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ABSTRACT tion. The proposed method is based on the possibility to obtain
the wavelet functions of the translated original by autocorrelation

The translated function with any integer multiple of the sampling q lati £ th i d lets functi oth
period is completely represented in the wavelet space by one of the?Nd crosscorreiation ot the scaling and wavelets functions. er

Overcomplete Discrete Wavelet Transfor@ D' T) members methods to obtain the property of signal reconstruction in arbitrary
This theoretical result leads to a new motion estimation and motion position and/or.scales are the .shiftable multiscale.transforms 71,
compensation scheme working in the wavelet transform domain.the r?ccl)nst_r;ctlor_l of t_he Sl;unctlon from zero crossing [8], and "a
Our experiments, performed on real image sequences, show higHtrous algorithm given in [9].

quality and low bit rate performances. Moreover, by performing The methods previously described in the literature encounter
the motion estimation in the wavelet space a major reduction of some major drawbacks when they are used as compression meth-

the computational cost is achieved. ods based on a multlresolu_tlon |mage_representat|on and v_va\_/elet
transform. Namely, the shiftable multiscale transform [7] limits
1. INTRODUCTION the analysis functions to those satisfying a particular matrix equa-

The multiresolution representation of videos has the advantage oftion. and for real filters it is possible to find only an approximate
scalability, i.e. the possibility to transmit the same sequence at dif- Solution. The zero crossing method [8] despite giving good sig-
ferent resolution as high resolution television, normal television, nal reconstruction, is rather complicated, necessitating an iterative
videophone, and videoconferencing. In addition, this representa-algorithm. )
tion seems to be the method of decomposition and understanding ~ Based on the results presented by Rioul and Duhamel [10] we
of images in the human visual system [1]. Among different pos- Propose another method (similar to the Laplacian pyramids [14])
sibilities of multiresolution analysis and synthesis, wavelet func- theoretically developed in this work. Practical implementation of
tions are the most adapted to these purposes due to their scaling’® Method in the context of image compression by motion es-
and translation properties. imation and motion compensation is also given. The reminder
The present difficulty in obtaining the motion compensated ©f the paper is organized as follows. Section 2 demonstrates the
image from the multiresolution representation is caused by the POsSibility to reconstruct an arbitrarily displaced image from one
impossibility to obtain a right answer by inverting the operators particular realization of the so called "The Overcomplete Wavelet
of translation and wavelet transform. Our goal is to give a com- Transform.” Section 3 presents the results obtained on some well-

pression algorithm in the multiresolution wavelet space for motion Known image sequences. Conclusions are given in Section 4.
compen_sation on an arbitrarily dense set of posit?on-sca!e samplesz_ THE MULTIRESOLUTION IMAGE DECOMPOSITION
To do this we should know the values of the multiresolution repre-
sentation of the function (the transform coefficients) in some other The wavelet transformiy’T') of a functionf(z) € L2(R) is de-
points than those given by the transform. The problem may appearfined [11] as
in practical cases when both the function and wavelets are discrete WT{f(z);a,b} = /f(m)\I/aﬁb(x)dm (1)
and the samples of the translated function do not generally cor-
respond with the translated coefficients in the wavelet space. Inwhere the function®,, () define the family of the wavelet func-
particular, only when the translation is an integer multiple of the tions, witha # 0 the scale of the transform ardhe spatial lo-
corresponding resolution scale, the wavelets are translated versiongation. The functiory (z) may be completely characterized by its
of the originals. wavelet coefficients”; . These coefficients are tH&' T of the

In video coding, several types of interframe predictions are function f(z) on a dyadic scale = 27 and discrete translations
used to remove the temporal interframe redundancy. Motion com-p = 2i &, and form a Discrete Scale Wavelet Transfof (W T'):
pensation has been used as an efficient scheme for temporal pre- i g j ;
diction. In order to perform motion compensation in the waveletDSWT{f (2); 27, 2 k}={C)u }=WT{f (x); =27, b=2"k}  (2)
domain, block matching can be applied to the wavelet coefficients The wavelet function forms a dyadic family:
[2, 3, 4]. However, motion compensation in the wavelet domain is U, (z) = 2—%1\1;(2—155 —k) (3)
highly dependent on the alignment of the signal and the discrete = |
grid chosen for the analysis. There exist very large differences Which is orthogonal and complete. Thus the functfgm) may be
between the wavelet coefficients of the original image and the one-OPtained from its wavelet coefficients; .:
plxel-shlfted_ image. The shlft-varlgnt property happens frequently f(z) = Z Z Cin¥jk(z) (4)
around the image edges, so motion compensation of the wavelet
coefficients can be difficult. ) ) )

