
AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUSCOORDINATESLARS KADISON AND A.A. STOLINAbstract. In Section 1 we introduce Frobenius coordinates in the generalsetting that includes Hopf subalgebras. In Sections 2 and 3 we review brie
ythe theories of Frobenius algebras and augmented Frobenius algebras withsome new material in Section 3. In Section 4 we study the Frobenius structureof an FH-algebra H [25] and extend two recent theorems in [8]. We obtain twoRadford formulas for the antipode in H and generalize in Section 7 the resultson its order in [10]. We study the Frobenius structure on an FH-subalgebrapair in Sections 5 and 6. In Section 8 we show that the quantum double of His symmetric and unimodular.
1. IntroductionSuppose A and S are noncommutative associative rings with S a unital subringin A, or stated equivalently, A=S is a ring extension. Given a ring automorphism� : S ! S, a left S-module M receives the �-twisted module structure �M bys �� m := �(s)m for each s 2 S and m 2 M . A=S is said to be a �-Frobeniusextension if the natural module AS is �nite projective, andSAA �= �HomS(AS; SS)A[10, 23]. A very useful characterization of �-Frobenius extensions is that they arethe ring extensions having a Frobenius coordinate system. A Frobenius coordinatesystem for a ring extension A=S is data (E; xi; yi) where E : SAS ! �SS is a bimod-ule homomorphism, called the Frobenius homomorphism, and elements xi; yi 2 A(i = 1; : : : ; n), called dual bases, such that for every a 2 A:nXi=1 ��1(E(axi))yi = a =Xi xiE(yia):(1)One of the most important points about Frobenius coordinates for A=S is thatany two of these, (E; xi; yi) and (F; zj ; wj), di�er by only an invertible d 2 CA(S),the centralizer of S in A: viz. F = Ed and Pi xi 
 d�1yi =Pj zj 
 wj [23]. TheNakayama automorphism � of CA(S) may be de�ned byE(�(c)a) = E(ac)for every a 2 A; c 2 CA(S). Then from Equations 1, �(c) =Pi ��1(E(xic))yi; and��1(c) =Xi xiE(cyi):(2)The Nakayama automorphisms � and 
 relative to two Frobenius homomorphismsE and F = Ed, respectively, are related by �
�1(x) = dxd�1 for every x 2 CA(S)2000 Mathematics Subject Classi�cation. Primary 16W30; Secondary 16L60.1



2 LARS KADISON AND A.A. STOLIN[23]. If A is a k-algebra and S = k1A, then � is necessarily the identity by a shortcalculation [20] and CA(S) = A.For example, a Hopf subalgebra K in a �nite dimensional Hopf algebra H over a�eld is a free �-Frobenius extension. The natural module HK is free by the theoremof Nichols-Zoeller [21]. By a theorem of Larson-Sweedler in [18], the antipode isbijective, and H and K are Frobenius algebras with Frobenius homomorphismswhich are left or right integrals in the dual algebra. From Oberst-Schneider [22,Satz 3.2] we have a formula (cf. Equation 40) that implies that the Nakayamaautomorphism of H, �H , restricts to a mapping of K ! K. It follows from Pareigis[23, Satz 6] that H=K is a �-Frobenius extension, where the automorphism � of Kis the following composition of the Nakayama automorphisms of H and K:� = �K � ��1H(3)(cf. Section 5).This paper continues our investigations in [2, 3, 11, 12] on the interactions ofFrobenius algebras/extensions with Hopf algebras. We apply Frobenius coordinatesto a class of Hopf algebras over commutative rings called FH-algebras, which areHopf algebras that are simultaneously Frobenius algebras (cf. Section 4). This classwas introduced in [24, 25] and includes the �nite dimensional Hopf algebras as wellas the �nite projective Hopf algebras over commutative rings with trivial Picardgroup (such as semi-local or polynomial rings). The added generality would applyfor example to a Hopf algebra H over a Dedekind domain k satisfying the conditionthat the element represented by the k-module of left integrals RH̀� in the Picardgroup of k be trivial.This paper is organized as follows. In Section 2, we review the basics of Frobe-nius algebras and Frobenius coordinates, as well as separability. In Section 3, westudy norms, integrals and modular functions for augmented Frobenius algebrasover a commutative ring, giving a lemma on the e�ect of automorphisms and anti-automorphism on s. In Section 4, we derive by means of di�erent Frobenius coor-dinates Radford's Formula 32 for S4 and Formula 27 relating S2, t1; t2, where t isa right norm for H. This extends two formulas in [26, 28, k = �eld] to FH-algebraswith di�erent proofs. Then we generalize two recent results of Etingof and Gelaki[8], the main one stating that a �nite dimensional semisimple and cosemisimpleHopf algebra is involutive. We show that with a small condition on 2 2 k a separa-ble and coseparable Hopf k-algebra is involutive (Theorem 4.9). Furthermore, if His separable and satis�es a certain bound on its local ranks, then H is coseparableand therefore involutive (Theorem 4.10).In Section 5, we prove that a subalgebra pair of FH-algebras H � K is a �-Frobenius extension, though not necessarily free. In Section 6, we derive by meansof di�erent Frobenius coordinates Equation 45 relating the di�erent elements ina �-Frobenius coordinate system for a Hopf subalgebra pair K � H given byFischman-Montgomery-Schneider [10] . In Section 7, we prove that a group-likeelement in a �nite projective Hopf algebra H over a Noetherian ring k has �niteorder dividing the least common multiple N of the P -ranks of H as a k-module.From the theorems in Section 4 it follows that S has order dividing 4N , and, shouldH be an FH-algebra, that the Nakayama automorphism � has �nite order dividing2N , as obtained for �elds in [26] and [10], respectively. In Section 8, we extend theDrinfel'd notion of quantum double to FH-algebras, then prove that the quantumdouble of an FH-algebra H is a unimodular and symmetric FH-algebra.



AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUS COORDINATES 32. A brief review of Frobenius algebrasAll rings in this paper have 1, homomorphisms preserve 1, and unless otherwisespeci�ed k denotes a commutative ring. Given an associative, unital k-algebra A,A� denotes the dual module Homk(A; k), which is an A-A bimodule as follows:given f 2 A� and a 2 A, af is de�ned by (af)(b) = f(ba) for every b 2 A, whilefa is de�ned by (fa)(b) = f(ab). We also consider the tensor-square, A 
 A as anatural A-bimodule given by a(b 
 c) = ab 
 c and (a 
 b)c := a 
 bc for everya; b; c 2 A. An element Pi zi 
 wi in the tensor-square is called symmetric if it isleft �xed by the transpose map given by a
 b 7! b
 a for every a; b 2 A.We �rst consider some preliminaries on a Frobenius algebra A over a commuta-tive ring k. A is a Frobenius algebra if the natural module Ak is �nite projective (=�nitely generated projective), and AA �= A�A:(4)Suppose fi 2 A�, xi 2 A form a �nite projective base, or dual bases, of A over k:i.e., for every a 2 A, Pi xifi(a) = a. Then there are yi 2 A and a cyclic generator� 2 A� such that the A-module isomorphism is given by a 7! �a, andXi xi�(yia) = a =X�(axi)yi;(5)for all a 2 A. It follows that � is nondegenerate (or faithful) in the following sense:a linear functional � on an algebra A is nondegenerate if a; b 2 A such that a� = b�or �a = �b implies a = b.We refer to � as a Frobenius homomorphism, (xi; yi) as dual bases, and (�; xi; yi)as a Frobenius system or Frobenius coordinates. It is useful to note from the startthat xy = 1 implies yx = 1 in A, since an epimorphism of A onto itself is automat-ically bijective [24, 30].It is equivalent to de�ne a k-algebra A Frobenius if Ak is �nite projective andAA �= AA�. In fact, with � de�ned above, the mapping a 7! a� is such an isomor-phism, by an application of Equations 5.Note that the bilinear form on A de�ned by ha; bi := �(ab) is a nondegenerateinner product which is associative: hab; ci = ha; bci for every a; b; c 2 A.The Frobenius homomorphism is unique up to an invertible element in A. If �and  are Frobenius homomorphisms for A, then  = d� for some d 2 A. Similarly,� = d0 for some d0 2 A, from which it follows that dd0 = 1. The element d isreferred to as the (left) derivative d d� of  with respect to �. Right derivatives inthe group of units A� of A are similarly de�ned.If (�; xi; yi) is a Frobenius system for A, then e :=Pi xi
yi is an element in thetensor-square A
k A which is independent of the choice of dual bases for �, calledthe Frobenius element. By a computation involving Equations 5, e is a Casimirelement satisfying ae = ea for every a 2 A, whence Pi xiyi is in the center of A.1It follows that A is k-separable if and only if there is a a 2 A such thatXi xiayi = 1:(6)For each d 2 A�, we easily check that (�d; xi; d�1yi) and (d�; xid�1; yi) are theother Frobenius systems in a one-to-one correspondence. It follows that a Frobeniuselement is also unique, up to a unit in A
A (either 1
 d�1 or d�1 
 1).1e is the transpose of the element Q in [3].



