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1 IntroductionFermat's last theorem has undoubtedly been one of the greatest sources of in-spiration for the development of number theory. One of the �rst breakthroughsin the search for a proof was made by Kummer in the mid eighteen-hundreds.Kummer proved the theorem in the case when the exponent, p, is a so calledregular prime. This means that p does not divide the class number of the p-thcyclotomic �eld. One of the main steps in Kummer's proof is the followingresult.Kummer's Lemma. Let p be a regular prime and let � be a primitive p-throot of unity. If � is a unit in Z[�] such that � is congruent to a rational integermodulo p, then � is the p-th power of another unit.There are several ways to prove this. The proof in [B-S] relies on the factthat the p-adic integers with zero trace can be uniquely presented as a (�nite)sum P ck log �p�1k , where the ck are p-adic integers and �k are the so calledcyclotomic units. As it is done in for example [W], one can also use class�eld theory to prove Kummer's Lemma. In this case one �rst use the p-adiclogarithm and exponential functions to show the result in the �-adic completionof Z[�], where � is the prime above p. Class �eld theory then implies that theresult must also hold in Z[�].In chapter 2 we will generalize Kummer's Lemma in two directions. Let �n bea primitive pn+1-th root of unity. Theorem 2.3 says that if p is regular and� 2 Z[�0]� is congruent to 1 modulo pn, then � is a pn-th power of another unit.The proof is similar to the �rst one of the proofs described above and the onlyextra ingredient is some calculations.For our second generalization we consider prime power cyclotomic �elds, Q(�n)and their rings of integers Z[�n]. Let �n be the (unique) prime above (p) inZ[�n]. Theorem 2.7 says that if p is a regular prime and � 2 Z[�n]� is congruentto 1 modulo �pn+1�1n , then � is a p-th power of another unit. Note that thisrestricts to the usual version of Kummer's Lemma when n is zero. The proofof this generalization is similar to the second one of the proofs of Kummer'sLemma described above. The main extra ingredient is Lemma 2.15 that tellsus that if a unit is congruent to 1 modulo �pn+1�1n , then it is also congruent to 1modulo �pn+1n . This important Lemma was proved in [ST1] but for completenesswe prove it here too.The second part of this paper is devoted to algebraic K-theory. In 1958, in hiswork on the Riemann-Roch theorem, Grothendieck introduced the functor K,now known as K0 ([BSG]). The best known application of this functor is thetopological K-theory developed by Atiya and Hirzebruch in [A-H]. The nextstep was taken by Bass (see [B]) who de�ned K1 functors in the category ofrings. These functors turned out to be the same as the ones introduced by1



Whitehead in [W] 1939. In 1969 Milnor showed how, starting from a Carte-sian square (or pullback), one could construct an exact sequence involving K0and K1 of the respective rings. This sequence is now called the Mayer-Vietorissequence of algebraic K-theory after the Mayer-Vietoris exact sequence of al-gebraic topology to which it is similar in appearance.One important problem in algebraic K-theory is simply to compute K0(R) forvarious rings R. Because of important topological applications, rings ZC, whereC is a cyclic group, are of particular interest. In the article [K-M], Kervaire andMurthy took a step towards a solution of this problem in the case when C isa cyclic group of prime power order. When p is a so called semi regular prime(meaning that p does not divide the class group of the maximal real sub�eldof Q(�0)), they explicitly gave an exact sequence involving the group ~K0(ZC).(K0(ZC) = Z� ~K0(ZC)).The aim of this paper is to reprove the result by Kervaire and Murthy in thecase where p is regular, using a di�erent method. Our proof relies on one ofour generalizations of Kummer's Lemma and we thus link Kummer's work onFermat's theorem with our K-theoretical problem.Remark: In this paper we actually study the picard group, Pic R, of a ringR, but since ~K0(ZC) �= PicZC when C is a cyclic group of prime power order,this is equivalent to the study of ~K0(ZC).1.1 A Short Introduction to K0, K1 and Picard GroupsIn this paper all rings will be commutative and have a identity element, usuallydenoted by 1. All ring homorphisms f : A! B are assumed to satisfy f(1A) =1B . As usual, A� denotes the multiplicative group of units of A.An A-module P is called projective if there exists an A-module Q such thatP � Q is free. A module M is called �nitely generated if there exists a �nitesubset N of M such that RN =M .It is easy to see that a module P is �nitely generated and projective if and onlyif there exists a module Q such that P �Q �= An :=Lni=1A for some naturalnumber nLet p be a prime ideal of A and let Ap denote the localization of A at p. IfM is an A-module the localization Mp of M at p is isomorphic to Ap 
A M .Suppose M is �nitely generated and projective. Then, since Ap is a local ring,Mp is a free, �nitely generated Ap-module and hence Mp �= Anp for some n. Wecan hence de�ne rankp(M) = n.An A-moduleM is called invertible if it satis�es any of the following equivalentconditions: 2



i) M is projective and �nitely generated of constant rank 1.ii) M� 
A M �= A, where M� := HomA(M;A).iii) There exists an A-module N with N 
A M �= A.We will now de�ne the Picard group, PicA of the ring A. If P is an invertibleA-module, let < P > denote the isomorphism class of P . If Q is anotherinvertible module, de�ne an operation by< P >< Q >:=< P 
A Q > :This set of isomorphism classes of invertible modules together with the opera-tion de�ned above forms the group PicA. The identity element is the class ofA, considered as a module over itself, and the inverse of an element < P > is< P � >.Let A1, A2 and D be commutative rings with unity and let jk : Ak 7! D; k =1; 2 be homomorphisms. A ring A and maps ik : A 7! Ak; k = 1; 2, is called apullback (of A1 and A2 over D) if the following condition holds. For all ringsB and maps �k : B 7! Ak; k = 1; 2 such that the outer part of the diagrambelow commutes, there is a unique � such that the whole diagram commutes.B �1
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0 A i1 //i2

��

A1j1
��A2 j2 // DIf A is a pullback of A1 and A2 over D we will call the rectangular part of thediagram above a pullback diagram. It is easy to see that a pullback is uniqueup to isomorphism. One can show thatA = f(a1; a2) 2 A1 �A2 : j1(a1) = j2(a2)gis a pullback of A1 and A2 over D. Often we will identify any pullback with Ade�ned above. The following result is well known and easy to prove.Lemma 1.1. If A is a commutative ring with unity and � and � ideals in A,then A=(� \ � //

��

A=�
��A=� // A=(� + �)3



is a pullback diagram.Following Milnor, we now indicate how starting from a pullback diagramA i1 //i2
��

A1j1
��A2 j2 // D (1.1)

and projective (�nitely generated) modules P1 and P2 over A1 and A2 respec-tively, one can extract projective (�nitely generated) modules over D and A andget a commutative square of additive groups where each group has a modulestructure over the corresponding ring in the pullback diagram. We will need tomake the extra assumption that j1 or j2 is surjective. For a full treatment ofthe matters below we refer to [M].First consider a ring homomorphism f : A! A0. If M is a projective (�nitelygenerated) A-module, then we can de�ne a projective (�nitely generated) A0-module f#M := A0 
A M . We can also de�ne a A-linear map f� : M ! f#Mby f�(m) = 1 
 m. Now return to the pullback diagram above and supposethat there exists a D-module isomorphism h : j1#P1 ! j2#P2. De�neM =M(P1; P2; h) := f(p1; p2) 2 P1 � P2 : hj1(p1) = j2(p2)g:We get a A-module structure on M by settinga(p1; p2) = (i1(a)p1; i2(a)p2):The following results are Theorem 2.1, 2.2 and 2.3 of [M].Proposition 1.2. Let M be the module constructed above. Then,i) M is projective over A and if P1 and P2 are �nitely generated over A1and A2 respectively, then M is �nitely generated over A.ii) Every projective A-module is isomorphic to M(P1; P2; h) for some suitablychosen P1, P2 and h.iii) The modules P1 and P2 are naturally isomorphic to i1#M and i2#Mrespectively.This gives us a commutative diagram of additive groupsM //

