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Abstract

DNA self-assembly is emerging as a key paradigm for nanbrielogy, nano-computation, and
several related disciplines. In nature, DNA self-asseniblgften equipped with explicit mechanisms
for both error prevention and error correction. For artdi@gelf-assembly, these problems are even more
important since we are interested in assembling large sysstaith great precision.

We present an error-correction scheme, called snaked peaafing, which can correct both growth
and nucleation errors in a self-assembling system. Thisl$uipon an earlier construction of Winfree
and Bekbolatov [11], which could correct a limited class oiwgth errors. Like their construction, our
system also replaces each tile in the system byxak block of tiles, and does not require changing the
basic tile assembly model proposed by Rothemund and WifBilee

We perform a theoretical analysis of our system under fagdyeral assumptions: tiles can both
attach and fall off depending on the thermodynamic raterpatars which also govern the error rate.
We prove that with appropriate values of the block size, @ sew& of . tiles can be extended into an
n x n square of tilesvithout errorsin expected tim& (n), and further, this square remains stable for an
expected time oﬁ(n). This is the first error-correction system for DNA self-asddy that has provably
good assembly time (close to linear) and provable errorextion. The assembly time is the same, up
to logarithmic factors, as the time for an irreversible petiree assembly.

We also did a preliminary simulation study of our scheme. ilnuations, our scheme performs
much better (in terms of error-correction) than the eadigheme of Winfree and Bekbolatov, and also
much better than the unaltered tile system.

Our basic construction (and analysis) applies to all neetdr tile systems (where growth happens
from south to north and west to east). These systems inchel&ierpinski tile system, the square-
completion tile system, and the block cellular automatasfowulating Turing machines. It also applies
to counters, a basic primitive in many self-assembly caiesions and computations.

“Ho-Lin Chen is at the Department of Computer Science, Stdridmiversity. Email: holin@stanford.edu. Research sujgub
in part by NSF Award 0323766.

fAshish Goel is at the Department of Management Science agih&ring and (by courtesy) Computer Science, Stanford
University, Terman 311, Stanford CA 94305. Email: ashisisgg@ford.edu. Research supported by NSF CAREER Award G2392
and by NSF Award 0323766.



1 Introduction

Self-assembly is the ubiquitous process by which objecteramously assemble into complexes. Na-
ture provides many examples: Atoms react to form moleculs®lecules react to form crystals and
supramolecules. Cells sometimes coalesce to form organidinis widely believed that self-assembly
will ultimately become an important technology, enablihg fabrication of great quantities of small com-
plex objects such as computer circuits. DNA has emerged dmportant component to use mrtifi-
cial self-assembly of nano-scale systems due to its small fizendredible versatility, and the prece-
dent set by the abundant use of DNA self-assembly in naturcorlingly, DNA self-assembly has re-
ceived significant attention over the last few years, botlpiactitioners [13, 15, 10, 11], and by theoreti-
cians [5, 6, 12, 1, 7, 8, 2, 3, 4]. The theoretical results Hacased on efficiently assembling structures of
a controlled size (the canonical example being assembly>of, squares) and shape. In this paper, we are
interested in simultaneously achieving robustness anciexffiy.

The Tile Assembly Model, originally proposed by Rothemumnd &Vinfree [8], and later extended by
Adlemanet al. [2], provides a useful framework to study tke#iciency(as opposed to robustness) of DNA
self-assembly. In this model, a square tile is the basicafrdah assembly. Each tile has a glue on each side;
each glue has a label and a strength (typically 1 or 2). A #le &ttach to a position in an existing assembly
if at all the edges where this tile “abuts” the assembly, tluegon the tile and the assembly are the same,
and the total strength of these glues is at least equal totamsysarameter called the temperature (typically
2). Assembly starts from a single seed crystal and procegdsgdeated accretion of single tiles. The speed
of an addition (and hence the time for the entire processnupbete) is determined by the concentrations of
different tiles in the system. Details are in Section 2.

