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The general features of the elastic and the inelastic collisions have been investigated in this paper. 
The inelastic collisions are confined to the rotational and the vibrational ones, and the electronic degrees 
of freedom are disregarded throughout. Starting from the fundamental set of equations for the collision 
problem, the effects of the non-spherical character of the intermolecular potential are discussed. For the 
~otational transitions where the level spacings are rather small, the semi-classical method is employed and 
'for the vibrational transitions, the distorted wave method is developed and some simple methods to 
estimate the cross sections are ,also discussed. Special considerations are also given for the cases in 
which the two colliding molecules are identical. 

§ 1. Introduction 

As is well known, the knowledge of molecular collision processes, in general, together 
with that of the stationary states of molecules form the fundamental part of the chemical 

physics. And these molecular collisions which may be accompanied with the rotational 
and/or the vibrational transitions can be treated, in principle, by solving the well-established 
Schroedinger wave equation for that system. The straightforward solution, however, impels 
us to carry' out the extremely laborious calculations. It may be said that it is almost im­

possible to do so unless some specially designed calculating machines are invented. For 
this reason,· the calculations for the elastic molecular collisions are usually done by assuming 

the spherically symmetric potential without taking the internal degrees of freedom into 

acc~unt, while the calculations of the probabilities of the' vibrational or the rotational 

tr~nsitions have been made for the special orientations of the two colliding molecules (e.g. 
collinear collision or collision in a plane) Y -3) Thus, it is desirable to investigate more 

fully the general feature of the collision processes and to 'seek for some approximation 
methods of treatment. In this paper, some detailed investigations for the collisions between 

two diatomic molecules in the unrestricted space are reported. 

First thing we have to do is to set up the fundamental equations for our problem. 
Then we must determine the intermolecular force for particular case and calculate its matrix 

elements which appear in the fundamental equations. The pure theoretical determination 
of the intermolecular potential presents one of the outstanding difficulties for the collision 

problem, and the semi-empirical determination is preferable if it is possible. These pro­

blems are investigated in the first part (§ 2, § 3). Special considerations are also given 

for the case in which the two colliding molecules are identical. (§ 4) In the next part 
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558 K. Takayanagi 

of this paper, the cross section for the elastic scattering is defined in relation to the 

asymptotic behaviour of the wave function (§ 5), and some considerations, especially on 
the effects of the non-spherical nature of the potential, are given for the elastic sca~~ririg. 
(§ 6) The inelastic transitions, esp~cially the vibrational one, in the the};mal collisions 
may be treated by the qistorted wave method. (§ 7) The general formulation on this line 

and some attempts to estimate the croSs sections in simple ways are explainedip § 9. For 
the rotational transitions, however, the transition probabilities are rather large so that the 

distorted wave method can no longer be employed. Instead, the semi-classical methOd, in 
which the translational .motion is described classically, is proposed for this case .. (§ 8) 
Finally, we must consider the statistical problems, such as the viscosity, thediffusiori, the 
ultrasonic dispersion and so forth, in order to combine the theory of elementary processes 

with the experimental data. In partiCular, we are interested in the effects due to the 
existence of the internal degrees of freedom. Some brief discussions are given for these 

effects. (§ 10) 

The numerical examples are not shown in this paper. It is also desirable . to investigate 

the other types of collision, such as the collisions·' between the larger molecules and the 
multiple collisions in which more than two molec~les collide simultaneously. These problems 

are postponed to another chance. 

§ 2. Derivation of the fundamental set of equations*> 

We shall first consider the wave function of a free diatomic molecule. As is well­

known, it has the following; form 

un1(f) Yzm(O, If)I~, 
where ~ is the internuclear distance, and 0, If define the direction of the molecular axis 

with respect to the fixed coordinate axes in the space. 1Ine is the vibrational wave function 

which satisfies the equation of the form. **> 

, {d2/d~2-1(1+ 1) /~2_2P. V(~) +2p. Wn1} Uln(~)=O, 

together with the boundary conditions (u(O)=O and u(~)-O for ~_co), and is 

normalized according to 

[un1* (~)u"'l(~)d~ = a .. ,., . 

Y1m is the ordinary spherical harmonic function: 

Yz.,(O, If) = 81.,(0) r[Jm(lf), 

81",(0)=(_1)",{21+1 (l-m)ll"'sinmO dm Pe(COSO)'j 
2 (l+m)lJ (dcosO)m, 

81_ m (0) = (_l)m. 81m (0), 

(m>O) 

. . . 
* Essential part of §§ 1-3 was report~ in the international symposium on molecular physics at Nikk'o, 

Japan (September, 1953). 

** Atomic units are used throughout this paper. 
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The Theory 0/ Collisions between Two Diatomic Molecules 559 

(j)m( <p) = (1/ VZ7t' )exp'(im<p). 

V(~) in the above equation is the vibrational potential, and p. means the reduced mass 

of the two atoms. W"l is the internal energy of the molecule, disregarding the electronic 

one. The electronic wave function does not appear explicitly in this work. 

Now we shall proceed to the system consisting of the two diatomic molecules. If the 

two molecules are far apart, the potential energy of the system is simply the sum of the 

intramolecular potentials of both molecules 

V- ~(fl)+ V2(~2)' 

and when these two molecules approach to each other, the mutual interaction starts to act 

and the potential energy function may be written as 

v- V;(~1) + V~(~2)+ V'eR, 8, (j)'~l> 81> <PH ~2' 82 , <P2)' 

(See Fig. 1) ,Since the third term, intermo­

lecular potential, depends on the internal 

coordinates of the two molecules, the rotational 

transition (change of !, m) and the vibrational 

transition (change of n) 'can take place. The 

separation of the potential into three parts as in 

the expression (2. 1) is useful only in the distant 

collision such as the thermal collision in the room Fig. 1 

(2'1) 

gravity-center 
of molecule 

temperature, and -may become meaningless in the extremely close collision, especially in the 

case of the rearrangement chemical reaction such as the double decomposition: AB + CO 
= AC + BO, which is _ beyond the scope of our present considerations. 

On the other hand, the kinetic energy of this system may be expressed as 

(2· 2) 

where M means the reduced mass of the two-molecule-system. The first and the secon~ 

terms in the right hand side correspond ,to the internal motions of two molecules and the 

third term corresponds to the relative motion of them. The translational energy' of the 

system as- a whole has been separated out, which is always possible without loss of gene­

rality. 
Then the Schroedinger wave equation is given by 

(T + V-E)lJf=O (2.3) 

where lJf is the wave function representing the whole system. 

Now if the intermolecular potent,ial is small, or if, at least, the dependence of the 

intermolecular potential on the internal coordinates of two molecules is assumed to be little, 

it is convenient to expand the total wave function as follows: 

lJf=2j(I/R)t.(R)A,,(8, (j), ~1> (J1> <PI> f2' (J2' <P2) (2·4) 
" 

 at Pennsylvania State U
niversity on Septem

ber 16, 2016
http://ptp.oxfordjournals.org/

D
ow

nloaded from
 

http://ptp.oxfordjournals.org/


560 ·K. Takayanagi 

where a stands for (j, lI,ll, I, m, n', I', m'). By substituting this expansion into (2.3), 
we have a set of equations for feR) : 

(2.5) 

where 

(2.6) 

(al V'la') = H ~Hd!JtI!}ld02~\2de:-le:-22de:2AIl; V' . All' , 
(2.7) 

d!}=sin8d8dfP, dO,=sinIJ,dfJ,dtf,. 

In the above treat~~t, the total angular momentum of the system' is not ddinite. 
Ho~ever, since the total angular momentum .quantum numbers J, p (p ~ortesponds to ,the 
z-component of the angular _ momentum) are the good quantum numbers, it is desirable to 
use the representation m which the yalues of these'.quantum numbers . appear -explicitly. 

For ,this sake, the following linear combinations of the single products of the sp"krical 
harmonics must be employed as the basic functions of the expansion: 

Yif'tl'= ~ siJ~-mm~~'...'m-ml YjI£_ ... (8t1» Y,m(Oltfl) Y,im-:;", (02tf2)' (2.8) *> 
m,m' ' '. '. 

Then the equations (2.4), (2·-5) and (2.7) are respectively replaced by 

lJ!'=".E(l/R)/i'p(R).B,(8, fP; e:u 810 tfI> e:2> O2 , tf'1) - (2.9) 
~ 

B~==(l/e:l)U",(e:l) (l/e:-2) U""l (e:J Tj~:/ 

2~ { :;. _j(J~~ 1) +k~2}F~(R) -<t,J (,81 V'I,8')F~/(R), (2·10) 

,8=(J, p, 1t, n',j, L, 1,1'), 

(,81 V'I,8') =~JJ'~I£I£I HHSdndOidn2~ld~le:-22de:2B~. V' . BpI . (2.11) 

Sometimes, the nuclear and/or electronic spin may exist w~ich have not heen taken into 
account in the above equations. But· the spin does not couple with the orbital angular 

- momenta strongly, J and p .are still good quantum numbers even if we doii't includ,e the 
spin in this resultant angular momentum. " . 

The equations (2. 10) are our fun~mental set of equations to be solved. ThC? next 
step is the determination of the matrix -elements in these equations (§ 3), iUld then -comes 
the investigation, of the general features of the solution (§§ 6-9). 

If we can neglect ~ vibrational motion of the molecules, u(e:) is replaced by 

V~(e:--e:o) 

where e:o means the equilibrium value of the internuclear distance. 

* The so-called Clebsch-Gordan's ~cients Ii'... ... .' is the same with that defined -by Wigner in his text 
book. 7) See also Appendix II. 
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Tlte Tlzeoyy of Collisions between Two Diatomic Molecules 561 

Recently, Hirschfelder, Curtiss and Adler in Wisconsin University have also investigated 
the general formulation of ,the collision problem for the polyatomic mole~les.4}-6) They 
have separated the rotational coordinates from the N-particle Schroedinger equation by 
making use of the group theoretical method. and have obtained6) a sim,ilar set' ,?f: equations 
to our equations (2.10). 

§ 3.. Intermole'eu~ar f orcepotential and its matrix elements 

All kinds of collision' process have its, origin in the intermolecUlar potential V', and 
usually the cross sections of various processes depend rather sensitively. 0110 this potential 
function. But, unfortunately, the Calculation of the intermolecular force potential is a very 

difficult thing, and notheoretiCli:1 calculations of V' have been made for diatomic molecules, 
except for H 2-H! force.Bl - 10) For this reason; it ·is preferable to 'use the semi-empirical 
formula as far as possible. For instance, we may determine the potential function' from 
the equation· of state of the gas or .from . some transport phenomena such as viscosity and 
then ~mploy the so-determined function to calculate . the cross sections of som~ inelastic 
processes. 

The intermolecular force is usually divided into two parts. The one is the strong 
repulsive force (v..) in the closest distances which arises from the overlapping ~f the 
electron clouds of the two molecules. The other is the so-called Van der Waals force 
(Va) which is usually attractive and have a long range of action. The former may be 
expressed approximately. by the sum of the interatomic repulsive. potentials between the 
atoms belonging to the different molecules, i.e. 

v,.=V1sJ1'13) +v14 (1'14) +v23 (1'23) + V 24 (1'24) ,. 

where 1'14 is the distance between i-th and j-th 
atoms.9) 11) (See Fig. 2.) The interatomic 

potential Vlj may be determined empirically, by 
assuming a simple form containing some para-
meters which should be adjusted by comparing 
with some experimental data. 