��

P1hj1�
��P2 j2� // j2#P24



The de�nition of pullbacks for abelian groups is similar to the one for rings. Itis easy to see that our in commutative square M is actually a pullback of P1and P2 over j2#P2.In this paper we are not concerned with the groups K0 and K1 but we will stilldevote this section to a short description of them as they are closely related tothe Picard group.Let A be a ring. The group K0A can be seen as the group of (di�erences ofisomorphism classes of) projective �nitely generated A-modules. Formally, ifP and Q are such modules we let brackets denote the isomorphism class andde�ne an operation by [P ] + [Q] := [P �Q]:The set of all isomorphism classes with this operation is a monoid. The groupK0A is de�ned as the quotient of the free abelian group generated by thismonoid modulo the subgroup generated by all expressions [P ] + [Q]� [P �Q].It is easy to see that every element of K0A can be represented as [P]-[Q] forsome suitably choosen P and Q.The group K1A can be seen as a group of in�nite matrices. Let GL(n;A) bethe group of n � n invertible matrices. For each n = 1; 2; : : : , consider theembedding of GL(n;A) into GL(n+ 1; A) de�ned byH 7! � H 00 1 �for H 2 GL(n;A). De�ne the group GL(A) as the union of the sequenceGL(1; A) � GL(2; A) � GL(3; A) � � � � :A matrix in GL(A) is called elementary if it coincides with the identity matrixexcept for a single o�-diagonal entry. It can be shown that the multiplicativegroup E(A) generated by the elementary matrices coincides with the commuta-tor subgroup of GL(A). We de�ne the groupK1A as the quotient GL(A)=E(A).If f : A! A0 is a ring homomorphism we can in the obvious way de�ne a grouphomomorphism f� : K1A! K1A0.For more facts about these groups and proofs of the statements above, see [M]and [Si].We are now ready to present the (K1;K0)-Mayer-Vietoris Sequence, originallyobtained by Milnor. The reason why the sequence below bears the name Mayer-Vietoris is the resemblance with the Mayer-Vietoris long exact sequence ofalgebraic topology (see [R] p. 177).Proposition 1.3. Consider the pullback diagram of rings ( 1.1) with j1 or j2surjective. There is an exact sequence of additive groupsK1A �1! K1A1 �K1A2 �1! K1D @! K0A �0! K0A1 �K0A2 �0! K0D:5



Consider the groups as additive. The homomorphisms �i and �i, i = 0; 1, arede�ned by �1(a1) = (i1�(a1); i2�(a1))�1(b1; c1) = j1�(b1)� j2�(c1)�0(a0) = (i1�(a0); i2�(a0))�0(b0; c0) = j1�(b0)� j2�(c0)for ai 2 KiA, bi 2 KiA1 and ci 2 KiA2. To de�ne @ we �rst observe that anelement d of K1D can be represented by a matrix in GL(n;D) for some n. Thismatrix determines an isomorphism hd from the free D-module j1#An1 to thefree D-module j2#An2 . Let M =M(An1 ; An2 ; hd) and de�ne@(d) = [M ]� [An] 2 K0A:The veri�cation that @ is a well de�ned homomorphism and that the sequenceis exact is routine. We will now indicate how one can obtain from the (K0;K1)-Mayer-Vietoris sequence a similar sequence involving unit groups and Picardgroups.Proposition 1.4. Let A be a ring. There exist surjective maps det0 : K0A!PicA and det1 : K1A! A�The proof of this can be found in [Si] p. 57 and p. 112. The map det0 is de�nedusing exterior (or alternating) product VnA (see [L] p 731). If M is a projective�nitely generated A-module of constant rank m, then VnAM is a projective�nitely generated A-module of constant rank �mn�. One can show that thereexists subrings H and RK0A of K0A such that K0A �= H�RK0A, where everymodule in RK0A can be presented as [M ]� [An] for some M and n. The mapdet0 is de�ned as the composition of the surjection K0A ! RK0A with themap RK0A! PicA [M ]� [An] 7! VmAM;where m = rank M .With our de�nition of K1A we can de�ne det1 : K1A ! A� as the map in-duced by the usual determinant GL(A) ! A�. This is well de�ned since anyelementary matrix has trivial determinant.Proposition 1.5. Consider the pullback diagram of rings ( 1.1) with j1 or j2surjective. The diagram 6



K1A �1 //det1
��

K1A1 �K1A2 �1 //det1 �det1
��

K1D @ //det1
��A� �1 // A�1 �A�2 �1 // D� @ //@ // K0A �0 //det0

��

K0A1 �K0A2 �0 //det0� det0
��

K0Ddet0
��@ // PicA �0 // PicA1 � PicA2 �0 // PicDis commutative and the rows are exact.The bottom row is called the (�;Pic)-Mayer-Vietoris exact sequence correspond-ing to the pullback diagram 1.1. The maps in the this sequence are de�ned asfollows: �1(a) = (i1(a); i2(a))�1(a1; a2) = j1(a1)j2(a2)�1�0(P ) = (i1�(P ); i2�(P ))�0(P1; P2) = j1�(P1)j2�(P2)�1for a 2 A�, ai 2 A�i , P 2 PicA and Pi 2 PicAi. To de�ne @ we �rst observe thatan element d of D� can be thought of as an isomorphism between j1#A1 �= Dand j2#A2 �= D. Let @(d) := M(A1; A2; h). The proof of the proposition canbe found in [Si].2 Some generalizations of Kummer's LemmaKummer's Lemma is one of the fundamental parts of Kummer's proof of Fer-mat's theorem for regular primes. In this section we will genarilize Kummer'sresult in two di�erent directions. We start by stating the original result.Kummer's Lemma. Let p be a regular prime and let � be a primitive p-throot of unity. If � is a unit in Z[�] such that � is congruent to a rational integermodulo p, then � is a p-th power of another unit.The �rst of our generalizations is Theorem 2.3 where we exploit Kummer's resulta little further, staying in the �eld Q(�). The second of one is Theorem 2.7.Here we �nd a result in the prime power case, that is when � is a primitivepn-th root of unity, comparable to the original result.7



We start by stating some preliminary, well known facts about prime powercyclotomic �elds. Fix a prime number p. For n = 0; 1; 2:::, let �n be a primitivepn+1-th root of unity and consider the �eld Q(�n). Let �n = �n � 1 in Q(�n).By abuse of notation we will also denote the ideal (�n� 1) in Z[�n] by �n. Thefollowing well known facts can be found in for example [J].Lemma 2.1. The following statements hold:i) Q � Q(�n) is a Galois extension of degree pn(p� 1).ii) When pn+1 > 2, no embeddings of Q(�n) into C are real.iii) Z[�n] is the ring of integers in Q(�n), and the ideal �n is a prime ideal inZ[�n].iv) If pn+1 > 2, then (p) is the only prime ideal in Z that rami�es in Q(�n).v) �n \ Z = (p) and the rami�cation index e(�n=(p)) is pn(p� 1).vi) �n = (�n � ��1n ) as ideals in Z[�n].vii) The maximal real sub�eld of Q(�n) is Q(�n)+ = Q(�n+��1n ) and the ringof integers in Q(�n)+ is Z[�n]+ = Z(�n + ��1n ).The following lemma is also sometimes called \Kummer's lemma". In this paperwe will for obvious reasons refrain from doing this.Lemma 2.2. For every unit � in Z[�n]� there is a natural number k and a unit�r 2 (Z[�n]+)� such that � = �r�k.The proof can be found in for example [W] p. 3.2.1 The p-adic logarithm and a generalization in Q(�0)Here we will prove the following theorem.Theorem 2.3. Let p be a regular prime. Let � 2 Z(�0) be a unit. Then, if� � 1 mod pn, there exists a unit 
 such that � = 
pn .The proof, which can be found at the end of this section, uses induction, startingwith the regular version of Kummer's Lemma. The induction step itself issimilar to one of the proofs of Kummer's Lemma where one uses the fact thatone can �nd a certain basis for �0-adic real integer with zero trace. The mainextra ingredient we need is lemma 2.5, about the the p-adic logarithm function.Suppose p is an odd prime. Let n = 0, � = �0 = �0 � 1, � = �0, and �r =� � ��1 = � � ��. Recall that (�) is a prime ideal and that (p) = (�)p�1.Moreover, �r = ��1(�2 � 1) = ��1(� + 1)(� � 1) and since � and � + 1 = 1��21��8



