jfb : A j=  1(b; i1; : : : ; ik)gj :
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