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Abstract

The Metric Interval Temporal Logic (MITL) progression al-
gorithm invented by Bacchus and Kabanza (1996) is extended
to work also for the case when the duration and content of
states are only partially specified (constrained). This is mo-
tivated by an approach to prediction, but also leads to a new,
tableaux style, algorithm for deciding the consistency of an
MITL formula. The algorithm is not yet fully developed.

1. Introduction

Metric Interval Temporal Logic (MITL) (Alur, Feder, &
Henzinger 1996), like LTL (Emerson 1990), is a tense-
modal logic expressing properties of infinite sequences of
propositional states. The logics differ in that state segas

in MITL models aretimed each state in the sequence has
a starting and ending timepoint, which maps to an underly-
ing real timeline, and modal operators in MITL are qualified
with constraints on state durations.

For applications working with MITL, the progression al-
gorithm of Bacchus and Kabanza (1996) is a powerful tool.
The algorithm “pushes” the truth criteria for an MITL for-
mula forwards over the states of a timed model, one at a
time: input is an MITL formulag, and a state with du-
ration D(q), and the algorithm returns an MITL formuts
such thaip is T in ¢ iff ¢’ is T in the succeeding state.

Of state succeeding, nothing needs to be known: the
returned formula is a condition that can be checked for con-
tradiction, for truth in the succeeding state when it beceme
known, or further progressed. The progression algorithm as
presented, however, requires all properties of the staie
particular the duratiorD(q), to be known.

Motivated by the use of MITL to represent knowledge in a
predictive model, | have extended the progression algorith
to work with only partial knowledge about the duration of
stateq, expressed by a set of constraints on variables repre-
senting state starting and ending times. As it turns out, the
further extension to working with only partial knowledge
about the state itself is fairly straightforward, and poten-
tially applicable to the problem MITL consistency checking

The next two sections introduce background material:
first, the approach to prediction that motivated this line of
inquiry, then in more detail MITL and Bacchus’ and Ka-
banza’s progression algorithm. Sectibpresents the exten-
sion to partial knowledge about state timing.
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Section5, finally, describes the further extension to the
progression algorithm and how it may be applied to MITL
consistency. This is still work in progress: the consisyenc
checking algorithm presented is sound, but not complete.

2. Background I: Prediction as a Knowledge
Representation Problem

Prediction is a central component in many control and rea-
soning taskse.g. state estimation/diagnosis, interpretation
of sensor data (most notably the problem of reidentifiction
tracking control and planning. All of prediction relies on
models it is only with the knowledge encoded in a model,
whatever form it takes, that a predictive system can coreclud
anything stronger than a tautology.

In a previous paper (Haslum 2001), | argued that there
are for any application involving prediction many possible
“model designs”, by which | mean broadly the ontology,
representation, acquisistion and computational metheds a
sociated with a model, and for the comparative investigatio
of different alternatives. As a case study, | have designed
two different solutions to a prediction problem encountere
in the WITAS UAV project: one is a discrete event model
and uses a schema-like representation of “normality”, avhil
the other is based on a Markov process. Both models use
continuous time.

The role of MITL is in the first model design, as a lan-
guage to formulateexpectations expressing beliefs about
what will hold true, over time, in the normal case. Expec-
tations are arranged in a heirarchy reflecting the strenfith o
belief. A possible future development is represented by a
timed sequence of events, finite since the prediction hori-
zon is bounded. By checking which formulas of the hier-
archy, if any, the development necessarily violates, ifsis a
signed a “normality rating”, representing a measure of the
percieved relative likelihood of that development occgrin

The WITAS project studies architectures and tech-
niques for intelligent autonomous systems, centered around
an unmanned aerial vehicle (UAV) for traffic surveil-
lance. For an overview, see.g. (Doherty et al. 2000) or
http://wwv ida.liu.se/ext/witas/. The problem
considered is to predict the movements of a vehicle in a road
network, and appears in the context of the task of planning a search
strategy.



To make enumeration of even finite developments possible,
it is necessary to adopt a constraint based representdtion o
state starting and ending times, since events are distdbut
along a dense time line. This, and the use of progression
as the tool to check for formula violation in finite develop-
ments, motivated the first step in extending the progression
algorithm.