are units, (�) = (�r) as ideals (Lemma 2.1 vi)). We let v� denote the valuationon Q(�0) with respect to the prime ideal �.The set f1; �r; :::; �p�2r g forms an integral basis for Q(�0) over Q and ��r = ��r.Hence if a 2 Z[�] is real there exists ai 2 Z; i = 0; 1; ::; p � 2 such thata = a0+ a1�r+ :::+ ap�2�p�2r and 0 = a� �a = 2a1�r+2a3�3r + :::+2ap�2�p�2r .Hence ai = 0 for odd i and a = a0+a2�2r + :::+ap�3�p�3r . It easily follows thatv�(a) is a multiple of 2 and that a is congruent to a rational integer mod �2r.Let Q(�)� be the �-adic completion of the �eld Q(�). The logarithm functionis de�ned by log(1 + x) = 1Xk=1(�1)k+1xkkfor all x such that the series converges (in the norm induced by the �-adicvaluation). The following facts can be found for example in [B-S] p. 376, p.370 and p. 362.Lemma 2.4. Let E be the group of positive real units of Z(�) and let E0 be thesubgroup generated by the units �k = sink�=psin�=p for k = 2; 3; :::; p�12 . Then,1. If p is a regular prime the real �-adic integers with zero trace are uniquelyrepresented as mXk=2 ak log �p�1kwhere the ak are p-adic integers.2. If � is a unit such that � � 1 mod �, then log � has zero trace.3. The index [E : E0] is �niteLemma 2.5. Let 
 2 Q(�0) and suppose v�(
�1) � 2. Then log 
 � 
pn�1pn mod pnfor all positive integers n.Proof. Let x = 1� 
. By de�nition,log 
 = 1Xk=1 (�1)k+1xkk := Ln(
) + 1Xpn+1 (�1)k+1xkk :For k � pn + 1, write k = pak0 where (p; k0)=1. Then pa � k so v�(k) �e(�=p) log klog p = (p� 1) log klog p . Hencev�(xkk ) � 2k � (p� 1) log klog p �� pn + (k � pn) + (pn � 1)klog pn ( log ppn � 1 � log kk � 1) � pn � (p� 1)n:9



This implies that log 
 � Ln(
) mod pn.Now, Ln(
)� 
pn � 1pn = pnXk=1 (�1)k+1xkk � (1� x)pn � 1pn == A2x2k! +A3x3k! + :::+Apn xpnk! ;where Ak = (�1)k�1(k � 1)!� (pn � 1)(pn � 2) � � � (pn � (k � 1)) == pnmkfor some mk 2 Z. Hence pnjAk so v�(Ak) � n(p � 1). Since v�(xkk! ) � 0 ifv�(x) � 1 ([B-S] p 285), we get thatv��Ln(
)� 
pn � 1pn � � min2�k�pn v�(Ak xkk! ) == min2�k�pn �v�(Ak) + v�(xkk! )� � n(p� 1):This implies that Ln(
)� 
pn�1pn � 0 mod pn which proves the lemma.The following corollary can be seen as a p-adic version of the well known realidentity limx!0 ax�1x = lna.Corollary 2.6. limn!1 
pn�1pn = log 
:Proof of Theorem 2.3. We will use induction on n. The case n = 1 is thestandard version of Kummer's lemma and a proof can be found in [B-S] p.377. Suppose the statement holds for n� 1. Then there is a unit �1 such that� = �pn�11 . By assumption, �pn�11 �1pn�1 � 0 mod p. We can assume that �1 is realsince if �1 = �k0 �r for some real unit �r, then� = �pn�11 = �pn�1k0 �pn�1r = �pn�1r ;so we can, if we have to, replace �1 by �r. This implies that �1 � b mod �2 forsome b 2 Z. But then �pn�11 � bpn�1 mod �2so bpn�1 � 1 � �� 1 � 0 mod �:By lemma 2 p158 [B-S], this implies bpn�1 � 1 � 0 mod p and by Fermat'stheorem, b � bpn�1 � 1 mod p so �1 � 1 � 0 mod �. Since �1 � 1 is real,10



�1 � 1 � 0 mod �2. By lemma 2.5, log �1 � �pn�11 �1pn�1 � 0 mod p and hence bylemma 2.4 we have a unique representationlog �1 = p mXk=2 ck log �p�1k ; (2.1)where the ck are p-adic integers.On the other hand, since (��1)pn�1 = ��pn�11 we can assume that �1 > 0, thatis �1 2 E. By lemma 2.4 [E : E0] is �nite so there exists a positive rationalinteger a such that �a1 2 E0. Hence �a1 =Qmk=2 �dkk for some rational integers dkand m := p�12 . Since there are no elements of �nite order in E we can assumethat (a; d1; :::; dm) = 1. This gives usa log �p�11 = log ((�a1)p�1) = log � mY2 �dkk �p�1 = mX2 dk log �p�1k :By combining this with 2.1 we getmX2 a(p� 1)pck log �p�1k = mX2 dk log �p�1kso by uniqueness, a(p � 1)pck = dk. Since a(p � 1)ck are p-adic integers, pjdkso there exists d0k such that dk = pd0k. This gives�a1 = � mY2 �d0kk �p := �p2:(a; d1; :::; dm) = 1 implies (a; p) = 1 so there exists u; v 2 Z such that 1 =au+ pv. Hence, �1 = �au+pv1 = (�p2)u�pv1 = (�u2�v1)p := 
p0which proves the statement.2.2 The Norm Residue Symbol and the prime power case Q(�n)In this section we will prove the following theorem, which can be seen as Kum-mer's Lemma in the prime power case.Theorem 2.7. Let p be a regular prime. Let � 2 Z[�n]� and suppose � � 1mod �pn+1�1n . Then � = 
p for some unit 
 2 Z[�n]�.Recall that in Z[�0] we have (p) = �p�10 so with n = 0 the theorem aboverestricts to the classical version of Kummer's Lemma except that we have tohave � has to be congruent to 1, not just any rational integer.11



The rest of this section is devoted to a proof of theorem 2.7. We start byindicating how one could prove the usual Kummer's Lemma with the help ofsome class �eld theory. The proof can be broken down into four steps.Step 1: Prove a version of the theorem in the �0-adic completion of Z[�0] thatsays that a unit is a p-th power if it is congruent to 1 modulo �p+10 . This canfor example be done by using p-adic exponential and logarithm functions (wede�ne these later in the general case) and observe that the series exp(1=p log(�))converges.Step 2: Show that � � 1 mod �p�10 implies � � 1 mod �p0. This can easily beproved with the help of some simple observations and the norm map NQ(�0)=Q.Step 3: Show that � � 1 mod �p0 implies � � 1 mod �p+10 . This follows fromthe fact that our unit � must in fact be real and that the �0-adic valuation ofany real integer is an even natural number.Step 4: Show that the extension Q(�0) � Q(�0; pp�) is of degree one. Thisis done by observing that in this extension, the only prime that can possiblyramify is �0. Since rami�cation numbers does not change when we complete,step 1 tells us that �0 does not ramify either. ThenQ(�0; pp�) is a sub�eld of themaximal unrami�ed extension which has degree Cl(Q(�0)) over Q(�0). If thedegree of our original extension is not 1 it must be p, but this is a contradictionsince p is assumed to be regular.Our proof of theorem 2.7 is based on the same four steps, lemmas 2.9, 2.15, 2.8and 2.11 respectively. The only step that is signi�cantly harder is step 2 whichin our proof correspond to lemma 2.15 which is due to Stolin (see [ST1]). Inour proof of this lemma we follow Stolin and use the so-called norm residuesymbol.As in the case n = 0, it is easy to see that the numbers (�n � ��1n )i i =0; 1; :::;m := pn(p � 1) � 1 form an integral basis for Q(�n). If y 2 Z[�n]+and y = a0 + a1(�n � ��1n ) + ::: + am(�n � ��1n )m we get that 0 = y � �y =2a1(�n � ��1n ) + 2a3(�n � ��1n )3 + :::+ am�1(�n � ��1n )m�1 so ai = 0 for all oddindices i. Hence y is congruent to a rational integer modulo (�n � ��1n )2 = �2n.Lemma 2.8. Let p be an odd prime. Let � 2 Z[�n]� and suppose that � � 1mod �pn+1n . Then � � 1 mod �pn+1+1n .Proof. By lemma 2.2, � = �r�k for some �r 2 (Z[�n]+)�. Since �kn = (1 + (�n �1))k � 1+k(�n� 1) mod �2n, �r � a mod �2n for some a 2 Z and �r�kn = � � 1mod �2n, we get that �n divides k and hence that p divides k and k = pk1 forsome k1 2 Z. It is easy to see that ���1 � 1 mod �pn+1n and this shows that�2kn = ����1 � 1 mod �pn+1n : This in turn means that pj�2kn = �2k1n�1 in Z[�n]. Butsince then, �2k1n�1=p 2 Z[�n�1] we get that �pn�pn�1n�1 = pj�2kn = �2k1n�1 in Z[�n�1].Since pn�pn�1 � 2 this implies �n�1j(�2k1�1n�1 + : : :+�n�1+1) � 2k1 mod �n�1so �n�1j2k1 and hence we get that pjk1 and p2jk. This argument can be repeatedin Z[�n�2] to show that p3jk and so on until we, from a similar argument in12



