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Abstract

Sources of brain activity, e.g. epileptic foci, can be localized with Magnetoencephalography (MEG) measurements by

recording the magnetic field outside the head. For a successful surgery a very high localization accuracy is needed. The

most often used conductor model in the source localization is an analytic sphere, which is not always adequate, and thus

a realistically shaped conductor model is needed. In this paper we examine a Galerkin method with linear basis

functions to solve the forward problem in MEG using the boundary element method. Its accuracy is compared to the

collocation method with constant and linear basis functions. The accuracies are determined for a unit sphere for which

analytic solutions are available. The Galerkin method gives a clear improvement in the accuracy of the forward problem

especially for the tangential component of the magnetic field. At realistic MEG measurement distances from the brain

the Galerkin method reaches a given accuracy with lower computational costs than the collocation methods starting

from a few hundreds of unknowns. With larger meshes the difference for the Galerkin method increases significantly.
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1. Introduction

The sources of brain activity, e.g. epileptic foci,

can be localized with Magnetoencephalography

(MEG) measurements by recording the magnetic

field outside the head [1]. This is called the

biomagnetic inverse problem. The localization

information can be used in surgical planning.

For a successful surgery a very high localization

accuracy is needed.

An analytic sphere fitted to the local curvature

of the head is the most often used model for the

head in the source localization process. The sphere

model is not always adequate, e.g. when the source

lies deep in the brain, and therefore a realistically

shaped conductor model is needed [2]. The surface

of the conducting volume is described with a

triangular mesh, and the boundary element

method (BEM) is used to solve the forward
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problem, i.e. to calculate the potential and the

magnetic field caused by a source in the brain. The

source is modeled, e.g. by a point-like electric

dipole. The localization process is iterative, where

the forward problem has to be usually solved

many times. The computed field is compared with

the measured field, the source parameters are

refined, and the forward problem is computed

anew until the desired accuracy is obtained. The

accuracy of the forward solution is critical for the

localization accuracy.

In this article the accuracy of three methods to

solve the forward problem with BEM is studied.

The often used collocation method is examined

with piecewise constant and linear basis functions.

The quality of both these collocation methods

used for the calculation of the potential is exten-

sively presented for spheres, ellipses, and cubes by

Ferguson and Stroink [3]. Recently, Gençer and

Tanzer [4] and Frijns et al. [5] have studied higher-

order basis functions with the collocation method

on curved geometric elements. The third method is

a Galerkin method with piecewise linear basis

functions. In addition to the potential we compute

also the magnetic field, which can be calculated

analytically from the numerically computed po-

tential for both constant [6] and linear [7] basis

functions. In the article we provide all the detailed

equations needed for the implementation of the

methods. The unit sphere with various number of

triangular elements is used for the error analysis.

To solve the bioelectromagnetic forward pro-

blem the Galerkin method was the first time used

by Lynn and Timlake [8] though they called it the

triangle mean method. The piecewise linear basis

functions with the Galerkin method were for the

first time used by Mosher et al. [9], simultaneously

with our work [10]. However, the approach of

Mosher’s paper is different than ours and only the

relative error as a function of the dipole depth is

dealt with. Our error analysis extends that given in

Ref. [9] by studying also the relative error as a

function of the number of unknowns and the

computational costs involved with different meth-

ods. Some interesting phenomena found in the

studies are related to mathematical error analyses

of the BEM [11].

The bottleneck of the computation of the
forward problem is the solution of a large dense

system of linear equations. In our article [12], we

show how it can be solved by using advanced

iterative methods instead of the LU decomposi-

tion. In addition, we have combined a precor-

rected-FFT method with an advanced iterative

method to significantly accelerate the solution of

the forward problem [13]. Thus, the Galerkin
method is used to improve the accuracy of the

forward problem and the iterative solver with the

precorrected-FFT method is needed to make it

possible to use large numbers of unknowns. This

method development is necessary for the evalua-

tion of the source localization accuracy of the

biomagnetic inverse problem using the BEM with

a realistically shaped conductor model [14].

2. Magnetic field and electric potential

2.1. Piecewise homogeneous volume conductor

For a piecewise homogeneous volume conduc-

tor consisting of N homogeneous and isotropic

parts with associated closed surfaces Si (i�/1,. . .,
N ) the magnetic field B(r) generated by an

impressed current and volume currents can be

calculated from the Geselowitz’s formula [1,15].