If the internuclear distances .;;, ';2 are both 
s.mall compared with the intermolecular distance 
R (this is roughly true for the thermal collisions 
at ordinary temperatures), it is convenient to 8 

expand the function (3.1) into the following 
series 

y 

(3,.1) 

Jl 

Fig. 2 

(,-2= (X'-X-R)2+ (y'- y)2+ (Z'_Z)2) 

= {vls(R) + V14 (R) + v23(R) + V 21 (R)} 
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562 K. Takayanagi 

+ {(%1-%s') (av1S/aX) 0 + (Xl-X/) (a'ZJ14/aX)o 

+ (X2-Xs') (av23/aX) 0 + (x2-xl) (av2/aX)o} 

+[-H (%12+%/2) (a2'Z}lS/aX2)0+ (X12+X/2) (a2V14/aX2)o 

+ (X22+Xs'2) (a2 v23/aX2)O+ (X22+X4'2) (a2 V24!aX2) 0 

+ (Y12+ys'2+Z12+Zs'2) (a2Vl/aY2)o+ (y/+y/2+Z'12+Z/2) (a2 v14/aP)o 

+ CJl22+Y3'2+ z l+ zS'2) (a2 'ZJ2s/ap)o+ CY22+Yl2+Z22+Z/2) (a2v2/aY2)o} 

+ {X1Xs' (a2vl~/aXaX')Q+X1X/ (a2V14/axax') 0 

+X2Xs' (a2vdaXaX')o+x2x/ (a2v24/aXaX') 0 

+ (Y1YS' +ZlZa') (a2v1S/ayay')o+ (Y1Y/ +.8'lZ/) (a2V14/ayoy')o 

+ (Y2Ys' +Z2.8's') (a2V23/aYa Y') 0 + (Y2Y/ +Z2Z/) (a2 v24/ayay')o)] 

+3rd and ht'gher order terms. 

It is easy to see that this expression is a 

function of three cosines cos Xl' cos X 2 and 

cos x' (See Fig~ 3) and fp f 2 • R. This can 

be proved either by substituting the relations 

x l =f1(m2/ml+ m2) cos Xl> 

(mf, is the mass of the i-tit atom.) 

Y12 + Z12=f12 (m2/ml +mJ2( 1-cos2 Xl)' 

YIYa' +zlzs'=flf2(m2/ml +m2) 

X (m/ ms + 11t4) sin Xl sin X2 cos «(t)1- (t)2) 

=fl f 2( m 2/m1 + m2) (1ll4/ ms + 11t4) 

X (cos x' - cos Xl cos X2) etc., 

(3.2) 

Fig. 3 

into the above expression directly, or by noticing that these three cosines together with fl> 
f2 and R determine the distances of each atom from three other ai:oms uniquely. Thus, 

after aU, the repulsive potential Vr must have the form 

Vr=:E V~~T(~l' f2' R)PIt.(COSX1)P~(cos X2)PT(cos X') (3.3) 
IX.(i,T 

and, if the anisotropy of this potential is not so large, only the first few terms have to 

be employed. 

Now it is easy to calculate the matrix elements of v,.. By remembering the addition 

theorem 
It. 

PI" (cos Xl) = (41l'/2a+ 1) ~ Y"p*(8dJ) Y"P(Ol~t) 
P'" - CJ 
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The Theory of Co!!islons' 'betwem Two Diatomic Mo!ectt!es 563 

(3.4) 

it, is clear that the matrix elements of the function (3. 3) can be expressed in terms of 

cL(l'tn' ; !m) '-:(2/2L+ l),/'HYz'ml'* (O~) YLml-m (Oqy) :V;m(O~)sin OdO d~ . 

The values of these integrals have been calculated for not too large values of 1 and 1'.1~) 13) 

For the larger _values of ! and 1', we have to calculate by making use of the general 
formula for these integrals.12) 14) 

The matl.'ix elements of the Van der Waals force Va can be derived similarly if this 
potential has been expressed in a similar form to (3· 3). 

If two molecules are homonuclear, we have Xl = - x 2 • Y1 = - Y2 etc., and furthermore 

the four interatomic potentials Vm V 14 , V 23 ' V 24 become same functions and, therefore, the 

repulsive potential can be expressed in a much simpler form:' 

v,,=4v(R) + 2 [(x/ +%/2) (a2 v/aX2)o+ (y/+ys'2+Z12+Zs'2) (a2 v/in'2) 0] , (3.5) 

higher terms being neglected for simplicity. In this case, we can determine the inter­
molecular potential semi-empirically. The empirical interaction potential, which is derived 

from the observed data ~n the transport phenomena etc., is usually spherically symmetric 
one such as Lennard-Jones type 

or a little more reasonable form1S) 

Pexp( -Rip) _pR-s• (3 ·7) 

Then'by assuming v(r)=a/ril. or aexp(-br) and by comparing the expressions (3.5), 
after averaging over the orientation of the two molecules, with (3.6) or (3.7), we can 
easily determine the best values of the parameters. The van der Waals force potential, on 

the other hand, can be estimated employing the empirical or the· theoretical values of the 

permanent quadrupole moment (the dipole moment is zero for homonuclear case), the 
polarizability and its anisotropy etc., for both molecules, and this potential is given by 

(interactions, between permanent multi poles) 
+ (inteT'actions between permanent multipoles and induced multi poles) 
+ (i1lteractions between i1zduced multipo!es). (3.8) 

The last term, e.g., is usually given in a form: const. a l a 2/ R6, aI' a 2 being the polariz­
abilities of two molecules. But the constant coefficient is not certain from the simple 
theoretical calculations, and thus it will be better to adjust such coefficient by comparing 

(3·8) with the attractive part of the empirical potential (3.6) or (3.7). 

In this way, the dependence of V' = Vr + Va on' the orientations of the two mole­
c\.leli will be Qbtainecf,. . I;}ut for tQ~ calcy.,latioll of the vibration,al ~ran,sii:ion probability it 
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564 K. Takayanagf 

is also required to determine the dependence on the internuclear, distances ~l' ~ 2' . For this 
sake, we must know the dependence of' permanent multipoles and polarizabilities on ~ 1 and 
~2' For the polarizabilities, the intensity of the Raman spectra will serve forgetting the 

required knowledge. 'For the permanent -mul~ipoles,however, the -theoretical estimations are 
needed. Of course, the rigorous _ calculations of .. the multipoles of the molecule are very 
hard to do and the results are not reliable enough in the absolute scale. But it may be 
said that the ratio of the variation of the multi pole to the multi pole itself is. reliable, 
though . there is no authentic foundation for this, expectation, at preset;lt. 

'For the heteronuc;lear molecules, the situation becomes more complex, because of the 

presence of the dipole moment and many undetermined parameters in _ Vr • But even in 

this case, the experimental value will serve to renormalize the uncertain results of the pure 

theoretical calculations. 
Finally, we shall consider briefly the symmetry property of the intermolecular potential 

Vi for the pair of the identical molecules. For this sake, it _ is convenient to ,adopt the 

expression of V' in the same form as (~. 3), i.e. 

(3.9) 

First, we shall neglect the vibration and put ~1=~2' Then the potential becomes sym­

metric for the exchange of Xl and 11' - ;6 for the fixed value of I (1)1 - lIJ21. (Atoms 1 

and 3, 2 and 4 are assumed to be identical, resp.) Then it can be shown (Appendix I) 
that there are the following relations between the coefficients in the expression (3. 9) 

(3.10) 

Therefore, if we divide the potential V' into two parts: 

V'= V+ + V-; V+= 2::; "', V-= ~ 
.«+~=even «+,=odd 

(3·11 ) 

it is easy to see that V": is a symmetric function for the interchange of the pairs of 

coordinates, ,(01 , SOl) and (02, S02), and V- is an antisymmetric one. Especially, for 

homonuclear cases the simultaneous substitutions 

(Xl> lIJl)~(11'-Xl> 7i'+lt!l)' (X~' lIJ2)~(11'-X2' 11'+lIJ2) 

do not change the potential function, because by these' substitutions the geometrical con­

figuration is unaltered. From this fact, it results that there is no antisymmetric part V­
in these cases. Thus the potential between two identical homonuclear diatomic molecules 

is' symmetric for 'the interchange of COl' (A) and (0 2 , SO;). 
If we take the vibrational degrees of freedom into account, we have 

V,,~;(fl' ~2' R)=(-1)<>+~V~";(~2' 'fl' R). (3·12) 

For the case of homonuclear molecules, we have V- = 0 again. 

§ 4. Effect of statistics for the identical pair of molecules 

For the collision between the identical molecules, we must use the properly symmetrized 
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The Theory if Collisions between Two Diatomic Molecules .565 

wave function. Thus, instead of 

we must employ 

(1/.vZ)[CN(XI)CNI(X2)~(B) ±CN(X2)CNI(Xl)~{ -B)] 

= (1/.vZ)[CN(X1)CN/(X2 ) ±CN(X2)CNI(X1)} (1/2)[~(B) +~( -R)] 

+ (1/.vl) [CN(XI) CNI (X2) =f CN(X2)CNI(X1)} (1/2)[~(B) -~( -R)] , 

where CN{X) means the internal ~ave function of a molecule, i.e., abbreviation of 

Ulll(~) ~m(tJ, ~) /~ and N, X stand for (n, I, m) and (~, tJ,~) respectively. The upper 

of the double sign corresponds to the Bose statistics and the lower to the Fermi statistics. 

In the following, however we shall confine ourselves to the Bose statistics only. Of course, 

the treatment 'for the Fermi statistics can be obtained similary. 

Now we shall define the symmetrized basis 

(4.1) 

ZNN==O, 

then the wave function of the system may be written as follows 

W=~[ZN;'~N,0(B) +ZNNi~N.Vi(B)], 
NN' 

(4.2) 

where ~+ and ~- mean the functions which are symmetric and antisymmetric for the sub­

stitution R _ - R respectively. Inserting this expression 'into the Schroedinger equation, 

we have the following set of equations 

(f'2+kNN7)~Nl;;CR) =2M2J (ZN,01 V+IZpp"'i)~pp"'i(.R) ppl 
+2M2J (ZN"~I V~IZpp-;)SOpp,(R), ppl 

(f'2+kNl;)~Nl>7i(R) =2M~ (ZNNiI V+IZpp/)~pp-;(B) ppl 

where V+ and V- are the parts of the potential V' which are symmetric 

symmetric for the exchange of Xl and X 2 as defined in the last section. 

~+ and ~- can further be expanded as follows 

~N;'(B) = ~'~(2j+ 1)'/2 {G~~NI(R) / R} Yj,(8@) 
j=eveu \I 

~NNi(B)= ~ ~(2j+1)'/2{G~NI(R)/R} Yj,(8@), 
, j=odd , 

and inserting these expansions into the equation (4.3), we get 
.~' ~ 

{d 2/ dR2+ kNN7-j(J+ 1) / R2} G~NI 

(4.3) 
~ 

and anti-

(4·4) 

=2lV! ~ 2J (2j' + 1/2j+ 1)'/2(Yj" ZN"~IV+IY.1I'" Zpp"'i) G.1j,~~, (4.5) 
j1=even 'IIIFP' 

+2M 2J ~ (2i' + 1/2j+ 1)'/2(Yj" ZN.~tl V-I Yj"" Zp;') Gf,'t, . 
.1'=o(ld >'PPI 
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566 1<. Takayanagi 

for even j, and similar set of equations can be written down easily for odd> values of j. 
If the non-diagonal elements of the potential function are assumed to be small, we 

can neglect them in the treatment of the elastic scattering. Then, for the case N=N', 
we have 

and 

thus the orbital angular momentum j is restricted to be even integer. For N ~ N', the 
total wave function becomes 

lJ! =ZNl."t<fNl.;' + ZN$<fN$ , 

. and the set of equations becomes 

(P2+ kN)) <fN;' =2M(Z~ I V+ IZN.>i!i) <fN); + 2M(ZN;' I V-IZNNi) <fNNi 

(P2 + kNNn <fN$ = 2M(ZNNiI V+I ZN"Vi)<fN$+2M(ZNNiI V-IZNl.t)<fN);· 

For the homonuclear diatomic molecules, these equations are separated as 

where 

(P2+kNN;)<fN);=2M{ (NN'I V+ INN') + (NN'I V+ IN' N)} <fN;' 

(p2+kNNn<fNNi=2M{(NN'1 V+INN')- (NN'I V+IN'N)}<fN$, 

(NN'I V+IPP') =i(N*(Xl )C.vl*(X2) V+ (p (Xl) (I'I (X2 ) dX1 dX2 • 

It may be noted that the exchange potential (NN'I V+IN'N) appears in this case which 

does not appear in the unsymmetrized treatment. But, these exchange potential may be 
as small as the other non-diagonal terms which have been neglected in our treatment. 