Z[�0] get that pn+1jk. But this means that � = �r�k = �r so � is real. Since(�n � ��1n ) = �n as ideals, � � 1 mod (�n � ��1n )pn+1 . By representing � in thebasis (�n���1n )i, i = 0; 1; 2; : : : ; pn(p�1)�1 and observing that all coe�cientswith odd index must be zero we get the desired result.We also need a local result. If R is the ring of integers of a number �eld K and� a prime, we let K� denote the completion of K at � and R� the valuationring. By abuse of notation we let � denote the (unique) maximal ideal of thelocal ring R�. Note that with the notations above, (Z[�n])�n �= Zp[�n].In the proof of the following lemma we will use the (p-adic) logarithm function,log, and exponential, exp. For x 2 (Q(�n))�n we de�nelog(1 + x) = 1Xk=1(�1)k�1xkkand exp(x) = 1Xk=0 xkk! :It is well known that log(1 + x) converges if v�n(x) � 1 and that exp(x) con-verges if v�n(x) � pn + 1 (see chapter 4 of [B-S]). Moreover, provided that allseries converge, the usual logarithmic and exponential rules hold. In particularexp(log(1 + x)) = 1 + x and y log(x) = log(xy).Lemma 2.9. Let � be a unit in (Z[�n])�n with � � 1 mod �pn+1+1n , then thereexists a unit 
 in (Z[�n])�n such that � = 
p. Moreover, 
 � 1 mod �pn+1n .Proof. Let v�n denote the valuation with respect to �n and let � = 1+x. Thenv�n(x) � pn+1 + 1 and hence v�n(xk) � k(pn+1 + 1). If 1 � k � p� 1 we getv�n(xk=k) � k(pn+1 + 1):Now suppose k � p. Let ln be the usual natural logarithm. If k = lpr wherel 2 Z and (l; p) = 1, then pr � k andv�n(k) = e(�n=(p))r = (pn+1 � pn)r � (pn+1 � pn)(ln(k)= ln(p)):With this in mind,v�n(xk=k) � (pn+1 + 1) � (k � 1)(pn+1 + 1)� v�n(k) �� (k � 1)(pn+1 + 1)� (pn+1 � pn)(ln(k)= ln(p)) == (pn+1 � pn)k � 1ln(p) �(pn+1 + 1) ln(p)pn+1 � pn � ln(k)k � 1� >> (pn+1 � pn)k � 1ln(p) � ln(p)p� 1 � ln(k)k � 1� � 0;13



where the last inequality follows from the fact that ln(t)t�1 is strictly decreasingfor t � 2. The calculation above shows that v�n(log(1 + x)) � pn+1 + 1. Hencev�n(1p log(1 + x)) = v�n(log(1 + x))� v�n(p) �� pn+1 + 1� (pn+1 � pn) = pn + 1and we can de�ne 
 := exp(1p log(1 + x)). Trivially, 
p = � and since pv�n(
) =v�n(
p) = v�n(�) � 0, 
 2 (Z[�n])�n . In the same way 
�1 2 (Z[�n])�n so 
 is aunit. To show that 
 � 1 mod �pn+1n we need to examine the sumexp(y) = 1Xk=0 ykk! ;where y = 1p log(1 + x) � 0 mod �pn+1n . If i is a natural number, the numberof p-factors in i! is given by � ip�+ � ip2 �+ : : :, where �a� stands for the (rational)integer part of a. Hence v�n(i!) < (pn�1� pn) ip�1 and v�n(ykk! ) > k. This showsthat exp(y) � pn�1Xk=0 ykk! mod �pn+1n :To examine this sum it is enough to consider the worst case which is whenk = pn�1. By counting p-factors as above, we see thatv�n(pn�1!) = (pn+1 � pn)(pn�2 + pn�3 + : : :+ p+ 1) = p2n�1 � pn:This �nishes the proof since nowv�n(ypn�1pn�1! ) � pn�1(pn + 1)� (p2n�1 � pn) = pn + pn�1 � pn + 1:
If K is a number �eld we let hK denote the class number of K.Lemma 2.10. If p is a prime and n an positive rational integer, then pjhQ(�n)is equivalent to pjhQ(�0).The proof of this can be found in [W] p. 187.Lemma 2.11. Let p be a regular prime. If � 2 Z[�n]� and � � 1 mod �pn+1+1nthen � = 
p for some unit 
 2 Z[�n]�.Proof. Suppose ! is a prime in Q(�n) that rami�es in Q(�n)( pp�). Since allarchimedian primes are complex, they do not ramify so ! is not archimedian.Then ! divides the discriminant �(Z[�n]=S) where S is the ring of integers in14



Q(�n)( pp�). Let N = NQ(�n)( pp�)=Q(�n) denote the relative norm and let f bethe minimal polynomial xp � �. By a known theorem �(Z[�n]=S)jN(f 0( pp�).But N(f 0( pp�) = N(p�(p�1)=p) = upp = u�pn+1(p�1) for some unit u, so ! = �n.Assume that � is not a p-th power. Then, since Q(�n)( pp�) is the splitting�eld of f(x) = xp � �, Q(�n)( pp�) � Q(�n) is an abelian extension of de-gree p . By lemma 2.9, (Q(�n))�n = (Q(�n))�n( pp�) so �n does not ramify in(Q(�n))�n( pp�). Since the rami�cation indices does not change when we com-plete, �n does not ramify in Q(�n)( pp�) either. Hence Q(�n) � Q(�n)( pp�) isan unrami�ed abelian extension of degree p. Q(�n)( pp�) is thus a sub�eld ofthe Hilbert class �eld H of Q(�n) and since [H : Q(�n)] = hQ(�n) we get thatpjhQ(�n). But this is a contradiction since p is regular and since pjhQ(�n) impliespjhQ(�0) by lemma 2.10.We will now de�ne the norm residue symbol. LetK = Q(�n). If w is a valuationon K and a 2 K�, we have a local Artin map	w : K�w �! Gal(Kw( ppa)=Kw):We will use the following results:Lemma 2.12. Let N = NKw( ppa)=Kw be the norm and let b 2 K�w. Theni) 	w(b) is the identity if and only if b 2 N(Kw( ppa)�)ii) 	w(b) is the identity if Kw( ppa)=Kw is unrami�ed and b is a unit in Kw.iii) If b 2 K�, then Qw	w(b) = 1, where the product is taken over all valua-tions of K.The proofs can be found in for example [J], p. 224-226.If a 2 K, we will denote the action of 	w(b) on a by a	w(b). We de�ne thenorm residue symbol ( ; )w : K�w �K�w �! �p;where �p is the group of p-th roots of unity, by (a; b)w = ( ppa)	w(b)( ppa)�1. Itis easy to see that (a; b)w actually is a p-th root of unity.Lemma 2.13. Let a; b 2 K�w. Then,i) (a; b)w = 1 if and only if b 2 N(Kw( ppa)�)ii) (a; b)w = 1 if a+ b 2 (Kw)piii) Qw(a; b)w = 1, where the product is taken over all valuations of K.Proof. i): If b is a local norm, then by lemma 2.12, 	w(b) is the identity mapand (a; b)w is clearly 1. If (a; b)w = 1, then we must have ( ppa)	w(b) = ppa so	w(b) must be the identity map. Again by lemma 2.12, b is a local norm.15



ii): If F is any �eld that contains the p-th roots of unity, y 2 F � and x 2 F ,then the element xp � y is a norm from F ( ppy) since if � is a �xed primitivep-th root of unity, thenxp � y = p�1Yk=0(x� �k ppy) = NF ( ppa)=F (x� ppy):This fact applied to F = (Q(�n))�n , y = a and xp = a + b shows that b is alocal norm and hence, by i) that (a; b)w = 1.iii): It is well known that b is a local unit for almost all valuations. Let Mconsist of the primes that ramify and the primes where b is not a local unit.Then M is a �nite set and by lemma 2.12 ii),Yw=2M	w(b) = 1:By lemma 2.12 iii), Yw2M	w(b) = 1so Yw (a; b)w = Yw2M(a; b)w = ( ppa)Qw2M	w(b)( ppa)�1 = ( ppa)( ppa)�1 = 1which completes the proof of the lemma.Now �x n and let � = �n. Let for i = 1; 2; : : :, �i = 1� �i.Lemma 2.14. For any valuation w of K we havei) (�i; �j)w = (�i; �i+j)w(�i+j ; �j)w(�j ; �i+j)wii) If i+ j > pn+1 then (�i; �j)w = 1iii) If i+ j = pn+1 and 1 � i � p� 1, then (�i; �j)w 6= 1.Proof. i): Since p is odd, (a;�1)w = 1 and by lemma 2.13 ii), (a;�a)w = 1 =(a; 1�a)w for all a 2 K�. It is easy to see that ( ; )w is (multiplicatively) bilinearso (a;�b)w = (a;�1)w(a; b)w = (a; b)w for all a; b 2 K�. Hence (a; a)w =(a;�a)w = 1. This implies1 = (ab;�ab)w == (a;�a)w(b;�a)w(a; b)w(b; b)w == (a; b)w(b; a)w:16