Rothemund and Winfree [8] gave an elegant self-assembliatei® for constructing squares by self-
assembly in this model. Their constructionofx n squares requires tim@(n logn) and program size
©(logn). Adlemanet al.[2] presented a new construction for assembtingn squares which uses optimal
time ©(n) and optimal program siz@(log’ﬁ)gn). Both constructions first assemble a roughlygn x n
rectangle (at temperature 2) by simulating a binary coumted then complete the rectangle into a square.
Later, Adlemanet al. [3] studied several combinatorial optimization problenetated to self-assembly.
Together, the above results are a comprehensive treatrhrg efficiency of self-assembly, but they do not
address robustness.

In nature, DNA self-assembly is often equipped with explwgechanisms for both error prevention and
error correction. For artificial self-assembly, these peafs are even more important since we are interested
in assembling large systems with great precision. In rga#éveral effects are observed which lead to a loss
of robustness compared to the model. The assembly tendsrevéesible, i.e., tiles can fall away from an
existing assembly. Also, incorrect tiles sometimes gebriporated and locked into a growing assembly,
much like defects in a crystal. However, for sophisticatedhbinatorial assemblies like counters, which
form the basis for controlling the size of a structure, a &regror can lead to assemblies drastically larger
or smaller (or different in other ways) than the intendedduire. Finally, the temperature of the system can
be controlled only imperfectly. Experimental studies afalthmic self-assembly have observed error rates
of 1% to 10% [11].

The work towards robustness has focused so far on two brgaoaghes. The first approach is to iden-
tify mechanisms used by nature for error-correction andreggrevention in DNA self-assembly and study
how they can be leveraged in an algorithmic setting. One elawrf this approach is strand invasion [4].
The other approach is to design more combinatorial errarection mechanisms. This is closest in spirit
to the field of coding theory. One example of this approacle, twuwVinfree and Bekbolatov [11], is proof-
reading tiles. They suggest replacing each tile in the oalgsystem with & x & block. This provides
some redundancy in the system (hence the loose analogy @dthgtheory). Their approach can correct




growth errors which result from an incorrect tile attaching at a corr@cidtion, i.e., a location where some
other tile could have correctly attached. However, theprapch does not reliably correcticleation errors
which result from a tile (correct or incorrect) attachingaadite which is not yet active. Their proof-reading
scheme is explained in section 3, along with the differeretezben growth and nucleation errors.

We present a modified proof-reading system which can cobettt kinds of errors; we call it a snaked
proof-reading system. Our scheme provably (under some asgdimptions) results in error-free assembly
of ann x n square in timeO(n) with high probability (whp). Further, our system resultstire final
assembly remaining stable for &{n) duration whp. Hence, there is a large window during whichietie
a high probability of finding complete assemblies. The Ipesisible assembly time for anx n structure is
linear even without errors and even in the irreversible nho@leus, our system guarantees close to optimum
speed. To the best of our knowledge, this is the first resuithvbimultaneously achieves both robustness
and efficiency.

Our snaked system is explained informally in section 3 usindlustrative example. We prove that the
error-rate in this illustrative example is much better far system than for that of Winfree and Bekbolatov.
We give a formal description of our system in section 4 and/@rie properties of error-correction and
efficiency. Section 4 also provides simulation evidencé&Wwth our illustrative example and the Sierpinski
tile system [10]; in both cases, we demonstrate that ouesysésulted in a significant reduction in errors.

Our analysis uses the thermodynamic model of Winfree [10¢. adsume that the forward and reverse
rates as well as the error-rates are governed by underliiggniodynamic parameters. We first analyze the
performance of x k proof-reading blocks in terms of the error-rate and efficierand then lek grow
to O(logn). Our O notation hides polynomials img n. We believe that our analysis is slack, and can be
significantly improved in terms of the dependencekonVe make some simplifying assumptions to allow
our proofs to go through; our simulations indicate that ¢hassumptions are just an artifact of our analysis
and not really necessary.

Our basic construction (and analysis) applies to all reetr tile systems (where growth happens from
south to north and west to east). These systems include ¢hgir&iki tile system, the square-completion tile
system, and the block cellular automata for simulating Agimachines. It also applies to counters, a basic
primitive in many self-assembly constructions and comipota, but we omit the discussion about counters
from this paper.