Next, we shall consider the inelastic collision. Here again we shall assume V- = 0 

for simplicity, and compare the two processes 

(N) + (N)~(N) + (N') 

(N") + (N)~(N") + (N') , 

(4.6a) 
(4.6b) 

(4.7a) 
(4.7b) 

where (N) stands for the molecule in the N-state. In the unsymmetrized theory, the 

cross sections of these proc~sses will be proportional to the following square of matrix 

elements 

Q(4.6a)CC I (NN'I V+INN) 12 

Q(~.7")cx:.1 (N"N'I V+IN"N) 12 

and Q(4.6a)~ Q(4.7n) in the first approximation. Here and in the fonowing, the equality 
corresponds. to the linear approximation of the perturbation potential, i.e. 

(NN'[V+IPP') 

_",::::aa(N, p)a(N', P') +ba(N, P)· (N'iv'IP') +ca(N', P') (NI'vIP). 
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The Theory of Collt'siolts between Two Diatomic Molecules 

According to the Bose statistics, on the other hand, we have 

Q(l.€a)CC [(ZNlI-;;j V+IZNtW=21 (NN'I V+INN) 12 

Q(l.7a)OC I (ZN'llI=!i1 V+ IZNII..$) 12~1 (N" N'I V+IN" N) 12, 

and in the fir$t approximation Q(6a)::::::' 2Q(1a)' 

56'7 

Now, in the unsymmetrized treatment of (4· 6a), we must take into account the 

possibility that both molecule can suffer the transition. Thus the effective cross section of 

inelastic colHsion is obtained from the above value by multiplying 2. It is not the case 
'in the Bose statistics, because the only one final state ZNlI;; is permissible for this case. 

As a result, approximate relation Q(Ha} ~ 2Q(7a) is valid for both unsymmetrized theory 
and the symmetrized treatment. Furthermore, the collision number in gas phase is reduced 

to half for the identical pair of l1l:olecules. Thus the reaction rates of (4· 6a) and (4· 7a) 
are approximately the same. From the principle of detailed balance, this equality must 
hold for the inverse processes (4· 6b) and (4.76) too. It can be confirmed easily. For 
theunsymmetrized theory, we have 

Q(4'6b) cc I (NNI V+ INN') 12 

Q(407h)CC I (N"NI V+ IN" N') 12, 

and in the first ~proximation Q(6b)~ Q(7h)' In the symmetrized treatment, on the other 

hand, we have 

QO.6b)OC!1 (ZNtl V+IZNd) j2= I (NNj V+INN') 12 
Q(l.7h) CC I (ZNlltl V+ IZNlIlI~) 12~1 (N" NI V+ IN" N') 12, 

where the factor ! corresponds to the fact that on~y the partial waves with even orbital 

angular momenta j can be combined with the final state. Thus we have Q(6h) ~ Q(7b)' 

Now this time· the collision numbers ate equal and, therefore, the reaction rates are equal 
for (4 . 6b) and (4 . 7b) as expected. (On these effects of the statistics, our previous 

considerations have been mistaken, in which we concluded Q(fH» ~ ~Q(7b).14» 

In this section we have employed the (j, JJ, t, m, I', m') -representation. However, 

this can be transformed easily into the (J,.J~ L, t, I', ,u)-representation. 

§ 5. General discussions on the cross .section 

In this section, the general asymptotic form of the scattered wave function is considered 

and then, in relation to this asymptotic form, we proceed to the definition of the cross 
sections of the elastic and inelastic scatterings. As is well known the plane wave is ex­
panded as follows 

where I behaves asymptotically as 

liR),..." sin (kR-!j1L) jkR for R_oo. 
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Thus the incident wave for our problem can be written, except for the vibrational part, as 
follows 

CD 

= }J(2j+ l)il Ti(R) (4nflj+ 1)'/2 Y,1O(O(f» Ye,,;(OJfJl) YI,,,., (02<b) (5.1) 
3=0 

- (I/R)~ ~ Flml''''' YJm+",I 
- ~ ~ JiL ILII', 

1=0 J,L 

where F behaves asymptotically as 

P-Imll,,"l _41. "' [4 (2'+ 1)]'/•·j • (kR l' )/k JIL --SjOm+m,SLmm' 1C ':J Z sm -"'},j1C 

=sifom+m,s~~ml [11'(2j+ 1)],10 {exp(ikR) - (_1)1 exp( -ikR)} /ki, (R-HO). 

The vibrational part can be taken into account easily. B~t in the thermal collisions between 
diatomic molecules, the vibrational transition takes place with very small probability and its 
influence on the elastic scatte!ing or the rotational transition is negligible. For this reason, 
we shall neglect the vibrational degrees of freedom, in this section. Now we can assume 

the following form f~r the elastically scattered wave 

CD 

111' _ (I/R) ~ ~ E'ml'ml ]TJm+ml 
'rel- ""-' ""-' Jjl.. iLlII 

j=O J,L 

E'lmll",I _4L III [(2'+ 1 )]1/0( Slml''''' 1) ( ''kR) /k ' J.1L --.IjOm+mlsLmml 1C ':J _ _ J,1L - exp z t,-

The inelastically scattered wave, on the other hand, may be written as 

CD 

TTl' (I/R" )~ ~ ~ Glmllml "F'Jm+ml 
'r1 .. = ""-' "-1 ~ JjLUI J. JLA}"I 

AA' j=O J,L 
(A, A') =F (I, I') 

Glmllml _41. JI' [(2' 1)]'/2 T'ml''''' ('k R)/k ' JiL}"AI--"JOm+m,Sj;"."., 1C j+ JiL'lll exp t J Jt, 

(5 ·2) 

(R~oo). 

kJ is the wave number corresponding to the final state, which is defined by (2.6). In 
the asymptotic form' (5.3) the factors before T can be, of course, included in the 
undetermined factor T. But the above form is adopted to make equal its form with the 
case of elastic scattering. 

Now the cross section can be, expressed easily by making use -of the scattering matrix 
S. By imagining a large spherical surface (SS) with the radius Ro' the outgoing flux 
of the wave lJI'eI across this SS is easily calculated as 

lel= (i/2iM) Lf'02dnJJdnldn2(lJI'.t*.&lJI'.z/&R~&lJI' .t*/&R.lJI'.,)" 

-:- (k/ M) (11'/ k2)}J }J(2j+ 1) (S~~m+m,s~~ml )2ISJji'''''-112~ 
, I ~L 

where we have used the orthonormality of Y. The flux of the incident plane wave, on 
the other hand, is clearly 

lo=v=k/ M per unit area. 

Thus the cross section for the elastic scattering can be denned as .usual 
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(5·4) 

Now the continuity equation must hold for the total wave function lJ! = lJ! 0 + lJ! el + lJ!1n , 
whiCh means that ·the' net incoming flux of lJ!0+ lJ!., must be equal to the flux of the 

outgoing wave ,lJ! in' (Remember .that lJ! 0 + lJ! cI and lJ! 'n are orthogonal to each other 
because of different internal wave functions.) From this fact, the cross section for the 
inelastic scattering can be given formally by the integral 

,Q'n= --'-~ _r R02dSJ rrdQ1 dQ2{ (lJ!0*+ lJ!.,*)_o_(p"o+ lJ!el) 
2tMJss . JJ oR 

- o~ (lJ!o*+ lJ! el*)' (lJ!0+ lJ! el)} /10, 

In calculating the integral, the terms which contain lJ! 0 and lJ!0 * only cancel with each 

other, and the terms which contain lJ! el and lJ!el * only become '- Q." Thus we have 

,Q = _Q +_1_( R 2dQrJdQ dSJ( olJ!o* lJ!. + olJ!.z* lJ! -lJ! * olJ!.! -lJ! * olJ!o) 'n d. 2ik J S$ 0 J 1 2. oR eI oR 0 0 oR el oR 

= (n/ M2) L:(2j+ 1) Li(s1Jom+m,s~:"m,)2 {1-15;jl'm'12}. 
J J,L 

(5.j) 

It can be seen from this, that the cross section for the inelastic scattering is determined 
by the scattering matrix 5 which determines the elastic scattering. Properly speaking, 
however, matrix S itself can be determined by taking not only the elastic but also the 
inelastic processes into account. Of course, 'the item of the inelastic processes can not be 
expressed by' 5. but by T. Using the matrix T, the particular inelastic collision cross 
section 1->;)., I' ->;A' can be given by 

Summing up such cross sections over all possible inelastic processes and equating the result 
with (5. 5), we have the following relation between 5 and T, 

"'('2' )~'( jL /II' )2{1 15''''/'''''12 ".., k ITlm,'m'I"} 0 ~ 1+ 1 ~ sJO m+n,' sJ.mm' - JiL - ~ - JjL).}.'· = . 
j ~L ).V ~ 

Even if the inelastic processes are forbidden energetically or take place with very small 
probabilities, the absolUte value of the elements of matrix 5 are not equal to unity in 
generaL That is, even if ,the expression (5.5) vanishes, some of the 15~j~m'l may be 
larger and some others smaller than unity, corresponding to the possibility of the change 
of j and L during the collision. Such redistribution in j and L can take place easily for 
the non-spherical scattering potential. For this reason, it is impossible to express the elastic 
scattering by the phase shifts only, as in the spherical fields. However, if we can assume 

in the first approximation that the quantum numbers j, I, I', L are good quaritumnunibers 
(], m+m' are good quantum numbers, rigorously.), the absolute values of matrix elements 
of S become unity and, therefore,by-putting 

 at Pennsylvania State U
niversity on Septem

ber 16, 2016
http://ptp.oxfordjournals.org/

D
ow

nloaded from
 

http://ptp.oxfordjournals.org/


570 K. Takayanagi 

SJjt'711' =exp( 2i a:f/i,) 
we have immediately that 

Qel= (47r/ k2) 2J(2j+1) 2J (.sfom+m,s~'.".m1)2 sin2 afzf" 
j . J,.L 

which is also obtained directly by replacing the sin2 aj in the well-known formula 

Q.l= (47r/ k2) 2J (2j+ 1)sin2 aj (centra! field) 
j 

by its weighted mean 

(5.6) 

The cross sections which are effective for the viscosity or the diffusion can be obtained 

straightforwardly, but these have not such simple forms. For instance, for the case of 

negligible inelastic scattering, the cross section for the viscosity is given formally by 

Q _ r ffd'n .In d,n· . 2 £ll'~ Flml'm' YJm+m'1 2 
, vis- J J J ~& a~&l ~2 Sin 17 f.;i . Jjr. j.Lll' • 

But this integral does not become simple, even if we assume that the absolute value of the 

matrix elements of 5 are unity. (See Appendix II.) 

§ 6. More detailed discussions on the elastic scattering 

As in the previous section, we shall neglect the vibrational degrees of freedom in this 

section too. It is easy to see by analyzing the experimental data of ultrasonic dispersion 
that the probabilities of the vibrational transitions are very small under the ordinary con­
ditions.16l For instance, the deactivating transition of an excited O 2 molecule takes place 

only once in 160000 collisions in the O 2 gas for the room temperature. For an excited 

Cl2 molecule in Cl2 gas, transition takes place once in 34000 collisions. For Cl2 in HCI 
gas, which is one of the most favorable cases, once in 120 collisions. The probabilities of 

exciting processes to the upper vibrational states are much smaller than these figures. Thus 

we may safely neglect the vibrational transitions in the first approximation. 