3. Background II: Timed Automata, MITL
and Progression

Timed automata and MITL both have their roots in the re-
search area of formal specification and verification of reac-
tive hardware/software systems. Introductions can bedoun
in e.g.Alur (1999) and Emerson (1990).

Timed Automata Timed automata (Alur & Dill 1994) are
essentially finite state automata, augmented with time con-
straints of two kinds: a transition can have a time window
in which it is possible to make the transition and a state can
have a maximal time that the system may remain in the state
before it has to exit by some transition.

Let R* denote real numbers 0, with a special symbol
oo for infinity.

Definition 1 (Timed Automaton)
A timed automatonA = (@, R, C, L), consists of a set of
states(), atransition relation

RCEYXQxQxRT xRT

whereX is some set oéventlabels, astate constrainfunc-
tion C : Q — R, and state labelling functioh : Q —
27, whereP is some set of propositional symbols (often the
set of states i8”, i.e. a state is defined by its properties).

As usual, if(a,q,q',t,t') € R, the system may transit
from stateq to ¢’ in response to the evemt but only in
the time interval[t, '] relative to the time that the system
entered; (time constraints of the first kind), and the system
may remain in state for a time at most equal t6'(¢) (time
constraints of the second kirfd)

Like a finite automaton accepts a set of strings over its al-
phabet, a timed automaton accepts a set of histories.

Definition 2 (Development)

A development is a sequence of alternating states and eventsvelopment(d, T').

marking state transitiond, = qo, ag, ¢1, a1, . . ., With an as-
sociated functiorl” : d — R that tells the starting time
of each state, such that

@) for ¢ > 0, there existst,# <€ RT such that
R(aivqivqi+1at7t,) andT(q2)+t < T(QI+1) < T(Q1)+t,1
and

(it) fori >0, T(qi+1) < T(qi) + C(as).

2The normal way to define timed automata is to augment stan-
dard automata with a set of real-valued “clock variables”, and ex-
press time constraints in a language of inequalities (Alur 1999).
Definition 1 is less general, but it is sufficient for MITL satisfiabil-
ity and simplifies some of what follows.

65

The time interval through which statey; lasts is
[T(¢:), T(qi+1)), i-e. closed at the beginning and open at
the end. The duration of a state; is denotedD(¢;) =
T(qi+1) — T(q:)-

Two additional properties are usually required of a timed au
tomaton: executability which is the requirement that any
finite prefix satisfying conditionsi) and (i) of definition
2 can be extended to an infinite development, aod-
zenonesswhich is the requirement that the automaton does
not make an infinite number of transitions in finite time.
Even when only finite development prefixes starting in a
specific statgyq are considered, the set of possible develop-
ments is uncountable, since the starting time of any state in
a development can change by an arbitrarily small amount.
For finite developments to be enumerable, a more compact
representation has to be adopted: a set of developments that
differ only on state starting times are represented by a sin-
gle sequence of states and eventss qo, ao, . .., ¢,, and
a set of constraints on the starting timEgy), ..., T(¢xn),
managed in a temporal constraint network (TCN). Through-
out, the TCN is assumed to lsémple i.e. containing only
upper and lower bounds on the difference between pairs of
temporal variables. This ensures that there are efficient al
gorithms for checking the consistency of the TCN, and for
extracting minimal and maxmimal bounds on variable dif-
ferences (Dechter, Meiri, & Pearl 1991; Brusoni, Console,
& Terenziani 1995).

Metric Interval Temporal Logic

The Metric Interval Temporal Logic (MITL) is a so called
“tense modal logic”, and was developed as a language for
specifying properties of real-time, reactive systems (Alu
Feder, & Henzinger 1996).

Definition 3 (MITL Syntax)

The language of propositional MITL consists of a set of
atomsP, propositional connectives and four temporal oper-
ators: Oy ) (@lwaysyp), O 4 (eventuallyp), Oj.ee
(nexty) andp Uy, 11 ¥ (¢ until ). The intervals adjoined to
the operators express metric temporal restrictions, akel ta
point values inRk .

Formulas in MITL are evaluated over an infinite timed de-
Since MITL formulas only reference
present and future states, any suffix of a development is, for
the purpose of evaluating formulas, also a developmens: thu
a formula holds in a statg, if it holds in the development
suffix beginning withy; .