To overcome the shift-variant property of the discrete wavelet For discrete signal(n), n € Z, the Discrete Wavelet Transform
transform, Kim and Park [5] use a low-band-shift (LBS) method. (DWT) is defined as:
Cafforio, et al. [6] use a version of the translated image recon- L) oIy — [ 1 *(o _ of
struction in the wavelet space in the context of motion compensa- DWT{f(n): 2,2k} = {esn} = 3 f(n)gj(n —2'k) ()
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with g;(n — 29k) the discrete equivalent of the; 1 (z).

with the set{ DSWT{f(x); 27,2k +m}}, m=0,...,2/ —1

It is easy to demonstrate that all continuous wavelets of the ar-andj, k € Z.

bitrary translated functiotf (x + xo) are translated wavelets with
the same quantity of the functiofiz). When both the function

In this way, for everym we have a complete repre-
sentation of the functionf or, in other words, from every

and wavelets are discrete, the samples of the translated functionDSWT{f(z); 27,27k + m} with a given valuen, we may ob-

f(z + zo) do not correspond with the translated coefficients rep-

resenting theDW T unless the translations) = k27 are consid-
ered.

2.1. The Overcomplete Wavelet Transform

The problem we have to solve is similar to the so called "initial-
ization” problem [12], that is the approximation of theSWT by
computing the calculabl®WT. Consider

fl@) = fm)i(z —n) = f(x)
and the discrete filtey; (’:L)

3 gi(n)d(a —n) = 273 (2)

(6)

7

wheref (z) and¥ ; () are the approximated function and wavelet,
respectively, and(z) and ¢(x) are the corresponding interpola-
tion functions.

The DWT is defined by the approximated coefficients:

Cix=DWT{f'(n);2’,2°k}, with f'(n)=> _f(m)l(n —m) (8)

m

The functioni(n) results by substitution of () with ¥;(z) in
the definition of theDSW T

) = [ i(2)6" @~ mydo (©)

Thus the coefficient€’; ;. are theDWT of a prefiltered version
of f(n) with a filter I[(n) given by (9) whenf(z) = f(z) and
Cjk = Cj‘k.

Our interest is the possibility to approximate a nearly contin-

tain the functionf (z). Itis easy to observe that for different values
of m the translated versions of the dyadic sdafd" are obtained.

Similarly, for the discrete equivalent of the functigiiz), a
member of the Overcomplete Discrete Wavelet Transform can be
written as:

{5} = DWT{f'(n);2/,2k+m},m=0,...,27 =1 (14)
If the function f'(n) has the discrete wavelet transform:

DWT{f'(n); 27,2k} = {c;u} = {¢;°} (15)
the translated functioif’ (n + mo), with any integerng, has the
DWT one of theO DW'T members:

DWT{f'(n+mo);2",2'k} = Z f'(n+mo)gj(n— 27 k)
nez
= ODW Lo { ' (n); 2,k + 27 mo} = {} "} (16)

The relation (16) demonstrated thafhe translated function
with any integer multiple of the sampling period is completely
represented in the wavelet space by one of th®@ DWT mem-
bers.

Corollary: Itis always possible to obtain any translated ver-
sion of the original discrete function from one of theODWT
members.

2.2. The coding scheme

Our coding method is based on the theoretical result we derived
in the previous section. A framé in an image sequence is
represented in the multiresolution space by the entire set of the
ODWT members{ DSWT},,,m = 0,...,2/ — 1. Using a

full search block-matching procedure between each member of the

uousWT representation in the time-scale plane for obtaining a set {DSW1},, and the previous transmitted imageSW1i_,
good estimation of the motion. The algorithm may be extended the member of th€ DW T that gives the minimum absolute dif-

to the required computation of ti& T" at scale2’ but in everyk
points:

CF = WT{f(x);2°,k} = DWT{f (n);2’, k} (10)
where, as beforef’(n) is a prefiltered discrete input. The differ-
ence is that now théWT is computed for all integer values of
b = k and not only in everp = 27k. We call this representation
an Overcomlete Discrete Scale Wavelet Transfathi(SW T'):