Now note that �j+�j�i = �i+j, so �j�i+j + �j�i�i+j = 1. By lemma 2.13 ii), bilinearityand the identities above we get1 = � �j�i+j ; �j�i�i+j �w == (�j ; �j)w(�j ; �i)w(�j ; �i+j)�1w (�i+j ; �j)�1w (�i+j ; �i)�1w (�i+j ; �i+j)w == (�j ; 1� �j)w(�i; �j)�1w (�i+j ; �j)w(�i+j ; �)�jw (�i; �i+j)w == (�i; �j)�1w (�i+j ; �j)w(�i+j ; �)�jw (�i; �i+j)wwhich proves i).ii): Suppose i + j > pn+1. Then �i+j � 1 mod �pn+1+1n . By lemma 2.9 anysuch element is a p-th power and hence a norm in any extension K�( pp�k)=K�.By i), (�i; �j)w = (�i+j ; �i)�1w (�i+j ; �j)w(�i+j ; �j)�1w = 1:If on the other hand i+ j = pn+1 and 1 � i � p� 1, then i+ j + i > pn+1 andi+ j + j > pn+1 so,(�j ; �i)w = (�i+j ; �j)�1w (�i+j ; �i)w(�i+j ; �j)�1w = (�pn+1 ; �i)�1w 6= 1by lemma 2.13 since �i cannot be a norm in the extension K�( pp�pn+1)=K�.We will now use the norm residue symbol to extract a very useful fact aboutunits in the cyclotomic �elds, Q(�n). A more general version of this lemma wasproved by Stolin and our proof follows the one in [ST1].Lemma 2.15. Let � 2 Z[�n]� and suppose that � � 1 mod �pn+1�1n . Then� � 1 mod �pn+1n .Before the proof we need to recall some simple facts. LetK = Q(�n), R = Z[�n],� = �n and let for k = 1; 2; : : :, Uk = fu 2 R�� : u � 1 mod �kg. Then (theimage of) �k generates the group Uk=Uk+1 of order p. This means that ifu 2 Uk n Uk+1 there exists i such that (i; p) = 1 and ui��1k = t 2 Uk+1.Proof. Let � satisfy the conditions of the lemma. Let w be a valuation ofK = Q(�n). Let v = v�n be the valuation of K with respect to the prime �nand suppose w 6= v. From for example the proof of lemma 2.11, we know thatthe extension Kw( ppu)=Kw is unrami�ed for every unit u 2 Z[�n], so � is anorm in every such extension. By 2.13 i), (u; �)w = 1 and then, by 2.13 iii),(u; �)v = 1.Now let u = �1. By the assumptions � 2 Upn+1�1. Suppose � =2 Upn+1 . Choosei such that (i; p) = 1 and �i��1pn+1�1 = t 2 Upn+1 and in a similar way j such17



that t��1pn+1 = s 2 Upn+1+1. Then by lemma 2.9 and 2.14 we have (u; s)v =(u; �pn+1)v = 1. All this implies(u; �)iv = (u; �pn+1�1t)v = (u; �pn+1�1)v(u; t)v == (u; �pn+1�1)v(u; �pn+1)v(u; s)v == (u; �pn+1�1)v 6= 1:Hence (u; �)v 6= 1 which is a contradiction by the �rst part of the proof, so= � 2 Upn+1 and this �nishes the proof.We are now ready to prove the Kummer's Lemma in the prime power case.Proof of Theorem 2.7. By lemma 2.15 we get, � � 1 mod �pn+1n and bylemma 2.8 we then get, � � 1 mod �pn+1+1n . By lemma 2.11 � is a p-th powerof some unit 
.3 Construction of Norm MapsIn this section, following Stolin, [ST3], we will construct certain multiplicativemaps from the rings Z[�n] to rings close to them. We will make extensive useof these maps in section 4.3.1 Rings Close to Z[�n]We will in the sequel make extensive use of rings of the type Z[x]=(f(x)) forsome special polynomials f and will for simplicity have a special notation forthese rings.De�ne for k � 0 and i � 1 Ak;i := Z[x]�xpk+i�1xpk�1 � :Denote the class of x in Ak;i by xk;i. We will sometimes, by abuse of notationand when we only deal with one of the rings, drop the index and write x for xk;i.Note that Ak;1 �= Z[�k] by the isomorphism xk;1 7! �k, where �n is a primitivepn+1-th root of unity. We will consider this as an identi�cation.We also de�ne Dk;i := Ak;i(p) �= Fp[x](x� 1)pk+i�pk :18



Lemma 3.1. The commutative diagramAk;i ik;i
//jk;i

��

Ak+i�1;1fk;i�1
��Ak;i�1 gk;i�1

// Dk;i�1where ik;i(xk;i) = xk+i�1;1 = �k+i�1; jk;i(xk;i) = xk;i�1; fk;i�1(xk+i�1;1) = �xand gk;i�1(xk;i�1) = �x, is a pullback diagram for all k � 0 and i � 1.Proof. In Lemma 1.1, put A = Z[x], � = ((xpk+i � 1)=(xpk+i�1 � 1)) and� = ((xpk+i�1 � 1)=(xpk � 1)). Since A is a unique factorization domain and �and � principal ideals, � \ � = �� = ((xpk+i � 1)=(xpk � 1)).We now need to �nd �+ �. A straightforward calculation givesxpk+i � 1xpk+i�1 � 1 = p+ r(x)xpk+i�1 � 1xpk � 1 ;for some polynomial r. Hence �+ � = �p; xpk+i�1�1xpk�1 � andA=(�+ �) = A�p; xpk+i�1�1xpk�1 � = Ak;i�1(p) = Fp[x](x� 1)pk+i�1�pk = Dk;i�1which is exactly what we need.The map i : Ak;i ! Ak+1;i; i(xk;i) = xpk+1;i de�nes a Ak;i-module structure onAk+1;i. We will need the following simple result.Lemma 3.2. For all k � 0 and i � 1 Ak+1;i is a free Ak;i-module.Its clear that f1; xk+1;i; : : : ; xp�1k+1;ig generate Ak+1;i over Ak;i and the proof,which can be found in for example [ST2], involves showing that there are norelations among these generators.3.2 Construction of Norm MapsIn this section we will construct norm maps Nk;i : Z[�k+i] = Ak+i;1 ! Ak;i suchthat the diagrams Z[�k+i]fk;i
��

Nk;i
||x x
x x
x x
x x
x x
x x
xAk;i gk;i
// Dk;i (3.1)