Definition 4 (MITL Semantics)
Let d* denote the suffix off starting with theith state.

A formula ¢ not containing any temporal operator holds
in d' iff © evaluates to T in the statg. The truth conditions
for temporal formulas are

3This choice is rather arbitrary: the reverse convention could be
made as well.



e Op¢ holds ind iff ¢ holds in everyd® such that
the intersection of time interval¥'(gx), T (gx+1)) and
[T(q;) + t,T(q;) + t'] is non-empty (note that > i is
implied by the fact that,#’ > 0 and that time increases
along a development).

o O holds in d’ iff there exists ag, such that
[T(qx), T(qx+1)) and[T(¢;) +t,T(g;) +t'] intersect and
¢ holds ind*.

e Oyt holds ind' if ¢ holds ing; 1, andT'(g;) + ¢
T(gi+1) < T(q:) +t.

® U9 holds in d' iff there exists ag; such that
[T(qr), T(qr+1)) and[T(¢;) +t,T(q;) + t'] intersecty)
holds ind” andy holds for alld’ with ¢ < j < k.

Connectives are interpreted as in ordinary logic.

<

X

It should be clear that the definitions can be extended to al-
low open or half-open operator time intervals, but to aveid a
explosion of cases in definitions and algorithms, only alose
intervals are considered in the remainder of the paper.

The MITL Progression Algorithm

The MITL progression algorithm provides a way to evalu-
ate MITL formulas “incrementally” over a finite prefix of a
development. Thus, the algorithm does not always return
TRUE Or FALSE, but often a condition to be further pro-
gressed through remaining states in the development.

Algorithm 5 (MITL Progression)

Let o andq be the input formula and state, respectively, and

¢’ the returned formula. The progresion algorithm works

recursively, by cases depending on the form of the input for-

mula:

(i) If © contains no temporal operatoks, = TRUE if ¢ is

true ing and ¢’ = FALSE if not (note thatTRUE and
FALSE are formula constants, not truth values).

(ii) If ¢ combines one or more subformulas with a proposi-
tional connectivey’ is the result of likewise combining
the result of progressing each subformula. For example,
if o=aAnftheny’ =o' AfJ.

(i) If o = Oy,¥, then

(ii.a) if D(q) < tort’' < D(q), theny’ = FALSE, and

(ii.b) if ¢ < D(q) < ¢, theny' = 4.

iv) If ¢ = Oy, 41, then

(iv) If (t,e1, th

(iV.a) if D(q) <t, themp' = D[t—D(q),t’—D(q)]dJ!

(iv.b) if t < D(q) < t',theny’ =" A Oy _p(qy ¥, and

(iv.c) if ' < D(q), theny’ = ¢/,
wherey)’ is the result of progressing.

(V) If Y = <>tt/ w, then

[t.t']
(V.a) if D(q) <t, thenng = O[t—D(q),t’—D(q)]wi
(Vb) if ¢ é D(q) § t/, then@, = d}l V O[O,t’—D(q)]wv
(v.0 if t’ < D(q), theny' =1/,
wherey)’ is the result of progressing.
(Vi) if o = x U 77, then
(vi.a) if D(q) <t,theny’ = x" A (xU—p(q),t'—D(q)] V)
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(vib) if t < D(q) < t', ¢ ="V (X' A (XUp—Diay V)

and

(vi.o) if ¢’ < D(q), theny' =,

wherex’ and’ are the result of progressing and ),
respectively.

4. The Extended Progression Algorithm

Algorithm 5 assumes that the duration of the input state,
D(q), is a number, but as explained above sets of develop-
ments have to be represented by a combination of state/event
sequence and time constraints to achieve enumerability.
Consequently, the progression algorithm has to take as inpu
a set of time constraintg;, and return the set @l possible
progressions{(¢;,C1), ..., (¢, Cr)}, where eaclt] is a

set of additional time constraints consistent withand ¢

is the result of progressing the input formutaunder con-
straintsC U CY.

The extension is conceptually straightforward, though
somewhat complicated in practice. Notice that for each tem-
poral operator algorithm 5 branches depending on the du-
ration of the input state, and that the returned formula is
built up according to the recursive path of branches taken.
In general, an MITL formula defines a tree structure of pos-
sible progressions, with time constraints associated ¢o th
branches and resulting formulas at the leaves.