Now the most simple method of treatment of the elastic scattering is to reduce the 
problem to the scattering under the spherically symmetric potential field which is obtained 

from the non-spherical potential by averaging over the orientations of two molecules. In 
fact, even if the two colliding molecules have the definite rotational angular momenta I, I' 
respectively, the z-components of these angular momenta will change from one particular 

collision to another and, therefore, the effective scattering process must be obtained by 

averaging over the quantum numbers m, nt' which define the Z'-cotnponents of the. angular 
momenta. The average of V' over nt and nt' leads, indeed, to the spherical potential 

which is independent of I and I'. Property speaking, however, the averaging must be 

made not for the potential, but for the cross section, and now we shall investigate the 

difference of these two averaging procedures, by assuming that I, l', L j (and of course J) 
are good quantum numbers. 

We denote the averaged potential field by ~, and the phase shift~ of the scattered 

 at Pennsylvania State U
niversity on Septem

ber 16, 2016
http://ptp.oxfordjournals.org/

D
ow

nloaded from
 

http://ptp.oxfordjournals.org/


The Theory of Collisio1ts betivem Two Diatomic Molecules 5'71 

wave from this field Vo by IJj • Then the scattering cross section for this potential is given by 

Q~=(47rjk2)2J(2j+1)sin28j' (6·1) 
J 

k being the wave number. Next, we shall denote the phase shifts for the actual potential 
field*) 

(J,J~ L, I, If IV'I./,j, L, I, If) 

by 

and the cross section calculated by these phase shifts by 

Q'I= Q.~ + J Q.l . 

Q.~ is a function of the wave number k only, but Q'I depends on I, I', m, tn' too. If 
J8's are assumed to be small, we can get from the equation (5.6) that 

(6.2) 

in the first approximation. The change of the phase shifts appeared in this formula can 

be given by the integral 

In the first approximation, where J V/t{; means the potential change 

J Vj{{;= (J,J~ L, I, I'I V'IJ,j, L, I, I') - Vo 

and FiR) is the solution of the radial equation 

(6.3) 

(6.4) 

which vanishes at the origin and is normalized as sin(kR-~j7r+8j) asymptotically. The 

formula (6· 3) can be derived as follows. Let F/ be the solution of the radial equation 

for a potential Va + J V, which is normalized as sine kR - -!j7r + 8j + J 8j ) asymptotically. 
Multiplying Fj' from the left to (6.4) and multiplying F, to 

{d 2jdR2+k2_j(j+ 1)jR2-2M(Vo+J V)}F/(R)=O 

and subtracting one from the other, we obtain 

djdR(Fjf ·kFjjdR-F,.dF/jdR) =FjJVF/-

By noting that both :Fj and F/ vanish at the origin, we get by integration 

* Matrix elements of V' .do not depend on the sixth quantum number p., because the latter quantity 
define the' z-component of the total angular momentum, i.e., the orientation of the system as a whole, while 
V; depends only on the relative configuration of the two molecules. (See also Appendix III;) 
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the left hand side of which can be calculated easily, resulting k sin d {JJ. This is yet 

a rigorous equation. Since d {Jj have been assumed to be small we may put sin d {J/-; d {Jj' 

and also F/·. FJ which results the above equation (6.3). 

As is shown in the Appendix III, we can prove that 

(6·5) 

Thus, from (6.2), (6.3) and (6·5), we get immediately that 

"dQ ':"-0 ..LJ el. 
mml 

(6.6) 

in the first approximation. Therefore, we may calculate the cross section for the spherical 

potential Va, instead of the non-spherical potential V' in the first approximation. 
On the other hand, if d Vi!; are assumed to be small, m and m' may be considered 

as the good quantum numbers. Then we may calculate the cross section from the 

equations 

corresponding to (2. 5) . In this approximation, the cross section is given by 

Qel= (4rrj,f)L;(2j+ 1)sin2 az,mllml 
.i 

and we can easily verify the same conclusion as before, 

the relation 

}J d Vjmllml = ° 
mm l 

i.e., L; dQel .. ° by employing 
rnm' 

dVJmllml =(jOlml' m'l V'I/O!ml' m') - Va. 
In any case, if the anisotropic part of the intermolec~lar potential is .small, the calculation 

of the scattering cross section, taking the anisotropy into account in the first approximation, 

~eads to the s~me result as that obtained by using the averaged potential Va. 
In this connection, it must be noted that K. Ohno and the present author have 

investigated recently the thermal elastic collision between H2 molecules at low temp;ratures.17) 
They compared the cross section of para-para collision with that of para-ortho collision and 

found that the difference (6 . 2) of the total cross sections and also the corresponding 
difference in the cross sections for viscosity were v,ery small indeed, though their calculations 

were based on direct evaluation of the phase shifts, without employing. the approximate 

relation (6·3). 
Of course, these conclusions will be broken if the anisotropy df the intermolecular 

potential is large. First of all, in such a case, the quantum numbers j, L etc. can not 

be considered as good quantum numbers. This makes the tre~tment of the scattering 

process very difficult because we ha;e to solve a coupled set of differential equations. Now 
we shall proceed to discuss such more general cases. 

First, we shall consider the special case in which j is yet a good quantum number, 

but L is not so. Then the wave equations have the form 
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(6.7) 

Furthermore, if Vi has the property that the matrix elements of it can be written in a form 

(L[ V' (R) IL') = (LluIL')V(R), 

in which the fi~st factor is independent of R, then the first factor must be hermitian and 
can. be diagonalized by suitable unitary transformation. In this case, the equations (6.7) 

become a set of separated equations, and, therefore, become much easier to treat. But this 
is a special case. In the general case, we are not in such a fortunate situation, and also 

j'is not good quantum number .. 
The change of j is, of course, a kind of elastic scattering for the observer. But it 

is rather close. to the inelastic· collision processes. Probably the jump of j will take place 
in the .11~ighborhood of the classically closest distance Ro and in this region the change of 
j means the apparent change of the kinetic energy by an amount j(j+ 1) /2MRo2 in the 
radiafeijllation. Thus, in order to change the j-value, the wave length of the radial wave 

function must change suddenly in i:his region, which is just the feature of the inelastic 

processeS.; , Therefore, j can be a good quantum number, only if the condition 

change of j(j+ 1) /zMRo.2;p initial kinetic mergy (6.8) 

is valid or the anisotropy of the intermolecular potential, which causes the change of j, is 

extremely small. Unfortunately, the condition (6·8) is not insured to be valid in the 

thermal collisions at room temperature, even for the most favourable case, i.e., for the 

hydrogen. 
Now the equations to be solved are 

{d 2/ dR2+ k2-jU + 1) / R2} FjL (R) = 2M2J(jL-··1 V'lsN ... )F.N(R). (6.9) 
sN 

Since· this set of equations are linear, we can obtain the required solution by superposing 
the particular solutions with proper amplitudes and phases. Thus, we shall first consider 

the problem in which the incoming wave has the definite values of j and L. In the 

following, the solution of the equation . 
{d 2/ dR2 + k2_jU + 1) /~} FjL (R) = 2MUL-··1 V'ljL-·· )Fj1; (R) (6 ·10) 

satisfyi~g the boundary conditions 

FjL (0) =0, fijL (R) ""- sin (kR-!j7r+ (]j) (R -:> co) (6.11) 

will be .clenoted by Fj2, and the deviations due. to the non-diagonal matrix elements of V' 

by3j,'j;'~ 1'henwe have 

{d 2jdR2+k2_j(f+ 1)/R2- 2MUL! V'UL)} (]FjL = 2M2JULIV'lsN)(]F.N' 
- sN*jL 

{d 2/ dR2+k2-s(s+ 1) / R2-zM(sNIV'lsN)} (]FSN (6.12) 

=2M 2:: (sNI V'I pQ) (]FpQ + 2Jl:{(sNI V'I fL)I~J.. 
pQ*sN . 

Assuming that fijJ. is a quantity of zeroth order and V'is a small quantity of the first 
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order, we can see. that (JF"n (sN =F jL) are of the first "order and (JFjL is a second order 

small quantity. Thus in the first app'roximation~ (6: iz) become 

(JFiI. = 0 , ( 6 . 13) 

{d 2IdR2+EJ-S(S+ 1)IR2-zM (sNI V'lsN)} (JFSN~ZM(sNI V'IiL)FjJ. 

The first of these equations means that the damping effect is not taken into account in 
this approximation, while the second equation can be solved formally and its solution which 
represents the outgoing wave asymptotically is given by18l" 

(JFSN= - GsN(R) J~ F"f.,(R)(sNIV'IiL)FiJ(R)dR (6.14) 0 

where GiL is the solution of the equation (6.10) which is normalized asymptotically as 

(1/k)exp{i(kR-!j1r+(Ji)}' Thus the asymptotic form of (Jl':N is 

(JF8N", (1/k)e~p {i(kR-!j1r+(J.}} Jf.f.,(sNI V'ljL)~2dR . (6 'IS) 

Now we shall return to our problem in which the plane wave is incoming. In this 
case the solution in the zeroth approximation i~· given by the linear combination of Fi2 
with the coefficients 

or. Il' [ (. )J1/" j (';)Ik s% ",+m' S];mm' 41r ZJ+ 1: exp Wj. • 

(See the asymptotic form of P in the previous section.) . Thus the asymptotic form of 

the solution in the first approximation· is given by 

F (T) ('/-41')[ir. II' (. )1/"; (';)L~O ji, ,..... 'V 1r te S.TOm+m' sbnm' ZJ+ 1 t exp Wj rj); 

x Jf;2ULI V'lsN)F,,;dR]. 

This solution being equated with F!r';i'm' + .E1;i'm' in the previous section, we have the 
scattering matrix 

S lml'm' (Z .;) ) (Zlk) '" ( 8N ll' 'I·';); Il' J. .Tj); =exp ZUj + ' .:::...J S,70m+m,SNmm' oIjom+m,s];mm'7 X 
8N 

(Zs+ l/Zj+ 1)'/'is-i+1 exp(i(Jj+i(J.) X 

J!'i'f(}7,) (j"jLll'l V'IJs Nll')F.'tci~,)dR. 

Substitution of this expression into (5· 4) yields the formula for Qel' 

(6.16) 

The approximate solution thus obtained may be substituted in the' right hand side of 
(6 'lZ),givingthe equation for the second approximation, though. the solution will become 

more complex. It the second order correction terms thus calculated are not small enough 

compared with the first order correction (JFj];, this successive approximation method may 
be impracticable, because we must investigate whether the next, i.e. the third, approximation 
terms are small' or not. Unfortunately, however, we have no general method to solve a 
s~t 'of differential e'luations in other way. Stueckelber~19l' reduced the'coupled pair of 
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differential equations to a higher order equation and solve the latter by means of WKB 

approximation method, while Massey and Mohr20l solved directly the coupled pair of dif­

ferential equations for a simplified case. But these methods are hard to extend to the set 

of a nu.mber of coupled equations . 

. FiJally, it mu~t be noted that the non-diagonal elements which cause the inelastic 

collision processes may also affect the elastic collision cross section, even if the inelastic 

processes are forbidden energetically. In other words, some excited states may appear virtually 

in the intermediate stage of collision. This effect also force us to solve the set of equations in 

the general case, but, if this effect is not so large, we may employ the second order perturbation 

method. On the other hand, if this effect is large enough, the two molecules can no longer 

continue their free rotations and a particular relative orientation becomes favourable during 

the co~ij~on, which means the temporary excitation of the upper rotational states. In such 

a case" the method of p.s.s. (perturbed stationary state), which is familiar in the theory 

of atot¥!ic collisions,21) may be more reaso~able procedure of solution than the ordinary 

perturb:l~ion method. The essential point of this p.s.s. method is very simple. In this 

methodt the total wave function is expanded in terms of the proper functions of 

while according to the method in the previous sections the proper functions of 

{ __ 1_f1 R2-_1_f1l __ 1_f1l+ v;.(~1) + V2(~2) -E} IjJ"=O 
2M 2111 2112 

are employed. In the former of these equations, the values of (R, 8, W) are fixed, and 

the kinetic energy of the relative motion of two molecules is treated as the perturbation, 

while in. the latter method the intermolecular potential is considered as the perturbation. 