19



commute. The maps fk+i and gk;i are de�ned in Lemma 3.1. The constructionwill be inductive with respect to i.If i = 1 and is k arbitrary, let Nk;1 be the usual norm map Z[�k+1] ! Z[�k] =Ak;1. It is well known that Nk;1(�k+1) = �k, so the following lemma will makeit clear that the diagram above, with i = 1, commutes.Lemma 3.3. Nk;1(a+ b) � Nk;1(a) +Nk;1(b) mod (p) for all a; b 2 Z[�k+1].Proof. First note that Z[�k+1] is free as a Z[�k]-module and that Z[�k+1](p)is free as a Z[�k]=(p)-module. Nk;1 hence induces a map eN : Z[�k+1]=(p) !Z[�k]=(p) and it is enough to show that eN(�a) = �ap since this implies Nk;1(a) �ap mod (p) and Nk;1(a+ b) � (a+ b)p � ap+ bp � Nk;1(a) +Nk;1(b). The lastcongruence follows from the fact that pj�pk� for 1 � k � p� 1. SinceZ[�n]=(p) �= Fp[x]xpn+1�1xpn�1 �= Fp[t](t� 1)pn+1�pn �= Fp[y]ypn+1�pn ;we can view the extension Z[�k+1]=(p) � Z[�k]=(p) as an extension Fp[y] � Fp[z]with yp = z. In this case it is well known that the norm is given by r 7! rp forall r 2 Fp[y] and this �nishes the proof.Now supposeNk;j is constructed for all k and all j � i�1. We want to constructNk;i for a given but arbitrary k. First note, that by Lemma 3.1 we can viewAk+1;i as the ring f(a; b) 2 Z[�k+i] � Ak+1;i�1 : fk;i(a) = gk+1;i(b)g. By theassumption there is a norm map Nk+1;i�1 : Z[�k+i] ! Ak+1;i�1 such that thediagram Z[�k+i]fk;i
��

Nk+1;i�1
yyt t
t t
t t
t t
t t
t t
t t
tAk+1;i�1 gk+1;i�1

// Dk+1;i�1commutes. De�ne ' : Z[�k+i] ! Ak+1;i by '(a) = (a;Nk+1;i�1(a)). Its clearthat ' is multiplicative. Since Ak+1;i is a free Ak;i-module, by Lemma 3.2, wecan in the usual way de�ne a norm mapN : Ak+1;i ! Ak;i; N(a) = det ra;where ra the multiplication map ra(b) = ab. N is clearly multiplicative and bythe same reasoning as in the proof of Lemma 3.3 we have the following.Lemma 3.4. N(a+ b) � N(a) +N(b) mod (p) for all a,b 2 Ak+1;i.Now de�ne Nk;i := N � ' : Z[�k+i]! Ak;i. Nk;i is multiplicative as a composi-tion of multiplicative maps. We need to prove that the diagram 3.1 commutes.20



By assumption, Nk+1;i�1(�k+i) = xk+1;i�1 so '(�k+i) = (�k+i; xk+1;i�1) =xk+1;i 2 Ak+1;i. If we use the basis fxp�1k+1;i; 1; xk+1;i; : : : ; xp�2k+1;ig for Ak+1;iover Ak;i, the matrix for the multiplication map rxk+1;i is diagonal with the�rst diagonal element being xk;i and the others being ones. Hence N(xk+1;i) =det rxk+1;i = xk;i. As in the case i = 1 we now only need to show the followingLemma.Lemma 3.5. Nk;i(a+ b) � Nk;i(a) +Nk;i(b) mod (p) for all a; b 2 Z[�k+i].Proof. For some �+�xpk+i+1�1xpk+1�1 � = �� 2 Ak+1;i we have '(a+b)�'(a)�'(b) =(0; Nk+1;i�1(a + b) � Nk+1;i�1(a) � Nk+1;i�1(b)) = ��. This means ik;i(��) = 0and hence that � 2 �xpk+i+1�1xpk+i�1 �. By the fact that N(xpk+ik+1;i) = xpk+ik;i = 1, andby Lemma 3.4 we now, for some r 2 Ak+1;i, getNk;i(a+ b)�Nk;i(a)�Nk;i(b) �� N('(a + b)� '(a)� '(b)) = N(xpk+i+1k+1;i � 1xpk+ik+1;i � 1 � r) == N(xpk+i+1�pk+ik+1;i + xpk+i+1�2pk+ik+1;i + : : :+ 1)N(r) == (xpk+i+1�pk+ik;i + xpk+i+1�2pk+ik;i + : : :+ 1)N(r) == �pN(r) � 0 mod (p)
We have now proved the existence of the norm maps and put this down as aproposition.Proposition 3.6. For each k � 0 and i � 1 there exists a multiplicative mapNk;i such that the diagram Z[�k+i]fk;i

��

Nk;i
||x x
x x
x x
x x
x x
x x
xAk;i gk;i
// Dk;iis commutative.Note that it is clear from the de�nition that Nk;i(1) = 1 for all maps Nk;i.Whenever B2 is a free B1-module we let N denote the usual norm map de�nedby the determinant. An element in Ak;i can be represented as a pair (a; b) 2Z[�k+i�1]�Ak;i�1 and an element in Ak;i�1 can be represented as a pair (c; d) 221



Z[�k+i�2] � Ak;i�2. If (a; b) represents an element in Ak;i we get have thatN(a; b) = (N(a); N(b)) 2 Ak;i�1.Proposition 3.7. The diagramAk+1;iN
��

Z[�k+i]N
��

Nk+1;i
ooAk;i Z[�k+i�2]Nk;i

oois commutativeProof. Induction with respect to i. If i = 1 the statement is trivial. Supposethe diagram corresponding to the one above, but with i replaced by i � 1, iscommutative for all k. If a 2 Z[�k+i] we haveN(Nk+1;i(a)) = (N(N(a)); N(N(Nk+2;i�1(a))))and Nk;i(N(a)) = (N(N(a)); N(Nk+1;i�1(N(a)))):By the induction hypothesis N � Nk+2;i�1 = Nk+1;i�1 � N and this proves theproposition.Corollary 3.8. Let N : Z[�k+i] ! Z[�k+i�1] be the usual norm map. Then,Nk;i(a) = (N(a); Nk;i�1(N(a))).In the same way as an element in Ak;i can be represented by a pair (ai; b) 2Z[�k+i�1]�Ak;i�1, the element b 2 Ak;i�1 can be represented by some (ai�1; c) 2Z[�k+i�2]�Ak;i�2. By applying this i times we see that we can actually representany element in Ak;i as an i-tuple (ai; : : : ; am; : : : ; a1) where am 2 Z[�k+m�1].Let for s � 0 and 0 � t � s ~Ns;t : Z[�s]! Z[�s�t] denote the usual norm maps.We let ~Ns;0 be the identity map.Corollary 3.9. If a 2 Z[�k+i] thenNk;i(a) = ( ~Nk+i;1(a); ~Nk+i;2(a); : : : ; ~Nk+i;i(a))It is important to note that even though not all elements of Z[�k+i�1]�: : :�Z[�k]represent an element of Ak;i we have that if (ai; : : : ; am; : : : ; a1) represents anelement of Ak;i, then (ai�1; : : : ; am; : : : ; a1) represents an element of Ak;i�1.22



4 The Picard Group of ZCpnIn this section we want to study the group PicZCpn where Cpn is the cyclicgroup of order pn and p is a regular prime. The main result is that there is anexact sequence0! Vn ! PicZCpn ! ClZ[�n�1]� PicZCpn�1 ! 0:This was proved in [K-M] and the structure of the group Vn was given explicitly.We will reprove this result using a di�erent method. The proof in [K-M] relieson Iwasawa theory and action of Galois groups on the rings involved. This isenough to show the result not only for regular primes, but also for so calledsemi regular primes. In our proof, which works for regular primes, we use thenorm maps constructed in section 3 and our generalization of Kummer's lemmafrom section 2.D.S. Rim proved in [Rim] that K0ZCp �= K0Z[�0]. We start of by stating a wellknown generalisation of this.Proposition 4.1. PicZCpn �= PicA0;n for all n � 1.The proof can be found in [ST1] and is inductive starting with a version ofRim's theorem for n = 1. For the induction step one uses the pullback diagramZCpn t7!x0;n
//t7!1

��

A0;nx0;n 7!1(modpn)
��Z 17!1(modpn)

// Z=pnZOne then show that that the map �1 in the corresponding Mayer-Vietoris se-quence is a surjection (see Proposition 1.5). After that the results follows.The proposition above shows that we only need to consider PicA0;n.Consider the pullback diagramA0;n i0;n
//j0;n

��

Z[�n�1]f0;n�1
��A0;n�1 g0;n�1

// D0;n�1from Lemma 3.1. This gives us a Mayer-Vietoris sequenceZ[�n�1]� �A�0;n�1 ! D�0;n�1 ! PicA0;n !! PicZ[�n�1]� PicA0;n�1 ! PicD0;n�1:23