For the formal definition of the progression tree, a special
form of each temporal operator has to be introducela
tive intervalis written[X : ¢,¢'], whereX is a TCN variable
andt,t' € RT, and interpreted agX + ¢, X + t/]. Rela-
tive temporal operators are obtained by adjoining a redativ
interval to any of the standard temporal operators.

Definition 6 (Progression Tree)

For an MITL formulay and a statg with starting and end-
ing times denoted by variable$s(q) and Xz (q), the pro-
gression tree7p () is defined as follows: edges in the tree
are labeled with constraints (involvings(q), Xr(q), and
possibly other TCN variables) and leaf nodes are labeled
with formulas.

(i) If ¢ is a state formulaife. contains no temporal opera-

tors), 7p(¢) consists only of a leaf, labeled witiRUE if
© holds ing andFALSE if not.

(il) 7p(—«a) is constructed fron7p(«) by replacing every

leaf labela’ with —a/.

(iii) To constructp(a A 3), start with7p (). For every leaf,

let o’ be the leafs label: replace the leaf with a copy of
7Tp(0), and within that copy replace every leaf laliby

o’ A 8. The construction is illustrated in figure 1.

The construction of p (« Vv 3) is analogous.

(iv) Tp(Oye,1¥) has three branches:
(iv.a) a branch labeled z(q) — Xs(q) < t leads to a leaf

labeled byFALSE,

(iv.b) a branch labeledz(q) — Xs(q) > ¢/, also to a leaf

labeledrFaLsE, and

(iv.c) a branch labeled < Xg(q) — Xs(q) < t’ leads to the

root of 7p ().

(V) 7p(Oix.4,+¢) also has three branches:



Tp(a
_ -
—~ N -~
— - N h =~ ~
- N = ~
~ N ~
7p(P) 7p(P)
—~ N
—~ N ~ _ s ~
~ N s ~
Ay ANBr ay A B ay A By

Figure 1: Construction i p(a A 3)

(v.8) at the first branch, labeled z(¢) — X < t, is a leaf
labeledOx . ¥,

(v.b) at the second branch, labeledl Xg(q) — X < ¢, is
a copy of7p (%), and within that copy every leaf label
' is replaced with(Ox.; ,%) A+, and

(v.0 at the third branch, labelel < Xg(q) — X, is an
unmodified copy o7p(v)).

(Vl) Tp(D[t’t/]ﬂ)) is equal tdz—p(\:‘[xs(q):t7t/]@/1).

(vii) Tp(O1x:,e77) has three branches:

(vii.a) at the first branch, labele® p(¢) — X < ¢, is a leaf
labeled< x.; 117,

(vii.b) at the second branch, labeledl Xg(¢) — X < ', is
a copy of7p () with every leaf labek)’ replaced by
(Q[X:t,t’]w) \ W' and

(vii.c) at the third branch, labeled < Xr(q) — X, is a copy
of Tp(l/))

(VIII) TP(O[t,t/]w) is equal to’TP(O[Xs(q):t,t’]w)-

(iX) Tp(xUx.+,+¥) has three branches:

(ix.a) at the first branch, labeled ;(¢) — X < t, is a leaf
labeledx/|x ..+,

(ix.b) at the second branch, labeled< Xg(q) — X < ¢,
is 7p (), but every leaf, with label)’, is replaced a
copy of 7p(x), and in this copy, every leaf label is
replaced by(x’ A (xUx:+,+1%)) V ¢, and

(ix.c) at the third branch, labeled < Xg(q) — X, is only
Tp(¥).

() Tp (XUt +1%) €qualsTp (XU x s (q):t,t1%)-

The construction of the progression tree parallels progres
sion algoritm 5, but time constraints are captured in theeedg

labels instead of the bounds of intervals adjoined to tealpor

operators in the formulas labelling the leafs. The intreduc

tion of relative temporal operators serves to ensure that al
time constraints found in the progression tree remain sim-
ple. The algorithm for progression now becomes a simple
matter of tree traversal:

Algorithm 7 (Extended MITL Progression)

Let ¢ andg be the input MITL formula and state, respec-

tively, andC' a set of (simple) time constraints.
ConstructZp (). For every leaf in the progression tree,

collect the set of constraints; found along the path té
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if C U C is consistent(y}, C/) is included in the set of
progressions returned.