2 Tile Assembly model

2.1 TheCombinatorial Tile Assembly Model

The tile assembly model was originally proposed by Rothetrand Winfree[8, 2]. It extends the theoretical
model of tiling by Wang [9] to include a mechanism for growthskd on the physics of molecular self-
assembly. Informally, each tile of an assembly is a squatie glues of various types on each edge. Two
tiles will stick to each other if they have compatible gluége will present a succinct definition, with minor
modifications for ease of explanation.

A tile is an oriented unit square with the north, east, southwsest edges labeled from some alphabet
of glues. For each tile, the labels of its four edges are denoted(t), o (t), os(t), andow (t). Sometimes
we will describe a tilet as the quadrupléoy (t), o (t), os(t),ow (t)). Consider the triple< T, g,7 >
whereT is afinite set of tiles7 € Z- is thetemperatureandy is theglue strengttfunction from>: x ¥ to
Z~o, whereX is the set of glues. Itis assumed that foraally € 3, (z # y) impliesg(z,y) = 0 and there’s
a gluenull € 3, such thay(null, z) = 0 for all z € X. A configurationis a map fromz? to 7' empty.

Let C and D be two configurations. Suppose there exist senge’l’ and some(r, ) € Z? such that
D = C except al(z,y), C(z,y) = null andD(z,y) = t. Let fy,ci(z,y) = glon(t),05(C(z,y + 1)).



Informally fn .c(z,y) is the strength of the bond at the north sidetainder configuration C. Define
fs.ou(x,y), fe.ci(z,y) and fiy,c.(x, y) similarly. Then we say that tile is attachableto C' at position
(z,y) iff fycie,y)+ fsole,y)+ frolz,y) + fwei(x,y) > 7, and we writeC' =1 D to denote the
transition fromC' to D in attaching a tile ta' at position(z, y). Informally, C —t D iff D can be obtained
from C by adding a tilet such that the total strength of interaction betweandC' is at leastr.

A tile systenis a quadruplel’ =< T,s,g,7 >, whereT, g, T are as above and e T is a special tile
called the “seed”. We define the notion oflerived supertilef a tile systenil' =< T', s, g, 7 > recursively
as follows:

1. The configuratiod” such thatl'(x,y) = empty except when(z,y) = (0,0) andI'(0,0) = sis a
derived supertile ofT', and

2. if C =1 D andC is a supertile ofT, thenD is also a derived supertile af.

Informally, a derived supertile is either just the seed (ibon 1 above), or obtained by legal addition of
a single tile to another derived supertile (condition 2). Wik often omit the word “derived” in the rest of
the paper, and use the terms “seed supertile” or just “seed’t@ denote the special supertile in condition
1.

A terminal supertileof the tile systen is a derived supertilel such that there is no supertife for
which A —1 B. If there is a terminal supertild such that for any derived supertile, B —71 A, we say
that the tile systeraniquely producesl. Given a tile systenT which uniquely produces a supertile, we say
that the program size complexity of the systentlisi.e. the number of tile types.

2.2 TheKinetic Model: Ratesand Free Energy

Adlemanet al. presented a model for running time of reversible self-asdies [2]. In this paper, we
use a kinetic model proposed by Winfree which computes theda and reversed rate as functions of
thermodynamic parameters [10]. It has the following assionp:

1. Tile concentrations are held constant throughout tHeasskembly process.

2. Supertiles do not interact with each other. The only twartiens allowed are addition of a tile to a
supertile, and the dissociation of a tile from a supertile.

3. The forward rate constants for all tiles are identical.

4. The reverse rate depends exponentially on the numbersefnar bonds which must be broken, and
the mismatched sticky ends make no base-pair bonds.

There are two free parameters in this model, both of whichdareensionless free energie&.,,. > 0
measures the entropic cost of putting a tile at a bindingasittdepends on the tile concentratiéh, > 0
measures the free energy cost of breaking a single strengtmd. Under this model, we can approximate
the forward and reverse rates for each of the tile-superietions in the process of self-assembly of DNA
tiles as follows:

The rate of addition of a tile to a supertilg, is pe~ “me.