ODSWT{f(x);2’ k}=C} =WT{f(x); 2, k}

= 2*%/10(35)\1/(2*% — k))da (11)
with denser wavelet functions:
Uk =2 w2 (x — k), ke Z 12)

Similarly, for a discrete functiorf(n), the Overcomplete Discrete
Wavelet Transform@DWT) is:

ODWT{f'(n); 2"k} = {cf} = > f(n)g; (n k)
nez

The Eq. (11) shows the redundancy of i SWT. It can be

demonstrated th@ DSWT{ f(x); 27, k}, 4, k € Zis equivalent

(13)

ference is chosen. Let = v be this choice. Al in different
subbands and resolution scales form the veetoThis v selects

the propeilO DWT member for coding. It is also necessary to ob-
tain the valuek representing the coarse displacement, in this case
an integer multiple oR?. The valuesv andk are then lossless
coded; the vector compression ratio attainable by these means is
the order of 1.7.

An additional difference
{DSWl}.,,=, is transmitted. A vector quantization is ap-
plied to this difference image. At the decoder, the wavelet
coefficients translated by and the codebook vector are added.
The value ofv is used to select the proper interpolation in
DWT—1.

between DSW1_; and

3. RESULTS

In order to verify the proposed method, comparison studies were
performed for the proposed method and two other methods: the
conventional Full-Search Block-Matching Algorithm (FS-BMA)
and the method proposed by Kim and Park [13] based on low-band
shift (LBS).

The FS-BMA partitions each frame into a number of equal-
sized blocks and finds a constant motion vector for each block by



searching for its peak correlation with an associated block in the Flower Garden Football
previous frame. In the LBS method [13] for motion estimation Frame No. PSNR (dB) PSNR (dB)
and compensation in the wavelet domain, the reference frame is oDWT | LBS | oODWT | LBS
shifted by one pixel along the, y, and the diagonal directions, 1 3823 | 36.14| 3533 | 35.13
respectively, in the spatial domain. The shifted frames are trans- 2 3701 | 3589 3512 | 35.03
formed in the wavelet domain for motion estimation. These shift
and wavelet-transform processes form the low-band-shift method. 3 3565 | 3552| 3483 | 3453
The next-level low-band-shift operations are repeated iteratively to 4 34.89 | 34.71| 3426 | 33.81
the low-low band of each level. This low-band-shift method avoids 5 3450 | 34.12| 33.85 | 32.97
the shift-variant property of the wavelet transform. 6 33.81 | 33.51| 3293 | 32.65
For our method, the input image is first decomposed into a 7 32.86 | 33.09| 3243 | 31.83
pyramid structure with three levels using t9eDWT (Figure 1).
The size of the blocks that were used for motion estimation pur- Table 1:The values of the PSNR for 7 adjacent frames
poses isN x N, whereN = 2*~7 andj = 1, 2, 3 for each hori-
zontal, vertical, and diagonal orientation band atjitelevel. The the VQ-coded difference image. The average improvement of our
maximum search displacement is assumed to be 5 or’tHevel, method over the LBS method is 1.3 dB in PSNR.
3 onthe2™¢, and 2 on the™? level and in the approximation sub-
band. For the FS-BMA simulatio, x 8 subblocks are employed. 38
The search window covers a 8 pixels maximum displacement. g,
<
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Djs| DyY% b Figure 2:PSNR as a function of the overall bit rate

) Z o In Figure 3 two frames from the original sequence "Flower
Di- Dy Garden” with the corresponding reconstructed frames and the error
images for each of them are presented. The reconstructed frames

from the proposed method have good image quality and do not
VLA have blocking effects.
The computational requirement for8&ax 8 search block of
Dy, DY, the FS-BMA is as follows. For a single search point, 64 subtrac-
tions, 64 absolute operations, and 63 additions are required. For
the proposed method, the following operations are performed for
a single search point. At level 1, 64 subtractions, 64 absolute op-
erations, and 63 additions, at level 2, 16 subtractions, 16 absolute
operations, and 15 additions, at level 3, 4 subtractions, 4 absolute
operations, and 3 additions for each subblock are needed. In the
approximation subbandl x 64 subtractions4 x 64 absolute op-
(Erations, an@ x 64 additions are required.