The method of traversing the progression tree is not impor-

tant, as long as every leaf at the end of a consistent path is
eventually found. The most efficient method appears to be

to search the tree depth first and check the set of constraints
incrementally, at each node.

Example 1 Consider the formule = Oj5 o) Ojo,4) p- The
progression tree is shown in figure 2. If the input set of con-
straints isC = {0 < Xg — Xg < 7}, there are two consis-
tent solution paths:

(a) XE — XS < 5, W|th the reSUIE[XS:{)yg] 0[0’4] p-

(b) 5 < Xgp— X5 <9, Xgp — Xs > 4, with the result
FALSE.

Xr— Xs >9andXg — Xg < 0 both contradict”, while
0 < Xg — X5 < 4is inconsistent with the constraifit<
Xg — Xg labelling the branch above.

Note that solutions returned by the algorithm may contain
relative temporal operators: these only make sense in the
context of a particular constraint set, which may be viewed
as conjoined to the returned formula. Consequently, if
the formula of a returned solutiofy’, C”) is to be further
progressed through another state, the whole constraint set
C U C’, must be passed as input to the next progression.

5. MITL Consistency

Alur et al. (1996) present a decision procedure for the con-
sistency of an MITL formula, but with several restrictions
on the formula: there is noextoperator, the time intervals
adjoined to temporal operators must have rational constant
endpoints, and must be non-singulee. not of the form
[t,t]. The restriction to non-singular intervals is necessary,
since the consistency problem is provably undecidabl@if si
gular intervals are allowed (Alur & Henzinger 1994).

The algorithm constructs a timed automaton accepting ex-
actly the developments that are models of the formula. The
automaton is then checked for emptindss. (vhether it ac-
cepts at least one developmenmt)y. using the procedure of
Alur and Dill (1994).

Suppose that the progression algorithm is extended, so
that the input state may be unspecified.r.t. propositions
as well as starting and ending time, and the solutions re-
turned contain constraints on both. Then, if progressing an
MITL formula through a sequence of completely unspec-
ified states (except for the constraibtq) > 0, for each
state), results iIMRUE, any sequence of states that satisfies
the set of constraints collected along the way is a model for
the formula. This idea leads to what is essentially a talleau
algorithm for MITL consistency.

The decision procedure for (non-real time) Linear Tem-
poral Logic (LTL) is also tableaux based, but constructs a
Bichi automaton equivalent to the formula to be checked
(Wolper 1989; Gerttet al. 1995). A variant described by



%

Xp—Xg<5 5< Xp— Xg <9 Xp—Xg>9
O(xs:5,9) Olo0,4) P
Xg—Xs<0 Xp—Xg>4 0<Xg—Xg <4
FALSE FALSE (Oixs:5,9 Opo,a) p) Ap
Xp—Xg<0 Xp—Xg>4 0< Xp—Xg<4
FALSE FALSE p
Figure 2:7p(0(5,9) Ojo,41 P)

Schwendimann (1998) is remarkably similar to the algo-
rithm developed here, except it is formulated in terms of in-
ference rules rather than progression, and applies of eours
only to LTL.

Partial State Progression

For the progression algorithm to work with partially or com-
pletely unspecified states requires only a small changeein th
progression tree: casB (s replaced by

(i") For a single propositiop, 7p(p) has two branches, la-
beled byp = T andp = F, ending in leafs labeledrRUE
andFALSE, respectively.

The branch labels are constraints on the valug,ofvhile
the leaf labels are formula constants. Because there are no
disjunctions, the set of propositional constraints esakyt

corresponds to a partial assignment, so consistency can be

easily determined.

Tableaux Construction
The tableaux is a tree constructed by repeated progreskion o

with input constraintg’,,, n has a successor nod€, la-
beled withy’ andC,UC"U{Xs(n') = Xg(n), Xg(n')—
Xg(n') = 0}.

Because constraints are only passed down in the tree, vari-
ables can be named by the depth of the node amythe

root node starts ak; and ends ak, its successors all start
at X; and end atX5, etc. The constraintX;,; — X; > 0,
placed on every node, ensures that the duration of the corre-
sponding state is hon-negative.