4 LARS KADISON AND A.A. STOLINA symmetric algebra is a Frobenius algebra A=k which satis�es the strongercondition: AAA �= A(A�)A:(7)Choosing an isomorphism �, the linear functional � := �(1) is a Frobenius homo-morphism satisfying �(ab) = �(ba) for every a; b 2 A: i.e., � is an trace on A. Thedual bases xi; yi for this � forms a symmetric element in the tensor-square, sincefor every a 2 A, Xi axi 
 yi = Xi;j yj 
 �(axixj)yi= Xj yj 
 xja:(8)A k-algebra A with � 2 A� and xi; yi 2 A satisfying either Pi xi�(yia) = a forevery a 2 A or Pi �(axi)yi = a for every a 2 A is automatically Frobenius. As acorollary, one of the dual bases equations implies the other. For if Pni=1(xi�)yi =IdA, then A is explicitly �nite projective over k, and it follows that A� is �niteprojective too. The homomorphism AA! AA� de�ned by a 7! a� for all a 2 A issurjective, since given f 2 A�, we note that f = (Pi f(yi)xi)�. SinceA and A� havethe same P -rank for each prime ideal P in k, the epimorphism a 7! a� is bijective[30], whence AA �= AA�. Starting with the other equation in the hypothesis, wesimilarly prove that a 7! �a is an isomorphism AA �= A�A.The Nakayama automorphism of a Frobenius algebra A is an algebra automor-phism � : A! A de�ned by ��(a) = a�(9)for every a 2 A. In terms of the associative inner product, hx; ai = h�(a); xi forevery a; x 2 A. � is an inner automorphism i� A is a symmetric algebra. TheNakayama automorphism � of another Frobenius homomorphism  = �d, whered 2 A�, is given by�(x) =Xi �(dxix)d�1yi =Xi d�1�(�(x)dxi)yi = d�1�(x)d;(10)so that ���1(x) = dxd�1. Thus the Nakayama automorphism is unique up to aninner automorphism. A Frobenius algebra A is a symmetric algebra if and only ifits Nakayama automorphism is inner.Another formula for � is obtained from Equations 9 and 5: for every a 2 A,�(a) =Xi �(xia)yi:(11)If the Frobenius elementPi xi
 yi is symmetric, it follows from this equation that� = IdA. Together with Equation 8, this proves:Proposition 2.1. A Frobenius algebra A is a symmetric algebra if and only if ithas a symmetric Frobenius element.Equation 7 generalizes to all Frobenius algebras as follows. A Frobenius iso-morphism 	 : AA �=! A�A induces a bimodule isomorphism where one bimodule istwisted by the Nakayama automorphism �:AAA �= ��1A�A;(12)



AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUS COORDINATES 5since with � = 	(1) Equation 9 yields	(a1aa2) = �a1aa2 = ��1(a1)�aa2 = ��1(a1)	(a)a2:The left and right derivatives of a pair of Frobenius homomorphisms di�er byan application of the Nakayama automorphism (cf. Equation 9). A computationapplying Equations 5 and 9 proves that for every a 2 A,Xi xia
 yi =Xi xi 
 �(a)yi:(13)In closing this section, we refer the reader to [6, 2, 12] for more on Frobeniusalgebras over commutative rings, and to [32] for a survey of the representationtheory of Frobenius over �elds and work on the Nakayama conjecture.3. Augmented Frobenius algebrasA k-algebra A is said to be an augmented algebra if there is an algebra homomor-phism � : A ! k, called an augmentation. An element t 2 A satisfying ta = �(a)t,8 a 2 A, is called a right integral of A. It is clear that the set of right integrals,denoted by R rA, is a two-sided ideal of A, since for each a 2 A, the element at is alsoa right integral. Similarly for the space of left integrals, denoted by RÀ. If R rA = RÀ,A is said to be unimodular.Now suppose that A is a Frobenius algebra with augmentation �. We claim thata nontrivial right integral exists in A. Since A� �= A as right A-modules, an elementn 2 A exists such that �n = � where � is a Frobenius homomorphism. Call n theright norm in A with respect to �. Given a 2 A, we compute in A�:�na = (�n)a = �a = �(a)� = �n�(a):By nondegeneracy of �, n satis�es na = n�(a) for every a 2 A.Proposition 3.1. If A is an augmented Frobenius algebra, then the set R rA of rightintegrals is a two-sided ideal which is free cyclic k-summand of A generated by aright norm.Proof. The proof is based on [24, Theorem 3], which assumes that A is also a Hopfalgebra. Let � 2 A� be a Frobenius homomorphism, and n 2 A satisfy �n = �, theaugmentation. Given a right integral t 6= 0, we note that�t = �(t)� = �(t)�n = �n�(t);whence t = �(t)n:(14)Then hni := f�nj � 2 kg coincides with the set of all right integrals.Given � 2 k such that �n = 0, it follows that�(n)� = �(1)� = � = 0;whence hni is a free k-module. Moreover, hni is a direct k-summand in A sincea 7! �(a)n de�nes a k-linear projection of A onto hni.The right norm in A is unique up to a unit in k, since norms are free generatorsof R rA by the proposition. The notions of norm and integral only coincide if k is a�eld.Similarly the space RÀ of left integrals is a rank one free summand in A, gen-erated by any left norm. In general the spaces of right and left integrals do not



6 LARS KADISON AND A.A. STOLINcoincide, and one de�nes an augmentation on A that measures the deviation fromunimodularity. In the notation of the proposition and its proof, for every a 2 A,the element an is a right integral since the right norm n is. From Equation 14 oneconcludes that an = �(an)n = (n�)(a)n. The functionm := n� : A! k(15)is called the right modular function, which is an augmentation since 8 a; b 2 A wehave (ab)n = m(ab)n = a(bn) = m(a)m(b)n and n is a free generator of R rA.The next proposition and corollary we believe has not been noted in the literaturebefore.Proposition 3.2. If A is an augmented Frobenius algebra and � the Nakayamaautomorphism, then in the notation above,m � � = �:(16)Proof. We note that � � � = � by evaluating each side of Equation 9 on 1. Thenfor each x 2 A,m(�(x)) = (n�)(�(x)) = (��(n))(�(x)) = (� � �)(x) = �(x):The next corollary follows from noting that if � is an inner automorphism, thenm = � from the proposition.Corollary 3.3. If A is an augmented symmetric algebra, then A is unimodular.We note two useful identities for the right norm,n = Xi �(nxi)yi =Xi �(xi)yi(17) = Xi xi(n�)(yi) =Xi xim(yi):(18)As an example, consider A := k[X]=(Xn) where k is a commutative ring andaX = X�(a) for some automorphism � of k and every a 2 k. Then A is anaugmented Frobenius algebra with Frobenius homomorphism �(a0 + a1X + � � � +an�1Xn�1) := an�1, dual bases xi = Xi�1, yi = Xn�i (i = 1; � � � ; n), and augmen-tation �(a0+ a1X + � � �+ an�1Xn�1) := a0. It follows that a left and right norm isgiven by n = Xn�1, and A is symmetric and unimodular. A is not a Hopf algebraunless n is a prime p and the characteristic of k is p (cf. [10]).The next proposition is well-known for �nite dimensional Hopf algebras [19].Proposition 3.4. Suppose A is a separable augmented Frobenius algebra. Then Ais unimodular.Proof. The Endo-Watanabe theorem in [7] states that separable projective algebrasare symmetric algebras. The result follows then from Corollary 3.3.We will use repeatedly in Section 4 several general principles summarized inthe next lemma. Items 1, 2 and 3 below are valid without the assumption ofaugmentation or �-invariance.Lemma 3.5. Suppose (A; �) is an augmented Frobenius algebra and � (respec-tively, �) is a k-algebra automorphism (resp. anti-automorphism) of A satisfying�-invariance: viz. � � � = �. Let (�A; xi; yi) be Frobenius coordinates of A. Then



AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUS COORDINATES 71. The Frobenius system is transformed by � into a Frobenius system(�A � ��1; �(xi); �(yi)):2. The Frobenius system is transformed by � into the Frobenius system(�A � ��1; �(yi); �(xi)):3. If B is another Frobenius k-algebra with Frobenius homomorphism �B, thenA
B is a Frobenius algebra with Frobenius homomorphism �A
�B : A
B !k.4. � sends integrals to integrals and norms to norms, respecting chirality.5. � sends integrals to integrals and norms to norms, reversing chirality.Proof. 1 is proven by applying � to Pi �A(axi)yi = a, obtainingXi �A��1(�(a)�(xi))�(yi) = �(a)for every a 2 A. 2 is proven similarly. 3 is easy. 4 is proven by applying �rst� to ta = �(a)t, obtaining that �(t) 2 R rA if t is too. Next, if �An = �, then(�A���1)�(n) = � as well, which together with 1 proves 4. 5 is proven similarly.4. FH-algebrasWe continue with k as a commutative ring. We review the basics of a Hopfalgebra H which is �nite projective over k [24]. A bialgebra H is an algebra andcoalgebra where the comultiplication and the counit are algebra homomorphisms.We use a reduced Sweedler notation given by�(a) =X(a) a(1) 
 a(2) :=X a1 
 a2for the values of the comultiplication homomorphism H ! H 
k H. The counit isthe k-algebra homomorphism � : H ! k and satis�es Pi �(a1)a2 =P a1�(a2) = afor every a 2 H.A Hopf algebra H is a bialgebra with antipode. The antipode S : H ! H isan anti-homomorphism of algebras and coalgebras satisfying PS(a1)a2 = �(a)1 =P a1S(a2) for every a 2 H.A group-like element in H is de�ned to be a g 2 H such that �(g) = g 
 g and�(g) = 1. It follows that g 2 H� and S(g) = g�1.Finite projective Hopf algebras enjoy the duality properties of �nite dimen-sional Hopf algebras. H� is a Hopf algebra with convolution product (fg)(x) :=P f(x1)g(x2). The counit is given by f 7! f(1). The unit of H� is the counit of H.The comultiplication on H� is given byP f1
 f2(a
 b) = f(ab) for every f 2 H�,a; b 2 H. The antipode is the dual of S, a mapping of H� into H�, denoted againby S when the context is clear. Note that an augmentation f in H� is a group-likeelement in H�, and vice versa, with inverse given by Sf = f � S.As Hopf algebras, H �= H��, the isomorphism being given by x 7! evx, theevaluation map at x: we �x this isomorphism as an identi�cation of H with H��.The usual left and right action of an algebra on its dual specialize to the left actionof H� on H�� �= H given by g * a := P a1g(a2), and the right action given bya ( g :=P g(a1)a2.We recall the de�nition of an equivalent version of Pareigis's FH-algebras [25].



8 LARS KADISON AND A.A. STOLINDe�nition 4.1. A k-algebraH is an FH-algebra ifH is a bialgebra and a Frobeniusalgebra with Frobenius homomorphism f a right integral in H�. Call f the FH-homomorphism.2The condition that f 2 R rH� is equivalent toX f(a1)a2 = f(a)1(19)for every a 2 H. Note thatH is an augmented Frobenius algebra with augmentation�. Let t 2 H be a right norm such that ft = �. Note that f(t) = 1. Fix the notationf and t for an FH-algebra. We show below that an FH-homomorphism is uniqueup to an invertible scalar in k. If H is an FH-algebra and a symmetric algebra, wesay that H is a symmetric FH-algebra.It follows from [24, Theorem 2] that an FH-algebra H automatically has anantipode. With f its FH-homomorphism and t a right norm, de�ne S : H ! H byS(a) =X f(t1a)t2:(20)Then for every a 2 HXS(a1)a2 =X f(t1a1)t2a2 = f(ta)1 = �(a)1:Now in the convolution algebra structure on Endk(H), this shows S has IdH as rightinverse. Since Endk(H) is �nite projective over k, it follows that IdH is also a leftinverse of S; whence S is the unique antipode.The Pareigis Theorem [24] generalizing the Larson-Sweedler Theorem [18] showsthat a �nite projective Hopf algebra H over a ground ring k with trivial Picardgroup is an FH-algebra. In detail, the theorem proves the following in the ordergiven. The �rst two items are proven without the hypothesis on the Picard groupof k. The last two items require only that RH̀� be free of rank 1.1. There is a right Hopf H-module structure on H�. Since all Hopf modules aretrivial, H� �= P (H�)
H, for the coinvariants P (H�) = RH̀� .2. The antipode S is bijective.3. There exists a left integral f in H� such that the mapping � : H ! H�de�ned by �(x)(y) = f(yS(x))(21) is a right Hopf module isomorphism.4. H is a Frobenius algebra with Frobenius homomorphism f .It follows from 2. above that an FH-algebra H possesses an �-invariant anti-automorphism S. If f 2 H� is an FH-homomorphism, then Sf is a Frobeniushomomorphism and left integral in H�. It is therefore equivalent to replace rightwith left in De�nition 4.1.Let m : H ! k be the right modular function of H. Since m is an algebra homo-morphism, it is group-like in H�, whence m at times is called the right distinguishedgroup-like element in H�.The next proposition is obtained in an equivalent form in [22], [10] and [2],though in somewhat di�erent ways.Proposition 4.2. Let H be an FH-algebra with FH-homomorphism f and rightnorm t. Then (f; S�1t2; t1) is a Frobenius system for H.2The authors have called FH-algebras Hopf-Frobenius algebras in an earlier preprint.



AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUS COORDINATES 9Proof. Applying S�1 to both sides of Equation 20 yieldsXS�1(t2)f(t1a) = a;(22)for every a 2 H. It follows from the �nite projectivity assumption on H that(f; S�1(t2); t1) is a Frobenius system.It follows from the proposition that t ( f = 1. Together with the corollarybelow this implies that f is a right norm in H�, since 1 is the counit for H�. Itfollows that g is another FH-homomorphism for H i� g = f� for some � 2 k�.From Equation 18 and the proposition above it follows thatS(t) = t ( m:(23)Proposition 4.3. H is an FH-algebra if and only if H� is an FH-algebra.Proof. It su�ces by duality to establish the forward implication. Suppose f is anFH-homomorphism for H and t a right norm. Now Equation 20 and the argumentafter it work for H� and the right integrals t, f since t ( f is the counit on H�. Itfollows that S(g) =X(f1g)(t)f2(24)is an equation for the antipode in H�. By taking S�1 of both sides we see that(t; S�1f2; f1)is a Frobenius system for H� . Whence t is an FH-homomorphism for H� withright norm f .It follows that H� is also an augmented Frobenius algebra. Next, we simplifyour criterion for FH-algebra.Proposition 4.4. If H is an FH-algebra if and only if H is a Frobenius algebraand a Hopf algebra.Proof. The forward direction is obvious. For the converse, we use the fact thatthe k-submodule of integrals of an augmented Frobenius algebra is free of rank 1(cf. [24, Theorem 3] or Proposition 3.1. It follows that RH̀ �= k. From Pareigis'sTheorem we obtain that the dual Hopf algebra H� is a Frobenius algebra. WhenceRH̀� �= k and H is an FH-algebra.Let b 2 H be the right distinguished group-like element satisfyinggf = g(b)f(25)for every g 2 H�.The convolution product inverse of m is m�1 = m �S. Given a left norm v 2 H,we claim that va = vm�1(a):Since t is a right norm, S an anti-automorphism and �-invariant, it follows that St isa left norm. Then we may assume v = St. Then S(at) = StSa = m(a)St, whencevx = vmS�1(x) for every a; x 2 H. The claim then follows from m � S2 = m;since this implies that m � S�1 = m�1. But m � S2 = m�1 � S = m, since m�1 isgroup-like.