The general' formulation of the problem according to the p.s.s. method can be given 

straightforwardly, but we shall not enter this problem further. 

§ 7. General discussions on the inelastic collisions 

The problem of the inelastic collisions is the most interesting part of our collision 

probl~rri, because the inelastic processes depend essentially on the internal structures of the 

colliding .. molecules, whil'! the main features of the elastic collisions have been obtained 

ait:eady>from the rigid sphere model or from othe~ spherical fields. Unfortunately, how­

ever, 'the straightforward calculations of the cross sections for the inelastic processes impel 

us to carry out the overwhelmingly hard work. Thus the simplifying assumptions must 

be introduced before the practical. calculations. 

Now the qoss sections for, the inelastic collisions are influenced remarkably by the, 

following two factors. The first is the overlaping between the initial and the final t~ans­

lational . wave functions. Applying the Born approximation for simplicity, the transition 

probability will proportional to the absolute square of the matrix element 

 at Pennsylvania State U
niversity on Septem

ber 16, 2016
http://ptp.oxfordjournals.org/

D
ow

nloaded from
 

http://ptp.oxfordjournals.org/


576 "K. Takayanagi 

where at, .af indicate the internal state of the -molecules; k" k f · the wave numbers in 
the initial arid the final states respectively. In -the thermal collisions, the wave length of 

the relativ~ motion of the two molecules is usually less- than 1 A.U.; w~ile the matrix 
element (a,1 V'la,) changes more slowly as a function of R. Thus, ~, will be small in 
absolute value, unless dk=k,-k, is' small. Of course, the Born approximation is not 
adequate for the molecular collisions in the thermal energy" region, but the essential feature­
must not be changed when the plane wave exp (i kB) is replaced by the suitable distorted 
wave. Thus, we may conclude that if the difference between the wave number of the 
initial translationa:l motion and that of the final one is very large, the transition probability 
will be very small. . 

It is easy to see that the inelastic collision can hardly occur in the low energy colli­

sions. For endothermic reactions, transition can not take place, of course, if the initial 
energy is less than the threshold energy. If the initial energy is just -above the threshold 

one, the change in the wave number will be large. . And even for the exothermic reactionst 

the wave number will change appreciably if the initial kinetic energy is not large enough; 

In another words, in order to get the large probability for transition, -the initial kinetic 
energy must be large enough compared with the energy change in the inelastic process. 
On the other hand, if the initial velocity is extremely large, the~e will be no . time for t~e 
transition to take place during the collision and, therefore, the cross section will 'be small. 

The cross section may become large for a intermediate region between these two extreme 
cases. 

The second factor which influences the inelastic collision cross section is the dependence 
of the intermolecular force potential on the coordinate in which the transition takes place. 

Thus in order that the vibrational transition takes place with _an appreciable probability, 

a small change in the internuclear distance of a molecule must bring the considerable change 
in the intermolecular force and in order to have the rotational transition it is necessary 

that the molecular potential deviates very much from the spherical" symmetry. Now the 
intermolecular potential which is effective for the thermal collisions is determined by the 
electron distributions in the" outermost shells of both molecules. It is clear that in a 

molecule -the force field, under which the outermost electron moves, is something like the 
Coulomb field of the hydrogen nucleus which is placed in the center of the molecule,'­

especially when the electron considered is far apart from the center. It means that the 

molecular orbital for the outermost electron will become something like hydrogen-atomic­
orbital- asymptotically and does not depend very much on the nuclear distance and on the 

orientation of the molecular axes. For this reason, the intermolecular force becomes rapidly 

spherically symmetric for the larger values of the intermolecular separation, and also becomes 
independent of the internuclear "distances in the two molecules. Therefore, in order that 

the inelastic process takes_ place, two molecules must approach closely to each other and also 
for" this sake the incident energy must be large. . 

Now the vibrational level spacinss in the ordinary diatomic molecules are much lar~er 
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than -the energy of the thermal motion·· in the room temperature. Thus, it is expected 

from the above considerations, that the transition probability is very small under the ordinary 
thermal condition. This· expectation has been confirmed by the experimental data mentioned 
in the beginning of the last section. The rotational transition in the hydrogen molecule 

also takes place with very small probability because of its rather large level spacing. *l Thus 
for the vibrational. transitions· in the ordinary diatomic molecules and for the rotational 

transitions in some special molecules such as H 2 , the first order approximation in the 

perturbation method i.e. the method of distorted wave may be applied to calculate the 
cross sections, while for -the rotational transitions in the other molecUles we must solve 

a 'coupled set of equations because the transition probabilities are rather large for these 

cases. Of course, the straightforward solution of such set of differential equations is very 

difficult as was seen in the elastic scattering problem and we must simplify the problem 

as far as possible before solving it. For these .cases with small level spacings, the trans­
lational energy :does not Change appreciably in the transition process. Furthermore, the 

motion of a molecule as a whole is very similar to that of the classical particle, having 
a rather definite orbit with a definite velocity, because of its large mass. Therefore, the 

translational motion may be treated approximately in the classical manner, i.e., we may 
determine the translational motion by solving the· classical equation of motion under the 

averaged potential field. Then the relative distance of the two molecules is given by 

a function of the time. The transition will be caused by the time-dependent perturbation. 

Such semFclassical treatments of the inelastic collision processes have been reported frequently 

by many authors.24l These authors have investigated only the first order perturbation 
problem by this - ~ethod. But the strong coupling c~se may also be treated in this way, 

if the kinetic energy _does not change appreciably during the collision. 

§ 8. _ Rotational transitions 

Now we shall cOnsider the rotational transitions disregarding the vibrational degrees 

of freedom. The special case of H2 can be treated by the distorted wave approximation in 
exactly the same way as in the vibrational transitions which are discussed in the next 

section. In this paper, therefore, we shall confine ourselves -to mention that the problem 
of H2 has been investigated by _Roy and _ Rose previouslyll) and a little more thorough 

calculations have also been made recently: by the present author.H ) 

In the following we shall consider the rotational transition in which the energy ex-­

change between the translation. and the rotation is rather smalL·, We shall employ the 

semi-classical method, as discussed above. For this sake, we must start from the time­

dependent Schroedinger equation: 

-i ()1]1' /()t= {( -1/2M)fl Jl+ Ho+ V'} 1]1' , (S.l) 

* It is well known that the transition between para- and ortho-hydrogens is usually forbidden. Thus 
the rotational transition between the neighboring levels is forbidden in the hydrogen molecule. This fact, to­

gether with the small moment· of ·intertia, tnakes the ~lFective level sp~ings very large. The experimental 
n>iliep.ce for the small transition probabi'lity in H~have been ~iven_ by Stewart22l ap,q Rhcxle3,~3) 

 at Pennsylvania State U
niversity on Septem

ber 16, 2016
http://ptp.oxfordjournals.org/

D
ow

nloaded from
 

http://ptp.oxfordjournals.org/


578 K. Xakayanagi 

where Ho means the Hamiltonian operator for the internal degrees of freedom of the two 

colliding molecules. The wave function IJl may be ~xpanded as 

(8·2) 
or 

=2j(,,(X) (2r.)-8Joj /,,(k,.t) exp {ikR-i(.E~+E,,)t}dk (8.2a) 
" 

for brevity, where (",(X1)("I/(X2) "(or (,.eX») stand for the orthonormalized internal 
wave functions and 

E k =k2/2M, E,,=intental energy in the state a. 

By inserting (8. 2a) into (8. 1), and. taking the equation 

{( -1/2M)F R2+Ho}exp(ikR)(,,(X) = (Ek+E")exp(ikR)(,, (X) (8.3) 

into account, we get 

i ~ (,,(X) f a~" exp{ikR-i(Ek+E,,)t}dk 

= V/ L; ("' (X)J/a.l exp {ik' R-i(Ekl +Eal)t} dk' 
"I 

which gives, by the orthonormality of (,,(X), 

if at. exp(ikR-i.E~t)dk= 2J (ajV/ja/)J/al exp {ik/R-iEkt+itlE"",t} dk' at "I 

where 
(8.4) 

(aj V/ja/)= J("*(X) V/ ("' (X )dX, tlE"al=E"~E",, 

No.w the function 

(8.5) 

represents the wave packet and we may assume that this function takes the appreciable 
values only in the limited region in space" for each time t. 

Here we shall factorize the function I" in the following way: 

t.= c,. -/ao , (8.6) 

jj/"Oj 2dk=1, (8.6a) 

(8. 7b) 

i.e., 1,,° is a solution representing the elastic scattering. Generally speaking, C" '1,,0 cannot 
be a solution of (8.4) if C" is a function of the time t only. But since aU important 
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contributions come from the ~mall values of flEa.a." the velocity of the center of wave 

packet will not change appreciably, when an. inelastic transition takes place and, therefore, 

if we further assume that the' potential (a I V' I a)' does' not depend very' much on the 

internal state a, we can conclude that the wave packet will not deviate appreciably from 

that for the elastic scattering. In such a case, we can assume that C.... is a function of 

the time t only and does not depend on R. This is the essential assumption in our semi­

classical treatment. Corresponding to (8· 6), we have the normalized wave packet 

lfa.°(R, t) = (27%")_8/2 ) 10.0 exp(ikR-iEkt)dk 

and 

Thus the equati~n (8. 4) is transformed into 

i aCa./at= Ii Ca., exp(iflEa.~,t) )lfa.°*(R, t)· (al V'la')lfa.,O(R, t)dR. (8.7) 
-""*,, ' 

Strictly spea~ing, If,,,o and Pa.IO do not completely coincide with each other for any finite 

time interval,' but owing to our assumptions, these wave packets will not shift appreciably 

from each other- during the collision time, so that we can replace them by an averaged 

wave packet lfO(R, t). Finally, in the semi-classical treatment, IlfO(R, t) 12 must be re­

placed by 

J(R-R(t». 

R=R(t) describes. a classical orbit under the averaged potential (al V'lahv, averaging 

being taken civer various internal states. Generally (a I V' I a) depends on the direction of 

the vector R and this dependence causes the coupling between the orbital angular 

momentum and the rotational angular momenta. By averaging over the variou.s states, 

however, (aIV'la).AV becomes spherically symmetric which depends only on R=IRI. Of 

course the motion of -the center of wave packet will not be affected considerably even if 

the orbital angular momentum quantum number j changes to some extent. But if the 

change in j helps or reduces the inelastic transition, we can not neglect this effect and we 

must employ the sum 

2J(a,jl V'la',j')exp {i(1)jI-1)j)} 
i' . 

instead of (a IV' r a') for each value of j (or corresponding impact parameter b, classically). 

Unfortunately, it is not easy to determine the phase shift; 1); for the present case, because 

of the strong coupling among many states. Therefore we must employ so~e averaged 

value of this summation, e.g .. 

{I] (a,jl V'la',j')2} 1/2. 
j' 

In order to make the resulting expression hermitian, it is convenient to modify this further­

more as follows 

{! XJ (a,jl V'la',j')2+! 2J (a,j'l V'la',j) 2} 1 f., , , 
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Finally, if we consider the definite transItIon a o - a, the initial velocity of the classical 
motion . may be equated with ~he averaged value of the true initial . and the true final 

velocities. But if we consider the many processes, some of which are exciting and some 
others are deactivating processes, the true initial velocity maybe taken conveniently as the 
asymptotic velocity of the classical motion. . 

