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The general features of the elastic and the inelastic collisions have been investigated in this paper.
The inelastic. collisions are confined to the rotational and the vibrational ones, and the electronic degrees
of freedom are disregarded throughout. Starting from the fundamental set of equations for the collision
problem, the effects of the non-spherical character of the intermolecular potential are discussed. For the
rotational transitions where the level spacings are rather small, the semi-classical method is employed and
for the vibrational transitions, the distorted wave method is developed and some simple methods to
estimate the cross sections are also discussed. Special considerations are also given for the cases in
which the two colliding molecules are identical.

§ 1. Introduction

As is well known, the knowledge of molecular collision processes, in general, together
with that of the stationary states of molecules form the fundamental part of the chemical
physics. And these molecular collisions which may be accompanied with the rotational
and/or the vibrational transitions can be treated, in principle, by solving the well-established
Schroedinger wave equation for that system. The straightforward solution, however, impels
us to carry out the extremely laborious calculations. It may be said that it is almost im-
possible to do so unless some specially designed calculating machines are invented. For

this reason, -the calculations for the elastic molecular collisions are usually done by assuming

the spherically symmetric potential without taking the internal degrees of freedom into
account, while the calculations of the probabilities of the vibtational or the rotational
transitions have been made for the special orientations of the two colliding molecules (e.g.
collinear collision or collision in-a plane).”~® Thus, it is desirable to investigate more
fully the general feature of the collision processes and to seek for some approximation
methods of treatment. In this paper, some detailed investigations for the collisions between
two diatomic molecules in the unrestricted space are reported.

First thing we have to do is to set up the fundamental equations for our problem.
Then we must determine the intermolecular force for particular case and calculate its matrix
elements which appear in the fundamental equations. The pure theoretical determination
of the intermolecular potential presents one of the outstanding difficulties for the collision
problem, and the semi-empirical determination is preferable if it is possible. These pro-
blems are investigated in the first part (§2, §3). Special considerations are also given
for the case in which the two colliding molecules are identical. (§4) In the next part
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of this paper, the cross section for the elastic scattering is defined in relation to the
asymptotic behaviour of the wave function (§5), and some considerations, espectally on
the effects of the non-spherical nature of the potential, are given for the elastic scatterrng
(§6) The inelastic transitions, especially the vibrational ome, in the thermal collisions
may be treated by the distorted wave method. (§7) The general formulation on this line
and some attempts to estimate the cross sections in simple ways are explained in §9. For
the rotational transitions, however, the transition probabilities are rather large so that the
distorted wave method can no longer be employed. Instead, the semi-classical methed, in
which the translational motion is described classically, is proposed for this case. (§ 8)
Finally, we must consider the statistical problems, such as the viscosity, the diffusion, the
ultrasonic dispersion and so forth, in order to combine the theory of elementafy processes
with the experimental data. In particular, we are interested in the effects due to the
existence of the internal degrees of freedom. Some brief discussions are given for these
effects. (§ 10)

The numerical examples are not shown in this paper. It is also desirable to investigate
the other types of collision, such as the collisions -between the larger molecules and the
multiple collisions in which more than two molecules collide simultaneously. These problems
are postponed to another chance. '

§ 2. Derivation of the fundamental set of equations™®

We shall first consider the wave function of a free diatomic molecule. As is well-
known, it has the following form

unl(f) Y;m(oi 5”)/5 ’
where ¢ is the internuclear distance, and 0, ¢ define the direction of the molecular axis

with respect to the fixed coordinate axes in the space. #,, is the vibrational wave function
which satisfies the equation of the form**

d3/dE—1(+1) [E—2pV(E) +2p Wb un(§) =0,

together with the boundary conditions (#(0)=0 and %(§)—>0 for §—), and is
. normalized according to

qum* )t (§) AE =0y
0
Y, is the ordinary spherical harmonic function :

m 21+1(1“m)"1/’si 2" P(cos '
6,,.(0) = (—1) { 2 (l+m)'} o H(dcosﬂ) P(C ”, (m>0)

el—m(a) = (_ l)m : 01m (0)3
* Essential part of §§ 1-3 was reported in the international symposium on molecular physics at NikKo,

Japan (September, 1953).
** Atomic units are used throughout this paper.
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?,(9)=(1/ V27 exp (imp).
V(€) in the above equation is the vibrational potential, and g means the reduced mass
of the two atoms.. /¥, is the internal energy of the molecule, distegarding the electronic
one. The electronic wave function does not appear explicitly in this work.
Now we shall proceed to the system consisting of the two diatomic molecules. If the
two molecules are: far apart, the potential energy of the system is simply the sum of the
intramolecular potentials of both molecules

V= V1(51) + V2(52),
and when these two molecules approach to each other, the mutual interaction starts to act
and the potential energy function may be written as

V=0,)+ V(€D + V' (R, 6, @, €, 0,, 91, §,, 05, 9,). (2-1)

(See Fig. 1) Since the third term, intermo-
lecular potential, depends on the internal

(.0, ¢)
coordinates of the two molecules, the rotational \
transition (change of /, #2) and the vibrational
transition (change of 7) can take place. The
separation of the potential into three parts as in
the expression (2-1) is useful only in the distant
collision such as the thermal collision in the room

(51- 01» @)

gravity-center
of molecule

Fig. 1
temperature, and may become meaningless in the extremely close collision, especially in the
case of the rearrangement chemical reaction such as the double decomposition: AB+CD
=AC+BD, which is. beyond the scope of our present considerations.

On the other hand, the kinetic energy of this system may be expressed as

T=— (/2P — (1/21)P 5 — (1/2M )P 7, (2-2)
where J/ means the reduced mass of the two-molecule-system. The first and the second
terms in the right hand side cotrespond -to the. internal motions of two molecules and the
third term corresponds to the relative motion of them. The translational energy of the
systemi as a whole has been separated out, which is always possible without loss of gene-
r"ality.

Then the Schroedinger wave equation is given by

(T+V—-E)Y¥=0 (2-3)

where ¥ is the wave function representing the whole system.

Now if the intermolecular potential is small, or if, at least, the dependence of the
intermolecular potential on the internal coordinates of two molecules is assumed to be little,
it is convenient to expand the total wave function as follows :

W:'?(l/R)f;(R)Aa(g’ 92, El’ b, @15 §,, 0,, ®;) (2-4)
A= yjy(g(p)‘;—.”nz(fx) Ylm(ﬂlﬁ)%”wﬂ (52) E'm;(ﬁzfpz)’
1 2
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where « stands for (J, ¥, #, /, m, #', I’, 1n’). By substituting this expansion into (2-3),
we have a set of equations for f(R) :
Lfd _JU+D g, {PAC | V') fur (R 2.5
AL AN b @ =Sl f®), @)
where
k2 2M=FE— W0 —W,3, (2-6)
(| V') =(([](2242,d2,6 28,62 dE, A V' - Aur

, (2-7)
dR=sin60d04dP, d2,=sinl,db;dp;.

In the above treatment, the total angular momentum of the system is not definite.
However, since the total angular momentum quantum numibers /, p (¢ corresponds to the
z-component of the angular momentum) are the good quantum numbers, it is desirable to
use the representation in which the values of these .quantum numbers . appear -explicitly.
For this sake, the following linear combinations of the single products of the spherical
harmonics must be employed as the basic functions of the expansion :

Y= 33 e mm St et Vu-m(09) Vi (0:01) Yir ey (o). (2:8)%
Then the equations (’2-4), (2-5) and (2:7) are respectivel;; te.placed by~
?P':E(I/R)I«},(R) By(6, 9, ¢,,0,, ¢, &,, 05, 0,) (2-9)
=(1/€) um($y) (1/52) e (§9) iz »

1 (G +1) ) ,
T “R +E AR =S @V F®R),  (2:10)

ﬂE(]’ Y, 2, ”’7_/’ L: l;l,)’
BIV'1B) =0sn 00w ([ (|00 02,d2,62d5,62d6,8,- V' - By . (2:11)

Sometimes, the nuclear and/or electronic spin may exist which have not been taken into
account in the above equations. But the spin does not couple with the orbital angular
- momenta strongly, / and g are still good quantum numbers even if we don’t include the
spin in this resultant angular momentum. L

The equations (2-10) are our fundamental set of equations to be solved. The next
step is the determination of the matrix elements in these equations (§ 3), and then comes
the investigation- of the general features of the solution (§§6-9).

If we can neglect the vibrational motion of the molecules, #(€) is replaced by

Vo(E—£)

where &, means the equilibrium value of the internuclear distance.

* The so-called Clebsch-Gordan’s coefficients s%. , is the same with that defined by Wigner in his text
book.” See also Appendix II

9T0Z ‘9T Jequisldes uo A1seAIUN BIS BIUeA|ASUURd e /6io's[eulnofplojxo-did//:dny woly papeojumoq


http://ptp.oxfordjournals.org/

The Theory of Collisions between Two Diatomic Molecules 561

Recently, Hirschfelder, Curtiss and Adler in Wisconsin University have also investigated
the general formulation of the collision problem for the polyatomic molecules.”~® They
have separated the rotational coordinates from -the /V-particle Schroedinger equation by
making use of the group theoretical method and have obtained® a similar set” of equations
to our equations (2:10).

§ 3. Intermolecular force potential and its matrix elements

All kinds: of collision ‘process have its. origin in the intermolecular potential I/, and
usually the cross sections of various processes depend rather sensitively .on this potential
function. But, unfortunately, the calculation of the intermolecular force potential is a very
difficult thing, and no theoretical calculations of }”/ have been made for diatomic molecules,
except for Hy-H, force.® ' For this reason, it is preferable to ‘use the semi-empirical
formula as far as possible. For instance, we may determine the potential function from
the equation of state of the gas or from some transport phenomena such as viscosity and
then employ the so-determined function to calculate .the cross sections of  some inelastic
procesges. ‘

The intermolecular force is usually divided into two parts. The one is the Stl:Otlé:
repulsive force (V) in the closest distances which arises from the overlapping of the
electron clouds of the two molecules. The other is the so-called Van der Waals force
(V.) which is usually attractive and have a long range of action. The former may be
expressed approximately by the sum of the interatomic repulsive potentials between the
atoms belonging to the different molecules, i.e.