B(r)�B�(r)�
m0

4p

XN

i�1

(s�
i �s�

i )

� g
Si

V (r?)9?
�

1

jr � r?j

�
�dS?: (1)

The point r is outside the conductor, and dS�/

n �/ dS, where n is the outward unit normal and dS

is the element of area. The conductivities of the
regions inside and outside the surface Si are si

�

and si
�, respectively. The potential V (r) has to be

computed before obtaining the magnetic field. The

infinite medium magnetic field

B�(r)�
m0

4p g
G

Jp(r?)�
r � r?

jr � r?j3
dv? (2)

is generated by the impressed current Jp(r) as if it
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were located in an infinite homogeneous volume
conductor G of the unit conductivity s0.

The potential V (r) can be obtained from the

equation [1]

(s�
r �s�

r )V (r)

�2s0V�(r)�
1

2p

XN

i�1

(s�
i �s�

i ) � g
Si

V (r?)

�
r � r?

jr � r?j3
� dS?: (3)

The coefficient of the potential inside the
integral is the solid angle subtended at r by the

surface element dS? at r?. The infinite medium

potential V�(r) corresponding to the infinite

medium magnetic field B�(r) is:

V�(r)�
1

4ps0
g
G

Jp(r?) �
r � r?

jr � r?j3
dv?: (4)

2.2. Method of weighted residuals

An integral equation can be discretized with the

method of weighted residuals, where the unknown
function is expanded in terms of basis functions on

a computational mesh.

In this paper we will concentrate on the homo-

geneous single-surface model of conductivity s

and surface S , which is sufficient to the MEG [16].

Thus, the integral Eq. (3) for the potential reads

V (r)�
2s0

s
V�(r)�

1

2p g
S

V (r?)
r � r?

jr � r?j3
� dS?:

(5)

The potential in Eq. (5) is expressed as the linear

combination of M global basis functions Hi(r),

(i�/1,. . ., M ):

V (r)�
XM

i�1

ViHi(r): (6)

The coefficients Vi are the unknown values of

the potential. In the method of weighted residuals

both sides of the integral equation are multiplied

by a weighting function Wk (r) and integrated over
the surface of S . We obtain the following linear

system for the unknown potential values:

XM

i�1

Vi g
S

Hi(r)Wk(r)dS�2
s0

s g
S

V�(r)Wk(r)dS

�
1

2p

XM

i�1

Vi g
S

g
S

Hi(r?)
r � r?

jr � r?j3
� dS?Wk(r)dS; (7)

where k�/1,. . ., M .

The collocation and Galerkin methods can be

derived from the above equation using two differ-
ent kinds of weighting functions [17]. In the

collocation method, the weighting functions are

delta functions, while in the Galerkin method the

weighting functions are the basis functions them-

selves. The character of the Galerkin method

differs from the collocation method in that the

Galerkin method tries to satisfy the integral

equation everywhere, not only in the collocation
points. These discretization methods will be de-

scribed later in more detail.

The geometry of the homogeneous conductor is

described by a triangular mesh. Here, the order of

the vertices is assumed to be counterclockwise if

looked from outside. The basis functions can be

piecewise constant, linear, quadratic, or cubic or

even higher orders.
The potential on the surface of the conductor is

finally obtained by solving the system of equa-

tions. This can be done traditionally by the LU

decomposition or by using iterative methods.

Because the potential is determined by the integral

equations only up to an additive constant, the

coefficient matrix is singular. This is removed by

adding to each row of the matrix the requirement
that the sum of all potential values be zero. The

process is called deflation, and it is dealt with in

more detail in conjunction with advanced iterative

solvers in our second article on the problem [12].

Finally, the magnetic field is calculated from the

numerically computed potential.
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2.3. Collocation method with constant basis

functions

The collocation method is a special case of the

method of weighted residuals, where the weighting

function is a delta function, Wk(r)�/d(r�/rk ), k�/

1,. . ., M . The points rk are called the collocation

points. This is equivalent to requiring that the

original integral equation is satisfied only at the M

discrete points on the surface S .