After these discussions, the equation (8. 7) takes the following final form 

i ac,./at= L} (aj V' (Bb (t» j a') C"/exp(iLlE"al t), 
",*" 

(8·8) 

where the suffix b indicates the value of the impact parameter. We can confirm easily 

from this set of equations that the total probability ~"I CIl 12 is independent of the time t 
(as is required), if the matrix (a 1 V' I a') is hermitian. 

For the weak coupling case, this set of equations is approximated by 

i aCajat= (al V'lao) Cao exp(iLll!:aot) for a~ao, 

Cao =l. 

a o being the initial internal state. This gives 

and the cross section for the process a o _ a is given by 

Q(ao_a) =2n:DC" (b) I;"bdb. (8·10) 

The formula (8· 9), (8· 10) are employed previously by Zener and others -and quite re-
cently by Widom and Bauer.24l • 

If there is a group of a few states au a 2 , .. , which couple with the initial state ao 
strongly, and if the probabilities of the second order .processes of the type: ao - a state 

. at in this group - a state outside this group are small, we may first solve the equation 
(8.8) for the states ao, au a 2 , .··only. This sol1.ftion is performed, if necessary, by 

numerical calculation. Then the final probability amplitudes for the other states may be 
obtained by 

I C,,(b) I~= lJ:oo~(al V'I G)exp (iLlEaGt) CG(t)dtI 2; (G=ao, a p ... ). (8·11) 

If there are many states which couple with each other considerably, we must solve 

a set of many coupled equations. For such a case, we shall propose here an approximate 
procedure of solution, which will serve to reduce the laborious calculations. 

Before proceeding further, we shall write the equation ( 8.8) in the matrix form 

i aC(t)jat=Ab(t) .C(t), (8 ·12) 

where C is an one-column matrix and Ah is a square matrix," 

A:a/= (al V' (Rb(t» la') exp(iLlEaa,t) , _ 

all diagonal elements being lacking. Clearly this is a hermitian matrix. Now if A(t) 
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and )~ '" A (t') dt' commute, we can get the formal solution of the equation (8. 12) as 
follows26l 

C(t) =exp [ -if~(t')dt'}C( - OJ). (8.13) 

'" 
Here exp [M]=2J M>/ti!, MV being defined by the ordinary matrix multiplication rule. 

o 
In our present case, 

[A(t) [~(t')dt']aa'=f,;i(al V' (t) la")exp(iJE .... "t) 

X E~"lVr(t') la') exp(iJh:/I .. ,t') dt', (8 . 14 a) 

[r~(t')dt' .A(t) Ja .. '=~ n~1 V' (t') la")exp(iJh~ .. /1 t')dt' 

X (a" I V' (t) la')exp (iJh~/I",t). (8 • 14b) 

Generally speaking, these are not equal with each other, and, therefore, (8.13) can not 
be an exact solution of our problem. But if these two expressions are nearly equal, we 
may adopt (8· 13) as an approximate solution. Now in many calculations we may put 
approximately that 

(al V' (t) I ,a') = (alz!la') ·j(t), 

v being independent of t. In this case, (8. 14a) and (8. 14b) become 

~ (alvla") (a"lvla') [':(t )j(t')exp(iJE .... /It+ iJE .. fI .. , t')dt', (8 ·15 a) 

. ~(alvla") (a!'lvla') [~(tV(t')exp(iJE .... /1 t' +iJE .. fI,.,t)dt' (8.1Sb) 

respectively. Here we must take the following two effects into consideration. The first 

is the general tendency that if the two sets of quantum numbers a and a' are extremely 

different from each other, the matrix element (alvla') is vanishingly small. This tendency 
is ~oncluded from the reasonable expectation that in the e~pression (3·9) for the inter­

molecular force potential, the main ~ontribution comes from .. the smaller values of ct, (d 
and r. The"second effect is due to the oscillating factorexp(iJEt). If the two states 

a and a' being to the extremely different energy values, the integral of the form. 

J~(t')exp(i4Ea .. , t')dt' 

must be vanishingly small,.. because IV') is a rather gentle function usually. Now if the 
first effect dominates, the main contributions to the expressions (8.1Sa), (8·1Sb) come 

from the region: 

(this equality means, more or less. symbolically, that a" is a set of quantum numbers 
which is intermediate between Ix and a'). On the other hand, if the second effect pre­

dominates, main contribution to (8 ·ISa) comes from a" ~ a' and for (8· ISb), a" ~a. 
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In both extreme cases, the two expressions (8 ·15a) and (8 . 15b) are not completely 

coincide with each other, but, at the 'same time, we can not find out any essential difference 

between them. ,Thus we may conclude that (8 -13) can not be an exact solution, but 
may be an approximate solution. In order to make sure, the validity of this formula must 
be examined for each special problem. ' 

By employing (8.13), we can get the desired result 

C~(t= + 00) =[ ex~ [-iJ:~(t)dt]l .. o (8·16) 
or 

C(oo)=C-(-oo)+--:- A(t')dt"C(-oo)-- . A(t')dt' .C(-oo)_ ... , 1 J'" 1 {J"" }2 
z _'" . 2 _'" 

(8·16a) 
while the solution by the successive approximation is given by 

1 f'" J"" J' C(oo) =C( - 00) +iJ _~(t')dt' .C(- ~) - -!:.. _~'A(t)A(t') .C( - 00) - .... 

(8.17) 

The calculation of the series (8. 16a) is much easier to do than that of (8. 17) . 
Finally, even if our approximation leads 1:0 a rather good .result, we must perform. 

such calculation for many values. of impact parameter b. We can reduce, however, the 

number of such calculations by the same device as we employ in the modified wave number 

method in the 11;ext section. In another words, we can reduce the collision problem from 
the three-dimensional space to the head-on collison problem (of -course, one-dimensional) 

by replacing the effective kinetic energy 

pN2M--P02 /J /2MK--. 
with 

where Po is the initial momentum and' Ro is a suitable constant radius, the transition 

. probabilities being neglected for b > Ro. 

§ 9. Vibrational transition 

As mentioned above, the distorted wave method is appropriat~ -for calculating the 

cross section for the vibrational transition.' Thus we may proceed as follows: In the 

equation (2.10), i.e., 

{d 2/dR2_ S(S+ 1)/ R2+k~2_2M({11 V'I(9)}F~= ~ 2M(~1 V'If9')Jt~, " (9.1) 
. ,,!i'*f'.~.' 

we substitute in the right hand side the solution which is obtained by disregarding the 

vibrational transition. The resulting equation is for th~ unk.no~n fl!JlCtion' F~, for which 

the vibrational state is different from the initial state. Of course, it is desirable that the 

possibility of the rotational transition has already included 'in the zeroth~rder function 

which must be inlierted in the right hand side. But to solve the problem of the rotational 
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transition is not. easy matter as we have seen in. the previous section. On the other hand, 
the distortion of the rotational wave functions will not ·considerably affect the vibrational 

transition, if the result is averaged over the initial rotational state. Thus. it is convenient 

to employ the wave function corresponding to a pure rotational state, i.e., F~, are the 
solution of 

fd 2/ dK- - j(j + 1) / R2 + k~,2_ 2M(,8'1 V' 1,8') } F~, = 0 

,8'=(J, p, n, 1t',J~ L, I, I') 

and are normalized asymptotically 3;s 

F~, --s%.,.+.,.,I1:.,."" [47l'(2j+ l)]"'ij k;;l sin(k~,R-j7l'/2+a~,). 

(See§5.) 

(9.2) 

(9.3) 

In this way, the right hand side of (9· 1) may be calculated and become a known 
function. ~n the outgoing wave Fa can be determined as usuaPSJ and we have the 
asymptotic 'form of Fa as follows: 

.. F II ...... -2JV1exp {i(k~R-s7l'/2+a,)} [FaO(R) i1 (,81 V' 1,8') FII, (R)dR, (9.4) 

where F~ 0 is the solution of the homogeneous equation which is derived from (9. 1) by 
putting the right hand side zero, and is normalized asymptotically as 

(9.5) 

Thus the cross section for the transition (n, I, m; n', f', m')~ (p, q; p', q') is given by 

(k6/k/'o') I H I ~}t:~:t' (R-HX) Y,~~,12dlJd!Jld!J2 
J.BN 

-_= (k/'o/ k~,) ~ 12M J!~O (R) if (,81 V' 1,8') F." (R)dRI 2• 

[p=m+m', ,8=(J, p,p,p', s, N, q, q')] 

Then by ave~aging this over m, m', we get the cross section for the inelastic process 
(n, I; n', l')- (p, q; p', q') : 

Q(n, I, n', I' _p, q, p', q') = (ka/kf1')[ 41112/(2/+ 1)(21' + 1)] x 

(9.6) 

In principje, this formula can be applied without difficulty to any particular problem. 
The ·.mpst. difficult thing to do is the determination of the distorted waves, F~o, F~, and 
these functions can be obtained by solvitig the ordinary differential equations numerically. 

Neverthe~ess, here is apractica1 difficulty, because the number of differential equations to 
be solved, is enormous. Such situation arises from the f~ct that a large number of the 
states which;tre defined by J~ .. t, I' and L contribute. appreciably to the coUisi!>n process 
in th~ room t~mperature. If we k;now the ·rather exact potential V' and want to get the 
rigorous cross' section as far as possible, we must not hesitate to find out these distorted 
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waves one by one. Otherwise, however, it' is desirable to seek for some simplifying pro­
cedures. 

In the first place, we may neglect the, difference in the potential function V' for the 

different rotational states, i.e., we may employ the distorted waves which are distorted by 

the averaged potential V.O defined in § 6. If we adopt this simplification, the distorted 

wave F.~I does not depend on.J, p. and L and depend on 11, It', 7, /' through the wave 

number. k~1 only. Similar situation is also obtained for Ft Yet, there remain many 

states with different j-values. The best way in. this stage of approximation is to carry out 

the integration ~. ··dR in the above formula for some j-values and to obtain the integrals 

for the other j-values by the interpolation procedure. This interpolation will be a good 

method of simplification, because it is unlikely that the integral ~ •.. dR fluctuates very much 
when j changes, though· some fluctuations may be expected. 

If we want to make further simplifications, we must give up the desire to follow the 

formula (9 . 6) . By making such simplification~, we must also give up, more or less, to 

obtain the quantitative results. Before proceeding to discuss some such simplifications we 

shall consider the general features of the vibrational transitions. 

According to the kinetic theory of gases, the probability that the initial transhlt~ona,l 

energy in the thermal collision is lying in the region E, E + dE, is independent of the 

reduced mass and the mean kinetic energy of the relative motion is 2/CT (/C is the Boltz­

mann constant; T, the absolute temperature), though the collision number depends on 

the reduced mass. Thus we may roughly consider that the initial kinetic energy is always 

2/C T. Then k2 = 2M· E is proportional to the reduced mass M Therefore, if we compare 

the equations of the form (9·2) for the two cases withdiflerent reduced masses M and 

M' providing that the intermolecular force· and the excitation energy' are same for both 

cases, we can get the similar wave functions F(kR) , F(k'R)' for the suitable pair of 

quantum numbers j', j' where j :j' .. -V M : -V M'. In this, case, the wave function for 

the larger reduced mass oscillates more frequently than. the other. If we take the same 

j-value, this contrast becomes more remarkable. Now in contrast to this rather rapid 

oscillation of the radial wave functions, the vadation of the. potential energy curve as the 

function of R is usually gentle, at least for the collisions in the room temperature. There­

. fore, the integral in (9·6) decreases if the reduced mass increases, providing that the 

radial wave functionli are always nprmalized asymptotically to be sin:usoidal functions of the 

amplitude unity, or a constant amplitude independent of the reduced mass. Of course, 

the wave functions in our formula (9.6) are normalized in such a way that they are 

inversely proportional to the wave' number k asymptotically. But, on the other hand, 

these normalization factors are cancelled out by the factor M2 outside the absolute square. 