In Table 2 is presented the total number of operations per-
formed for the entire image df56 x 256 pixels in both cases.
The comparison between FS-BMA and our method is made with

. _ respect to the number of searched blocks and the maximum dis-
28.03 dB for the FS-BMA, LBS, and our metho® DW'T), re placement considered for each subblock. It can be seen that the

spectively. A spectacularimprovement of our algorithm is achieved computational burden for the proposed algorithm is about 42% of

by transmitting an additional 0.1-0.15 bpp VQ coded difference .
image. The simulation results for a succession of 7 coded framesthat of the FS-BMA method. Note that the number of operations

are presented in Table 1. In this case, the penalties that has to bgerformed for the LBS mgthod is practically the same with the
paid for the improvement in the image quality consist of an in- humber of operations required for our method.
crease of the bit rate and extra computational complexity. Note - - —
that the results obtained with our metF;IOd are betterE[)han )t/he ones Method | Subtractions| Abs. operations) Additions
obtained with the LBS method. Moreover, the advantage of our FS-BMA | 18,939,904 18,939,904 18,643,968
method relies in its simplicity. We avoid any extra manipulation of ODWT | 8,264,704 8,264,704 7,705,344
the image in the spatial and wavelet domains required by the LBS Table 2:Comparison of total number of operations
method.

Rate distortion curves obtained by using the proposed scheme 4. CONCLUSIONS
and the LBS method are displayed in Figure 2. This figure illus- In this paper a new concept called "The Overcomplete Discrete
trates the increase of the PSNR as a function of the overall bit rateWavelet Transform” was presented. We demonstrated the possi-
for a coded frames with respect to the additional transmission of bility to obtain for a given functionf in the wavelet space, the

Figure 1:Composition of the block matrix

Coding simulations were performed on two well-known mo-
tion sequences: "Flower Garden” and "Football”. As an objec-
tive measure of the reconstructed image quality the peak-to-pea
signal-to-noise ratio (PSNR) was considered.

Coding experiments for a succession of 7 frames at a bit rate
of 0.14 bpp yield an average PSNR of 23.39 dB, 31.89 dB, and




(c) the error image for the first frame

(f) the error image for #i& frame

(e) th&®” reconstructed frame

(d) the7t" original frame
Figure 3:An example of two coded frames using theOW T method

displaced function of with any integer value of the sampling pe- ing using shift-invariant motion estimation in wavelet domain
riod. Based on this theoretical result we elaborated a compression  Sign. Process.: Imag. Communic., 16(7):669-679, 2001.
method for image sequences. The motion estimation and motion
compensation are both accomplished in the wavelet domain.

The experimental results on two well-known video sequences
prove the possibility to transmit good quality images (PSNR 31.83-
38.23 dB) at low bit rates (0.14-0.28 bpp). The results show that [7] E.P. Simoncelli, W.T. Freeman, E.H. Adelson, and D. J. Heg-
the proposed method outperforms Kim and Park’s low-band-shift ~ ger, Shiftable multiscale transformiEEE Trans. Inf. Theory,
algorithm. Our method provides not only better results but it is 38(2):587-607, 1992.
also much simpler. We avoid any extra manipulation of the image [g] s. Mallat, Zero-crossing of a wavelets transforfEEE Trans.
in the spatial and wavelet domains required by the LBS method. Inf. Theory, 37(4):1019-1033, 1991.

We consider that the proposed method gives a better matching . .
to both properties of the image and the human visual characteristicégl M. Hol_sch_nelder, R. . Kronland_-Martlnet_, J. Morlet, _anq P.
as well. It also provides a better distribution of the information TchamitchianA real-time algorithm for mgna} analysis with
contained in the motion vector in low and high resolution images € help of the wavelet transforiavelets, Time-frequency
with advantages in transmission of image sequences at different bit Representations, and Phase Space, Springer Verlag, 1989.
rates. [10] O. Rioul and P. DuhamelFast algorithms for discrete

and continuous wavelet transform&EE Trans. Inf. Theory,

[6] C. Cafforio, C. Guaragnella, F. Bellifemine, A. Chimienti, and
R. Picco,Motion compensation and multiresolution coding
Sign. Process.: Imag. Communic., 6(2):123-142, 1994.
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