In the collocation method, the basis functions

and the collocation points are chosen so that

Hi(rk)�/1, if i�/k and 0 otherwise. This leads to

a system of equations in the potential V�/(V1 V2

. . . VM )T :

�
I�

1

2p
V
�

V �
2s0

s
V�; (8)

where I is the identity matrix. The elements of the

square matrix V are given by

vki��g
S

Hi(r?)
rk � r?

jrk � r?j3
� dS?; (9)

and the vector V� contains the infinite medium

potential in all the collocation points.

Here we present the solution procedure, when

the piecewise constant basis functions

Hi(r)�
1 r ��i

0 otherwise

�
(10)

are used. The collocation points are the centers of
the triangles ^i . The potential can be solved from

Eq. (8), where the matrix V contains the solid

angles subtended at the center of each triangle by

all other triangles. They can be calculated analy-

tically from [18]

vki�2arctan
R1 � (R2 � R3)

R1R2R3 � a � b � c
; (11)

where Rv�/rv�/rk , (v�/1, 2, 3), rv is a vertex of a

triangle ^i and rk is the center of the observation

triangle ^k , Rv� jRvj; a�/R1(R2 �/R3), b�/R3(R1 �/
R2), c�/R2(R1 �/R3). The function arctan is com-

puted by a subroutine which gives the result in the

correct quadrant.

The magnetic field can be calculated analytically
in measurement locations from the potential [6]

B(r)�B�(r)�
m0s

4p

XM

i�1

Vi

X3

k�1

(g0
k�1�g0

k)

� (rk�r): (12)

where rk is the k th vertex of the triangle ^i , r is

the measurement location, and

g0
k�

�1

jrk�1 � rkj

� ln
jrk � rjjrk�1 � rkj�(rk � r) � (rk�1 � rk)

jrk�1 � rjjrk�1 � rkj�(rk�1 � r) � (rk�1 � rk)
:

(13)

The infinite medium magnetic field is obtained

by Eq. (2).

2.4. Collocation method with linear basis functions

Now we present the collocation method with

piecewise linear basis functions. The global linear

basis functions Hi (r) are nonzero on all the

triangles to which the vertex ri belongs. The global

linear basis function reaches 1 at the point ri and

vanishes at the other two vertices of the adjacent

triangles. It can be written as a sum of local linear
basis functions, that are nonzero only on a single

triangle. These are used to simplify the assembly of

the coefficient matrices. For each triangle there are

three local basis functions, one for each vertex.

The local linear basis function hi(r) for the vertex

ri of a triangle ^kli with vertices rk , rl , and ri

reaches 1, when r�/ri and vanishes, when r�/rk or

r�/rl :

hi(r)�
rk � rl � r

rk � rl � ri

if r ��kli

0 otherwise

:

8<
: (14)

Using the linear basis functions and evaluating
Eq. (5) at the collocation points, located at the

vertices of the triangles, the potential can be solved

from the system of Eq. (8), where the elements of

V� can be obtained by evaluating Eq. (4) in the

vertices of the triangles. The matrix V is assembled

triangle by triangle. The contribution of a single

S. Tissari, J. Rahola / Computer Methods and Programs in Biomedicine 00 (2003) 1�/144



local linear basis function ht
n(r) of the vertex rn of

the triangle ^t in the evaluation vertex ri is

vn
t (ri)��g

�t

ht
n(r?)

ri � r?

jri � r?j3
� dS?; (15)

where the index n�/1, 2, 3. These contributions are

added to the correct elements of the matrix V. The
terms vt

n can be obtained analytically from Ref. [6]

vn
t (ri)�4A�2

t

�
2AtV�t

(ri)(Rn�1�Rn�1) � nt

�(R1 � R2�R3)(rn�1�rn�1) �
X3

m�1

(rm�rm�1)g0
m

�
; (16)

where At is the area of triangle ^t , nt is the unit

normal vector of triangle ^t , V^t
(ri ) is the solid

angle subtended at the vertex ri by the triangle ^t

(Eq. (11)), Rn is rn�/ri , and g0
m is given by Eq. (13).

The diagonal elements cannot be calculated by

the above equation, because the auto-solid angle

V^t
(ri) computed for the triangles to which the

vertex ri belongs is zero, and thus the total solid

angle seen by the vertex ri is less than 2p . This is

often called the auto-solid angle problem. The

diagonal elements of the matrix V can be obtained

by subtracting the sum of other elements on the

same row from 2p . When the piecewise constant

basis functions are used in the collocation method,

there is no auto-solid angle problem, because the
solid angles are evaluated in the centers of the

triangles, there the total solid angles of the other

triangles is always 2p .