By using that D0;n�1 is local and hence has trivial Picard group and thatPicZ[�n�1] �= ClZ[�n�1] we get the following exact sequence:0! D�0;n�1ImfZ[�n�1]� �A�0;n�1 ! D�0;n�1g ! PicA0;n !! ClZ[�n�1]� PicA0;n�1 ! 0:The only thing we have to do is to �nd the cokernelD�0;n�1ImfZ[�n�1]� �A�0;n�1 ! D�0;n�1g :In short, what we will do is to decompose D�0;n�1 as a sumD�0;n�1 = F�p � (D̂�0;n�1)+ � (D̂�0;n�1)�and then �nd the structure of these groups. This is merely a simple calculation.Then we concentrate on the image and show that it is isomorphic to F�p �(D̂�0;n�1)+ � Cpn�1 and this gives us our main theoremTheorem 4.2. Let p be a regular prime and let n � 2. Then the sequence0! n�1Yj=1 Ckjpj ! PicA0;n ! ClZ[�n�1]� PicA0;n�1 ! 0;where kj = (p�1)2pn�j�22 for 1 � j � n� 2 and kn�1 = p�32 , is exact.Remark. When n = 1, proposition 4.1 and the fact that PicZ[�0] �= ClZ[�0]tells us that PicZCp �= ClZ[�0].4.1 Structure of D�0;n�1By setting y = x�1 we see thatD0;n�1 = Fp[x]=(x�1)pn�1�1 �= Fp[y]=(ypn�1�1) �=fa0 + a1y + : : : + apn�1�2ypn�1�2 : ai 2 Fp; ypn�1�1 = 0g. This shows thatjD0;n�1j = ppn�1�1. Every element with a0 = 0 is nilpotent and hence not aunit. Since a0+(ypn�1�1�1) is a unit in Fp[y]=(ypn�1�1) if a0 6= 0, this also im-plies that every element with a0 6= 0 is a unit and that jD�0;n�1j = (p�1)ppn�1�2.Clearly, F�p � D�n�1 and by the structure theorem for abelian groups, D�0;n�1 =F�p � D̂�0;n�1 where D̂�0;n�1 is a p-group so D̂�0;n�1 = Cr1p � Cr2p2 � Cr3p3 � : : : forsome ri 2 Z�0.Observe that if u = 1 + a1y + : : : + apn�1�2ypn�1�2 then up = 1 + a1up +a2y2p + : : : + apn�2�1y(pn�2�1)p. Hence if up = 1 we must have a1 = a2 =: : : = apn�2�1 = 0 and this shows that the set fu 2 D̂�0;n�1 : up = 1g24



has ppn�1�2�(pn�1�1) = ppn�1�pn�2�1 elements. A similar argument gives thatjfu 2 D̂�0;n�1 : apk = 1gj = ppn�1�pn�(k+1)�1 for k = 1; 2; : : : ; n � 1 and thatno element has order greater than pn�1. Hence ri = 0 for all i > n� 1 and bycounting elements of di�erent orders in the groups Cpk and in D̂�0;n�1, we getthe following system of equations for the exponents ri.r1 + 2r2 + : : :+ (n� 3)rn�3 + (n� 2)rn�2 + (n� 1)rn�1 = pn�1 � 2r1 + 2r2 + : : :+ (n� 3)rn�3 + (n� 2)rn�2 + (n� 2)rn�1 = pn�1 � p� 1r1 + 2r2 + : : :+ (n� 3)rn�3 + (n� 3)rn�2 + (n� 3)rn�1 = pn�1 � p2 � 1...r1 + r2 + : : :+ rn�3 + rn�2 + rn�1 = pn�1 � pn�2 � 1:Solving this system gives us the proposition stated below.Proposition 4.3. D�0;n�1 = F�p �Cr1p �Cr2p2 � : : :�Crn�1pn�1 , where r1 = pn�1 �2pn�2 + pn�3 � 1, rn�1 = p � 1 and rk = pn�k � 2pn�(k+1) + pn�(k+2) fork = 2; 3; : : : ; n� 2.Let c be the map t 7! t�1 in Dk;i �= Fp[t]=(t � 1)pk+i�pk . Let (gD�0;i)+ = fu 2gD�0;i : c(u) = ug and (D̂�0;i)� = fu 2 gD�0;i : c(u) = u�1g. Since gD�0;i is an �niteabelian group of odd order and since c has order 2 we get gD�0;i �= (gD�0;i)+ �(gD�0;i)�. gD�0;i can be presented as f1 + a1(x� x�1) + : : :+ api�2(x� x�1)pi�2gand c((x � x�1)j) = (�1)j(x � x�1)j so it is not hard to see that (gD�0;i)+ canbe represented as f1+ a2(x�x�1)2+ a4(x� x�1)4+ : : :+ api�3(x�x�1)pi�3g.By a similar calculation as in section 4.1 we get the following proposition.Proposition 4.4. Let (gD�0;i)+ and (gD�0;i)� be de�ned as above. Then(gD�0;i)+ �= Cs1p � Cs2p2 � : : :� Csipiand (gD�0;i)� �= Ck1p � Ck2p2 � : : :� Ckipi ;where s1 = pi�2pi�1+pi�2�22 , k1 = pi�2pi�1+pi�22 , si = ki = p�12 and sj = kj =pi�j+1�2pi�j+pi�j�12 for 2 � j � i� 1. 25



4.2 Structure of ImfZ[�n�1]� � A�0;n�1 ! D�0;n�1gBy Lemma 3.1 and 3.6 we have the pullback diagramA0;n i0;n
//j0;n

��

Z[�n�1]N0;n�1
zzv v
v v
v v
v v
v v
v v
v v f0;n�1

��A0;n�1 g0;n�1
// D0;n�1where the lower right triangle commutes.Lemma 4.5. ImfZ[�n�1]� �A�0;n�1 ! D�0;n�1g = ImfA�0;n�1 ! D�0;n�1gProof. In the diagram above, observe that N0;n�1 maps units to units sinceit is a multiplicative map that maps 1 to 1. By the commutativity of thelower right triangle above, we have f0;n�1(Z[�n�1]) � g0;n�1(N0;n�1(Z[�n�1])) �g0;n�1(A�0;n�1).This means that we can concentrate our e�orts on analysingImfA�0;n�1 g0;n�1����! D�0;n�1gRecall that, by lemma 2.2, any unit in Z[�k] can be represented as a productof a real unit and a power of �k. We need a similar representation for the ringsAk;i. Let c : Ak;i ! Ak;i be the homomorphism de�ned by c(xk;i) = x�1k;i . Thefunction c plays the role of complex conjugation and a unit u in Ak;i such thatc(u) = u will sometimes be refered to as real. We will, by abuse of notation,denote this map by just c regardless of which of the rings Ak;i we are dealingwith. Moreover, we will sometimes also denote both complex conjugation inthe rings Z[�k] and the map t 7! t�1 in Dk;i�1 �= Fp[t]=(t� 1)pk+i�pk by c.Lemma 4.6. For every unit � 2 A�0;i there exists a natural number k and aunit �r with c(�r) = �r such that � = xk0;i�r.Proof. Induction with respect to i: If i = 1, this is Lemma 2.2. Fix i � 2and suppose that the statement holds with i replaced by i � 1. Consider thecommutative diagram A0;i //

��

Z[�i�1]f
��A0;i�1 g

// D0;i�1Let t be a generator of D0;i�1 Take � 2 A�0;i and let � be represented by (�0; u) 2A�0;i�Z[�i�1]�. By the assumption there exists real �0r 2 A�0;i�1 and ur 2 Z[�i�1]�26