Thus we may conclude that the cross section increases if the reduced mass decreases providing 

that the other quantities remain unchanged. We may also say that lightet molecules are 

more effective to -deactivate th~ vibrational excitation of the particular coJli~ion partner. 

We shall next consider the effect of the magnitude of /lE, i.e., the energy change. 

due to the transition and also the effect of the initial wave number, providing that the 

reduced mass is unchanged. For this sake, however, we shall confine ourselves to the one-
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dimensional collision problem *), and furthermore to the intermolecular potential of the form 

A exp( -aR)~ Then the transition probability per collision is given by Jackson-Mott's 

formula26) 

P=const. (q/-ql) 2 sinh 7rqj sinh 7rq1/(cosh 7rqj-cosh 7rqi)2, 

i.··initial, f-·fi1tal. 

Here, q=2k/a and q}> 1 in all cas~s of importance. Furthermore, in the usual cases 

exp (7rqj) ~ exp (7rqi) for the deactivation process andexp (7rqj) }> exp (7rq,) for the excitation 

process, because the change of the energy £1E is very large. Because of these situations, . 

we have 

P=const.lI12 a-4 (£1EYexp( -27rj£1l~j/a) 

j£1kj =2Mj£1Ej/(k,+ -V kl±2Mj£1Ej) 
(9.8) 

where the upper of the double sign corresponds .to the deactivation and the lower to the 

excitation. Usually the exponential factor is very small and the order of magnitude of the 

transition probability is mainly determined by this factor. Clearly the transition probability 

decreases rapidly if j £1E j increases, while the transition probability increases if the initial 

wave number k, increases. Furthermore, the transition probability increases if the quantity 

a increases. In many cases a is 1.5-2.5 A.U. Now, for a=l and a=3, for example, 

- we have extremely different transition probabilities .unless j £1E j is very small.3) Therefore, 

the transition probability is found to be very sensitive to the intermolecular fort;e and con­

sequently, it is very hard to get the theoretical transition probability which agrees with the 

experimental one within factor 2 say . 

. On the other hand, since a large j £1E j depresses the tr~nsition probability largely, it 

is possible that the two or even three quanta transitions may take place with larger proba­

bilities than the one quantum transition, if j dE j of the former processes are smaller than 

that of the latter. Thus, it is probable that in the deactivation process of the vibration, 

the excess energy is not transferred to the translation entirely, but some part of it is 

transferred to the other internal degrees of freedom. Of course, the rotational degrees of 

freedom can not be an acceptor of the excess energy unless the rotational level spacings are 

large. **) Thus the main acceptors are the vibrational degrees .of freedom, and such energy 

transfer between the vibrational degrees of freedom will occur appreciably if the frequencies 

of the two vibra..tions are comparable. By taking account this energy-transfer process or the 

. coupling between the different vibrations, we can understand the fact that manY of the 

polyatomic gases, for instance CO2 , which have many vibrational degrees of freedom, do 

not reveal many-relaxation-time phenomena, but behave as if these molecules have only one 
. relaxation time.a) 

* Four. atoms in the two diatomic molecules are assumed to be on a straight line. 
* It is expected that the molecules for which the rotational level spacings are rather large, such as H 2 , 

Hel etc., can be good acceptors of the excess energy of another molecule. In fact, according to the ultt'asonic 
dispersion data, these molecules are found to be rather effective to deactivate the vibrational excitation of many 
gases. 

 at Pennsylvania State U
niversity on Septem

ber 16, 2016
http://ptp.oxfordjournals.org/

D
ow

nloaded from
 

http://ptp.oxfordjournals.org/


586 K. Takayanagi 

The above formula (9·7), (9 ·8) can hold in the head-on collision only. In genera:l 

case, in which the impact parameter is not zero we can get the ·general tendencies of the 

radial wave functions by replacing k2-j(j+1)/R: with 'i?=k2-j(j+1)/Ro2 in the wave 

equation, where Ro is a suitable constant radius. (See the references (14) an~ also '.' the 
method of modified wave number" below.) Thus the effective wave number decreases 

rapidly with increasing j and, therefore, the transition probability decreases rapidly for the 

larger impact parameter. 
For the vibrational transition of qiatomic molecules in the room temperature, IdE I 

is· usually larger than /CT. Consequently, the semi-classical treatment in which the trans­
lation is described classically is not suitable. But for many of the vibrations in the poly­

atomic molecules IdEI becomes smaller than /CT, and, at .the same time, the mass of the 
molecule becomes large. For these larger molec~es, we may apply the semi-classical plethod· 

with greater and greater success. 
Now we shall discuss some simplified methods to estimate the cross sections. 

( i ) Utilization of the Born approximation. 
Born approximation gives usually too large cross section for the inelastic processes in 

the thermal collisions. This is because this method of .. approximation allows the approach 
of the two molecules without limitation. In reality, the wave function doesn't enter very 

much into the region inside the classical turning point, i.e., the distortion of the wave 
function is very important. But since the Born approximatio,n is considerably·easy to handle, 

it is convenient if some simple ,methods of correction can b~' found to improve the fault 

of Born approximation. 

An interesting investigation has been done by E. Bauer.27> According to his pre§cription, 

we must multiply a correction factor to the cross section which ha:sbeen obtained by the 

ordinary Born approximation. This correction factor is determined by solving the cor­
responding one-dimensional problem for which both the plane-wave-type and th~, distorted-

approximation 

angular momentum 

Pig. 4 Schematic illustration of the dependence 
of the cross section upon the angular 
momentum, incident energy being fixed. 

wave-type calculations of the transition matrix 

element can be done without difficulty. But 
,we have no foundation that the correction 

factor for the three-dimensional and for the 

one-dimensional problems are same. In fact; 

the c.a.lculated cross section by Bauer· was very 
mudt smaller than the experimental one. The 

reason for ,this can be understood to some extent 
as follows.: If we decompose the wave function 

in the three-dimensional space into the partial 

waves,. each of which corresponds to the definite 
value of the. angular momentum . (-or impact 

. parameter, classically), the partial .~ave with 
zero angular momentum, i.e., S-wave, will be 
distorted very much to the same extent as the 
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distortion which we find in.the one-dimensional problem. But for the other partial waves, the 
distortions are partially due to the centrifugal force, and for larger angular momenta, the 
distortions are mainly dUe to' this ,virtual force. Such· kind' of distortion, 'h()wever, has already 
been included :in the Born approximation. Thus it ~s' clear that the use of the one­
dimensional correction factor in the, three-dimensional problem is an ~vercorrectioi1. (See 
the illustrating figure 4.) If we ,-"ant to improve this situation, we must multiply the 
different correction factor for each angular momentum, or a suitable averaged correction 
factor to .th~ cross section as a ~hole. 

The other method of estimation of the cross section, utilizing the Born approximation, 
is the "cut-off" method. In this method, the potential is cut-off (i.e., replaced by zero) 
inside ,a suitable intermolecular distance, corresponding to the' fact that the two colliding 
molecules can not approach without limitation. Then the calculation may be done according 
to the Born approximation method. As the cut-o~ radius, a value near the classical turning 
point will be adopted. But the potential curve is so steel' in this region that the cross 
section depends rather sensitively on the cut-off radius.' Therefore, the choice of the cut­
off radius must be fixed empirically, from some typical examples. 

(ii) " Method of the modified 'Wave number. 
In the radial wave equations, the only difference between the S-wave case and the 

other cases is the appearance of the centrifugal force in the latter cases, and usually the 
,S-w~ve case is much easy to treat than the others. Now if we, replace k2 _ f(j+ 1) /]{I­
by R - j (j + 1) / Ro 2 approximately, all equations to be solved become S-wave type, and; 
therefore, become easy to handle. Here Ro is a suitable constant which may depends on 
k and J~ in general. For larger values of J~ the curve of j(j+ 1) / R2 is rather steep and 
cannot be' replaced by a suitable constantj(j+l)/Ro2 even in a narrow region near the 
classical turning point.. But the above procedure is expected to give a rather satisfactory 
result, because the main contribution to the cross section comes from the smaller val~es of 
j. In fact, we have had the rather good agreement with the experimental evidences, when 
we have applied this method to the rotational transitions in H 2-gas.14) Recent preliminary 
calculation' on the vibrational transition of 02~molecule, colliding with He-atom, lias given 
a reasonable result toO.28) 

As a concluding remark, we shall say again that for the diatomic moleCules, the 
intermolecular force can, be considered as spherical in the first approximation and then the 
'non-spherical character may be taken into account as a perturbation, while for thepolyatomic 
molecules, the deviation from the spherical field is essential and, therefore, the distorted 
wave function under the spherical potential can not be employed. For the latter case, 
instead, we 'may apply the semi-classical treatment. 

§ 10. Discussions on the stati~tical problems. Conclusion. 

"In the above sections, we have treated the system consisting of two molecules only. 
But in almost all 'practical cases, we must treat an assembly of a number of molecules as 
a whole, and only the totality of a 'number of elementary processes is important. Thus 
some statistical procedures are required in order to connect the knowledge of the elementary 
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_ processes with the experimenial data. Now in the usual theory of gase~, the component 
molecules are assumed to be spherical particles, without internal degrees of freedom. There­
fore, we must develop the theory. of gases which are composed of the PQlyatomic molecules 
(including the diatomic molecules). In this paper, however, we shall confine ourselves to 
~ome brief discus.sio~s. More detailed discussions are· postponed to another chance. 

(1) In the pure gases, all molecules are identical except for the possibility. that.there 
may be a few kinds of isotope. Then we must apply the Bose or the Fermi statistics. 
for these gases. When the number of the elementary particles (electrons and nucleons) 
in a molecule is even, the wave function of the whole system must ·be symmettic for an 
interchange of any two molecules, and for the odd number of constituent particles, the 
wave function must be antisymmetric. As is well known, the effect of these symmettization 
is appreciable for the monatomic gases at low temperatures. For the diatomic molecules, 
on the other 'hand, we have already investigated some features of . the symmetry effect in 
§ 4. There, we could see that both even and odd values of the orbital angular momentum 
quantum number' (j) appear in a collision process if the internal states of the .two colliding 
molecules are different. If, however; the internal states of the two molecules are same, 
only the even values of j appear in the cross section formula for the Bose statistics and 
odd values of j for the Fermi statistics, as in the monatomic gases. We may, therefore, 
conclude that if the molecules in gas are distributed over many excited states, the symm.~try 
effect will not be significant, because the probability of, the encounter between the molecules 
with identical internal states is very small. Only . one exceptional case is the hydrogen gas 
at l~w temperatures. In this case, almo~t all para-H2 molecules are in the lowest rotatio~al 
state while almost all ortho-H2 molecules are in the first excited state. Ofcour~¢, they 
are both in the lowest vibrational state. Therefore, there is a large probability-of collision 
between the identical molecules, and thus the symmetry effect appeal' appreciably. We can 
expect a similar effect for the deuterium too. We do. not enter into this problem further, 
but only notice that this special case has been investigated 'recently by K. Ohno and the 
present author.t7} -

(2) Now the important feature of the polyatomic molecules is their non-spherical 
character. But; if the cross. section" is averaged, over the initial orientations of the' colliding 
molecules, this will not lead to an appreciable effect. When, on the other hand, the 
molecules are directed to some special direction to some extent by the external force, the 
averaged cross section becomes different according ,to the direction of the collision: A -typical 
example is the Senftl~ben effect. This effect was investigated theoretically by Zernike 'and 
van Lier.29l However, they employed a simplified geometrical co~sideration to estimate the 
collision cross section and, therefore, there remained some . points which were not explained 
satisfactorily. The quantum mechanical method developed in the present paper will serve 
to improve their calculations. *l 

(3) Next, we shall consider the effects due to the inelastic collision. Two kinds 

* This possibility was pointed out by Prof. Gorter in the Symposium on Molecular Physics, at Nikko, 
Japan (September, 1953). -
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of effect may be distinguished. The one is the modification of the phenomena which can 

be found already in the monatomic gases, e.g. (probably small)cprrections to the viscosity 

coefficient, to the diffusion constant, and other' properties of gases. Since we can not pick 

up separately the main term and- the correction term of the viscosity coefficient and of 

otherq~ntities from the experimental data and since the rigorous calculation of the scattering 

cross section is very difficult, the corrections to these quantities are not significant, unless 

these quantities are affected extraordinarily by the inelastic collisions. The other kind of 

effects are the -phenomena which can not occur in the monatomic gases, such as ultrasonic 

absorption due to the finite rate of the rotational or the vibrational transitions. For the 

effects of this kind, we can compare directly the calculated cross section of the inelastic 

process with the experimental data and we can also predict the results before the observations. 