For the linear basis functions (Eq. (14)) the

magnetic field (Eq. (1)) can be calculated analyti-

cally [7]:

B(r)�B�(r)�
XM

i�1

Viai(r); (17)

where

ai(r)�
m0

4p

X
�t

�
s

rn�1 � rn�2

2At

�
�X3

m�1

nt � (cm�cm�1)g0
m�(nt � c)V�t

(r)

��
:

(18)

The summation over ^t is taken over all the
triangles to which the vertex ri belongs. The

vectors rn�1 and rn�2 are the other two vertices

of the triangle ^t . The vector c is a vector from

the observation point r to its perpendicular

projection to the plane in which the triangle ^t

lies, and cm �/rm�/(r�/c). The other symbols are as

earlier.

2.5. Galerkin method with linear basis functions

The Galerkin method is a special case of the

method of weighted residuals, where the weighting

functions Wk (r) are the global basis functions

Hk (r). For the Galerkin method Eq. (7) becomes

XM

i�1

Vi g
S

Hi(r)Hk(r)dS

�2
s0

s g
S

V�(r)Hk(r)dS�
1

2p

XM

i�1

Vi g
S

g
S

Hi(r?)

� r � r?

jr � r?j3
� dS?Hk(r)dS: (19)

This can be written in matrix notation as

(A�B)V �C: (20)

where the elements of the matrices A and B and
the vector C are given by

Aki�g
S

Hi(r)Hk(r)dS; (21)

Bki��
1

2p g
S

g
S

Hi(r?)
r � r?

jr � r?j3
� dS?Hk(r)dS; (22)

Ci�2
s0

s g
S

V�(r)Hk(r)dS: (23)

Like in the case of the piecewise linear colloca-

tion method, the elements of the matrices A and B

are assembled triangle by triangle using the local
basis functions from Eq. (14). The contribution of

each pair of triangles ^u and ^t is added to the

correct matrix elements. Each pair of triangles

gives rise to a 3�/3 matrix, because there are three

local basis functions associated with each triangle:

hu
nu

(r); nu �/1,. . ., 3 and ht
nt

(r); nt �/1,. . ., 3. For the
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matrix B the 3�/3 local contribution is

b
nunt
ut ��

1

2p g
Du

g
Dt

ht
nt

(r?)
r � r?

jr � r?j3
� dS?hu

nu
(r)dS: (24)

The inner integral can be computed analytically
using Eq. (16). The outer integral is integrated

using numerical integration rules for triangles [19].

The local contributions are thus given by

b
nunt

ut �
1

2p

XP

j�1

wjh
u
nu

(rj)v
nt

t (rj): (25)

where wj and rj are the weights and abscissae for
the P -point integration rule.

There is no auto-solid angle problem in the

Galerkin method, because the solid angles are

evaluated at the numerical integration points

inside the triangles and not at the vertices of the

triangles as for the linear collocation method. Like

in the case of the constant collocation method, the

sum of the solid angles of all the other triangles is
2p .

The matrix A is a sparse matrix whose elements

of Aki are nonzero only if the vertices k and i share

an edge in the triangular mesh. The contribution

from local basis functions is nonzero only if the

triangles ^t and ^u are the same. The elements of

the matrix A can be computed analytically. The

elements of the vector C and the numerical
integral in Eq. (25) were computed with 3- and

7-point integration rules. As there was no differ-

ence in the results, we used the 3-point rule in the

final computations.

The magnetic field is calculated the same way as

in the collocation method with the linear basis

functions.

2.6. Computational remarks

The number of unknowns is different for
various methods when the same triangle mesh is

used. In the Galerkin and the linear collocation

method the potential is unknown in the vertices of

the mesh and in the constant collocation method it

is unknown in the center of each triangle. For the

same mesh the number of unknowns is about twice

for the constant collocation method than for the
other methods.

In the Galerkin method the computation of the

matrices, especially the matrix B in Eq. (20), is

more laborious than in the collocation method.

The other computationally intensive step in sol-

ving the forward problem is the calculation of the

LU decomposition. Its calculation time depends

only on the size of the matrix.

3. Results

We will first look at how the computational

error behaves for a fixed mesh as a function of the

radial coordinate of the source dipole for the

various methods. Then we will look at the error

versus mesh size, and finally the error versus the

computational time for a fixed source dipole.