The rate of dissociation of a tile from a supertilg, is pe—*“s<, whereb is the strength with which the
tile is attached to the supertiles.

The parametep simply gives us the time scale for the self-assembly.

Winfree suggests using,,,. just a little smaller thaR G, for self-assembly at temperature two. We use
the same operating region.



3 An lllustrative example

While the ideas that we develop in this section are applieablgeneral self-assemblies, a simple one
dimensional example will be used for illustrative purposé@#e tile system is one that can compute the
parity of a bit string and we will refer to it as the parity sgst. The tiles are essentially a simplification
of the tiles in the Sierpinski tile system [10] and are ob¢alirby making the top side of each tile in the
Sierpinski system inert. The tiles for the parity systemilwstrated below in figure 1(a). The temperature
is 2. The “input” will consist of a structure of+2 tiles. The “input” tiles are assumed to be arranged in two
rows. The bottom row has + 1 tiles. The rightmost tile on the bottom row is inert on thentighe leftmost

is inert on the left, and they are all inert on the bottom. E@lehin the bottom row except the leftmost has
a glue labeled eithdi or 1 on the top. The second row has just one input tile, sittimgop of the leftmost
tile in the bottom row. This second row tile is inert on thet lafid the top, and has a glue labeled 0 on the
right. Thus the input codes a string of n bits. With this ingbe tiles in the parity system will form a layer
covering then exposed glues in the bottom row. Further, the rightmostinitde top row will leave a glue
labeled 0 on the right if the parity of the bit string is O (i#e number of ones is even) and 1 otherwise.
Figure 1(b) illustrates this construction far= 4 and the input string111. The glues are written on the
edges of the tiles and the input tiles are shaded. In thimgettles in the top row attach from left to right,
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Figure 1: (a) The parity tile system. (b) lllustrating theiae of the parity tile system on the "input” string
1111. The arrow at the top represents the order in whichtilast attach in the absence of errors.

if there are no errors. Hence, in the absence of errors, thalevays a correct “next” position

3.1 Growth Errorsand the Winfree-Bekbolatov proof-reading system

An error is said to be a “growth” [11] error if an incorrectdiattaches in the next position. The proof-reading
approach of Winfree and Bekbolatov [11] can correct sucbrerby using redundancy. They replace each
tile in the system with four tiles, arranged irRax 2 block. Figure 2(b) depicts the four tiles that replace a
10 tile. The glues internal to the block are all unique. Thided redundancy results in resilience to growth
errors. The details are described in their paper.

3.2 Nucleation Errorsand improved proof-reading

However, there is another, more insidious kind of error et happen. A tile may attach at a position
other than the correct “next” position using just a strengple glue. This would be the incorrect tile, and
hence an error with probability 50%, and such an error witlgargate to the right ad infinitum even if we

4



1 10 L 10, + 10, +—1 L 10, == 19, —1
il I | | | |
\ \ \ \
1 | 100 | 100 1 1 s | 105 10 | 1
|
‘ O 0 0 0 0

L R L R

(a) (b) (©

Figure 2: (a) The original 10 tile. (b) The four proof-reaglitiles for the 10 tile, using the construction
of Winfree and Bekbolatov [11]. (c) The snaked proof-regdiites for the parity tile system. The internal
glues are all unique to thex 2 block corresponding to the 10 tile. Notice that there is ngegin the right
side of10 4 or the left side ofl0. and that the glue between the top two tiles is of strength 2s fiteans
that the assembly process doubles or “snakes” back ontf) @sedemonstrated by the arrow.