V,= 7’13.("13) + 7y (" 1) +‘7’23 (72) + v ("24) » ) 3 N 1) .

where 7;; is the distance between i-th and ;-th
atoms.” ™ (See Fig. 2.) The interatomic
potential v,; may be determined empirically, by

J J

assuming a simple form containing some para-
meters which should be adjusted by comparing 3

with some experimental data. o X ¢ %{
) » 2
If the internucleat distances &;, &, are both A = : :

small compared with the intermolecular distance £
R (this is roughly true for the thermal collisions :
at ordinary temperatures), it is convenient to 2 o
expand the function (3-1) into the following Fig. 2
series

© ©

V= S’! Z 2 xa‘]’ajgak xb’lyb’mgb/”[ ai+j+/c+l+m+n7/ab(r) ]
T a2 5 dgk amn VR Imlu! LAXAYIAZ*AX"AY™AZ"

. (F=(X'—X—R)'+ (V' =Y)*+(Z'=2)’)
= {73(R) + 034 (R) +v5(R) + 254 (R) }

X=Y=2Z=0
X'=YI=2!=0
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+ {(#1— ) (8915/0X) o+ (2,— /) (0714/8X)y
+ (23— #5) (009/0X ) o+ (25— 2/ ) (0754/0X )}
3 (2 2%) (3%015/0.X%) o+ (212 +2/%) (3°%04,/3.X?),
+ (2 + 25®) (3°0p/0.X %) o+ (27 + 2,%) (37 05/0.X%),
+ (740 4 204 2%) (F 0/ BV D)o+ (97 +24+ 27 +2) (8°01/0Y™),
+ (92 +7 25 +2) (3°vss/0Y ) o+ (35" + 7%+ 27+ 2%) (8°02/0Y ?) o}
+ {22 (0°24,/0 X0X") g+ 2,2, (3%9,,/0X0X"),
4 2575 (0% 003/0XBX") o+ 297 (8°049/0XBX"),
+ (204 +2:2) (B°0/3YV V) o+ (31 9/ +2:2) (3°01/8Y Y7,
+ (Po95 + 2985 ) (0°05/YOY")  + (Fo.0d +2:2{) (3°200/0Y3Y") o} |
+3rd and higher order terms. » (3-2)

It is easy to see that this expression is a (6, 0
function of three cosines cosyy, cosy, and ’ )
cos ¥’ (See Fig. 3) and &, &, R. This can ‘ \ |, — w,|
be proved either by substituting the relations ' ‘

xy=E(mf 1+ m5) cos s, ' () < ) 0., ¢.)
(m; is the mass of the i-th atom.) 4
it alt=E2(my/m;+my)*(1—cos® yy),
y1Yd 22 =88 (mof my+ m5) |
X (912,/ s+ 12,) sin 7y sin ¥, cos (w;— w,)

=&,&y(myf/ 1+ my) (1125/ M5+ 1m1,)

Fig. 3

X (cos ¥’ —cos ¥, cos ) etc.,

into the above expression directly, or by noticing that these three cosines togéther with £,
€, and R determine the distances of each atom from three other atoms uniquely. Thus,
after all, the repulsive potential }/, must have the form

Vi=N 08 (51, &35 R) Pu(cos ) Py (cos ¥5) Py (cos ') ' (3:3)
«.8,7

and, if the anisotropy of this potential is not so large, only the first few terms have to
be employed.

Now it is easy to calculate the matrix elements of I/,. By remembering the addition
theorem

Py(eos 1) = (47/2041) 31 Y*(60) Yoo (Orr)
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Py(cos 1) = (47/26+1) 31 Yiu* (80) Viu ()

P (cosy')=(47/27 + 1);_2_7' Ve (0,90 Y32 (0:95), (3-4)
it is clear that the matrix elements of the function (3-3) can be éxpressed in terms of
(U 5 tm) = 2/2L+1) " [ Virnr* (00) Vs - (09) V., (0p)sin 0.0 dp .

The values of: these integrals have been calculated for not too large values of / and //.>™
For the larget values of / and //, we have to calculate by making use of the general
formula for these integrals.’® ¥

The matrix elements of the Van der Waals force I/, can be derived similarly if this
potential has been expressed in a similar form to (3-3).

If two molecules are homonuclear, we have z,=—x,, y,=—y, efc., and furthermore
the four interatomic potentials 2,5, ¥y, Vs, Vs become same functions and, therefore, the

repulsive potential can be expressed in a much simpler form :
V,=4v(R) +2 [(2 42" (8°2/0.X*)o+ (9" +55" + 27 +2,") (8°v/3Y?),], (3-5)

higher terms being neglected for simplicity. In this case, we can determine the inter-
molecular potential semi-empirically. The empirical interaction potential, which is derived

from the observed data on the transport phenomena etc., is usually spherically symmetric
one such as Lennard-Jones type

YR™"—pR™S, (3-6)
ot a little more teasonable form™
Pexp(—R/p) —pR™" ‘ (3-7)

Then by assuming v(7) =a/7" ot aexp(—&r) and by comparing the expressions (3:5),
after averaging over the orientation of the two molecules, with (3-6) or (3:7), we can
easily determine the best values of the parameters. The van der Waals force potential, on
the other hand, can be estimated employing the empitical or the theoretical values of the
permanent quadrupole moment (the dipole moment is zero for homonuclear case), the
polarizability and its anisotropy etc., for both molecules, and this potential is given by

(interactions between permanent multipoles)
+ (interactions between permanent multipoles and induced multipoles)
+ (intevactions between induced multipoles). (3-8)

The last term, e.g., is usually given in a form : const. @, a,/R", a;, a, being the polariz-
abilities of two molecules. But the constant coefficient is not .certain from the simple
theoretical calculations, and thus it will be better to adjust such coefficient by comparing
(3-8) with the attractive part of the empirical potential (3-6) or (3-.7).

In this way, the dependence of I”/=1/,4 1/, on the orientations of the two mole-
cules will be gbtained. "But for the calculation of the vibrational transition Probability it
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is also required to determine the dependence on the internuclear. distances &, §,. For this
sake, we must know the dependence of permanent multipoles and polarizabilities on &; and
§,. For the polarizabilities, the intensity of the Raman spectra will serve for getting the
required knowledge. ‘For the permanent multipoles, howevet, the -theoretical estimations are
needed. Of course, the rigorous calculations of -the multipoles of the molecule are very
hard to do and the results are not reliable enough in the absolute scale. But it may be
said that the ratio of the variation of the multipole tothe multipole itself is reliable,
though there is no authentic foundation for this expectation, at present.

"For the heteronuclear molecules, the situation becomes more complex, because of the
presence of the dipole moment and many undetermined parameters in 1,. But even in
this case, the experimental value will setve to renormalize the uncertain results of the pure
theoretical calculations. v

Finally, we shall consider briefly the symmetry propetty of the intermolecular potential
V' for the pair of the identical molecules. For this sake, it is convenient to adopt the
expression of 7/ in the same form as (3:3), i.e.

V=3 vt G G R)Pueos p) B (cos R Peleos 7). (3:9)

First, we shall neglect the vibration and put §=¢&,. Then the potential becomes sym-
metric for the exchange of ¥, and m—y, for the fixed value of |w,—w,|. (Atoms 1
and 3, 2 and 4 are assumed to be identical, resp.) Then it can be shown (Appendix I)
that there are the following relations between the coefficients in the expression (3:9)

Vagr = (—1)** P01 . (3-10)
Thetefore, if we divide the potential }”/ into two parts :

Vi=Vi4V-; V= 31 ., V™=

a+f=even @ +3=0dd

.-, (3'.11)

it is easy to see that ]/ is a symmetric function for the interchange of the paits of
coordinates, (0,, ¢;) and (0,, ,), and V7~ is an antisymmetric one. Especially, for
homonuclear cases the simultaneous substitutions

(1> @) =>(T—x1, T+ @;),  (Yar ©3) =>(T— Y, T+ ;)

do not change the potential function, because by these substitutions the geometrical con-

figuration is unaltered. From this fact, it results that there is no antisymmetric part '~
in these cases. Thus the potential between two identical homonuclear diatomic molecules
is’ symmetric for ‘the interchange of (0,, ¢,) and (0,, ;).

If we take the vibrational degrees of freedom into account, we have
Dapr (€15 €0 B) = (—1)"""0par (&, €15 B). (3-12)

For the case of homonuclear molecules, we have "~ =0 again.

§4. Effect of statistics for the identical pair of molecules

For the collision between the identical molecules, we must use the properly symmetrized
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wave function. Thus, instead of

| X (K)o (),
we must employ ‘
(1/ V) [Ly(X1) Ew (X2) @ (B) +Ln(Xo) Can (X)) 9 (— R)]
= (1/ V2)[Cu(X1) Er (X)) £EM( X E (XD ] (1/2) [0 (R) + ¢ (— R)]
+ (1/V2) (LX) L (X2) F Ll X Ean (XD) ]+ (1/2) [ (B) — 9 (— R)],

where ¢4(X) means the internal wave function of a molecule, i.e., abbreviation of
%4 (§) Y, (0, ¢) /& and N, X stand for (, [, m) and (&, 0, ¢) respectively. The upper
of the double sign corresponds to the Bose statistics and the lower to the Fermi statistics.
In the following, however we shall confine ourselves to the Bose statistics only. Of course,
the treatment for the Fermi statistics can be obtained similary.

Now we shall define the symmetrized basis

Zuii=(1/ Y ) [Zn( X)) (XD (XD (X)), (V£ V) (4-1)
Zyy=Cn(X) {n(X), Zyy==0,
then the wave function of the system may be written as follows

V=3 [Zuwa s (B) + Ly Pin (B) ], (4-2).

where ¢* and ¢~ mean the functions which are symmetric and antisymmetric for the sub-
stitution J8— — I respectively. Inserting this expression “into the Schroedinger equation,
we have the following set of equations

(7 ) 9t (R) =20 53, (Zut| V¥ | 2283 90 ()
+2M 5 (Zi| V7|22 o0 (),

P +-bx) i (B) =200 33 (Zoia| V* | Z217) 217 (R) (4-3)"
+2M 33 Zoi| V| Zer) o0 (B),

where V* and I~ are the parts of the potential J”” which are symmetric and anti-
symmetric for the exchange of X and X, as defined in the last section.
¢* and ¢~ can further be expanded as follows

oxii(B) = 3] 52+ 1)" (Gl (R) /R} ¥, (89)
oxi (B) = 31 312741 (Gl (R)/R} Y, (690),

and inserting these expansions into the equation (4:3), we get
AR+ by —i (1) /R Gl «
=2M'S) 3 @+ 1/24 1)V, Zui V| Yy, Zoid) Gt (4°5)

jl=even v/ PP!

+2M 3 S (27 +1/27+1) B (Y, Zuw| V| Yirrs Zpsn) GEFr -

j'=odd v/ PP!