3.1. Relative error as a function of the radial

coordinate of the dipole

The relative error is defined here as

relative error�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

i

(xi�x̂i)
2=

X
i

x2
i

r
; (26)

where xi refers to the analytic solution and x̂i

refers to the numerical one. For the tangential

component of the magnetic field the difference in

the above equation is replaced by the length of the

difference vector. The error in the potential is

measured in the integration points of a 13-point
integration formula [19] on each triangle of the

mesh, and the error in the magnetic field is

measured above the integration points, on the

spherical surface of radius 1.05R where R is the

radius of the spherical mesh.

The analytical solutions for the potential and

the magnetic field [20,21] are calculated for the

unit sphere. The meshes consisting of nearly
equilateral triangles are scaled so that the average

radius at the numerical integration points is 1.0.

The dipole is always tangential.

Because the sum of all unknown potential values

is set to zero by deflation in the numerical

computation, the same is done for the analytical
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solution. The analytical potential values computed
in the vertices or in the centers of the triangles are

averaged to obtain the offset to be subtracted from

the samples to be used in the error calculation. The

deflation does not effect the magnetic field.

When measuring the relative errors as a function

of the radial coordinate of the dipole we used for

the constant collocation method a mesh of 2000

triangles and for the other methods a mesh of 4500
triangles. The number of unknowns was 2000 and

2252, respectively. Thus, the methods required

roughly the same amount of memory and compu-

ter time to solve the linear systems.

3.1.1. Electric potential

The relative error in the potential distribution

on the surface of the sphere as a function of the

radial coordinate of the dipole is shown in Fig. 1.

The Galerkin method gives the best results but the

linear collocation method almost reaches the
Galerkin method. The constant collocation

method loses clearly to the other two methods.

However, for all the methods the error increases

dramatically and the differences between the

methods become smaller when the dipole gets

closer to the surface. Also, the improvement in
the accuracy gained by increasing the number of

the triangles in the mesh weakens clearly towards

the surface. However, the accuracy can still be

improved by using finer meshes.

The final result, the magnetic field, is computed

based on the result of the electric potential. As will

be shown in next sections, the relative error of the

electric potential and the magnetic field, especially
the tangential component of that, behave quite

differently.

3.1.2. Tangential component of the magnetic field

The relative error in the tangential component

of the magnetic field for all the methods is shown

in Fig. 2. Two common observations can be made

for all the methods. First, the relative error

increases when the dipole moves closer to the

origin, because there the magnetic field vanishes.

Second, the error increases when the dipole

approaches the surface. This shows that the basis
functions are too simple to accurately describe the

rapid change.

Especially when using a sparse mesh the error

curves near the surface are somewhat different for

a dipole under a vertex and for a dipole under the

center of a triangle. The error of the Galerkin and

the linear collocation methods behaves always

Fig. 1. The relative error in the potential as a function of the

radial coordinate of the dipole. The number of unknowns is

2252 for the Galerkin and the linear collocation methods and

2000 for the constant collocation method. The lines with o’s,

*’s, and x’s are for the constant and linear collocation methods,

and for the Galerkin method, respectively. The solid and

dashed lines are for the dipoles under the center of a triangle

and under a vertex, respectively.

Fig. 2. The relative error in the tangential component of the

magnetic field as a function of the radial coordinate of the

dipole. The number of unknowns is as in Fig. 1. For line

descriptions see the legend of Fig. 1.
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smoothly near the surface, and the Galerkin
method gives always more accurate results than

the linear collocation method. In contrast, the

error of the constant collocation method does not

increase monotonically when the dipole ap-

proaches the surface if the dipole is located under

a vertex. However, the overall tendency is the

same, i.e. increasing error towards the surface. The

constant collocation method reaches the Galerkin
method when the dipole is located under a vertex,

but is clearly the least accurate if the dipole is

located under the center of a triangle.

Generally the constant collocation method gives

the least accurate results, but when nodes are

added to the mesh the difference between the

linear and the constant collocation methods be-

comes smaller. The Galerkin method gives always
clearly the most accurate results.