10 LARS KADISON AND A.A. STOLINLemma 4.5. Given an FH-algebra H with right norm f 2 H� and right normt 2 H such that f(t) = 1, the Nakayama automorphism, relative to f , and itsinverse are given by: �(a) = S2(a ( m�1) = (S2a)(m�1;(26) ��1(a) = S�2(a ( m) = (S�2a)(m:
Proof. Using the Frobenius coordinates (f; S�1t2; t1), we note that��1(a) =XS�1(t2)f(t1��1(a)) =XS�1(t2)f(at1):We make a computation as in [10, Lemma 1.5]:S2(��1(a)) = X f(at1)St2= X f(a1t1)a2t2St3= X f(a1t)a2= a ( msince a ( f = f(a)1, at = m(a)t for every a 2 H and f(t) = 1. Whence ��1(a) =S�2(a ( m). Since mS�2 = m, it follows that ��1(a) = (S�2a)(m.It follows that a = (S�2�a) ( m, so let the convolution inverse m�1 act onboth sides: (a ( m�1) = S�2�(a). Whence �(a) = S2(a ( m�1) = (S2a)( m�1,since m�1S2 = m�1.As a corollary, we obtain [22, Folg. 3.3] and [3, Proposition 3.8]: if H is aunimodular FH-algebra, then the Nakayama automorphism is the square of theantipode.Now recall our de�nition of b after Proposition 4.3 as the right distinguishedgroup-like in H. Equation 27 below was �rst established in [28] for �nite dimen-sional Hopf algebras over �elds by di�erent means.Theorem 4.6. If H is an FH-algebra with FH-homomorphism f and right normt, then X t2 
 t1 =X b�1S2t1 
 t2:(27)
Proof. On the one hand, we have seen that (f; S�1t2; t1) are Frobenius coordinatesfor H. On the other hand, the equation f * x = bf(x) for every x 2 H followsfrom Equation 25 and givesXS(t1)bf(t2a) = XS(t1)t2a1f(t3a2)= X a1f(ta2)= X a1�(a2)f(t) = a:Then (f; S(t1)b; t2) is another Frobenius system for H.Since (S�1(t2); t1) and (S(t1)b; t2) are both dual bases to f , it follows thatPS�1t2 
 t1 = PS(t1)b 
 t2. Equation 27 follows from applying S 
 1 to bothsides.



AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUS COORDINATES 11Proposition 4.2 with a = S�1t givesXS�1t2f(t1S�1t) = S�1tf(S�1t) = S�1t:Since S�1t is a left norm, it follows thatf(S�1t) = 1:(28)The next proposition is not mentioned in the literature for Hopf algebras.Proposition 4.7. Given an FH-algebra H with FH-homomorphism f , the rightdistinguished group-like element b is equal to the derivative d of the left integralFrobenius homomorphism g := S�1f with respect to f :b = dgdf(29)
Proof. By Lemma 3.5, another Frobenius system for H is given by (g; St1; t2), sinceS is an anti-automorphism. Then there exists a (derivative) d 2 H� such thatdf = g:(30)g is a left norm in H� since S�1 is an �-invariant anti-automorphism. Also bfis a left integral in H� by the following argument. For any g; g0 2 H�, we haveb(gg0) = (bg)(bg0) as b is group-like. Then for every h 2 H�h(bf) = b[(b�1h)f ]= b[(b�1h)(b)f ]= h(1)(bf):Now both g(t) and bf(t) equal 1, since f(S�1t) = 1, f(tb) = �(b)f(t) = 1 and bis group-like. Since bf is a scalar multiple of the norm g, it follows thatg = bf:(31)Finally, d = b since df = bf from Equations 30 and 31, and f is nondegenerate.We next give a di�erent derivation for FH-algebras of a formula in [26] for thefourth power of the antipode of a �nite dimensional Hopf algebra. The main pointis that the Nakayama automorphisms associated with the two Frobenius homomor-phisms S�1f and f di�er by an inner automorphism determined by the derivativein Proposition 4.7.Theorem 4.8. Given an FH-algebra H with right distinguished group-like elementsm 2 H� and b 2 H, the fourth power of the antipode is given byS4(a) = b(m�1 * a ( m)b�1(32)for every a 2 H.Proof. Let g := S�1f and denote the left norm St by �. Note that g(�) = 1 =g(S�1�) since f(t) = 1 = f(S�1t). We note that (g;�2; S�1�1) are Frobeniuscoordinates for H, since S is an anti-automorphism of HThen the Nakayama automorphism � associated with g has inverse satisfying��1(a) =X�2g(aS�1�1)



12 LARS KADISON AND A.A. STOLINwhence S�1��1(a) = XS�1g(�1Sa)S�1(�2)= XS�1(�3)S�1g(�1Sa2)�2Sa1= XS�1g(�Sa2)Sa1= g(S�1�)Xm�1(Sa2)Sa1 = S(m* a);since Sm�1 = m. It follows that��1(a) = S2(m* a) = m* S2a(33) �(a) = m�1 * S�2a = S�2(m�1 * a):(34)From Proposition 4.7 we have g = bf = f�(b), where � is the Nakayama auto-morphism of f . By Equation 10 and Lemma 4.5,m�1 * S�2a = �(a)= �(b�1)�(a)�(b)= m�1(b�1)b�1(S2(a)(m�1)bm�1(b)= b�1S2(a)b ( m�1;since b and m are group-likes and S2 leaves m and b �xed. It follows thata = m* b�1S4(a)b ( m�1;for every a 2 H. Equation 32 follows.The theorem implies [3, Corollary 3.9], which states that S4 = IdH, if H and H�are unimodular �nite projective Hopf algebra over k. For localizing with respect toany maximal ideal M, we obtain unimodular Hopf-Frobenius algebras HM �= H 
kM and its dual, since the local ring kM has trivial Picard group. By Theorem 4.8,the localized antipode satis�es (SM)4 = Id for every maximal idealM in k; whenceS4 = IdH [30].Theorem 4.9. Let k be a commutative ring in which 2 is not a zero divisor andH a �nite projective Hopf algebra. If H is separable and coseparable, then S2 = Id.
Proof. First we note that H is unimodular and counimodular. Then it follows fromthe theorem above that S4 = Id. Localizing with respect to the set T = f2n; n =0; 1; ::g we may assume that 2 is invertible in k. Then H = H+ � H� whereH� = fh 2 H : S2(h) = �hg, respectively. We have to prove that H� = 0. Itsu�ces to prove that (H�)M = 0 for any maximal idealM in k. Since HM=MHMis separable and coseparable over the �eld k=M, we deduce from the main theoremin [8] that (H�)M �MHM and therefore (H�)M �M(H�)M. The desired resultfollows from the Nakayama Lemma because H� is a direct summand in H.In [3] it was established that if H is separable over a ring k with no torsionelements, then S2 = Id. We may improve on this and similar results by an applica-tion of the last theorem. If k is a commutative ring and M is a �nitely generatedprojective k-module, we let rankM : Spec k ! Z be the rank function, which isde�ned on a prime ideal P in k byrankM (P) := dim k=P (M 
k k=P)
k=P k=P



AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUS COORDINATES 13where k=P is the �eld of fractions of k=P . The range of rankM is �nite and consistsof a set of positive integers n1; n2; :::; nk.Now for any prime p 2 Z, let Spec(p)k � Spec k be the subset of prime ideals Pfor which the characteristic char (k=P ) = p. Suppose that Spec(p)k is non-emptyand rankM (Spec(p)k) = fni1 ; : : : ; nisg:For such p and � the Euler function, we de�neN(M;p) := maxm=1;::: ;sfn�(nim )2im g:Theorem 4.10. Let k be a commutative ring in which 2 is not a zero divisor andH be a f.g. projective Hopf algebra. If H is k-separable such that N(H; p) < p forevery odd prime p, then H is coseparable and S2 = Id.Proof. First we note that 2 may be assumed invertible in k without loss of generalityby localization with respect to powers of 2. Let M in k be a maximal ideal. Thecharacteristic of k=M is not 2 by our assumption.It is known that an algebra A is separable i� A=MA is separable over k=M forevery maximal ideal M � k [4]: whence H=MH is k=M-separable. Furthermorenote that if d(M) := dimk=MH=MH is greater than 2, thend(M)�(d(M))2 < char (k=M):It then follows from [8] that H�=MH� �= (H=MH)� is k=M-separable for suchM.If d(M) = 2 and k=M denotes the algebraic closure of k=M, then H�=mH� 
kk=M is either semisimple or isomorphic to the ring of dual numbers. But the latteris impossible since it is not a Hopf algebra in characteristic di�erent from 2. HenceH�=MH� is k=M-separable for all maximal ideal M. Hence H� is k-separable by[4]. By Theorem 4.9 then, S2 = Id.In closing this section, we note that Schneider [29] has established Equation 32by di�erent methods for k a �eld. Equation 32 is generalized in a di�erent directionby Koppinen [16]. Waterhouse sketches a di�erent method of how to extend theRadford formula to a �nite projective Hopf algebra [31].5. FH-SubalgebrasIn this section we prove that a Hopf subalgebra pair of FH-algebras B � A forma �-Frobenius extension. The �rst results of this kind were obtained by Oberst andSchneider in [22] under the assumption that H is cocommutative.The proposition below sans Equation 36 is more general than [9, Theorem 1.3]and a special case of [23, Satz 7] : the proof simpli�es somewhat and is needed forestablishing Equation 36.Proposition 5.1. Suppose A and B are Frobenius algebras over the same commu-tative ring k with Frobenius coordinates (�; xi; yi) and ( ; zj ; wj), respectively. If Bis a subalgebra of A such that AB is projective and the Nakayama automorphism �Aof A satis�es �A(B) = B, then A=B is a �-Frobenius extension with � the relativeNakayama automorphism, � = �B � ��1A ;(35)



14 LARS KADISON AND A.A. STOLINand �-Frobenius homomorphismF (a) =Xj �(azj)wj ;(36)for every a 2 A.Proof. Since B is �nite projective over k, it follows that AB is a �nite projectivemodule.It remains to check that BAA �= �(AB)�A, which we do below by using the Hom-Tensor Relation and Equation 12 twice (for A and for B). Let ��1A denote therestriction of ��1A to B below.BAA �= ��1A Homk(A; k)A�= Homk(A
B B��1A ; k)A�= HomB(AB; ��1A Homk(B; k)B)A�= ��1A HomB(AB; �BBB)�= �B���1A HomB(AB;BB)A:By sending 1A along the isomorphisms in the last set of equations, we computethat the Frobenius homomorphism F : BAB ! �BB is given by Equation 36. Onemay double check that F (bab0) = �(b)F (a)b0 for every b; b0 2 B; a 2 A by applyingEquation 13.Given a commutative ground ring k, we assume H and K are Hopf algebraswith H a �nite projective k-module. K is a Hopf subalgebra of H if it is a purek-submodule of H [17] and a subalgebra of H for which �(K) � K 
k K andS(K) � K. It follows that K is �nite projective as a k-module [17]. The nextlemma is a corollary of the Nicholls-Zoeller freeness theorem.Lemma 5.2. If H is a �nitely generated free Hopf algebra over a local ring k withK a Hopf subalgebra, then the natural modules HK and KH are free.Proof. It will su�ce to prove that HK is free, the rest of the proof being entirelysimilar. First note that HK is �nitely generated since Hk is. If M is the maximalideal of k, then the �nite dimensional Hopf algebra H := H=MH is free over theHopf subalgebra K := K=MK by purity and the freeness theorem in [21]. Suppose� : Kn �=! H is a K-linear isomorphism. Since K is �nitely generated over k, MKis contained in the radical of K. Now � lifts to a right K-homomorphism Kn ! Hwith respect to the natural projections H ! H and Kn ! Kn. By Nakayama'slemma, the homomorphism Kn ! H is epi (cf. [30]). Since Hk is �nite projective,� is a k-split epi, which is bijective by Nakayama's lemma applied to the underlyingk-modules. Hence, HK is free of �nite rank.Over a non-connected ring k = k1 � k2, it is easy to construct examples of Hopfsubalgebra pairs K := k[H1 �H2] � H := k[G1 �G2]where G1 > H1, G2 > H2 are subgroup pairs of �nite groups and HK is not free(by counting dimensions on either side of H �= Kn). The next proposition followsfrom the lemma.



AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUS COORDINATES 15Proposition 5.3. If H is a �nite projective Hopf algebra and K is a �nite pro-jective Hopf subalgebra of H, then the natural modules HK and KH are �niteprojective.Proof. We prove only thatHK is �nite projective since the proof that KH is entirelysimilar. First note that HK is �nitely generated.If k is a commutative ground ring, Q! P is an epimorphism of K-modules, thenit will su�ce to show that the induced map 	 : HomK(HK;QK)! HomK(HK;PK)is epi too. Localizing at a maximal ideal M in k, we obtain a homomorphismdenoted by 	M. By adapting a standard argument such as in [30], we note thatfor every module MKHomK(HK;MK)M �= HomrKM(HM;MM)(37)since Hk is �nite projective. Then 	M mapsHomrKM(HM;QM)! HomrKM(HM;PM):By Lemma 5.2, HM is free over KM. It follows that 	M is epi for each maximalideal M, whence 	 is epi.Suppose K � H is a pair of FH-algebras where K is a Hopf subalgebra of H:call K � H a FH-subalgebra pair. We now easily prove that H=K is a �-Frobeniusextension.Theorem 5.4. If H=K is a FH-subalgebra pair, then H=K is a �-Frobenius ex-tension where � = �K � ��1H .Proof. The Nakayama automorphism �H sends K into K by Equation 26, since Kis a Hopf subalgebra of H. HK is projective by Proposition 5.3. The conclusionfollows then from Proposition 5.1From the theorem and Lemma 4.5 we readily compute � in terms of the relativemodular function � := mH �m�1K , obtaining the formula [10, 1.6]: for every x 2 K,�(x) = x ( �:(38)Applying mK to both sides of this equation, we obtainmH(x) = mK(�(x));(39)a formula which extends that in [10, Corollary 1.8] from the case � = IdK.6. Some Formulas for a Hopf Subalgebra PairIt follows from Theorem 5.4 and Lemma 5.2 that a Hopf subalgebra pair K � Hover a local ring k is a free �-Frobenius extension. Since HK is free and thereforefaithfully 
at, the proof in [10] that (E; S�1(�2);�1), de�ned below, is a Frobeniussystem carries through word for word as described next.From Proposition 4.2 it follows that (f; S�1(tH(2)); tH(1)) is a Frobenius systemfor H where f 2 H� and tH in H are right integrals such that f(tH) = 1. Givenright and left modular functions mH and m�1H , a computation using Equation 2determines that ��1H (a) = S�2(a ( mH);(40)