Example 2 Figure 3 shows the tableaux tree for the formula
Ops,9) Ojo,4) » (formula labels only). Nodes marked “zeno
cycle” correspond to non-executable developments, as ex-
plained in the next section.

Definition 9 (Closed, Satisfying)

A noden in 77 () is closediff (@) the formula labeling the
node iSTRUE or FALSE, or (b) the constraint set stored in the
node is inconsistent. A nodesstisfyingif it is labeled with
TRUE.

the MITL formula to be checked for consistency. Each node To decide the consistency of a formytaZr(y) is searched

in the tree is labeled by a formula and a constraint set. The for a satisfying node: if one is found; is consistent, and

tree also represents a set of developments: each node correthe sequence of states along the path from the root to the

sponds to a state, and each path from the root downwards to node is a model. The subtree beneath a closed node does not

a development. have to be examined, and if every leaf node is closed and not
satisfying,y is inconsistent.

Definition 8 (Tableaux Tree)
Let ¢ be an MITL formula. Thdableaux treeof o, 77 (y)
is defined inductively by:

Closing Cycles

For many MITL formulas, the tableaux tree contains infinite
branches without a closing node, and thus a straightforward

(i) The root,r, is labeled byp and{Xg(r) — Xg(r) > 0}.

(i) Letn be anode labeled with formulg, and constraint set
C,. For each solutioriy’, C’) found by progressing,,
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search in the tableaux tree may fail to terminate. Consider
for exampleDIo,oo]O[OJO]p: this formula generates, among
others, an infinite sequence of progressions identicaldo th



Os,01 Olo,4) P
FALSE
FALSE
Ojo:5,9) Op0,4) P
— FALSE
— FALSE
—p A Op:s,9 Olo,4 P
— FALSE

—Pp
tTRUE
FALSE
—p A Djo:s,09) Op,g)p (zeno cycle)
L FALSE
L Ojo:5,9) Opo,4) » (z€NO Cycle)

Figure 3:77 (05,91 Ojo,4] P)

input formula (except for th& operator being relative to
Xo).

If a noden is labeled by the same formula as a node
found along the path from the roottq and the constraint set
of the ancestor node subsumes,e. is less restrictive than,
that of n, then all the possible successorsrofre already
contained in the subtree beneath and it should not be
necessary to search further belewThus, definition 9 must
be amended:

Definition 10 (Cycle, Zeno Cycle)
Anoden in 71 () for which there exists an ancestor node
labeled by an identical formula and such that the constraint
set ofn’ subsumes that of, is acycle A cycle node is also
closed.

If in addition, the maximal value ofXg(n) — Xg(r),
wherer is the root, is bounded by the set of constraints. (
not infinite), noden is azeno cycle

Because time constraints are only added as the formula "2
is progressed down the tableaux tree, the temporal con-
straint set of a node always subsumes those of its succes-

sors. Subsumption for state constraints, however, mukt sti
be checked.

A cycle noden represents an infinite development, con-
sisting of the states along the path from the root to the an-
cestor nodey’, followed by an infinite number of repetitions
of the states from’ to, but not includingpn. If the maximal
starting time ofx (which is also the ending time of the cycle)
is bounded, the time in this development can not diverge be-
yond that boundi.e. it will pass through an infinite number
of states in finite time: hence the name “zeno cycle”.

Evaluationin Cycles Thatanode is a cycle does not mean
that it does not satisfy the formula labeling the node. Fer ex
ample, 77 (0O(o,] Co,1012) CONtains a cycle node at depth
2, labeled byO|x,.0,0]C0,10/» @nd, among others, the con-
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straints{X> — X; < 10,p, = T}. This represents a de-
velopment consisting of an infinite sequence of states, each
with duration at most0, in all of whichp is true, clearly a
model for the formula.

For any noden that is a cycle but not a zeno cycle, if
the formula labeling the node at the start of the cycle (node
n' in definition 10) holds in the corresponding infinite de-
velopment, according to the standard MITL semantics,
is satisfying. Even though the development is infinite, the
number of distinct states it visits is finite, which makesleva
uation possible, although not without complications: tise d
tance, in time, between different states in the cycle may be
“stretched”, though not arbitrarily, by inserting reptits
of the cycle.