3.1.3. Radial component of the magnetic field

The relative error in the radial component of the

magnetic field as a function of the radial coordi-

nate of the dipole is shown in Fig. 3. The constant
collocation method gives clearly the worst results,

and there is no significant difference between the

linear collocation and Galerkin methods. The

surface effect is weak. The differences between

the results for a dipole under a vertex and the

center of a triangle are clear only very close to the
surface. The error in the radial component is

almost independent of the dipole radial coordinate

except near the origin of the sphere.

For the spherical conductor model the volume

currents have no contribution to the radial com-

ponent of the magnetic field, i.e. the second term

of Eq. (1) almost vanishes [1]. The volume currents

effect the tangential component of the magnetic
field, which has its maximum just above the

dipole, where the radial component has its mini-

mum. The biggest errors in the tangential compo-

nent can be expected to happen near the dipole,

because the change in the magnetic field is steepest

there. Because the volume currents have no effect

on the radial component of the field, its overall

error remains also smaller than that of the
tangential component and the various discretiza-

tion methods do not differ essentially from each

other. However, this is not valid for realistically

shaped conductor models.

3.2. Relative error versus the number of unknowns

When measuring the relative errors as a function

of the number of unknowns we used meshes with

80�/18 000 triangles, i.e. 42�/9002 vertices. The

Fig. 3. The relative error in the radial component of the

magnetic field as a function of the radial coordinate of the

dipole. The number of unknowns is as in Fig. 1. For line

descriptions see the legend of Fig. 1.

Fig. 4. The relative error in the potential as a function of the

number of unknowns. The dashed lines with o’s, *’s, and x’s are

for the constant and linear collocation methods, and the

Galerkin method, respectively. Data for Figs. 4�/9 is based on

the same measurements. Note that both scales are logarithmic.
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dipole located under the center of a triangle at the

distance of 0.85R from the origin of the sphere.

The relative error in the potential as a function

of the number of unknowns is shown in Fig. 4. It

can be seen that the Galerkin method gives always

more accurate results than the collocation methods

with the same number of unknowns. However, the

difference between the linear collocation method

and the Galerkin method is much smaller than the

difference between the constant and the linear

collocation methods. In addition, as the number of

unknowns increases the linear collocation and the

Galerkin methods reduce the error approximately

with the same rate but with clearly faster rate than

the constant collocation method.

The corresponding behaviour of the relative

error in the tangential component of the magnetic

field is shown in Figs. 5 and 6. The error is

measured around the conductor, on the spherical

surfaces of radius 1.05R (Fig. 5) and 1.3R (Fig. 6).

The first case is very close to the conductor, and

the second case corresponds a realistic MEG

recording distance from the brain. Here, we can

see that the collocation methods give roughly the

same accuracy, and the Galerkin methods gives

clearly improved results. In addition, as the

number of unknowns increases the accuracy of

the Galerkin method initially increases much faster

than the accuracy of the collocation methods, and

then gradually reaches a significant constant

difference to the collocation methods. This ob-

servation is more clear when measuring the

magnetic field component on the spherical surface

of radius 1.3R than of radius 1.05R . In addition,

Fig. 5. The relative error in the tangential component of the

magnetic field as a function of the number of unknowns. The

magnetic field is measured around the conductor on the

spherical surface of radius 1.05R . See the line descriptions in

Fig. 4.

Fig. 6. The relative error in the tangential component of the

magnetic field as a function of the number of unknowns. The

magnetic field is measured around the conductor on the

spherical surface of radius 1.3R . See the line descriptions in

Fig. 4.

Fig. 7. The relative error in the radial component of the

magnetic field as a function of the number of unknowns. The

magnetic field is measured around the conductor on the

spherical surface of radius 1.3R . See the line descriptions in

Fig. 4.
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the difference between the Galerkin method and
the collocation methods is significantly greater for

a small number of unknowns, e.g. about 400

unknowns, on the spherical surface of radius

1.3R than of radius 1.05R .

The behaviour of the relative error in the radial

component of the magnetic field as a function of

the number of unknowns is shown in Fig. 7. The

errors are measured around the conductor on a
spherical surface of radius 1.3R , and the errors on

the spherical surface of radius 1.05R are rather

similar. The Galerkin method gives the same

accuracy as the linear collocation method.

3.3. Relative error versus computational costs

The Galerkin method is more accurate than the

collocation methods but more expensive to com-

pute. Here, we study the relative error versus the

total computational cost, which is measured by the
sum of the time consumed in the assembly of the

coefficient matrix and the time taken by the LU

decomposition. These are the most laborious steps

in solving the forward problem.