are using the proof-reading tile set of Winfree and BeklmslatVe call such errors “nucleation” errdrsin
more complicated systems, these errors can also happer @otimdary of a completed assembly, making
it very hard to precisely control the size of an assembly. hBgtowth errors and nucleation errors are
caused by what we term an insufficient attachment — the attaxchof a tile to an existing assembly using
a total glue strength of only 1 (even though the temperawi® and then being “stabilized” (i.e. held by
strength 2) by another tile attaching in the vicinity. Irfsziént attachments are unlikely at any given site
(say they happen with probability) but over the course of attachments, the probability of getting at least
one insufficient attachment may become as largé@s:). We will now show a design that requires two
insufficient attachments in close proximity to have an etinat can propagate, and significantly reduces the
chances of getting an error (either growth or nucleationijjufe 2(c) shows the x 2 block that replaces

a single tile (say tile 10), and the arrow shows the order inctvithe sub-tiles attach at a site when there
have been no insufficient attachments. Notice that ther® iglme between tile§0,4 and10-. This is
what prevents nucleation errors from propagating withawther insufficient attachment. We call this the
“snaked” proof-reading system, since the assembly prdoessblock doubles back on itself.

It is easy to show that the above approach can be extendelit@er & x k sized blocks, to get lower
and lower error rates. The above idea can also be extendéerpirski tile systems [10] and counters [8, 2],
though for technical reasonsgax 3 block is needed at a minimum to take care of nucleation emaisese
more complicated systems. Detailed analysis is given itised. However, the following lemmas are
useful to illustrate the kind of improvements we can expegsdt. The quantitieg, » andG,,. are as defined
in section 2.2. Annsufficient attachmersdt temperature two is the process that a tile attaches withgth
one, but, before it falls off, another tile attaches righktri® it and both tiles are held by strength at least
two.

Lemma 3.1 The rate at which an insufficient attachment happens at azgtilon in a growing assembly is
fr—_e’Gse = O(e 3Gse),

Proof: The rate of an insufficient attachment can be modeled as thkdviadChain shown in figure 3.
For a nucleation error to happen, first a single tile mustchti@t rate f). The fall-off rate of the first tile
is re“sc and the rate at which a second tile can come and attach to #tdiléris f. After the second

Winfree and Bekbolatov call these facet roughening errndsraserve the term nucleation errors for another phenomeno



tile attaches, an insufficient attachment has happenedhesoverall rate of an insufficient attachment is

f ~ ﬁ 7Gse
f* f+T8GS€ ~ € O

error propagare

p
T E| /p\ - glEl —
clefclefc[c ‘clc/cic][clc ‘c/c|cc/c]c
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Figure 3:The C tiles represent the existing assembly, and the E tikesew erroneous tiles.

Without proof-reading, or even using the proof-readingteys of Winfree and Bekbolatov, a single
insufficient attachment can cause a nucleation error, andehhe rate of nucleation error at any location is
alsoO(e3%¢). The next lemma shows the improvement obtained using olkesnaroof-reading system.
The difference is even more pronounced if we compare thesatioh error rate to the growth rate, which is a
natural measurement unit in this system. The ratio of théeation error rate to the growth ratede )
in the original proof-reading system, whereas i0ige—2%+<) in our system, a quadratic improvement.

Lemma 3.2 The rate at which a nucleation error takes place in our sngkeof-reading system i9(e—4¢s¢),

Proof: In the snaked system, two insufficient attachments needdjpdmanext to each other for a nucleation
error to occur. According to lemma 3.1, the first insufficiattachment happens at ratée—3¢<). After
the first insufficient attachment, the error will eventudily corrected unless another insufficient attachment
happens next to the first. The second insufficient attachinappens at rat€®(e—3%=<); but the earlier
insufficient attachment gets “corrected” at r&dée—2%<) (remember that ~ 1 and hence a tile attached
with strength 2 falls off at roughly the growth rate). Henttes probability of another insufficient attachment
taking place before the previous insufficient attachmets gaversed i) (e~ ), bringing the nucleation
error rate down ta) (e~ 4%, O

For growth errors, the proof-reading system of Winfree ardtiblatov achieves a reduced error rate of
O(e4%e¢), a property preserved by our modification.

4 The General Snaked Proofreading System

The system shown in the previous section only works for préga of nucleation errors in one direction
(west to east). The system we describe in this section caroire@ny rectilinear tile systefand prevents
nucleation errors in both growth directions.