(4+4)
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for even 7, and similar set of equations can be written down easily for odd values of ;.
o If the non-diagonal elements of the potential function are assumed to be small, we
can neglect them in the treatment of the elastic scattering. Then, for the case V=1,
we have
b =Zyn¥Prw
and :
P2+ Zww) Paew=2M (Zu| V* | Zr) Pt » \
thus the orbital angular momentum ; is restricted to be even integer. For /V 7# N’, the
total wave function becomes
A T =Ly Py + Ly Povsv »
-and the set of equations becomes
PP+ lewwt) P =2M( Ly | V* | Zr) ooty + 2 (L | V| Z ) v
P2+ beawt) i =2 M(Z i | V' | Zein) P+ 2M(Zei| V| Ziygn) Povn -
For the homonuclear diatomic molecules, these equations are separated as
(P2 + legws) P =2 M{ (NN | V* [NN'") + (NN'|V*N'N ) } @ ons
(P2 + byw)) o =2 M{(NVN'|V*|NN") — (NN'|V* |N'N )} Qv »
where
VN[V PP = 0" (X)) Can* (X0) V' Co (X) Eor (Xn)dX, X

It may be noted that the exchange potential (NVN'|I"*|N'N') appears in this case which
does not appear in the unsymmetrized treatment. But, these exchange potential mayA be
as small as the other non-diagonal terms which have been neglected in our treatment.

Next, we shall consider the inelastic collision. Here again we shall assume J7~=0
for simplicity, and compare the two processes

W)+ 2W)+ @) G
(N + V)W) + (V), g : ;!3

where (/V) stands for the molecule in the V-state. In the unsymmetrized theory, the
cross sections. of these processes will be proportional to the following square of matrix
elements

Quen e |(VN'|V*|NN ) [P
Q('4-7n)°° ] (N”N’] V*]N”N) |2

and Qo™ Qu.my in the first approximation. Here and in the following, the equality
~ corresponds to the linear approximation of the perturbation potential, i.e.

(NN'|V+| PP")
=ad(IV, P)3(N', P') +63(V, P) - (N'[7/|P") +cd(V', P') (N o[P).
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Accordi;m,g to the Bose statistics, on the other hand, we have
Qe o [ (Zam | V| Zyip) IP=2| (VN | V* | VIV) |?
Qcvzey | (Zyn i V| Zyrriit) P | (NN VHINIV) P,

and in the first approximation Q=220 us -

Now, in the unsymmetrized treatment of (4-6a), we must take into account the
possibility that both molecule can suffer the transition. Thus the effective cross section of
inelastic collision is obtained from the above value by multiplying 2. It is not the case
in the Bose statistics, because the only one final state Z% is permissible for this case.
As a result, approximate relation Qny~22Q is valid for both unsymmetrized theory
and the symmetrized treatment. Furthermore, the collision number in gas phase is reduced
to half for the identical pair of molecules. Thus the reaction rates of (4-6a) and (4-7a)
are approximately the same. From the principle of detailed balance, this equality must
hold for the inverse processes (4-6b) and (4-7b) too. It can be confirmed easily. For
the unsymmetrized theory, we have

Quenyoc | (VN |V NN') |2
Q(4-71;)-0C ] (N/IN] V+ INI/N/) I2’

and in the first approximation Q@)= Qpy. In the symmetrized treatment, on the other
hand, we have

Q(#-ﬁb)oc%[ (Zao V| Zai) P=| (VN | V| NN') |?
Q| (Zwis| V| Zy i) P= | (VN | VHN"N') [

where the factor } corresponds to the fact that only the partial waves with even orbital
angular momenta ;' can be combined with the final state. Thus we have Oy~ Quy.

Now this time-the collision numbers are equal and, therefore, the reaction rates are equal

for (4-6b) and (4:7b) as expected. . (On these effects of the statistics, our previous
considerations have been mistaken, in which we concluded Qg ~3Q,.™*)

In this section we have employed the (7, Y, /, m, [', m')-representation. However,
this can be transformed easily into the (_/, 7, L, /, [/, p)-representation.

§ 5. General discussions on the cross section

In this section, the general asymptotic form of the scattered wave function is considered
and then, in relation to this asymptotic form, we proceed to the definition of the cross
sections of the elastic and inelastic scatterings. As is well known the plane wave is ex-

panded as follows
exp iR cos 6) =31 (27+1)# P,(cos 6) F(R),
where / behaves asymptotically as
Fi(R)~ sin(AR—3% jn) JER  for R—co.
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Thus the incident wave for our problem can be written, except for the vibrational part, as
follows '

By =V, (0,9,) Vi (0a0) exp (2R cos 6)

=31+ D)PFy(R) (47/2+ 1) = Vo (00) Yin 0, Yo (Brg) - (5°1)

—(1/R)ZV B Yt
where 7 behaves asymptotically as

Bt o 53 st S [470 (274 1) J24? sin(AR—3% )

e o [ (27 1) T2 {exp(i4R) — (—1)9 exp(—ikR)} /i, (R—>c0).
The vibrational part can be taken into account easily. But in the thermal collisions between
diatomic molecules, the vibrational transition takes place with very small probability and its
influence on the elastic scattering or the rotational transition is negligible. For this reason,

we shall neglect the vibrational degrees of freedom in this section. Now we can assume
the following form for the elastically scattered wave

V= (1/R) 3 5 B Y™ o (5-2)

j=0 J,L

Eflim ~ s3y iomt Sh [ (27 + 1) 2(SEE™ —1) exp (i8R) J#oi , (R —>0).

The inelastically scattered wave, on the other hand, may be written as
= (I/R)AE}J iz} 2 G.llt'vdL,;’bA,’ JIK';’"‘, (1’ ll) 7é (l’ l,) (5 .3)
GRE%r ~ Yo mms Stomns [ (27 + 1) 12 350550 exp (éley R) /Ry, (R—>0).
%y is the wave number cotresponding to the final state, which is defined by (2-6). In
the asymptotic form- (5-3) the factors before 7" can be, of course, included in the
undetermined factor 7. But the above form is adopted to make equal its form with the
case of elastic scattering.
Now the cross section can be.expressed easily by making use of the scattering matrix

S. By imagining a large spherical surface (SS) with the radius R, the outgoing flux
of the wave ¥, across this SS is easily calculated as

fd—(l/ZzM)j ‘d!?“d!? 42,(F %3 4 JAR— B * /AR W)

—(/é/M ) (ﬂ//é‘)E E(ZJ+ 1) (5o mams S )*| SS5E ™ — 117,

where we have used the orthonormality of ¥. The flux of the incident plane wave, on
the other hand, is clearly ‘
Ly=v="7%/M per unit area.

Thus the cross section for the elastic scattering can be defined as -usual
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QelE el/[ (ﬂ-/'é )Z(Zj+1)2(SJOm-l—m’slIZ,mm’)ng};}flm,—1lg' (54)

Now the continuity equation must hold for the total wave function ¥=¥ +¥ ,+ ¥,
which means that -the net incoming flux of ¥+ ¥, must be equal to the flux of the
outgoing wave ¥,,. (Remember that ¥+ ¥, and ¥, are orthogonal to each other
because of different internal wave functions.) From this fact, the cross section for the
inelastic scattering can be given formally by the integral

1 2
Qu= 1| Readffae,ded @ v Lo r

——a_?‘?“(w‘o*‘l‘ w‘el*) ‘ (Wo"l' wel)}/[o

In calculating the integral, the terms which contain ¥, and ¥';* only cancel with each
other, and the terms which contain ¥, and Z,* only become —(,. Thus we have

ov,* v . * v Py
On=—Cut | R d!l”d!) a0 ) Pl . P L L
On=—0 zuéS ( Yot or TN Gr T aR

_(ﬂ/é')2(2j+1)2( 3 msmt o) 2 {1 — | ST ™ %} (5-5)

It can be seen from this, that the cross section for the inelastic scattering is determined
by the scattering matrix .S which determines the elastic scattering. Properly speaking,
however, matrix S itself can be determined by taking not only the elastic but also the
inelastic processés into account. Of coutse, the item of the inelastic processes can not be
expressed by S, but by 7. Using the matrix 7, the particular inelastic collision cross
section /— 4, /’— A’ can be given by

Oun= (/)33 (27+ 1) 3X( o mimt s ) | L5503 %

Summing up such cross sections over all possible inelastic processes and equating the result
with (5:5), we have the following relation between S and 7,

S+ T oo ) {1 S~ 5 AT =0

Even if the inelastic processes are forbidden energetically or take place with very small
probabilities, the absolute value of the elements of matrix S are not equal to unity in
general. That is, even if .the expression (5:5) vanishes, some of the | Stmm’ | may be
larger and some others smaller than unity, corresponding to the possibility of the change
of 7 and L during the collision. Such redistribution in ; and L can take place easily for
the non-spherical scattering potential. For this reason, it is impossible to express the elastic
scattering by the phase shifts only, as in the spherical fields. However, if we can assume
in the first approximation that the quantum numbers 7, /, //, L are good quantum numbers
(), m+mw are good quantum numbers, rigorously.), the absolute values of matrix elements

of S become unity and, therefore, by putting

9702 ‘9T Joquisldes uo A1sAIUN aIS BIUeA|ASUURd e /61o's[eulnofpiojxo-did//:dny woly papeojumoq


http://ptp.oxfordjournals.org/

570 K. Takayanagi

Shi'™ =exp(2:075)
we have immediately that

Ou= (471'/,&')2(2_/-}-1)2(5 b mtmt St )? 507 R (5-6)

which is also obtained directly by replacing the sin®d, in the well-known formula
Qu= (47/&) (27 +1)sin*8; (central field)
J
by its weighted mean

E (SJO m+m! Sllmm/) sm 6,7”’ .

The cross sections which ate effective for the viscosity or the diffusion can be obtained
straightforwardly, but these have not such simple forms. For instance, for the case of
negligible inelastic scattering, the cross section for the viscosity is given formally by

Q.= 408,48, 63 Pt V.

But this integral does not become simple, even if we assume that the absolute value of the
matrix elements of S are unity. (See Appendix II.)

§ 6. More detailed discussions on the elastic scattering

As in the previous section, we shall neglect the vibrational degrees of freedom in this
section too. It is easy to see by analyzing the experimental data of ultrasonic dispersion
that the probabilities of the vibrational transitions are very small under the ordinaty con-
ditions.” For instance, the deactivating transition of an excited O, molecule takes place
only once in 160000 collisions in the O, gas for the room temperature. For an excited
Cl, molecule in Cl, gas, transition takes place once in 34000 collisions. For Cl, in HCI
gas, which is one of the most favorable cases, once in 120 collisions. The probabilities of
exciting processes to the upper vibrational states are much smaller than these ﬁgurés. Thus
we may safely neglect the vibrational transitions in the first approximation.

Now the most simple method of treatment of the elastic scattering is to reduce the
problem to the scattering under the spherically symmetric potential field which is obtained
from the non-spherical potential by averaging over the orientations of two molecules. In
fact, even if the two colliding molecules have the definite rotational angular momenta 7, //
respectively, the z-components of these angular momenta will change from one particular
collision to another and, therefore, the effective scattering process must be obtained by
averaging over the quantum numbers 72, 7/ which define the z-components of the angular
momenta. The average of 1/ over 7 and 7/ leads, indeed, to the spherical potential
which is independent of / and /’. Property speaking, however, the averaging must be
made not for the potential, but for the cross section, and now we shall investigate. the
difference of these two averaging procedures, by assuming that /, //, L ;7 (and of course / )
are good quantum numbers.