Improved Cycle Detection The condition for cycle detec-
tion defined above is too weak to ensure that the search for
a satisfying node in the tableaux tree terminates. Two exam-
ples illustrate the problem:

Example 3 77 (0jp,00) (Co,0012 A Clo,00)P)) CONtAINS an
infinite branch beginning with

no D[O,OO](O[07OO] -p A <>[Ooc]p)

N1 Oxe:0,00) 7P A O1x0:0,00] (10,00 7P A 90,00]P)
ng : C1x1:0,0012 A Bx0:0,00] (C10,00] 7P A ©[0,00]P)
ng O x2:0,00] P A D1 x0:0,00] (C10,00 7P A C10,00]P)

corresponding to a sequence of states in whiciternates
between T and F.

Example 4 77 (0jp,00) 0,00 (P A —p)) cONtains only infi-
nite branches of the form

10 000,001 C10,00] (P A 7D)

N1t Ox0:0,00/ (P A P) A Dx:0,00] C10,00] (P A 7P)

C1X0:0,00] (P A 7P) A C1x,:0,00] (P A7) A
O[x0:0,00] C[0,00] (2 A D)

since the state formulaA —p will never be true.

In example 3, the formulas labelling nodes andn, are
identical, except for the reference time point of the rela-
tive interval adjoined to the> operator. If, however, the
constraints on the time variabl&, at n; are not more re-
strictive than those oiX, at ns, the set of successorse.
progressions, ofi; will also be identical to those of;, ex-
cept for this difference: in particular, if there exists asiy-

ing node among the successorsgf the “same” satisfying
node must be found by the same sequence of progressions
from n,. To state this condition precisely requires some ex-
tra definitions:



Definition 11 (Formula Shift)

The (backwards}hift by & of a formula¢ is obtained by
replacing every occurrence of every time variaBle with
i > kbyX;_sin ¢.

Definition 12 (Subsumes with Shift)
Let C andC’ be constraint sets, whet@ C C’. ThenC
subsumeg”’ with shift byk iff

e X;—X;inC subsumesy; — X;inC’,foralli < j <k,
o X;—X,inC subsumes(; — X, inC’, foralli < k <
j!
e X; — X, inC subsumes\;, — X1 inC’, forall k <
i <j.
The meaning of X; — X; in C subsumesX,, — X, in C""
is that the bounds oX; — X; set byC are less restrictive
than those placed oK, — X, by C’.

Definition 13 (Extended Cycle)

A noden starting atX; in 7r(y) for which there exists
an ancestor node’ starting atX; such that the formula la-
belling n’ equals the formula labelling backwards shifted
by j — i and such that the constraint set:Atsubsumes that
atn with shift j — 4, is also a cycle.

By the extended definition, node; in example 3 is a cy-
cle so the branch is closed. The formula labelling nade
at the start of the cycle is true in the corresponding infinite
development.

This, however, is not enough to close the branch in ex-

ample 4, because the formula resulting from progression is

redundant. To fix this, the progression result is rewritten i
an equivalent, simpler, form, based on the notion of “weak
implication”;

Definition 14 (Weakly Implies)
Formulaa weakly implies3, w.r.t. constraint seC’, in case

(i) « andg are identical ite. a formula always weakly im-
plies itself), or
(i) a = Oxi¢: B = Oxre @', [X s, ] necessarily
containg X’ : &', t'] givenC and¢ weakly implies¢’, or
(i) o= Oxus,? B = Opxrier)®’y [X : s,1] is necessarily
contained in[X’ : s',t'] given C' and ¢ weakly implies

¢

The rewrite rules applied to the formula resulting from pro-
gression are:

R1 Eliminate from a conjunction every conjunct that is
weakly implied by another conjunct.

R2 Eliminate from a disjunction every disjunct that weakly
implies another disjunct.

Weak implication is determined.r.t. the constraint set in-
put to progression and the set returned along with the for-
mula. Since weak implication entails ordinary implication
the rules preserve equivalence.