First, we look at rectilinear systems in which all glues hatrength 1. To improve this kind of system,
each tile T in the original system is replaced b§kax 2k block (¢ > 2) T 1, T' 2, ..., Tk 21. Each glue
G in the original system is replaced By gluesG; 1, Gi 2, ..., G 2, With strength 1 on the corresponding
boundary of the block. All glues internal to the block hawesgth 1 except the following:

1. The east sides of til€5, »;_; are inert, as well as the west sides of tilgs); for: = 1,2,... ,k — 1.
2. The north sides of tile®,; ; are inert, as well as the south sides of tilgg, ., fori =1,2,... k-1,

3. The glues on the north sides of til&s »;,; have strength 2, as well as the glues on the south sides of
t”eSTQZ’+],2i+] fori = 1, 2, A ,k — 1.

2A rectilinear tile system is one where growth occurs in ailieetar fashion - from south to north and from west to east.



4. The glues on the east sides of tilBg»; _; have strength 2, as well as the glues on the west sides of
tiles TQi’QZ’ fori = 1,2,...,k.

5. The east side of the tilB,,_, 51,1 is inert, as well as the west side of the fillg, - o

6. The glue on the north side of the tilg;_» o, has strength 2, as well as the south side of the tile
Tog—1,2k-
The glues internal to the block are unique to that block andtdagppear on any other blocks. Informally,
the blocks attach to each other using the same logic as thaalrsystem.

An illustrative example withk = 2 is shown in figure 4(a). The numbering of the tiles in figure)4(b
denotes the sequence of the tile attachment in the assemualygs. It is worth noticing that all the tiles on
the northern and eastern side of the block are held by strexidéast 3. So whenever all the tiles on a block
are attached, it is unlikely for them to fall off.
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/_~ | | | | | |
\ \ \ \ \ i
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| | | | | 1 | 1 |
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Figure 4:(a) The structure of 4x4 block. (b) The order of the growth.

Recall thatf denoted the forward rate of a tile attaching, andenotes the backward rate of a tile held
by strength 2 falling off. In the rest of the section, we assuhmtf = r and tiles held by strength three
do not fall off. We need to make this assumption for our pra@odd through, but we don'’t believe they are
necessary.

Here are some definitions we will use in this sectionk-bottleneckis a connected structure which
requires at leask insufficient attachments to form. Block error occurs if all the tiles in a block have
attached and are all incorrect (compared to perfect grolttis)easy to prove that a block error is just an
example of &-bottleneck.

We are going to consider an idealized system where the sogthvast boundary is already assembled
and the tiles in the square are going to assemble in a rexilifashion. The following theorems represent
our main analytical result:

Theorem 4.1 With a2k x 2k snaked tile system (for some fixed assuming we can set’sc to beO(n%),
ann x n square of blocks can be assembled in ti@\(el”%) and with high probability, no block errors
happen(n'*#) time after that.

Theorem 4.2 With a2k x 2k snaked tile systenk, = O(log n), assuming that we can set< to beO(k"),
ann x n square of blocks can be assembled in tit(@) and with high probability, no block errors happen
for Q(n) time after that.



Here, theO notation hides factors which are polynomial Arandlog n. Informally, Theorems 1 and
2 say that snaked proofreading results in tile systems wésslembly quickly and remain stable for a long
time.

In fact, we believe that our scheme achieves good perforenaittiout having to set“s to be as high
asO(k%) and the ratio between forward and backward rate can be sette sonstant for getting a good
performance. The simulation results are described at tHe&this section confirm our intuition.

4.1 Proof of the main result

Since all tiles in a correctly attached block are held byrsjte three, once a correct block attaches at a
location, none of its tiles ever fall off. So, it suffices tdynonsider the perimeter of the supertile. For ease
of exposition, we are going to focus on errors that happerhereast edge of the assembly.

Lemma 4.3 Consider any connected structure causedbynsufficient attachmentsl < m < k). Then
the width of the structure can be at m@st, and the height of the structure can be at m@st(i.e., this
connected structure can only span two blocks). This straaoill fall off in expected time()(’“?s) unless
there’s a block error somewhere in the assembly or an ingefffiattachment happens within the (at most
two) blocks spanned by the structure.