We denote the averaged potential field by 17, and the phase shifts of the scattered
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wave from this field /7, by ;. - Then the scattering cross section for this potential is given by
Qa=(4n/F) %](2j+ 1)sin® 4, (6-1)
% being the wave number. Next, we shall denote the phase shifts for the actual potential
field® .
(]’].’ L, [’ l, lVll./?]’ [4: lv l,)
by
0 =20;+ 4ol ,
and the cross section calculated by these phase shifts by

Qu=Qa+4Qq .

QS is a function of the wave number Z only, but Q, depends on /,-7/, m, w' too. If
4d’s are assumed to be small, we can get from the equation (5-6) that
AQGI (47r/k)2(2j+1)51n 26 Z( 0m+m’lel:llm’) AB:;I{” (6.2)

in the first apptoximation. “The change of the phase shifts appeared in this formula can
be given by the integral

1055=1/B) | aRIFy(R) 4 Vi (6-3)

in the first apptoximation, where 417} means the potential change
AdvVigi= (5 L LU\ V' ], 75 L, 4, 1) =TV,
and 7;(R) is the solution of the radial equation
(@ /AR + B =7 (j+ 1) [ = 2MVy(R)}F,(R) =0, (6-4)
‘which vanishes at the origin and is normalized as sin(£R—} jm+0;) asymptotically. The
formula (6-3) can be derived as follows. Let /,’ be the solution of the radial equation
for a potential V,+ 4V, which is normalized as sin(#R—3 77 40,4+ 49;) asymptotically.
Multiplying 7} from the left 10 (6-4) and multiplying 7} to
' @Y AR + B —j(j+1) /R —2M(V,+dV )} F{(R)=0

and subtracting one from the other, we obtain

d/dR(F} - kF;/dR—F;-dF{ /dR) =F;dVF}.

By noting that both 7, and /' vanish at the origin, we get by integration

(Fy -dF,/dR—F;-dF}/dR) p.n= ra’R F,AVF]
0

* Matrix elements of 7/ .do not depend on the sixth quantum number p, because the latter quantity
define ‘the z-component of the total angular momentum, i.e., the orientation of the system as a‘ whole, while
V/ depends only on the relative configuration of . the two molecules. (See also Appendix III.)
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the left hand side of which can be calculated easily, resulting %sin 40;. This is yet
a rigorous equation. Since 40; have been assumed to be small we may put sin 40;,=49;,
and also #/= F; which results the above equation (6:3).
As is shown in the Appendix III, we can prove that
(sj./,(!m+m’51mm’) AV}H’_"O (6'5)

mml JL

Thus, from (6-2), (6:3) and (6-5), nwe get immediately that
%ldgelé‘.—o (6'6)

in the first approximation. Therefore, we may calculate the cross section for the spherical
potential 1, instead of the non-spherical potential 7’/ in the first approximation.

On the other hand, if 41/} are assumed to be small, 7 and 7’ may be considered
as the good quantum numbers. Then we may calculate the cross section from -the
equations :

(/AR ¥ I —7(G+1) /R Frumms =2 (O L' 1 [V"| 7O I 1) Fraimars
corresponding to (2:5). In this approximation, the cross section is given by
Q= (47/B) 332+ 1)sin® 3™

and we can easily verify the same conclusion as before, i.e., Z 40,=0 by employmg

the relation

Z 4 Vlmllm/

mm!

Ay =(F0Llml ! |V'| jOlml' m') —V,

In any case, if the anisotropic part of the intermolecular potential is small, the calculation
of the scattering cross section, taking the anisotropy into account in the first approximation,
leads to the same result as that obtained by using the averaged potential V.

In this connection, it must be noted that K. Ohno and the present author have
investigated recently the thermal elastic collision between H, molecules at low temperatures.’
They compared the cross section of para-para collision with that of para-ortho collision and
found that the difference (6-2) of the total cross sections and also the corresponding
difference in the cross sections for viscosity were very small indeed, though their calculations
were based on direct evaluation of the phase shifts, without employing, the af;proximate
relation (6-3). '

Of course, these conclusions will be broken if the anisotropy of the intermolecular
potential is large. First of all, in such a case, the quantum numbers 7, L etc. can not
be considered as good quantum numbers. This makes the treatment of the scattering
process very difficult because we have to solve a coupled set of differential equations. Now
we shall proceed to discuss such more.general cases.

First, we shall consider the special case in which ; is yet a good quantum number,
but Z is not so. Then the wave equations have the form
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{dYdR+ B—j(j+1) /R F, =2MS\(LIV'|L) Fy - (6-7)
Furthermore, if /7 has the préperty that the matrix elements of it can be written in a form
LV (R)IL) = (L|u| L)) v(R),

in which- the first factor is independent of R, then the first factor must be hermitian and
can be diagonalized by suitable unitary transformation. In this case, the equations (6-7)
become a set of sepai-ated equations, and, therefore, become much easier to treat. But this
is a special case. In the general case, we are not in such a fortunate situation, and also
7 is not good quantum number. - '

The change of ; is, of course, a kind of elastic scattering for the observer. But it
is rather close to the inelastic collision processes. Probably the jump of 7 will take place
in the neighborhood of the classically closest distance R, and in this region the change of
7 means. the apparent change of the kinetic energy by an amount ;(7+41)/2MR in the
tadiaffg'.éﬁgation. Thus, in order to change the j-value, the wave length of the radial wave
function must change suddenly in this region, which is just the featute of the inelastic
processes.. Therefore, ;' can be a good quantum number, only if the condition

change of j(j+1)/2MR; > initial kinetic energy (6-8)

is valid or the anisotropy of the intermolecular potential, which causes the change of 7, is
extremely small. Unfortunately, the condition (6-8) is not insured to be valid in the
thermal' collisions at room tempetature, even for the most favourable case, i.e., for the
hydrogen. : -

Now the equations to be solved are

{d*/dR*+ K7 (j+1) /R Fp(R)y=2M (G L | V' |sN--) Fin(R). (6-9)

Since this set of equations are linear, we can obtain the required solution by superposing
the particular solutions with proper amplitudes  and phases. Thus, we shall first consider
the problem in which the incoming wave has the definite values of ; and Z. In the

following, the solutjon of the equation
(@*/dR+ 8~ (j+1) [ R} Fyp(R)=2M (FL-| V'
satisfying the boundary conditions
U Fu@=0, Fu(®)~sin(tR—}jr+d) (R—w)  (611)

JL-)Fy(R) (6-10)

will be denoted by 77, and the deviations due to the non-diagonal matrix elements of v

by OF J, Then we have.
{@*)dR°+ F—j(F+1) /RP—2M (JL|V'| jL)} 51’1L=ZM§L(jZlV’lSN)3EN,
- 8N
(A2 dR2 4 B (s +1) JR— 2 M (s |V"|sN )} 0F (6-12)

=20 33 (N|V'| 2Q)8Fpq+2M (<N |V'| L) 2.

Assuming that 7} is a quantity of zeroth order and I/’ is a small quantity of the first
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order, we can see that 0F,y (sN#jL) are of the first -order and 0F;, is a second order
small quantity. Thus in the first approximation, (6-12) become

=0, (6-13)
(@2/dRe+ B—s5(s+1) JRo—2M (sN|V'|sN ) } 0F =2 (sN | V| L) FS.

The first of these equations.means that the damping effect is not taken into account in
this approximation, while the second equation can be solved formally and its solution which

represents the outgoing wave asymptotically is given by'™.

(?EN;—G,,N(R)j FA(R) (sN|V'| JLYE,S(R) dR (6-14)°

where G,; is the solution of the equation (6-10) which is normalized asymptotically as
(1/£)exp{i(#R—% 7 +0,)}. Thus the asymptotic form of 0Fy is

O~ (1/B)exp i GR— 4 jm+0)} | FMGN| V| T)FRaR . (6:15)

Now we shall return to our problem in which the plane wave is incoming. In this
case the solution in the zeroth approximation is given by the linear combination of 7}
with the coefficients

s.’l’b m+m! SII{:IL‘”L, [4ﬂ(2_].+ 1)]112 ij exP (iaj)/é .

(See the asymptotic form of F in the previous section.) -Thus the asymptotic form of
the solution in the first approximation- is given by

FfiP~ (Van [ [%s msmr Shmmr (274 1) 247 exp (z'ﬁj)F,}) ‘
+E SJO m+m/ ,I\mm’(zs'*_ 1)1lzz exP(’b\ ) (1/'é)eXP {t(/R ].n+aj)}

x [ ZAGLV sV F 3R]

This solution being equated with Z2%™ 4+ E'™ in the previous section, we have the

scattetmg matrix

S}}n,{fmr=exp (22'3j) + (2/é)a2(510m+m’ sﬁ”,mm'/s?lllo m+m! Slll;lmm’> X
; 6-16
(254 1/274+1)"29* exp (40, +40,) % _( )

[ Zsy Lo s vy Py ar.

Substitution of this expression into (5-4) yields the formula for Q.

The approximate solution thus obtained may be substituted in the right hand side of
(6-12), giving the equation for the second approximation, though the solution will become
more complex, If the second order correction terms thus calculated are not small enough
compared with the first order correction 0F;, this successive approximation method may
be impracticable, because we must investigate whether the next, i.e. the third, approximation
terms are small or not. Unfortunately, however, we have no general method to solve a

set ‘of differential equations in' other way. Stueckelberg”’ reduced the: ’coupled pait of
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differential equations to a higher order equation and solve the latter by means of WKB

approximation method, while Massey and Mohr®®

solved directly the coupled pair of dif-
ferential equations for a simplified case. But these methods are hard to -extend to the set
of a number of coupled equations.

- Fiﬁélly, it must be noted that the non-diagonal elements which cause the inelastic
collision processes may also affect the elastic collision cross section, even if the inelastic
processes are forbidden energetically. 1In other words, some excited states may appear virtually
in the intermediate stage of collision. This effect also force us to solve the set of equations in
the general case, but, if this effect is not so large, we may employ the second order perturbation
method. .. On the other hand, if this effect is large enough, the two molecules can no longer
continue their free rotations and a particular relative orientation becomes favourable during
the collision, which means the temporary excitation of the upper rotational states. In such
a case, the method of p.s.s. (perturbed stationary state), which is familiar in the theory
of atofmic collisions,® may be mote reasonable procedure of solution than the ordinary
perturbation method. The essential point of -this p.s.s. method is very simple. In this
method, the total wave function is expanded in terms of the proper functions of

{ Lpe 1 per @) 4 ViE) +V—E(R, 6, cp)}qr=o,
24 241, ‘

while according to the method in the previous sections the proper functions of

s _?/ZV —-277 + V(6D + Vo€ — B} =0
are employed. In the former of these equations, the values of (R, 6, @) are fixed, and
the kinetic energy of the relative motion of two molecules is treated as the perturbation,
while in_the latter method the intermolecular potential is considered as the perturbation.
The general formulation of the problem according to the p.s.s. method can be given
straightforwardly, but we shall not enter this problem further.