In Tables 1�/3 we show for all the methods the

CPU times for the assembly of the coefficient

matrix and for the LU decomposition for several

mesh sizes. For the mesh sizes considered here, the
matrix assembly of the Galerkin method strongly

dominates the LU decomposition. For the linear

collocation method these times are comparable,

and for the constant collocation method the

matrix assembly is negligible compared to the

LU decomposition. For still finer meshes the LU

decomposition time becomes dominant for all the

methods.
All calculations were made on a single R12000

MIPS processor (300 MHz) of a Silicon Graphics

Origin using optimization options when compiling

the Fortran 90 codes. The LAPACK library [22]

was used for the LU decomposition. All the

computations were done using double precision

arithmetic. There may be variations of about 30%

in the measured CPU times due to the varying

system load.

The computational costs for the potential are

shown in Fig. 8. It can be seen that the Galerkin

method is cheaper than the linear collocation

method only for large meshes. In addition, there

is a significant difference between the constant and

linear collocation methods.

Table 1

The CPU times for the assembly of the coefficient matrix Tmat

and for the LU decomposition TLU for several mesh sizes for

the constant collocation method

Ntri Nun Tmat (s) TLU (s)

80 80 6.8E�/3 5.7E�/3

720 720 0.81 0.49

2000 2000 5.4 11

4500 4500 32 130

11 520 11 520 220 2000

18 000 18 000 510 8000

The mesh size is described by the number of triangles Ntri and

the number of unknowns Nun.

Table 2

The CPU times for the linear collocation method

Ntri Nun Tmat (s) TLU (s)

80 42 2.5E�/2 5.9E�/4

720 362 1.9 6.5E�/2

2000 1002 15 1.4

4500 2252 84 19

11 520 5762 540 260

18 000 9002 1400 990

The mesh size is described by the number of triangles Ntri and

the number of unknowns Nun.

Table 3

The CPU times for the Galerkin method

Ntri Nun Tmat (s) TLU (s)

80 42 0.19 1.9E�/2

720 362 16 0.10

2000 1002 120 2.0

4500 2252 630 18

11 520 5762 4300 270

18 000 9002 11 000 1200

The mesh size is described by the number of triangles Ntri and

the number of unknowns Nun.
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The corresponding curves for the tangential

component of the magnetic field are shown in

Fig. 9. It can be clearly seen that the Galerkin

method reaches a certain accuracy with less

computational time than the other methods when

big enough meshes are used. The total computa-

tional time with which the Galerkin method

becomes more accurate than the collocation meth-

ods is shorter when the magnetic field is measured

on the spherical surface of radius 1.3R than of

radius 1.05R .

From Tables 1�/3 we can find out how many

unknowns the total computational time of about

16 s corresponds in each method. The number of

unknowns is 2000 for the constant collocation

method, 1002 for the linear collocation method,

and 362 for the Galerkin method. From Fig. 9 it

can be seen that for these mesh sizes the Galerkin

method gives the smallest relative error. Thus, the

Galerkin method is superior to the collocation

methods with as less as about 400 unknowns when

measuring the magnetic field on the spherical

surface of radius 1.3R . For the larger meshes the

difference for the Galerkin method increases even

more. This means, that for these mesh sizes the

linear collocation method requires about 10 times

and the constant collocation method about 40

times as much computer memory as the Galerkin

method to obtain a given accuracy in the tangen-

tial component of the magnetic field.

4. Discussion

We have studied the applicability of a mathe-

matical method called the Galerkin method to the

biomagnetic inverse problem. The method is well
known and widely used, e.g. in the field of

structural analysis. The method is computationally

more expensive but more accurate than the other

methods used so far. According to our measure-

ments the Galerkin method improves significantly

the accuracy of the forward problem especially for

the tangential component of the magnetic field. It

is shown here to be a competitive alternative to
other methods when the number of unknowns is

high enough. In practical MEG recording dis-

tances from the brain even a small number of

unknowns, e.g. 400, is sufficient to make the

Galerkin method superior to the collocation

methods. Beyond the crossover point, the Galerkin

Fig. 8. The relative error in the potential versus the time taken

by the assembly of the coefficient matrix and the LU decom-

position. The lines with o’s, *’s, and x’s are for the constant and

linear collocation methods, and the Galerkin method, respec-

tively. Note that both scales are logarithmic.