~herefore, the theoretical 'investigations for this kind of effect are very useful. 

In this paper, we have- discu~sed the various features of the collisions between two 

diatomiC' molecules. In this collision problem, we are faced with two kinds of difficulties. 

The one is the fact that we have had no satisfactory knowledge on the intermolecular 

force pl)t~ntial; on whichihe collision cross section depends rather sensitively. The other 

is the n~cessity of solving the coupled set of differential equations. We have investigated 

mainly the latter kind of difficulties. The most easy case to handle is the weak coupling 

case, for'which the first order approximation method of perturbation ~an be applied. Even 

in such a fortunate case, we must perform a vast volume of calculations because there are 

many ,par~~meters to be specified for each set of equations. Therefore, it is desirable to 

investigate furthermore, the approximation methods such as proposed in the last part of 

§ 9. The validity of these proposed approximation methods will become clear when we 

compared the matrix e1e~ents calculated by these methods with that calculated by employing 

the t~e:distorted waves. 

Strong coupling case is more difficult to treat. But for such a case, the change in 

the translational energy during a collision is usually rather small so that we can apply the 

semi-classical treatment. We have proposed an approximate procedure in this direction 

(§ 8). 
The cross sections for the elastic scatterings are mainly determined by the geometrical 

extension of the moleCl.lles and even rough calculations give the result of the right order 

of milgJ.'lU'ude. Therefore, new calculations of these cross sections are useful, only if the 
reliaDility~ of the results is very high. Of course, such rigorous calculations are very 

difficult. Furthermore, the intermolecular potential must be determined usually from the 

exper~meil~al data for which only the averaged intermolecular force is responsible. Accord­

-ingly, the pure theoretical, and accurate, calculations of the elastic scattering processes may 

be of no significance. 

The author wishes to express 'his sincere thanks to Prof. M. Katani for his continual 

encouragement and valuable discussions. 
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Appendix 1-

By geometrical consideration; it is easy to see that the intermolecular potential V' 
must be unchanged for the substitution operation A: 

Thus 

A: ~1=~2' Xl-? 7r-X2' X2~7r-Xl' 

V .. ~~=V"~~(~1=~2' R)P .. (cos Xl)P~(cos X2)PT(C?S x') 

+V~"~(~1=~2' R)P~(cos XI)P .. (cos X2)PT(cos X') 

must be equal to 

AV .. ~; =v .. ~~ (~l =~2' R) P" (cos X2) P~ (cos Xl) PTe cos X') ( -1) ,,+~ 

+V~";(~1=~2~ R)P~ (cos '1.2) p .. (cos Xl)PT(cos X') ( -1 ) .. +~. 

Other sets of (a, {3, r) don't mix with each other. By the linear independence of the 

Legendre polynomials, we get from the above equality 

(3 ·10) 

Thus we have 

v..~~=V'm(~1=~2' R)[P,,(cos Xl) F:~ (cos X2) + ( _l)"H p~ (cos, Xl)P" (cos X2)] PT(cosx') 

and when a + {3 = even (odd), the expression in the bracket is symmetric (antisymmetric) 
function of Xl and '1.2 and, therefore, symmetric (anti symmetric) function of (Ol> SOl) and 
(02, S02)' . 

Similarly, if we employ the equality (3'12), we have 

V .. ~~=V"3~(~1> ~2' R) p .. (cos XI)~~( COS;(2)PT(cos X') 

+v~"~(~1> ~2' R)P8(COS XI)P .. (cos x2)Picos X') 

=[v"~~(~l> ~2' R)P .. (cos XI)P~(cos X2) 
J 

+ (-1)"+~oz,"~~(~2' ~l' R) P~ (cos Xl)P .. (cos X2)] PT(cos X') 

from which we can see that for a + {3 = even (odd), this expression is symmetric (anti­

symmetric) function of (~l> OJ> SOl) and (~2' O2, S02)' and, therefore, such expression be­
longs to V+ (V~). 

Appendix II 

The coefficients fl'mm1. 

When fJlm andfJllml form the bases of the irreducible representation D(n, D(lf) of 

the rotation group respectively, the coefficients are defined so that the linear combinations 

tr!ln~fo!:,m amon~ themselves accordin~ to the representatioo D(L) ~ Vlldetermined faCtor !;aQ. 

 at Pennsylvania State U
niversity on Septem

ber 16, 2016
http://ptp.oxfordjournals.org/

D
ow

nloaded from
 

http://ptp.oxfordjournals.org/


The Theory 0/ Collisions between Two Diatomic Molecules 591 

be-chosen so that all_ these coefficients are real and positive. The coefficients li'",,,,, are 

the elements of the matrix representing an unitary transformation and, therefore, have the 

following properties 

2J S~~m-JLs~; JLrt'-JL=iJLLI , 
'JL 

:E S~~m-JLJl'JLlm-JLI=aJLJLI' 
L 

Sometimes the notation (ll'mm'Jll'Lm+m') is used instead of Jl~nml' 

The cross section for viscosity. 

(AZ.l) 

(AZ·Z) 

The cross section ,which is effective for the viscosity, is given by the formula 

Q _ "(Elml'rt"*E-'lml'm' )' rrfYJm+ml*Y,jlm+mlsl'n2 LlJndQ In .-1:,-.LJ ~,]jl; ,]fjlLI R~cx>jJJ jLll' j'1,111' lJuJ': , l UJ':2" jjl J,jI L I.f 
(AZ.3) 

(As to the notations, see (5. i).) Since, by definition, 

Y~!:'ll == ~ sY~_~ ~ Yj JL-~ (6IP) ~ s~' ~I lI-~I Ye" ,( 01 ~l)Ye, ~_", (02~2)' 
I ~ . .~' 

we can easily integrate over dfJ1dQ2 and have 

j j) ,'.:=iJLLI 2J s3A-~" s~?~_" ~ j Yj (L-" * (8IP) Yj, JL_,,(8IP)sin2 8dQ 
, " 

=:= a LLI :E s~ JL-"s~?~ IL-~ ~ Yj.* (6IP) Yj,~ (8IP)sin2 8dQ (AZ. 4) 
~ , 

where' we have used the orthonormality of the spherical harmonics and (AZ· 1). Next, 
by making use of the well-known formula 

ffy *(IJ )y (IJ )' 3IJdIJJ Z(P+j-l+JP) ~ J J .I" U, ~ jl" U, ~ Sin u, uu~=. , uji' (Zj-l) (Zj+3) 

1 I(J+ 1 +11) (j+ 1-11) (j+Z+II) (J+Z-II) a +2 'I 

Zj+3 l '(Zj+l) (Z/+5) .I ,7 

1 1(j-i+lI)(j-l-lI) (j+II) (j-II)a 
Zj-l ~ (Zj+ 1) (Zj-3) .1-2,.1' • 

(AZ.5) 

and by remembering the asymptotic form of EJ';i'm' '(see (5.Z).) the cross section Qvis 
become~': '(p=m+m') 

Q =~".If. jL ('JII )2[jL j];,2,{Zj+l)(P+f-l+112)ls,mlml_lJ2 
vio, k2 LJ SJV JL-"sJof,r.- .yLmml ' ,S,]f "1L-~SJ1~1L " (' ) (.) 1 JjI. ' j,1JIL" Zj-:-lZj+3 

__ 1+2,I. _;+2,L -V(j+l+lI) U+1-1I) (j+Z+J,I) (J+Z-II) 
,!,"jt " JL-~ SJiOIL • 

Zj+3 

X (SI"'/I""*-I) (Slmllml -1) ".II. JI j+2,L 

_sj-,2,I. _,;-2,L -V (j-l +11) (j-l-II) (J+II) (j-II) (Sbnllml* 1) (SlmI''''' I)J 
J1 ~ JL-",!,"jtOJL ' JjL - JI j-2,1. -. 

, Zj-l 
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When we sum up over J and]', the second and the third terms become complex conjugate 
with each other .. Therefore, we have 

Q 211:" 1 jT. siT. (JII ) 2 [siT. siT. "is=-ko L...! • S"" ~-~ J'l~ Sj.mml .JI ~ ~-~ J'O~ 
- jJ,flLv 2;+3 

-s3;~'~_~s~to~T..v. U+ 1 +v) U+ I--v) (j+ 2+ v) (j+ 2-V) 

xRe{(SI,!,!lml*-I) (Slml1ml -I)}]. 
JJ/. . Jj+2,L . 

Appendix III 

Here, we shall prove the two relations which have been used in § 6. 

(A2.6) 

( i ) fIldependence of tlte matrix elements of the interinolecular potential V' upon the 
quantum number p. which defines the z-component of the total angular momentum of the 

whole system. 

Since our system consists of four atoms, the configuration can be expressed completely 
by 12 coordinates, which may be classified as follows : 

I: three coordinates which define the position of the center-of-gravity of the system, 

II: three coordinates R, ~1> ~2' (See Fig. 2.) 
III: three coordinates Xl> X2' (/)1.- (/)2, whiCh define' the relative orientation of the ·two 

molecules, 

IV: three coordinates which define the orientation of the system as a whole. 

Now we are considering the matrix elements (Jp./Lllll V'IJI /l'j' L' AA') in the sub­
space (III) + (IV) and wave function can be written in this subspace as 4) 6) 

¢~r:tl = ~ D'(.Jt) 'II- r,/j;ll' (Xl> Xi!, (tJ1- (tJ2) 
s -

where .Jt is the rotation of coordinate system which bring the system into a standard con­
figuration.6) Thus we have 

(Jp.jLll'l V'I.!' p'j' L' AA') 

= 2:;' dZJm' dZJ1VD"* (.Jt)'II- DJI (.Jt)81~IX!!;/lI* X~,~?).I V' 
8S1 J J 

The first integral is independent of .Jt while the second integral becomes ( 1 /2 J + 1) X 

a JJI a,., all-~I ~ dVIV by the property of the representation of rotation group. Thus we obtain 
that the above matrix element is 

(2J + 1) -1 a,I';" all-II-' 2J } dVm X~l/I* VI X~m.}" l dZJ1V . 
8 

dw vah,1e of whi-;:h is independent of /1, so 10n~ as f1 = f'. 
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... (6·5) 

From the definition, we get 

Vo= (1/21+ 1) (l/21' + 1) ~ Uolml' m'l V'ljOlmf' m') 
1nm' 

S!nce the elements in the -summation do not depend on p. = m + m' and vanish for J =1= J' 
as just proved in (i), the summation on m and m' can be carried out as 

=~(~A'Jy·aLL' , ,... 

where we have used (A2 ·1). Thus we have 

Vo= (1/21+ 1) (1/21' + 1) ~ (sf,A,...) 2 (JjLtl'l V'IJjLll'). 
JL,... 

(A3.1) 

Now, from the definition, 

LI~fft= (JjLlt'l V'IJjLll') - Vo 

and, therefore, we· get 

~::E (s!!om+m,s~'".m,)2L1~f{; 
mm'JL 

,= L; Cljo,...) 2 (jjLtt' I V' I JjLtl') - Vo(zl+ 1) (Z/' + 1) 
Jl;"" , 

by (AZ·1),. (AZ.Z) 

=0 by (A3.1). 
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