§ 7. General discussions on the inelastic collisions

The problem of the inelastic co]llswns is the most interesting part of our collision
ptoblem, because the inelastic processes depend essentially on the internal structures of the
collldmg molecules, while the main features of the elastic collisions have been obtained
already from the rigid sphere model or from other spherical fields. Unfortunately, how-
ever, the straightforward calculations of the cross sections for the inelastic processes impel
us to carry out the overwhelmingly hard work. Thus the simplifying assumptions must
be introduced before the practical calculations.

Now the cross sections for the inelastic collisions are influenced remarkably by the

following two factors. The first is the overlaping between the initial and the final trans-
lational wave functions. Applying the Born approximation for simplicity, the transition
probablhty will proportional to the absolute square of the matrix element
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Viy={exp{—i(ly— k) R} - (]| V' (R)|a) IR

where @,, «; indicate the internal state of the molecules; &;, K, the wave numbers in
the initial and the final states respectively. In ‘the thermal collisions, the wave length of
the relative motion of the two molecules is usually less than 1 A.U., while the matrix
element (éf[V "|at;) changes more slow}y as a function of R. Thus, I, will be small in
absolute value, unless dk=Fk,—FK; is small. Of course, the Born approximation is not
adequate for the molecular collisions in the thermal energy -region, but the essential feature
must not be changed when the plane wave exp(: o) is replaced by the suitable distorted
wave. Thus, we may conclude that if the difference between the wave number of the
initial translational motion and that of the final one is vety large, the transition probability
will be very small. ’

It is easy to see that the inelastic collision can hardly occur in the low energy colli-
sions. For endothermic reactions, transition can not take place, of course, if the initial
energy is less than the threshold energy. If the initial energy is just above the threshold
one, the change in the wave number will be large. .And even for the exothermic reactions,
the wave number will change appreciably if the initial kinetic energy is not large enough.
In another words, in order to get the large probability for transition, -the initial kinetic
energy must be large enough compared with the energy change in the inelastic process.
On the other hand, if the initial velocity is extremely large, there will be no time for the
transition to take place during the collision and, therefore, the cross section will be small.
The cross section may become large for a intermediate region between these two extreme
cases. E ) )

The second factor which influences the inelastic collision cross section is the dependence
of the intermolecular force potential on the coordinate in which the transition takes place.
Thus in order that the vibrational transition takes place with an appreciable probability,
a small change in the internuclear distance of a molecule must bring the considerable change
in the intermolecular force and in order to have the rotational transition it is necessary
that the molecular potential deviates very much from the spherical symmetry. Now the
intermolecular potential which is effective for the thermal collisions is determined by the
electron distributions in the outermost shells of both molecules. It is clear that in a
molecule the force field, under which the outermost electron moves, is something like the
Coulomb field of the hydrogen nucleus which is placed in the center of the molecule;
especially when the electron considered is far apart from the center. It means that the
molecular orbital for the outermost electron will become something like hydrogen-atomic-
orbital asymptotically and does not depend very much on the nuclear distance and on the
orientation of the molecular axes. For this reason, the intermolecular force becomes rapidly
spherically symmetric for the larger values of the intermolecular separation, and also becomes
independent of the .internuclear distances in the two molecules. Therefore, in order that
the inelastic process takes. place, two molecules must approach closely to each other and also
for. this sake the incident energy must be large. '

Now the vibrational level spacings in the ordinary diatomic molecules are much larger
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thanthe energy of the thermal motion in the room temperature. Thus, it is expected
from the above considerations, that the transition probability is very small under the ordinary
thermal condition. This expectation has been confirmed by the experimental data mentioned
in the beginning of the last section. The rotational transition in the hydrogen molecule
also takes place with very small probability because of its rather large level spacing.® Thus
" for the vibrational . transitions in the ordinary diatomic molecules and for the rotational
transitions in some special molecules such as H,, the first order approximation in the
perturbation method i.e. the method of distorted wave may be applied to calculate the
cross sections, while for the rotational transitions in the other molecules we must solve
a ‘coupled set of equations because the transition probabilities are rather large for these
cases. Of course, the straightforward solution of such set of differential equations is very
difficult as was seen in the elastic scattering problem and we must simplify the problem
as far as possible before solving it. For these cases with small level spacings, the trans-
lational energy does not change appteciably in the transition process. Furthermore, the
motion of a molecule as a whole is very similar to that of the classical particle, having
a rather definite orbit with a definite velocity, because of its large mass. Therefore, the
translational motion may be treated approximately in the classical manner, ie., we may
determine the translational motion by solving the classical equation of motion under the
averaged potential field. Then the relative distance of the two molecules is given by
a function of the time. The transition will be caused by the time-dependent perturbation.
Such semi-classical treatments of the inelastic collision processes have been reported frequently

*  These authors have investigated only the first order perturbation

by many authors.’
problem by this method. But the strong coupling case may also be treated in this way,

if the kinetic energy does not change appreciably during the collision.

§ 8. Rotational transitions

Now we shall consider the rotational transitions disregarding the vibrational degrees
of freedom. The special case of H, can be treated by the distorted wave approximation in
exactly the same way ‘as in the vibrational transitions which are discussed in the next
section. In this paper, therefore, we shall confine ourselves to mention that the problem

11)

of H, has been investigated by Roy and Rose previously'™® and a little more thorough
calculations have also been made recently by the present author.')

‘ In the following we shall consider the rotational transition in which the energy ex- -
change between the translation and the rotation is rather small. . We shall employ the
semi-classical method, as discussed above. For this sake, we must start from the time-

dependent Schroedinger equation :

2 0¥ for={(—1/2M )V 2+ H+ V') ¥, (8-1)

* It is well known that the transition between para- and ortho-hydrogens is usually forbidden. Thus
the rotational transition between the neighboring levels is forbidden in the hydrogen molecule. This fact, to-
gether with the small moment- of ‘intertia, makes the effective level spacings very large. The experimental
evidence for the small transition probability in Hy have been given by Stewart’® and Rhodes,??)
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where /7, means the Hamiltonian opetator for the internal degrees of freedom of the two
colliding molecules. The wave function ¥ may be expanded as

V (B, Xi Xo, £) = 33 Lar (X)L () (20) ™"
 § furarr (B, ) exp {ik R—i (Ey+ By + Eun) tt o (8-2)
or ;
=318(X) (22) " fu(k, £) exp {io R—i(By+ E)eYdk  (8-2a)
for brevity, whete (o (X;)len(X3) (or £.(X)) stand for the orthonormalized internal

wave functions and
E,=F/2M, E,=internal energy in the state a.
By inserting (8:2a) into (8:1), and‘ta‘-king the equation
((=1/2M0)7 2+ H} exp GER) Lo (X ) = Byt E)expiRB) L. (X)) (83)

into account, we get

i S )j%exp KR —i(E,+E) iy dF

4> fu(X )j - exp i1 R—i(Ey+ Eo)t) K/
which gives, by the orthonormality of ¢,(X),
i j %jg'-exp(z'kR‘—'z'E,,z)dk=aZ,(a] V’|a’)5 furexp il R—iEyt4id Ep t} R
whete (8-4)
(@|V"|@)= e (X)) V' Ca(X)dX ,  AByy=Fo—Ear -
Now the function
Pu(R, )= (21) = fo(K, t)exp(i KR —iE,2)dk (8-5)

represents the wave packet and we may assume that this function takes the appreciable
values only in the limited region in space.for each time .
Here we shall factorize the function f, in the following way :

fa=Cuf, ‘  (8-6)
(Ifopak=1, (8-62)

zj%; exp((kR—iE,t)dle= (a| V" ]a)j. Fexp(ik! R—iEy1)dk!  (8-7b)

ie., /. is a solution representing the elastic scattering. Generally speaking, C,-f," cannot
be a solution of (8-4) if (, is a function of the time # only. ‘But since all important
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contributions come from the small values of 4E,,s, the velocity of the center of wave

packet will not change appreciably, when an inelastic transition takes place and, therefore,
if we further assume that the ‘potential (a|l’|a) does not depend very much on the
internal state &, we can conclude that the wave packet will not deviate appreciably from
that for the elastic scattering. In such a case, we can assume that C, is a function of
the time # only and does not depend on JB. This is the essential assumption in our semi-
classical treatment. Corresponding to (8-6), we have the normalized wave packet '

0 (R, 1) = (zn).-alng fLlexp((kR—iE,t)dk
and ,
SlplraR=f|opdk=1.
Thus. the equation (8-4) is transformed into
iaca= 3 Cuerp (4B ) [ (R, 1) - (a] V') 0o (R, £)dR. (8-7)

© Strictly speaking, ¢,° and ¢,,° do not completely coincide with each other for any finite
time interval,but owing to our assumptions, these wave packets will not shift appreciably
from -each other during the collision time, so that we can replace them by an averaged
wave packet ¢°( R, #). Finally, in the semi-classical treatment, |¢°(R, ¢)|* must be re-
placed by

O(R—ER()).

R=R(2) describes a classical otbit under the averaged potential (&|}”|a),y, averaging
‘being taken over various internal states. Generally (a|F/|) depends on the direction of
the vector B and this dependence causes the coupling between the otbital angular
momentum and the rotational angular momenta. By averaging over the vatious states,
however, (a|I”’|@) ,y becomes spherically symmetric which depends only on R=|R|. Of
course the motion of ‘the center of wave packet will not be affected considerably even if
the orbital angular momentum quantum number ;' changes to some extent. But if the
change in ; helps or reduces the inelastic transition, we can not neglect this effect and we
must employ the sum

%“.(é,jl Ve, 7" )exp i (0 —15) }

instead of (a|7”|a’) for each value of 7 (or corresponding impact parameter &, classically).
Unfortunately, it is not easy to determine the phase shifts 7; for the present case, because
of the strong coupling among many states. Therefore we must employ some averaged
value of this summation, e.g. ‘

133Gl 7

In order to make the résulting expression hermitian, it is convenient to modify. this further-
mote as follows

{3 jz;](a;j[ Ve, 7%+ 3 %}(a,j’] Ve, 7))
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Finally, if we consider the definite transition @,— a, the initial velocity of the classical
motion may be equated with the averaged value of the true initial ‘and the true final
velocities. But if we consider the many processes, some of which are exciting and some
others are deactivating processes, the true initial velocity may be taken convemently as the
asymptotic velocity of the classical motion.