Because of the constraifsf; — Xy > 0, [X; : 0, oo] must
be contained Xy : 0,00], SO x,.0,00] (P A —p) Weakly
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implies ¢ (x,.0,0c](p A —p), and the formula labelling node
ng in example 4 can be simplified to

O1x1:0,00] (P A P) A Ox4:0,00] C10,00] (P A —D)
using rewrite ruleR1, which makes the node a cycle (by the
extended condition).

Correctness and Complexity

The tableaux method is clearly sound, in the sense that
whenever a satisfying node is found, the path leading to that
node (with infinite repetition if it is a cycle node) is a model
for the formula. Likewise, if only the basic cycle definition

is applied and all branches are closed and not satisfying,
the formula is inconsistent: the argument is that the pro-
gression algorithm is exhaustive and that the development
corresponding to a closed node can not be a model for the
formula. The extended cycle definition appears, intuijivel

to be correct, but since it is so complicated, intuition i$ no
quite reliable and it should be proved formally.

Even the extended cycle detection, however, is not strong
enough to ensure terminatioe,g. the tableaux tree for
the formulaOy ) (Cpo,107P A Cpo,10p) CONtains infinite
branches. The reason, in this case, is that the time limit on
the & operator causes weak implication to fat x, .o 10p
does not weakly imply® x,.o,109p Unless constraints entail
X1 = X, since only then i$X; : 0, 10] necessarily con-
tained in[X, : 0,10].

Deciding MITL consistency is EXPSPACE-complete
(Alur, Feder, & Henzinger 1996). The algorithm by Alet
al. requires time exponential in the number of connectives
and the largest integer constant appearing in the formula.

The tableaux method may not be able to do too much bet-
ter. Consider the number of consistent progressions of-a for
mula ¢, in the worst case: The number of temporal branch
nodes in the progression tree is bounded by the number of
temporal operators. At each node, the differetge— X,
wherek is the index of the state through which the formula
is progressed (equal to the tableaux depth), ard k, is
compared to a constant interval (the restriction interda o
temporal operator). Wit branch nodes, the comparisons
involve at mostn different constants, which when ordered
yield 2n + 1 different intervals that eaclX;, — X; may
fall into. Denoting the number of distinct variable differ-
ences occuring in constraints in the treed max(k,n),
the number of consistent paths through the temporal branch
nodes is at most

(2n + d)! d
— < (2 1Y,
any <Gt
sinceX; 1 — X; > 0 for all ¢, and thereforeX;, — X; <

X — X; wheneverj > i. The number of consistent truth
value assignments is of courg®, wherep is the number of
distinct propositions occuring in the formula.

Thus, the worst case branching factor in the tableaux tree
is polynomial in the number of temporal operators in the
formula, but exponential in the number of distinct proposi-
tions and in the tableaux depth. As for how deeply the tree
may have to be searched to find a satisfying node or close
all branches (assuming the search terminates at all), | have
currently no idea.



6. Concluding Remarks

MITL is a powerful language for expressing properties over
time: it has been used to express requirements in formal ver-
ification, goals and control rules in planning, and knowkedg
in predictive models. Likewise, progression is a powerful
tool for working with MITL. The extended algorithm en-

ables it to be used also with a compact representation of sets

of developments, which in turn enables enumeration of the
finite development prefixes generated by a timed automaton.

The tableaux algorithm for deciding MITL consistency
shows some promise: with extended cycle detection and
simplification rewriting, it manages to prove the formula
O10,00] C10,001P A C10,00] D[0,00) P UNsatisfiable. In differ-
ence to the method by Aluet al, it does not depend on
time constants being integral, or even rational, excepags f
as constraint management does. Also, it appears simpler,
which is not an unimportant property.

Still, it is very much work in progress: besides making
it complete, the extended cycle detection, possibly stfeng

ened, needs to be proved correct, and a more thorough anal-

ysis of the algorithms complexity to be done. Although it

certainly requires both exponential time and space, it may
be exponential in different variables than the existing al-
gorithm: for example, it is hard to see that the size of the
constants in the intervals adjoining the temporal opesator

should play a part, and this may make a difference in prac-
tice.

That aside, rewriting based on weak implication is inele-
gant andad hoc It may be seen as imposing a “weak normal
form” on formulas, but exactly what this form is, and what
set of rewrite rules is sufficient to obtain it, needs to be-cla
ified.
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