PROOF OUTLINE: The proof of this lemma involves a lot of technical detailBue to space constraints,
we only present a sketch in this version. In the structurkok 2k snaked tiles, all the glues between the
(2i)-th row and(2i + 1)-th row have strength 1 for all So, to increase the width frofn to 2i + 1, we must
have at least one insufficient attachment. So, witmsufficient attachments, the width of the structure can
be at mostm. Using similar arguments, the height of the structure caathmost2k. Also, the attached
tiles can be partitioned int@ (k) parts. Each of these parts can be viewed a8sxa0(k) rectangle with
every internal glue having strength 1. The process of titeaching to and detaching from each rectangle
can be modeled using two orthogonal random walks and heach,rectangle will fall off in expected time
O(%). The different rectangles can fall off sequentially, angabne rectangle falls off completely, none
of its tiles will attach again unless an insufficient attaeminhappens. Thus, the structure will fall off in
expected time()(’%s) unless there’s a block error (anywhere in the assembly) ansufficient attachment
happens (within the two blocks) before the structure hasaaato fall off. O

Theorem 4.4 Assume that we use2k x 2k snaked tile system ar@,,. = 2G4.. Then for anye, there
exists a constant ¢ such that, with probability- ¢, no k-bottleneck will happen at a specific location within
. ! ‘*Gse 1 k6 k—1

tlmec%epse(%) :

Proof: By definition, k£ insufficient attachments are required before-bottleneck happens. Aftérinsuffi-
cient attachments take place, one of the following is goinigappen:

e One more insufficient attachment. Consider any struciieaused by insufficient attachments. By
Lemma 4.3, the size oK cannot exceed two blocks, hence the number of insufficigattatnent
locations that can cause this structure to grow larger is @gtik. So, the rate of théi + 1)-th
insufficient attachment happening is at méksfe s,

e All t[)e attached tiles fall off. By Lemma 4.3, the expectaddifor all the attached tiles to fall off is
O(%)

So, after; insufficient attachments happen, the probability of the- 1)-th insufficient attachment hap-
pening before all tiles fall off is0 (245" ) = O(—&2). So, after the first insufficient at-
tachment takes place, the probability okdottleneck happening before all the attached tiles fdlliof

8



G k-1 _ _ o
less than()((%) ). As shown in Lemma 3.1, the expected time for the first insieffic at-

tachment isO(%eGse). So, the expected time for a k-bottleneck to happen at aicddeation is at most

~Gse k—1 . . .
O(%eGSE(M) ). Hence, for any smalt, we can find a constant c such that, with probability

¢ Gse
e~ CGse11/kS k=1
T e Gse .

1 — ¢, no k-bottleneck will happen at a specific location withmeic%eGse( O

Theorem 4.5 If we assume there are nebottlenecks, and the rate of insufficient attachments imast
. . 5
()(,{6), then ann x n square o2k x 2k snaked tile blocks can be assembled in expected(ﬂ(ﬁ%).

Proof: With the snaked tile system, after all the tiles in a blockeltt all the tiles are held by strength at
least 3 and will never fall off. Using the running time anasytechnique of Adlemaet al. [2], the system
finishes in expected tim@(n x Tz), wheren is the size of the terminal shape afi@ is the expected
time for a block to assemble. Without presence:diottlenecks, when we want to assemble a block, the
erroneous tiles that currently occupy that block are forrhgdt mostk — 1 insufficient attachments. By
Lemma 4.3, without any further insufficient attachmentsgeagng, the erroneous tiles will fall off in time
O(?) and the correct block can attach within tir@a{z’“fi). By assumption, the rate of insufficient attachment

happening is at mo@(kf—ﬁ), and there are at moét(k) locations for insufficient attachments to happen and

affect this process. So, there’s a constant probabilityribansufficient attachments will happen during the

whole process and thus the time required to assemble a Wpcks at mostO(’“f—s). O
Theorems 1 and 2 follow from the above two theorems. Notiaéttiere is a lot of slack in our analysis.