After these discussions, the equation (8:7) takes the following final form

i 9C, /ot= % (| V! (By(£)) | &) Cor exp(idEner ), (8-8)

where the suffix & indicates the value of the impact parameter. We can confirm easily
from this set of equations that the total probability 31,|C,|* is independent of the time #
(as is required), if the matrix (a|V”’|a/) is hermitian.
For the weak coupling case, this set of equations is approximated by
1 0C,/ot=(a|V'|a,) Cy, exp(14E,,,t)  for aFa,,
Co,=1.

@, being the initial internal state. This gives

1Ca(8) |2 0= [jza[ V1 (Ry(1)) |a) exp(id By ) 2 2 (8-9).

and the cross section for the process @,—> a is given by
Q(ao-»a)=2nﬁc;(b)]iédb. (8-10)

The formula (8-9), (8-10) are employed previously by Zener and others and qunte re-
cently by Widom and Bauer.*

If there is a group of a few states a;, a;, -+ which couple with the initial state a,
strongly, and if the probabilities of the second order processes of the type : a,—> a state
‘@ in this group — a state outside this group are small, we may first solve the equation
(8-8) for the states a,, a;, a,, --- only. This solution is performed, if necessary, by
numerical calculation. Then the final probability amplitudes for the other states may be
obtained by ’

]Ca(é)]i=|j'im26(a]V’]G)exp(z'AE,Gt) Co®)at, (G=ay, @y, ). (8:11) -

If there are many states which couple with each other considerably, we must solve
a set of many coupled equations. For such a case, we shall propose here an approximate
procedure of solution, which will serve to reduce the laborious calculations.

Before proceeding further, we shall write the equation (8:8) in the matrix form

19C(2) /ot=A"(2) -C(2), (8-12)
where C is an one-column matrix and A” is. a square matrix,
A= (a| V' (By(2)) |/ exp(idEgart),

all diagonal elements being lacking. Clearly this is a hermitian matrix. Now if A(¢)
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and S’t_mA(t’ )dt" commute, we can get the formal solution of the equation (8:12) as
follows™

C(#) =exp [—ijié(z’)dz’]-C(—- ). (8-13)

Here exp [M]Ei} M*/y!, MY being: defined by the ordinary matrix multiplication rule.
0

In our present case,
[A®) [A@) 2w =31(a] 7 ()| )exp GAEru )
% jl'_(g”l V(¢ @) exp (idByre ') ', (8-14a)
[jl_é(t") 4t A(8) ]uw = Zjﬁgl V! (") |a"Yexp G A B,y ) !

x (@"| V' (£) | )exp (idEyar ). (8-14b)

Generally speaking, these ate not equal with each other, and, therefore, (8-13) can not
be an exact solution of our problem. But if these two expressions are nearly equal, we

may adopt (8-13) as an approximate solution. Now in many calculations we may put
approximately that

(a| V" (@) &) = (a|z|a’) £(2),
v being independent of z In this case, (8-14a) and (8-14b) become

S (alola) (a"[vla')j’_fw(z VAt Yexp (idE s t+idEyy t)de!, (8-153)

Si(alola”) (@'lole!) [ V) expidEuun ' +idBura ) (8-155)

respectively. Here we must take the following two effects into consideration. The first
is the general tendency that if the two sets of quantum numbers a and &' are extremely
different from each other, the matrix element (a|v|a’) is vanishingly small. This tendency
is concluded from the reasonable expectation that in the expression (3-9) for the inter-
molecular force potential, the main contribution comes from ‘the smaller values of a, 8
and 7. The .second effect is due to the oscillating factor exp(idE¢). If the two states
@ and @' being to the extremely different energy values, the integral of the form

Y_f(z")exp(z'dE“, Y

must be vanishingly small, because f(#’) is a rather gentle function usually. Now if the
first effect dominates, the main contributions to the expressions (8:15a), (8:15b) come
from the region : ’

ad'~(at+a')/2

~ (this equality means, more or less symbolically, that a'/ is a set of quantum numbers
which is intermediate between @ and a’). On the other hand, if the second effect pre-
dominates, main contribution to (8-15a) comes from a’’~a’ and for (8-15b), a’’~a.
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In both extteme cases, the two expressions (8-15a) and (8-15b) are not completely
coincide with each other, but, at the same time, we can not find out any essential difference
between them. Thus we may conclude that (8:13) can not be an exact solution, but
may be an approximate solution. In order to make sure, the validity of this formula must
be examined for each special problem.

By employing (8:13), we can get the desired result

Cu(t=+ ) =[exP [—ijié(t) dt]]

(8-16)
(1.7 .
ot

C(00) =C(— o) +—i,—j2&(t’)a’t’-€(— @) ——;{Itg(z’)dz'}z-C(— 0)— -,

(8-16a)
while the solution by the successive approximation is given by :

C(20) =C(— o) +H“A(z')dz'-cc—go) —sz'dz-'A(z)A(t') C(—00)— -,

(8-17)
The calculation of the series (8-16a) is much easier to do than that of (8:17).

Finally, even if our approximation leads to a rather good result, we must perform.

such calculation for many values. of impact parameter 6. We can reduce, however, the
number of such calculations by the same device as we employ in the modified wave number
method in the next section. In another words, we can teduce the collision problem from
the three-dimensional space to the head-on collison problem (of course, one-dimensional)
by replacing the effective kinetic energy

2 /2M—p 62 MR®
with
20/2M,  p°={1—(&/R})} 25
where p, is the initial momentum and R, is a suitable constant radius, the transition

probabilities being neglected for &= R,.

§9. Vibrational transition

As mentioned above, the distorted wave method is appropriate for calculating the
cross section for the vibrational transition.* Thus we may proceed as follows: In the

equation (2-10), ie., .
{@/dR—s(s+1) /R + ks — 2.0 (B] V’lﬂ)}Fﬁ=%]52M§mV’lﬁ')f*}s_.',‘ (9-1)

we substitute in the right hand side the solution which is obtained by disregarding the
vibrational transition. The resulting equation is for the unknown function” 7, for which
" the vibrational state is different from the initial state. Of course, it is desirable that the
possibility of the rotational transition has already included 'in the zeroth order function
which must be inserted in the right hand side. But to solve the problem of the rotational
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transition is not easy matter as we have seen in the previous section. On the other hand,
the distortion of the rotational wave functions will not considerably affect the vibrational
transition, if the result is averaged over the initial rotational state. Thus. it is convenient
to employ the wave function corresponding to a pure rotational state, ie., 7y are the
solution of :

{@%/dR—j(j+1) /R + ko= 2M(F'| V' |#) } Fry=0 (9-2)
'=(/, pt, n, 1y j, L, 1, I")

and are normalized asymptotically as

By~ Syt S (47 (74 1) 015 sin (b R—jin /24 0). (9-3)
(See §5.) —

In this way, the right hand side of (9-1) may be calculated and become a known
function. Then the outgoing wave /; can be determined as usual® and we have the
asymptotic form of /7 as follows :

" Fy~—2Mexp {i(,é,,k—-sn'/z+35)}J:F3°(R)§E}(ﬂ]V’Iﬂ’)[;‘,,, (R)dR, (9-4)

where £ is the solution of the homogeneous equation which is derived from (9:1) by
putting the right hand side zero, and is normalized asymptotically as

kg sin(fy R—s7/2 4 05). : (9-5)
Thus the cross section for the transition (7, Z, w5 #/, I', m')— (#, g3 9, ¢') is given by

(&%) [ B (R—w) Yty ' d R0, d2,
= b/ )3 120 [ (RSB B) Fo (RYRP:

[ﬂE‘m'*"”/’ IBE(./’ Y P, f,a s, IV, ‘B 9/)]
Then by averaging this over z, 7/, we get the cross section for the inelastic process
(”s L3 w1 — (2, 95 7 7):
Q(n, by, '~ p, ¢, ¢) = (sfbg)[400%/ (204 1) (20" +1)] x

S 15:12%,;7'""2( T2 sNag |\ V' Jnny LU Fysa™ dRP. (9-6)

mm! JSN

In principle, this formula can be applied without difficulty to any particular problem.
The -most. difficult thing to do is the determination of the distorted waves, £}, Fy and
these functions can be obtained by solving the ordinary differential equations numerically.
Nevertheless, here is a practical difficulty, because the number of differential equations to
be solved is enormous. Such situation arises from the fact that a large number of the
states which are defined by 7, /, // and L contribute appreciably to the collision process
in the room tempetature. If we know the rather exact potential 7/ and want to get the
rigorous cross section as far as possible, we must not hesitate to find out these distorted
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waves one by one. Otherwise, however, it is desirable to seek for some simplifying pto-

cedures.

In the first place, we ‘may neglect the difference in the potential function V" for the
different rotational states, i.e., we may employ the distorted waves which are distorted by
the averaged potential ]/, defined in §6. If we adopt this simplification, the distorted
wave [y does not depend on-/, ¢ and L and depend on #, #/, /, /' through the wave
number. %y only. Similar situation is also obtained for #’. Yet, there remain many
states with different j-values. The best way in.this stage of. approximation is to catry out
the integration {---@R in the above formula for some ;-values and to obtain the integrals
for the other j-values by the interpolation procedure. This interpolation will be a good

method of simplification, because it is unlikely that the integral {---ZR fluctuates very much

when 7 changes, though some fluctuations may be expected.

If we want to make further simplifications, we must give up the desire to follow the
formula -(9-6). By making such simplifications, we must -also give up, more or less, to
obtain the quantitative results. Before proceeding to discuss some such sxmphﬁcations we
shall consider the general features of the vibrational transitions.

According to the kinetic theory of gases, the probability that the initial translational
energy in the thermal collision is lying in the region £, E+dE, is independent of the
reduced mass and the mean kinetic energy of the relative motion is 2¢7" (x is the Boltz-
mann constant; 7, the absolute temperature), though the collision number depends on
the reduced mass. Thus we may roughly consider that the initial kinetic energy is always
27. Then #=2M-E is proportional to the reduced mass /. Therefore, if we compare
the equations of the form (9-2) for the two cases with different reduced masses A/ and
M’ providing that the intermolecular force -and the excitation energy are same for both
cases, we can get the similar wave functions F(#R), F(#R) for the suitable pair of
quantum numbers 7, 7/ where 7 : /=~ : V). In this\ case, the wave function for

the larger reduced mass oscillates more frequently than the other. If we take the same

J-value, this contrast becomes more remarkable. Now in contrast to this rather rapid
oscillation of the radial wave functions, the variation of the potential energy curve as the
function of R is usually gentle, at least for the collisions in the room tempetature. There-
fore, the integral in (9:6) decreases if the reduced mass increases, providing that the
radial wave functiong are always normalized asymptotically to be sinusoidal functions of the
amplitude unity, or a constant amplitude independent of the reduced mass. Of coutse,
the wave functions in our formula (9-6) are normalized in such a way that they are
invetsely proportional to the wave' number 4 asymptotically. But, on the other hand,
these normalization factors are cancelled out by the factor 4/* outside the absolute square.
Thus we may conclude that the cross section increases if the reduced mass decreases providing
that the other quantities remain unchanged. We may also say that lighter molecules are
more effective to deactivate the vibrational excitation of the patticular collision pattnet.