16 LARS KADISON AND A.A. STOLINfor every a 2 H. Let tK be a right integral forK. Now by a theorem in [21], HK andKH are free. Then there exists �̂ 2 H such that tH = �̂tK . Let � := �H(S�1(�̂)).Then a �-Frobenius system for H=K is given by (E; S�1�(2);�(1)) whereE(a) =X(a) f(a(1)S�1(tK))a(2);(41)
for every a 2 H [10]. For example, if K is the unit subalgebra, E = f and � = t.The rest of this section is devoted to comparing the di�erent Frobenius systemsfor a Hopf subalgebra pair K � H over a local ring k implied by our work inSections 4 and 5. Suppose that f 2 R rH� and t 2 R rH such that ft = �, and thatg 2 R rK� and n 2 R rK satisfy gn = �jK . Then by Section 4 (f; S�1(t2); t1) is aFrobenius system for H, and (g; S�1(n2); n1) is a Frobenius system for K, both asFrobenius algebras.By Equation 36, we note that a Frobenius homomorphism F : H ! K of the�-Frobenius extension H=K is given byF (a) =X f(aS�1(n2))n1:(42)Comparing E in Equation 41 and F above, we compute the (right) derivative dsuch that F = Ed:d = XF (S�1(�2)�1= X f(S�1(�2)S�1(n2))n1�1= X(S�1f)(n2�2)n1�1 = (S�1f)(n�)1H ;since S�1f 2 RH̀� . Hence, (S�1f)(n�) 2 k�.We next make note of a transitivity lemma for Frobenius systems, which addsFrobenius systems to the transitivity theorem, [23, Satz 6].Lemma 6.1. Suppose A=S is a �-Frobenius extension with system (ES ; xi; yi) andS=T is a 
-Frobenius extension with system (ET ; zj ; wj). If �(T ) = T , then A=Tis a 
 � �-Frobenius extension with system,(ET � E; xizj ; ��1(wj)yi):
Proof. The mapping ETES is clearly a bimodule homomorphism TAT ! 
��TT .We compute for every a 2 A:Xi;j xizjETES(��1(wj)yia) = Xi xiXj zjET (wjES(yia))= Xi xiES(yia) = a;Xi;j (
�)�1(ETES(axizj))��1(wj)yi = Xi ��1(Xj 
�1(ET (ES(axi)zj))wj)yi= Xi ��1(ES(axi))yi = a:



AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUS COORDINATES 17Applying the lemma to the Frobenius system (E; S�1(�2);�1) for H=K andFrobenius system (g; S�1(n2); n1) for K yields the Frobenius system for the algebraH, (g � E; S�1(�2)S�1(n2); ��1(n1)�1):Comparing this with the Frobenius system (f; S�1(t2); t1), we compute the deriv-ative d0 2 H� such that (gE)d0 = f :d0 =X f(S�1(n2�2))��1(n1)�1(43)We note that f = gF , since for every a 2 H,g(X f(aS�1(n2))n1) = f(aXS�1(n2)g(n1)) = f(a):Now appy g from the left to F = Ed and conclude that d = d0. It follows that gEis a right norm in H� like f , since d 2 k�.Since ft = � and mH(d0) = d = (S�1f)(n�)1H , we see that dt is a right normfor gE. Using Equation 17, we compute thatdt = X �(S�1(n2�2))��1(n1)�1= ��1(n)�:(44)Recalling from Section 1 that t = �̂n, we note that��1(n)� = �̂nd:(45)Multiplying both sides of the equation ��1(n)� = td from the left by ��1(x),where x 2 K, derives Equation 39 by other means for local ground rings.7. Finite order elementsLet M be a �nite projective module over a commutative ring k. Let rankM :Spec(k)! Z be the rank function as in Section 4. We introduce the rank numberD̂(M;k) ofM as the least common multiple of the integers in the range of the rankfunction on M : D̂(M;k) = l:c:m:fn1; n2; : : : ; nkg:Let H be a �nite projective Hopf algebra over a Noetherian ring k. Let d 2 Hbe a group-like element. In this section we provide a proof that dN = 1 where Ndivides D̂(H; k) (Theorem 7.7). In particular ifH has constant rank n, such as whenSpec(k) is connected, then N divides n. Then we establish in Corollaries 7.8 and 7.9that the antipode S and Nakayama automorphism � satisfy S4N = �2N = IdH ascorollaries of Theorem 4.8.Let k[d; d�1] denote the subalgebra of H generated over k by 1 and the negativeand positive powers of d. Let k[d] denote only the k-span of 1 and the positivepowers of d. Clearly k[d; d�1] is Hopf subalgebra of H. d has a minimal polynomialp(x) 2 k[x] if p(x) is a polynomial of least degree such that p(d) = 0 and the gcdof all the coe�cients is 1. We �rst consider the case where k is a domain.Lemma 7.1. If k is a domain, each group-like d 2 H has a minimal polynomialof the form p(x) = xs � 1 for some integer s. Moreover, s divides dimk(H 
k k)and f(ds) 6= 0, where k denote the �eld of fractions of k f is FH-homomorphismfor k[d; d�1].



18 LARS KADISON AND A.A. STOLINProof. We work at �rst in the Hopf algebra H 
k k in which H is embedded. Sincek[d; d�1] is a �nite dimensional Hopf algebra, there is a unique minimal polynomialof d, given by p(x) = xs + �s�1xs�1 + � � �+ �01. Since d is invertible, �0 6= 0 andk[d; d�1] = k[d].k[d] is a Hopf-Frobenius algebra with FH-homomorphism f : k[d] ! k. Thenf(dk)dk = f(dk)1 for every integer k, since each dk is group-like. If f(dk) 6= 0, thenk � s, since otherwise d is root of xk � 1, a polynomial of degree less than s.Thus, f(d) = � � � = f(ds�1) = 0, but f(1) 6= 0 since f 6= 0 on k[d]. Thenf(p(d)) = f(ds) + �0f(1) = 0, so that f(ds) = ��0f(1) 6= 0. Since f(ds)ds =f(ds)1, it follows that ds � 1 = 0. Clearly k[d] is a Hopf subalgebra of H 
k k ofdimension s over k and it follows from the Nichols-Zoeller theorem that s dividesdimk(H 
k k).For H over an integral domain we arrive instead at r(ds � 1) = 0 for some0 6= r 2 k. Since H is �nite projective over an integral domain, it follows thatds � 1 = 0.It follows easily from the proof that if g(x) 2 k[x] such that g(d) = 0, then ds = 1for some integer s � deg g.Theorem 7.2. Let H be a �nite projective Hopf algebra over a commutative ringk, which contains no additive torsion elements. If d 2 H is a group-like element,then dN = 1 for some N that divides D̂(H; k).Proof. Let P be a prime ideal in k and rankH(P) = ni. Let D = D̂(H; k).Note that H=PH �= H 
k (k=P) is a �nite projective Hopf algebra over thedomain k=P . By Lemma 7.1, there is an integer sP such that dsP � 1 2 PH andsP divides ni. It follows that dD � 1 2 PHfor each prime ideal P of k. Since H is a �nite projective over k, a standard argu-ment gives Nil(k)H = \(PH) over all prime ideals, where the nilradical Nil(k) =\P is equal to the intersection of all prime ideals in k. Thus, dD � 1 = P riaiwhere ri 2 Nil(k). Let ki be integers such that rkii = 0. Then(dD � 1)(Pni=1 ki)+1 = 0:(46)It is clear that P (x) := (xD � 1)(Pni=1 ki)+1 is a monic polynomial with integercoe�cients.In general, let m 2 Z be the least number such that m �1 = 0: we will call m thecharacteristic of k. Clearly in this case m = 0 and Z � k. Again by Equation 46,Z[d; d�1] = Z[d] is a Hopf algebra over Z. Moreover, since k has no additive torsionelements, we conclude that Z[d] is a free module over Z.Now by Lemma 7.1 q(x) = xs � 1 is the minimal polynomial for d over Z andtherefore xs�1 divides P (x) in Z[x]. Since P (x) has the same roots in C as xD�1it follows that a primitive s-root of unity is a D-root of unity and whence s dividesD.In preparation for the next theorem, observe that if (k;M) is a local ring ofpositive characteristic, then char(k) = pt for some positive power of a prime numberp and char(k=M) = p.



AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUS COORDINATES 19Theorem 7.3. Let k be a local ring of positive characteristic and H be a �niteprojective Hopf algebra over k of rank n. If d 2 H is group-like, then ds = 1 wheres is the order of the image of d in H=MH (and therefore s divides n).Proof. Zpt is clearly a subring of k. Since we can choose a spanning set of Hover k of the form 1; d; : : : ; ds�1; ts; � � � tn where the elements of the set are linearlyindependent modulo M, it follows that 1; d; : : : ; ds�1 generate a free module overZpt . We claim that Zpt [d] coincides with this module and therefore is free over Zpt .First we need to prove thatMH \Zpt [d] = pZpt [d]. To do this, we observe thatM\Zpt = pZpt and thus pZpt [d] � MH \ Zpt [d]. Then there is a canonical epi-momorphism of algebras over Zp : Zpt [d]pZpt ! Zpt [d]MH\Zpt [d] . Let �d denote the image ofd in H=MH. Since �ds = 1 over k=M, we deduce that �ds = 1 over Zp from the factthat Zp is the prime sub�eld of k=M. Thus there is a canonical algebra epimor-phism Zp[�s] ! Zpt [d]pZpt , where �s is a cyclic group of order s. Since 1; d; : : : ; ds�1are linearly independent modulo M, it follows that dimZp( Zpt [d]MH\Zpt [d]) � s whiledimZp(Zp[�s]) = s. Therefore all three Zp-algebras above have dimension s andMH \ Zpt [d] = pZpt [d].The next step we need is to prove that d satis�es a monic polynomial equationof degree s over k. Clearly ds � 1 2 MH \ Zpt [d] and hence ds � 1 = �aidi withai 2 pZpt . If all i < s then this is exactly what we need. Otherwise we can replaceas+kds+k by as+kdk + as+k�aidi+k. However new coe�cients as+kai are divisibleby p2. Continuing this process we will arrive at a monic polynomial in d of degrees because pt = 0 and all the monomials of degree greater than s will be eliminated.Now it follows that Zpt [d; d�1] = Zpt [d] is a Hopf algebra over Zpt and a freemodule of rank s. Then Zpt [d] is a Hopf-Frobenius algebra because Zpt is a localring. Let f be a Hopf-Frobenius homomorphism for Zpt [d]. If �f = fmod p, it is clearthat this is a Hopf-Frobenius homomorphism for Zp[ �d]. Since �f( �ds) 6= 0, it followsthat f(ds) is an invertible element of Zpt . Hence, the relation f(ds)ds = f(ds) � 1implies that ds = 1, which proves the theorem.De�nition 7.4. We say that a commutative ring k is a GH-ring if any group-likeelement d of any �nite projective Hopf algebra H satis�es dD̂(H;k) = 1.We have already proved that �elds, rings without additive torsion, and local ringsof positive characteristic are GH-rings. Next we make the following easy remarks:Remark 7.5. If k1; : : : ; kn are GH-rings then �ni=1ki is a GH-ring.Let g : k ! K be a ring homomorphism (g(1) = 1) and let g� : Spec(K) !Spec(k) be the induced continuous mapping. Then it is well-known (see for instance[1]) that rankM
kK = g� � rankM for any projective k-module M and it followsthat D̂(M 
k K;K) divides D̂(M;k). Then we can make the followingRemark 7.6. If g : k ! K is an embedding and K is a GH-ring, then k is aGH-ring.Theorem 7.7. Noetherian rings are GH-rings.Proof. Let k be a Noetherian ring and T (k) � k be the set of all torsion elements,i.e. for any a 2 T (k) there exists a positive integer m such that ma = 0. T (k) isclearly an ideal of k. Since T (k) is �nitely generated over k, there exists a positive



20 LARS KADISON AND A.A. STOLINinteger t(k) such that t(k)T (k) = 0. Let �1 : k ! kT (k) and �2 : k ! kt(k)�k becanonical surjections. We claim that �1 � �2 : k ! kT (k) � kt(k)�k is an embedding.Indeed, if (�1� �2)(x) = 0 then x 2 T (k) and x = t(k)a for some a 2 k. Obviouslythen a 2 T (k) and x = t(k)a = 0.Since kT (k) has no additive torsion and therefore is a GH-ring, it remains toprove that a Noetherian ring of a positive characteristic is a GH-ring. For thatlet us consider a multiplicatively closed set S consisting of all the non-divisorsof zero of k. It is well-known that k ! S�1k is an embedding and S�1k is asemi-local ring if k is Noetherian (see [1]). So, it is su�cient to prove that a semi-local ring A of positive characterestic is a GH-ring. Let M1; ::;Mn be the set ofall maximal ideals of A and AMi be the corresponding localizations. Now let usconsider a homomorphism f : A ! �AMi induced by canonical homomorphismsfi : A! AMi . We claim that f is an embedding. Let in contrary f(x) = 0. Thenfi(x) = 0 for any i and there exists ai 2 AnMi such that aix = 0. Let us considerthe ideal I generated by all ai. Clearly Ix = 0. On the other hand I cannot belongto Mi because ai is not in Mi. Therefore we get that I = A and consequentlyx = 0. Since any AMi is a local ring of positive characteristic, Theorem 3.2 impliesthe required result.As a consequence of Proposition 4.8, Theorem 7.2 and Equation 26, we obtainthe following corollaries.Corollary 7.8. Let H be an FH-algebra over a Noetherian ring k. Then S4D̂(H;k) =�2D̂(H;k) = IdHProof. Note that D̂(H; k) = D̂(H�; k).Corollary 7.9. Let H be a �nite projective Hopf algebra over a Noetherian ringk. Then S4D̂(H;k) = IdH.Proof. Localizing with respect to S = k � fzero divisorsg we reduce the statementto a semi-local ring A. Then it is well-known (see [1]) that Pic(A) = 0 and hencethe statement follows from the Hopf-Frobenius case.8. The quantum double of an FH-algebraLet k be a commutative ring. We note that the quantum double D(H), due toDrinfel'd [5], is de�nable for a �nite projective Hopf algebra H over k: at the levelof coalgebras it is given by D(H) := H� cop 
k H;where H� cop is the co-opposite of H�, the coproduct being �op.The multiplication on D(H) is described in two equivalent ways as follows [19,Lemma 10.3.11]. In terms of the notation gx replacing g
x for every g 2 H�; x 2 H,both H and H� cop are subalgebras of D(H), and for each g 2 H� and x 2 H,xg :=X(x1gS�1x3)x2 =X g2(S�1g1 * x ( g3):(47)The algebra D(H) is a Hopf algebra with antipode S0(gx) := SxS�1g, the proofproceeding as in [15]. A Hopf algebra H 0 is almost cocommutative, if there existsR 2 H 0 
H 0, called the universal R-matrix, such thatR�(a)R�1 = �op(a)(48)



AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUS COORDINATES 21for every a 2 H 0. A quasi-triangular Hopf algebra H 0 is almost cocommutative withuniversal R-matrix satisfying the two equations,(�
 Id)R = R13R23(49) (Id
�)R = R13R12:(50)By a proof like that in [15, Theorem IX.4.4], D(H) is a quasi-triangular Hopfalgebra with universal R-matrixR =Xi ei 
 ei 2 D(H)
D(H);(51)
where (ei; ei) is a �nite projective base of H [5].The next theorem is now a straightforward generalization of [27, Theorem 4.4].Theorem 8.1. If H is an FH-algebra, then the quantum double D(H) is a uni-modular FH-algebra.Proof. Let f be an FH-homomorphism with t a right norm. Then T := S�1f is aleft norm inH�. Let b�1 be the left distinguished group-like element in H satisfyingTg = g(b�1)T for every g 2 H�. Moreover, note that ` := S�1(t) is a left norm inH.In this proof we denote elements of D(H) as tensors in H� 
H. We claim thatT 
 t is a left and right integral in D(H). We �rst show that it is a right integral.The transpose of Formula 27 in Theorem 4.6 is P t1 
 t2 = P t2 
 b�1S2t1.Applying �
 S�1 to both sides yields P t1 
 t2 
 S�1t3 =P t2 
 t3 
 (St1)b. Itfollows easily that XS�1t3b�1t1 
 t2 = 1
 t:(52)We next make a computation like that in [19, 10.3.12]. Given a simple tensorg 
 x 2 D(H), note that in the second line below we use Tg = g(b�1)T for eachg 2 H�, and in the third line we use Equation 52:(T 
 t)(g 
 x) = XTg(S�1t3(�)t1)
 t2x= Tg(S�1t3b�1t1)
 t2x= g(1)T 
 tx= g(1)�(x)T 
 tIn order to show that T
t is also a left integral, we note that Formula 27 appliedto the right norm T 0 = S�1T in H� isPT 01
T 02 =PT 02
m�1S2T 01. Apply S
Sto obtain XT2 
 T1 =XT1 
 S2T2m:(53)Applying � 
 S�1 to both sides yields PT2 
 T3 
mS�1T1 =PT1 
 T2 
 ST3.Whence XT2 
 T3mS�1T1 = XT1 
 T2ST3= T 
 1:(54)
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 x)(T 
 t) = X gT2 
 (S�1T1 * x ( T3)t= X gT2 
 S�1T1(x3)T3(x1)x2t= X gT2 
 [T3mS�1T1](x)t= gT 
 �(x)t = g(1)�(x)T 
 tThus T 
 t is also a left integral.Next we note that T 
 t is an FH-homomorphism for D(H)�, since D(H)� �=Hop
H�, the ordinary tensor product of algebras (recall that D(H) is the ordinarytensor product of coalgebras (Hop)� 
 H). This follows from T 
 t being a rightintegral in D(H) on the one hand, while, on the other hand, Hop and H� areFH-algebras with FH-homomorphisms T = S�1f and t.Since T 
 t is an FH-homomorphism for D(H)�, it follows that T 
 t is a rightnorm in D(H). Since T 
 t is a left integral in D(H), it follows that it is a leftnorm too. Hence, D(H) is unimodular.Corollary 8.2. S(t)
 f is an FH-homomorphism for D(H).Proof. Note that S(t)
 f is a right integral in D(H)� �= Hop 
H�, since S(t) andf are right integrals in Hop and H�, respectively. Then(T 
 t)(S(t)
 f) = �D(H)�T (S(t))f(t) = �D(H)� :(55)so that S(t) 
 f is a right norm in D(H)�. By Proposition 4.3, D(H) is an FH-algebra with FH-homomorphism S(t)
 f .The next theorem implies that the quantum double D(H) of an FH-algebra is asymmetric algebra, of which [3, Corollary 3.12] is a special case.Theorem 8.3. A unimodular almost commutative FH-algebra H 0 is a symmetricalgebra.Proof. Since H 0 is unimodular, Lemma 4.2 shows that H 0 has Nakayama automor-phism S2. Since H 0 is almost commutative, a computation like Drinfeld's (cf. [19,Proposition 10.1.4]) shows that S2 of an almost commutative Hopf algebra H isan inner automorphism: if R = Pi zi 
 wi is the universal R-matrix satisfyingEquation 48, then S2(a) = uau�1 where u = Pi(Swi)zi. Thus, the Nakayamaautomorphism is inner, and H 0 is a symmetric algebra.
Acknowledgements. The authors thank NorFA of Norway and NFR ofSweden, respectively, for their support of this paper. The �rst author also thanksRobert Wisbauer and the university in D�usseldorf for their support and hospitalityduring two recent stays. References[1] H. Bass, Algebraic K-theory, Benjamin, New York, 1968.[2] K. Beidar, Y. Fong, and A. Stolin, On Frobenius algebras and the quantumYang-Baxter equation, Trans. A.M.S. 349 (1997), 3823{3836.[3] K. Beidar, Y. Fong, and A. Stolin, On antipodes and integrals in Hopf algebraover rings and the quantum Yang-Baxter equation, J. Algebra 194 (1997),36{52.



AN APPROACH TO HOPF ALGEBRAS VIA FROBENIUS COORDINATES 23[4] F. DeMeyer and E. Ingraham, Separable algebras over commutative rings,Lect. Notes in Math. 181, Springer Verlag, 1970.[5] V.G. Drinfeld, Quantum groups, Proc. International Congress Math. Berkeley(1986), 798{820.[6] S. Eilenberg and T. Nakayama, On the dimensions of modules and algebras,II. (Frobenius algebras and quasi-Frobenius rings), Nagoya Math. J. 9 (1955),1{16.[7] S. Endo and Y. Watanabe, On Separable Algebras over a Commutative Ring,Osaka J. Math. 4 (1967), 233{242.[8] P. Etingof and S. Gelaki, On �nite-dimensional semisimple and cosemisim-ple Hopf algebras in positive characteristic, Internat. Math. Res. Notices 16(1998), 851{864.[9] R. Farnsteiner, On Frobenius extensions de�ned by Hopf algebras, J. Algebra166 (1994), 130{141.[10] D. Fischman, S. Montgomery, and H.-J. Schneider, Frobenius extensions ofsubalgebras of Hopf algebras, Trans. Amer. Math. Soc. 349 (1997), 4857{4895.[11] L. Kadison, The Jones polynomial and certain separable Frobenius extensions,J. Algebra 186 (1996), 461{475.[12] L. Kadison, New Examples of Frobenius Extensions, A.M.S. University LectureSeries, vol. 14, Providence, Rhode Island, 1999.[13] L. Kadison, Separability and the twisted Frobenius bimodule, Algebras andRepresentation Theory 2 (1999), 397{414.[14] F. Kasch, Projektive Frobenius Erweiterungen, Sitzungsber. Heidelberg. Akad.Wiss. Math.-Natur. Kl. (1960/1961), 89{109.[15] C. Kassel, Quantum Groups, Grad. Texts Math. 155, Springer, New York,1995.[16] M. Koppinen, On Nakayama automorphisms of double Frobenius algebras, J.Algebra 214 (1999), 22{40.[17] T.Y. Lam, Lectures on Modules and Rings, Grad. Texts Math. 189, Springer-Verlag, Heidelberg-Berlin-New York, 1999.[18] R.G. Larson and M. Sweedler, An associative orthogonal bilinear form forHopf algebras, Amer. J. Math. 91 (1969), 75{93.[19] S. Montgomery, Hopf algebras and their actions on rings, CBMS RegionalConf. Series in Math. 82, A.M.S., 1993.[20] T. Nakayama and T. Tsuzuku, On Frobenius extensions I. Nagoya Math. J.17 (1960), 89{110. On Frobenius extensions II. ibid. 19 (1961), 127{148.[21] W.D. Nichols and M.B. Zoeller, A Hopf algebra freeness theorem, Amer. J.Math. 111 (1989), 381{385.[22] U. Oberst and H.-J. Schneider, �Uber untergruppen endlicher algebraischergruppen, Manuscr. Math. 8 (1973), 217{241.[23] B. Pareigis, Einige Bemerkung �uber Frobeniuserweiterungen, Math. Ann. 153(1964), 1{13.[24] B. Pareigis, When Hopf algebras are Frobenius algebras, J. Algebra 18 (1971),588-596.[25] B. Pareigis, On the cohomology of modules over Hopf algebras, J. Algebra 22(1972), 161-182.[26] D. Radford, The order of the antipode of a �nite dimensional Hopf algebra is�nite, Amer. J. Math. 98 (1976), 333{355.[27] D. Radford, Minimal quasi-triangular Hopf algebras, J. Algebra 157 (1993),285{315.[28] D. Radford, The trace function and Hopf algebras, J. Algebra 163 (1994),583{622.



24 LARS KADISON AND A.A. STOLIN[29] H.-J. Schneider, Lectures on Hopf Algebras, Preprint Ciudad University, Cor-doba, Argentina, Trabajos de Matematica, serie B, no. 31, 1995.[30] J.R. Silvester, Introduction to Algebraic K-theory, Chapman and Hall, London,1981.[31] W.C. Waterhouse, Antipodes and group-likes in �nite Hopf algebras, J. Alge-bra 37 (1975), 290{295.[32] K. Yamagata, Frobenius Algebras, in: Handbook of Algebra, Vol. 1, ed. M.Hazewinkel, Elsevier, Amsterdam, 1996, 841{887.Chalmers University of Technology/G�oteborg University, S-412 96 G�oteborg, Swe-denE-mail address: kadison@math.ntnu.no, astolin@math.chalmers.se