4.2 Simulation results

We use the simulation progrargrow written by Winfreeet al. [14].

We first use three different systems to build a squarglok 20 blocks with the Sierpinski pattern [10].
The column “snaked” refers to the system described in thipahe column “proofreading” corresponds
to the original proofreading system described by Winfred Bekbolatov; the column “original” refers to
the system without any error correction. The results arersarized in table 1. The block size for our
snaked system as well as the original proofreading systetnxist. Similar results were observed for a
wide range of simulation scenarios. As is clear, our snaklegystem has a much lower error rate, has a
much higher stability time, and is only two-three times sgtowhan the proofreading system of Winfree and
Bekbolatov [11]. The original system only needs to asseralmieich smaller structure (since it uses:a 1
block); hence the “reversal” in the error-rates for the orédy and the proofreading system in the second
simulation.

Gme =15,G5e = 7.8 Gme = 15,G4 = 8.0
Original | Proofreading| Snaked | Original | Proofreading| Snaked
Time to assemble (seconds) 550 2230 6020 350 1750 3780
Error Probability 52% 24% 0% 63% 75% 0%
Time it remains stable 0 0 >400000 0 0 5700
(seconds) after completion

Table 1: Assembling a0 x 20 Sierpinski block. A stability time of O indicates that thedisquare became
unstable (i.e., an extra block of tiles attached on the perip of the desired supertile) even before the
complete supertile formed. The values represent averaggslo0 runs.

Also, for the2 x 2 snaked tile system and the original proofreading systemtowk a straight line
boundary of 200 tiles (i.e., 100 blocks) and tested the aeetame (in seconds; virtual time) for a block
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error to happen under differed,.’s. Here,2G,. — G, IS set to be 0.2. Theoretically, the expected time
for a block error to happen in the snaked tile syster®{g*“s), and the expected time for a block error
to happen in the proofreading systemQge“s<). The result is shown in figure 5(a); theaxis uses a
log-scale. Clearly, the slope of the curve for the snakedstiistem confirms our analysis — the slope is very
close to 4, and significantly more than the slope for the nafproofreading system. For the larger values of
G, we could only plot the results for the original proof-reglisystem, since the simulator did not report
any errors with the snaked tile system for the time scaleswhéh we conducted the simulation.

We also tested the error rate for parity systems of diffesdd lengths. We called an experiment
an error if the final supertile was different from the one weent in the absence of errors. We used
G = 7.0,G. = 13.6. The result is shown in figure 5(b); again, a significant réiducin error rate
is observed. For both figures 5(a) and 5(b), qualitativefyilsir results were observed for widely varying
simulation parameters.

10° . . . . . T T T 100

901 proofreading
80

=
o,
s
T

shaked tiles

slope=4.01 or

proof-reading 601

»-\
S,
T

50

40

error percentage

301

expected time for block error

20f

101

0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0 ‘ : : : :
55 6 65 7 75 8 85 9 95 10 0 50 100 150 200 250 300

GSe length of the seed row

Figure 5:(a) The first figure shows the relation between the averageftima block error to happen aité,. (average
over 100 runs). (b) The second figure shows that the errofoatmnaked tiles is much smaller than proofreading tiles
(average over 200 runs).

Our simulation results show that our analysis is very claseetlity even without idealized parameter
conditions. For example, we did not usg,. = 2G,. but instead usedr,,,. slightly smaller tharG,. as
suggested by Winfree [10]. Also, the simulator allows tikedd by strength 3 to fall off, contrary to our
assumption. Thus, we believe that our snaked system works ineiter (and under a much wider set of
conditions) than we have been able to formally prove.

5 FutureDirections

It would be interesting to extend our analysis to remove sofneur assumptions. Also, we believe that
the total assembly time for our system should justi{é?n) for assembling am x n square using x k
snaked blocks. One of the biggest bottlenecks in provirgldbund is an analysis of the assembly time of an
n X n square assuming that there are no errors but that the systewversible, i.e., tiles can both attach and
detach. We believe that the assembly time for this systemlgh® O () along the lines of the irreversible
system [2], but have not yet been able to prove it.
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