We shall next consider the effect of the magnitude of 4Z, i.e., the energy change.

due to the transition and also the effect of the initial wave number, providing that the
reduced mass is unchanged. For this sake, however, we shall confine ourselves to the one-
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dimensional collision problem™’, and furthermore to the intermolecular potential of the form
Aexp(—aR). Then the transition probability per collision is given by Jackson-Mott’s

formula®™
P=const. (g;—g:®)?sinh mg, sinh 7g,/ (cosh 7g,— cosh 7¢;)*, (9:7)
, - : i---initial, f---final.

Here, g=2%/a and ¢>1 in all cases of importance.  Furthermore, in the usual cases
exp(7g;) > exp(mg,) for the deactivation process and ‘exp (7g,) > exp(mg,) for the excitation

rocess because the change of the energy 4 is very large. Because of these situations, .
P > g gy ty larg

we have

P=const. M*a™* (AE)2
|dk|=2M |dE|/ (k4 V& j;ZM{AE[)

(9-8)

where the upper of the double sign corresponds to the deactivation and the lower to the
excitation. Usually the exponential factor is very small and the order of magnitude of the
transition probability is mainly determined by this factor. Cleatly the transition probability
decreases rapidly if |4Z| increases, while the transition probability increases if the initial
wave number £; increases. Furthermore, the transition probability increases if the quantity
@ increases. In many cases @ is 1.5-2.5 A.U. Now, for a=1 and a=3, for example,
- we have extremely different transition probabilities unless |4% | is very small.® Therefore,
the transition probability is found to be very sensitive to the intermolecular force and con-
sequently, it is vety hard to get the theoretical transition probability which agrees with the
expetimental one within factor 2 say.

"On the other hand, since a large |4Z]| depresses the transition probability largely, it
is possible that the two or even three quanta transitions may take place with larger proba-
bilities than the one quantum transition, if |4Z| of the former processes are smaller than
that of the latter. Thus, it is probable that in the deactivation process of the vibration,
the excess energy is not transferred to the translation entirely, but some part of it is
transferred to the other internal degrees of freedom. Of course, the rotational degrees of
freedom can not be-an acceptor of the excess energy unless the rotational level spacings are
large.*®  Thus the main acceptors are the vibrational degrees .of freedom, and such energy
transfer between the vibrational degrees of freedom will occur appreciably if the frequencies
of the two vibrations are comparable. By taking account this energy-transfer process or the

- coupling ‘between the different vibrations, we can understand the fact that many of the
polyatomic gases, for instance CO,, which have many vibrational degrees of freedom, do
not reveal many-relaxation-time phenomena, but behave as if these molecules have only one
- relaxation. time.”

* Four.atoms in the two diatomic molecules are assumed to be on a straight line.

* It is expected that the molecules for which the rotational level spacings are rather ‘large, such as Hp,
HCI etc., can be good acceptors of the excess energy of another molecule. In fact, according to the ultrasonic
dispetsion data, these molecules are found to be rather effective to deactlvate the -vibrational excitation of many
gases.
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The above formula (9-7), (9-8) can hold in the head-on collision only. In general
case, in which the impact parameter is not zero we can get the general tendencies of the
radial wave functions by replacing 42—;(j+1) /R? with Z2=#"—7(;+1) /R in the wave
equation, where R, is a suitable constant radius. (See the references (14) and also “the
method of modified wave number” below.) Thus the effective wave number decreases
rapidly with increasing ;' and, therefore, the transition probability decreases rapidly for the
larger impact parameter.

For the vibrational transition of dlatotmc molecules in the room temperature, |4 |
is usually larger than «7. Consequently, the semi-classical treatment in which the trans-
lation is described classically is not suitable. But for many of the vibrations in the poly-
atomic molecules |4 | becomes smaller. than «7, and, at the same time, the mass of the

molecule becomes large. For these larger molecules, we may apply the semi-classical method’

with greater and greater success.
Now we shall discuss some simplified methods to estimate the cross sections.

(i) Utilization of the Born approximation.

Born approximation gives usually too large cross section for the inelastic processes in
the thermal collisions. This is because this method of approximation allows the approach
of the two molecules without limitation. In reality, the wave function doesn’t enter very
much into the region inside the classical turning point, ie., the distortion of the wave
function is very important. But since the Born approximation is considerably easy to handle,
it is convenient if some simple methods of correction can be found to improve the fault
of Born approxitt;ation. -

An interesting investigation has been done by E. Bauer.”” According to his presctiption,
we must multiply a correction factor to the cross section which has been obtained by the
ordinary Born approximation. This correction factor is determined by solving the cor-
responding one-dimensional problem for which both the plane-wave-type and the_ distorted-

wave-type calculations .of the tfansition matrix
element can be done without difficulty. But
Born approximation we have no foundation that the correction
factor for the three-dimensional and for the
one-dimensional problems are same. In fact,l

i

True value
the calculated cross section by Bauer was very

much smaller than the experimental one. The
Bauer approximation  yeason for this can be understood to some extent
as follows : If we decompose the wave function
~ in the three-dimensional space into the partial
waves, each of which corresponds to the definite

value of the angular momentum (or impact

angular momentum

. parameter, classically), the partial wave with

Fig. 4 Schematic illustration of the dependence . .
zero- angular momentum, i.e., S-wave, will be

of the cross section upon the angular
momentum, incident energy being fixed. distorted very much to the same extent as the

i
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distortion which we find in the one-dimensional ptoblem. But for the other pattial waves, the
distortions are partially due to the centrifugal force, and for larger angular momenta, the
distortions are mainly due to this virtual force. Such kind of distortion, however, has already
been' included in the Born approximation. Thus it is clear thaf the use of the one-
dimensional - correction factor in the. three-dimensional problem is an overcorrection. (See
the illustrating figure 4.) If we want to improve this situation, we must multiply the
different correction factor for each angular momentum, or a suitable averaged cofrection
factor ‘to the cross section as a whole. .

The other method of estimation of the cross section, utilizing the Born approximation,
is the “cut-off ” method. In this method, the potential is cut-off (i.e., replaced by zero)
inside a suitable intermolecular distance, cotresponding to the fact that the two colliding
molecules can not approach without limitation. Then the calculation may be done according
to the Born approximation method. As the cut-off radius, a value near the classical turning
point will be adopted. But the potential curve is so steep in this region that the cross
section depends rather sensitively on the cut-off radius.- Therefore, the choice of the cut-
off radius must be fixed empirically, from some typical examples.

(i) Method of the modified wave number.

In the radial wave equations, the only difference between the S-wave case and the
other cases is the appearance of the centrifugal force in the latter cases, and usually the
S-wave case is much easy to treat than the others. Now if we replace #*—;(;741) /R
by #*—j(j+1)/R,’ approximately, all equations to be solved become S-wave type, and,
therefore, become easy to handle. Here R, is a suitable constant which may depends on
% and 7, in general. For larger values of j, the cutve of j(7+1)/R* is rather steep and
can not be replaced by a suitable constant 7(7+1)/R,’ even in a natrow region near the
classical turning point.. But the above procedure is expected to give a rather satisfactory
result, because the main contribution to the cross section comes from the smaller values of
7. In fact, we have had the rather good agreement with the experimental evidences, when

)

we have applied this method to the rotational transitions in Hygas."” Recent preliminary

calculation on the vibrational transition of Ogmolecule, colliding with He-atom, has given
a reasonable result too.”

As a concluding remark, we shall say again that for the diatomic molecules, the
intermolecular force can be considered as spherical in the first approximation and then the
‘non-spherical character may be taken into account as a perturbation, while for the polyatomic
molecules, the deviation from the spherical field is essential and, therefore, the distorted
wave function under the spherical potential can not be employed. For the latter case,

instead, we may apply the semi-classical treatment.

§ 10. Discussions on the statistical problems. Conclusion.

In the above sections, we have treated the system consisting of two molecules only.
But in almost all practical cases, we must treat an assembly of a number of molecules as
a whole, and only the totality of a number of elementary processes is important. Thus
some statistical procedures are required in order to connect the knowledge of the elementary
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processes with the experimental data. Now in the usual theory of gases, the component
molecules are assumed to be spherical particles, without internal degrees of freedom. There-
fore, we must develop the theoty of gases which are composed of the polyatomic molecules
(including the diatomic molecules). In this paper, however, we shall confine ourselves to
some brief discussions. More detailed discussions are postponed to another chance.

(1) In the pure gases, all molecules are identical except for the possibility that there
may be a few kinds of isotope. Then we must apply the Bose or the Fermi statistics
for these gases. When the number of the elementary particles (electrons and nucleons)
in a molecule is even, the wave function of the whole system must be symmetric for an
interchange of any two molecules, and for the odd number of constituent patticles, the
wave function must be antisymmetric. As is well known, the effect of these symmetrization
is appreciable for the monatomic gases at low temperatures. For the diatomic molecules,
on the other hand, we have alteady investigated some features of the symmetry effect in
§ 4. There, we could see that both even and odd values of the orbital angular momentum
quantum number’ (;) appear in a collision process if the internal states of the two colliding
molecules are different. If, however; the internal states of the two molecules are same,
only the even values of ; appear in the cross section formula for the Bose statistics and
odd values of ; for the Fermi statistics, as in the monatomic gases. We may, therefore,

conclude that if the molecules in gas are distributed over many excited states, the symmetry

effect will not be significant, because the probability of the encounter between the molecules
with identical internal states is very small. Only one exceptional case is the hydrogen gas
at low temperatures. In this case, almost all para-H, molecules are in the lowest rotational
state while almost all ortho-H, molecules are in the first excited state. Of course, they
are both in the lowest vibrational state. Therefore, there is a large probability of collision
between the identical molecules, and thus the symmetry effect appear appreciably. We can
expect a similar effect for the deuterium too. We do. not enter into this problem further,
but only notice that this special case has been investigated recently by K. Ohno and the
present author.'” .