Fig. 9. The relative error in the tangential component of the

magnetic field versus the time taken by the assembly of the

coefficient matrix and the LU decomposition. For the line

descriptions see the legend of Fig. 8.
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method reaches a desired accuracy clearly more

rapidly than the other methods.

The error measurements depend on the choice

of measurement points. It is common that the

relative error is calculated in the set of points

where the unknowns of the numerical approach

are to be determined, e.g. in the vertices or the

centers of the triangles. Unlike this, we have

chosen to measure the error in the 13 integration

points on all the triangles. To measure the error

only in the collocation points of a given method

gives a preference to this method, because the

error is minimized in the collocation points. Our

choice is fair because the final aim is to obtain a

good solution everywhere on the surface of the

conductor.

If the unit sphere is discretized so that the

vertices of the triangles are on the sphere, the

average radius of the tessellated surface is smaller

than 1. To increase the compatibility of the

analytical unit sphere and the numerical tessellated

sphere, we scaled the mesh to have an average

radius of 1. This is also needed to facilitate the

comparisons between various meshes.

The error for dipoles at an equal distance from

the surface varies greatly depending on their

location and orientation relative to the vertices

[23]. This variation shows that the basis functions

are not able to describe the real potential variation

on the surface. To give an idea about the variance

we have shown the results for dipoles under a

vertex and under the center of the triangle with the

same orientation. In Ref. [3] 100 dipoles with

random locations relative to the vertices were used,

and the results were averaged.

It is impossible to directly compare our results

for the potential to those presented in other

articles because of several differences in the error

computation. However, we compared the error

values presented in Ref. [3] to ours, and we found

that our errors are clearly bigger. The most

probable reason for this is that we compute the

error for the potential in the integration points

instead of the collocation points, where the error is

minimized. We also compared our results for the

error of the linear Galerkin method to the recent

results obtained by Mosher et al. [9], and we found

that our results agree qualitatively with those of
Mosher.

In Ref. [3] it is reported that the shape of the

potential is critical for the localization accuracy,

and the numerical solution was scaled by a linear

least-squares fit to the analytical one before the

error computation. In this process the offset which

we subtracted from the analytical solution was

also removed. Contrary to the results in Ref. [3]
there was only a negligible change in our curves of

the relative error versus radial coordinate when the

numerical solution was scaled before the error

computation. The results presented in this article

describe the total error observed in the unscaled

data.

The error values for the components of the

magnetic field and the potential distribution can-
not be directly compared to each other because the

scales are different. The potential is determined up

to an additive constant, and thus the relative error

depends on the offset.

We found that the Galerkin method reduces the

error for the tangential component of the magnetic

field more rapidly than the linear collocation

method when the meshes are refined. This is rather
surprising as the errors for the potential are

roughly the same for the two methods.

This type of ‘superlinear’ convergence of the

Galerkin method is known in the mathematical

error analyses of the BEM [11]. For two-dimen-

sional integral equations similar to the equation

described in this paper it can be shown that the

error in the Galerkin and collocation methods with
piecewise linear basis functions behaves like h2,

where h is the size of the computational element.

This estimate is valid when the error is measured in

the usual L2 norm. However, for the Galerkin

method it is known that when the error is

measured in a negative Sobolev norm k � ks; s�
�3; the error behaves like h5 [11]. In addition,

measuring the error of the magnetic field in the L2

norm is equivalent to measuring the error of the

potential in a negative Sobolev norm [11].

The above discussion gives additional insight

into the errors of the Galerkin and collocation

methods although we are not aware of rigorous

proofs for the current setting. In our three-dimen-

sional case, the number of unknowns N is
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proportional to h�2, where h is the length of the
side of the triangles. The above results would

predict convergence rates of N�1 for the potential

for both methods and for the magnetic field

computed using the collocation method. The

predicted convergence rate for the magnetic field

using the Galerkin method is N�2.5. From Figs. 4

and 5 we can estimate the powers k of convergence

rate Nk for the potential and the tangential
component of the magnetic field. For the linear

collocation method we obtain k�/�/1.0 for both

the potential and the field, and for the Galerkin

method k�/�/1.1 for the potential and k�/�/2.3

for the field in the steepest region, stabilizing to

k�/�/1.0 for large meshes.
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