(2) Now the important feature of the polyatomic molecules is their non-spherical
character. But, if the cross.section”is averaged: over the initial orientations of the colliding
molecules, this will not lead to an appreciable effect. When, on the other hand, the
molecules are directed to some special direction to some extent by the external force, the
averaged cross section becomes different according to the direction of the collision. A typical
example is the Senfileben effect. This effect was investigated theoretically by Zernike -and

van Lier.®

However, they employed a simplified geometrical consideration to estimate the
collision cross section and, therefore, there remained some points which were not explained
satisfactorily. The quantum mechanical method developed in the present paper will setve
to improve their calculations.®

(3) Next, we shall consider the effects due to the inelastic collision. Two kinds

* This possibility was pointed out by Prof. Gorter in the Symposium on Molecular Physics at Nikko,
Japan (September, 1953).
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of effect-may be distinguished. The one is the modification of the phenomena which can
be found:already in the monatomic gases, e.g. (probably small) -corrections to the viscosity
coefficient, to the diffusion constant, and other properties of gases. Since we can not pick
up separately the main term and. the correction term of the viscosity coefficient and of
other quantities from the experimental data and since the rigorous calculation of the scattering
cross section is very difficult, the corrections to these quantities are not significant, unless
these quantities are affected extraordinarily by the inelastic collisions. The other kind of
effects are the 'phenomena which can not occur in the monatomic gases, such as ultrasonic
absorption due to the finite rate of the rotational or the vibrational transitions. For the
effects of this kind, we can compare directly the calculated cross section of the inelastic
process with the experimental data and we can also predict the results before the observations.
Therefore, the theoretical investigations for this kind of effect are very useful.

In this paper, we have discussed the various features of the collisions between two
diatomic. molecules. In this collision problem, we are faced with two kinds of difficulties.
The one is the fact that we have had no satisfactory knowledge on the intermolecular
force potential; on which the collision cross section depends rather sensitively. The other
is the necessity of solving the coupled set of differential equations. We have investigated
mainly the latter kind of difficulties. The most easy case to handle is the weak coupling
case, for'which the first order approximation method of perturbation can be applied. Even
in such -a fortunate case, we must perform a vast volume of calculations because there are
many parameters to be specified for each set of equations. Therefore, it is desirable to
investigatg furthermore, the approximation methods such as proposed in the last part of
§>9. The validity of these proposed approximation methods will become clear when we
compared the matrix elements calculated by these methods with that calculated by employing
the true:distorted waves.

Strong coupling case is more difficult to treat. But for such a case, the change in
the translational energy during a collision is usually rather small so that we can apply the
semi-classical treatment. We have proposed an approximate procedure in this direction
(§ 8). ‘

The cross sections for the elastic scatterings are mainly determined by the geometrical
extension’ of the molecyles and even rough calculations give the result of the right order
of mégrgi;fude. Therefore, new calculations of these cross sections are useful, only if the
relianili:f.:;"i; of the results is very high. Of course, such rigorous calculations are very
difficult. Furthermore, the intermolecular potential must be determined usually from the
expetimental data for which only the averaged intermolecular force is responsible. ~Accord-
‘ingly, the pure theoretical, and accurate, calculations of the elastic scattering processes may

be of no significance.

The author wishes to express ‘his sincere thanks to Prof. M. Katani for his continual
encouragement and valuable discussions.
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Appendix I-
By geometrical consideration, it is easy to sce that the intermolecular potential '
must be unchanged for the substitution operation A :
’ A: E=6,, p—>T—Ys, Yoo>T—Y.
Thus
Vgt =asr (§,=E5, R) Pu(cos ;) Py(cos y5) P; (cos ')
+ Vet (§1=E2, R) Py(cos 1) Pu(cos 15) Pr (cos 1)
must be equal to
AV i =aps (§:=E, R) Po(cos o) Py (cos 1) Py(cos ') (—1)***
+ Upar (§1=E5, R) Ps(cos y5) Py (cos y;) Py (cos ') (—1)**2,

Other sets of (a, B, 7) don’t mix with each other. By the linear independence of the
Legendre polynomials, we get from the above equality

Vot (6r=60s R) = (=1)*"0pet(6,=6:, R).  (3:10)
Thus we have ) »
Va.’t;=7’¢3'r($1=$2’ R) [Pu (cos 1;) P (cos o) + (—1) *** Py (cos 1) 7 (cos Zz)] R-(COS'ZI)

and when a+[f=even (odd), the expression in the bracket is symmetric (antisymmetric)
‘function of ¥, and y, and, therefore, symmetric (antisymmetric) function of (0,, ¢,) and

0z, @2)-
Similarly, if we employ the equality (3:12), we have

Vapr = Vssy ¢ €25 R) P, (cos y;) Py(cos y3) Py (cos ')
001 (61, €2, R) Py(cos 1) Pa(c0s 212) Po(cos 1)
=[Vapy (§5, €25 R) Pa(cos y1) Py(cos ¥5) .
(=)l (G 1 R Py(oos 1) Palcos 7] Prleos 1)

from which we can see that for a+f=even (odd), this expression is symmetric (anti-
symmetric) function of (&, 0,, ¢,) and (£, 0,5, ¢,), and, therefore, such expression be-
longs to "* (V™).

Appendix II
The coefficients $% .

When ¢, and ¢y, form the bases of the irreducible representation D®, D) of
the rotation group respectively, the coefficients are defined so that the linear combinations

—_ /4
-Ipf,,m“'zl 51]. m! m~m! ¢lm’ S,JI’ m=m!
m

transform among themselves according to the representation D®, Undetermined factor can
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be. chosen so that all.these coefficients are real and positive. The coefficients 5%, are
the eléments of the matrix representing an unitary transformation and, therefore, have the
following properties ’

2 S%‘.m—- 51/ pm—p —6!,],’ ’ (AZ * 1)
R
g S,}:L m-u.sllflu’ me—p! = 3[“1,’ . (AZ . 2)

Sometimes the notation ([/mm'|ll' Lin+m') is used instead of %, .

The cross section for viscosity.
The cross section -which is effective for the Viscosity, is given by the formula
=, 33 (B BT Vs || Witif ' X i sin 642 0,10, .

) (A2-3)

(As to the notations, see (5+2).) Since, by definition,

¥t = 3} s Vs (O3] sy V=09 Vi (B9,
we can casily integrate over d9,d2, and have
SSS =00 3 oy o[ V3 * (00) ¥,y o (8 0)sin® 629
=001 3} a8y s [ Vi * (0 0) ¥y, (6 D)sin® 6.d0 (A2:4)

where* we have used ‘the o'ttEonormality of the spherical harmonics and (A2-1). Next,
by making use of the well-known formula

. 2(/4+/—14¥
[§73* 0, ) ¥, (6, p)sin® 040 dp= (g;;;; (2].1’3 By

[G+1+Y) G+1=2) G+2+42) (G+2—)

2/+3 (27+1) (27+5) e
_ U=149) G=1=9) G+») G=¥s, ,,,. (A2-5)
21—1“ (2/+1) (2/—-3)

and by remembering the asymptotic form of EJji™ (see (5-2).) the cross section Oy,

becomes : (p=m+m)
7

=_" ’ JL 2(2/+1) (J* +J—'1+V)|Srmzmr 2
Qnﬁ 2 jl.lzll TV p— chop.( lmm’) [S_ﬂvu ,,S,ﬂu ~ (2]_1)(2j+3) l

g gmr Y (G+149) G+1=9) G+24Y) (G+2—)
2j+3

x (Sgm*—1) (Sirim—1)

— Sty St vV (j=1+Y) (/;J 1_—1v> (%) (=) (Sprmx 1) (557*;’_';{,.—1)] g
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When we sum up over / and’ /', the second and the third terms become complex conjugate
with each other. = Therefore, we have

27 1
Qm=7wE,h—2ﬁ—3~ Ty u—vS.j;«m (Sllmml) [ Sy u—y 5J/0u

(2]+1) (P +j—149) | St _q 2
27—1

— - vsifoi’*/(1+1+”) (J+1-v) (j+2+v) (]+2 v)

xRe{(Sig*—1) (Sttaa—1)}]. (a2:9)

Appendix I
Here, we shall prove the two relations which have been used in § 6.

(i) Independence of the matriz elements of the intermolecular potential V' upon the
quantum number p which defines the z-component of the total angular momentum of the
whole system.
Since our system consists of four atoms, the configuration can be expressed completely
by 12 coordinates, which may be classified as -follows : ' :
I: three coordinates which define the position of the center-of-gravity of the system,
_II: three coordinates R, &, &,, (See Fig. 2.)
III: three coordinates ¥, Y., ®w;— @,, which deﬁne the relative orientation of the two
’ molecules, .
IV: three coordinates which define the orientation of the system as a whole.
Now we are considering the matrix elements (Jp/ L'\ V| J/ ¢ 7' L'AX) in the sub-
space (III) + (IV) and wave function can be written in this subspace as ¥?

P = SZ D( f\’)) w X% (Las %o » Wg— w,)

where 7 is the rotation of coordinate system which bring the system into a standard con-

®  Thus we have

figuration.
(S LIr\V'| ] ¢y’ L AX)
—ngz/dez;w])’*(ﬁ) D”(/?) ur 4L % 511,1“1 !

=3 (gt 7 2 (@ory D7 (R) . D (R s -

The first integral is independent of /A while the second integral becomes (1/2/+1) X
07 Osst Oy s { vy by the property of the representation of rotation group. Thus we obtain
that the above matrix element is

@/+1)" 0 aw ZS“’”HIXJJM’* V’X’”““Sa’w
the value of which is independent of 11, so long as p=/'.

N
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(ll) P?’O(_)qu E( 0m+m’slmm’) AVqu‘=0 "'(6'5)
From the deﬁmtlon, we get
Vi=0/2/+1)(1/2/'+1) > (JOLlml' ' | V' jOLm!" m")

= (1/21+ 1) (1/21,—'_ 1) E/ JI stOm+m’ S&’ 0 m+m! Slmm’ Sgl’mm’ (//{/Ll/’l VIL[,‘U].LIII’) *
mm! JJLL! .

Since the elements in the summation do not depend on p==m+ ' and vanish for /5 J’

as just proved in (i), the summation on # and #/ can be carried out as

4L 1A )
EISJOmi-m' J0m+m! Immlsi”mml
mm

=31 % I BT

= (s56.)%0zr »

where we have used (A2-1). Thus we have
Vi=(1/2/41) (1/2/'+1) 2 2L\ JjLih.  (A3-1)

Now, from the definition,

AVigi= LIV | J7LI") =V,
and, therefore, we get
3333 (sHomsms SStmm)* AVt
—2{3" (TousTu=)t (JTLI\ V| JFLIT) =T, ZZ( 5o mmt Sumt )
=J% o) (LW JFLII) =V (204+1) (20'+1) by (A2-1), (A2-2)
=0 by (A3-1).
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Note added in proof : Detailed report on our work ‘in the reference (28) will be published soon in
the Science Reports of the Saitama University.
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