such that �0 = xk10;i�1�0r and u = �k2i�1ur. It is easy to see that the maps ccommute with the diagram. We now have c(�0r; ur) = (�0r; ur) and (e0; u) =(xk10;i�1; �k2i�1)(�0r; ur). Since f(u) = g(�0) is equivalent to f(c(u)) = g(c(�0)), weget tk1g(�0r) = tk2f(ur)and t�k1g(�0r) = t�k2f(ur)so we get t2(k1�k2) = 1 in D0;i�1. Since we deal with an odd prime we getk1�k2 � 0 mod pi�1. This means that xk10;i�1 = xk20;i�1 and �nally that (�0; u) =(�0r; ur)(x0;i�1; �i�1)k2 .Take � 2 A�0;i. By Lemma 4.6 there exists k and �r with c(�r) = �r such that� = xk0;i�r. Hence g0;i(�) = tkg(�r), where t = t0;i is a generator of D0;i. Sinceg(�r) 2 (gD�0;i)+ �F�p, we get the following proposition.Lemma 4.7. Let t = t0;n�1 be a generator of D0;i. ThenImfA�0;n�1 ! D�0;n�1g � F�p� < t > �(D̂�0;n�1)+:We also haveLemma 4.8. ImfA�0;n�1 ! D�0;n�1g � F�p� < t >.Proof. Take an arbitrary k 2 F�p. By Fermat's little theorem, k � kpn�1�1mod p. Consider xk�1x�1 2 A0;n�1. There exists natural numbers s and r suchthat kr � spn�1 = 1 andxk � 1x� 1 x1+spn�1 � 1xk � 1 � 1 = x1+spn�1 � 1x� 1 � 1 == x1+spn�1 � xx� 1 = xxspn�1 � 1x� 1 == x(xs(pn�1�1) + : : :+ xs + 1)xpn�1 � 1x� 1 � 0in A0;n�1. Moreover, x1+spn�1�1xk�1 = xkr�1xk�1 = xr(k�1) + : : : + xr + 1 2 A0;n�1 soxk�1x�1 2 A�0;n�1. Now,xk � 1x� 1 � k = xk�1 + : : : + x+ 1� k == (x� 1)f(x)27



for some f 2 Z[x], so xk�1x�1 � k � 0 mod (x� 1). Finally, in D0;n�1 we haveg(xk � 1x� 1 )pn�1�1 � k = g(xk � 1x� 1 )pn�1�1 � kpn�1�1= g(xk � 1x� 1 � k)pn�1�1 = (t� 1)pn�1�1 == 0;which shows that k 2 g(A�0;n�1). Since it is obvious that < t > is contained inthe image we are �nished.Lemma 4.9. There exists an injection ' = 'k;i : Z[�k+i�1]� ! A�k;i where'(�) = (�;Nk;i�1(�)). Moreover, A�k;i �= Z[�k+i�1]� �Bk;i�1 for some Bk;i�1.Proof. Consider the pullbackAk;i i //j
��

Z[�k+i�1]f
��

Nk;i�1
zzu u
u u
u u
u u
u u
u u
u u
uAk;i�1 g
// Dk;i�1where the bottom triangle commutes. Recall that we identify Ak;i and thesubset of Z[�k+i�1] � Ak;i�1 consisting of pairs (a; b) such that f(a) = g(b) so' is well de�ned. It is clear that ' is an injective group homomorphism. LetN = Nk;i�1 If (a; b) 2 A�k;i we can write (a; b) = (a;N(a))(1; bN(a�1)) andde�ne B as the subgroup of all elements ((1; bN(a�1)). All such elements lie inAk;i since g(bN(a�1)) = g(b)g(N(a�1)) = g(b)f(a�1) = 1 = f(1)Under the above injection we consider Z[�k+i�1]� as a subset of A�k;i.Lemma 4.10. ker(gk;ijZ[�k+i�1]�) = f� 2 Z[�k+i�1]� : � � 1 mod �pk+i�pkk+i�1 gThis is Theorem I.2.7 in [ST3] and the proof can be found there. For complete-ness we will give it here too.Proof. Induction with respect to i. If i = 1 the statement is trivially true. Ifi = 2 we have the following pullback diagramAk;2 i //j

��

Z[�k+1]f
��

Nk;1
{{x x
x x
x x
x x
x x
x x
x xAk;1 g
// Dk;128



Recall that Ak;1 = Z[�k] and that N = Nk;1 is the usual norm. Supposegk;2('(a)) = 1, that is (a;N(a)) � 1 mod p in Ak;2. This means that a � 1mod p in Z[�k+1], N(a) � 1 mod p in Z[�k] and that f(a�1p ) = g(N(a)�1p ).Since the bottom triangle in the diagram commute, we getN(a� 1p ) � N(a)� 1p mod p:Now observe that a = 1+pt for some t 2 Z[�k+1]. By viewing N as a product ofthe automorphisms ofQ[�k+1] it is easy to see thatN(a) = N(1+pt) � 1+pTr(t)and since it is well known that p divides Tr(t) for all t, we get that N(a) � 1mod p2. This and the congruence above shows that N(a�1p ) � 0 mod p. Byexpressing (a � 1)=p as a sum P1j=0 aj�jk+1 in the �k+1-adic completion ofZ[�k+1], applying the norm and then evaluating in the �k-adic completion ofZ[�k] we see that (a� 1)=p � 0 mod �pk+1�pkk+1 so a � 1 mod �pk+2�pkk+1 .Now suppose the statement holds for i� 1 � 2 and that gk;i(a;Nk;i�1(a)) = 1.As in the case i = 2 this means that a � 1 mod p, Nk;i�1(a) � 1 mod p andthat Nk;i�1(a�1p ) � Nk;i�1(a)�1p . The diagramZ[�k+i�1]'k;i
{{w w
w w
w w
w w
w w
w w
w w 'k+1;i�1

%%J
JJ

JJ
JJ

JJ
JJ

JJ
JJAk;i // Ak+1;i�1is commutative, so by the induction hypothesis we get that a � 1 mod �pk+i�pk+1k+i�1 .Observe that if c � 0 mod p in Ak;i and c is represented by (ai; : : : ; am; : : : ; a1)where am 2 Z[�k+m�1] (we consider this an equality) then, as in the case i = 2,we have Nk;i�1(aip )� (ai�1; : : : ; a1)p � 0 mod pin Ak;i�1. If we repeat this argument and use lemma 3.9, we getNk;i�2� ~Nk+i�1;1�aip �� ai�1pp ��� ~Nk+i�1;2�aip �� ai�3p ; : : : ; ~Nk+i�1;i�1�aip �� akp �p � 0 mod pin Ak;i�2. This process can be repeated a number of times until we get acongruence in Ak;1 = Z[�k]. To get an expression for this last congruence we29



need to introduce some new notation. If x 2 Z[�q] is divisible by p, letTq(x) = ~Nq;1�xp �;Qq(x) = ~Nq;1(x)p andSq(x) = xp :Let T sq and Ssq be the obvious compositions of s maps T and S respectively,starting with Tq and Sq. Let c = 'k;i(a)� 1 Then, remembering that all normmaps are additive modulo p, we get that the congruence in Z[�k] that followsfrom the congruence c � 1 mod p in Ak;i, isT i�1k+i�1(a� 1) + Si�1k+i�1( ~Nk+i�1;i�1(a)) ++ i�1Xm=1(�1)mXmk+i�1(Smk+i�1( ~Nk+i�1;m)) � 0 mod p:Here the maps Xmk+i�1 are compositions of appropriate maps T and Q using atotal of i� 1�m maps.Lemma 4.11. Suppose a � 1 mod p. ThenSmk+i�1�m( ~Nk+i�1;m(a)� 1) � 0 mod �[(pk+i�pk+1)=m]k+i�1�mProof. If we prove the statement for m = 1 the rest follows easily. In this case,for some t, we have a = 1 + t�pk+i�pk+1k+i�1 and~Nk+i�1;1(a) = ~Nk+i�1;1(1 + t�pk+i�pk+1k+i�1 ) == ~Nk+i�1;1(1 + t0�pk+i�1�pkk+i�2 ) �� 1 + Tr(t0)�pk+i�1�pkk+i�2 mod �2(pk+i�1�pk)k+i�2 : (4.1)Since p divides Tr(t0) we get that ( ~Nk+i�1;1(a) � 1)=p � 0 mod �pk+i�1�pkk+i�2which is what we needed to prove.From this lemma and equation 4.1 we get T i�1k+i�1(a � 1) � 0 mod p in Z[�k].Moreover, T (a� 1) = ~Nk+i�1;1� t�pk+i�pk+1k+i�1p � == ~Nk+i�1;1(tu1�pk+i�1�pk+1k+i�1 ) == ~Nk+i�1;1(tu1)�pk+i�1�pk+1k+i�2 ;30



for some unit u1. If we repeat this i � 1 times we, for some unit ui�1, getT i�1k+i�1(a� 1) = ~Nk+i�1;i�1(tui�1) = ~Nk+i�1;i�1(t). This implies that �pk+1�pkk+i�1divides t so �pk+i�pkk+i�1 divides a� 1. This proves thatker(gk;ijZ[�k+i�1]�) � f� 2 Z[�k+i�1]� : � � 1 mod �pk+i�pkk+i�1 g:The opposite inclusion is trivial.Theorem 4.12. Let p be a regular prime. ThenImfA�0;n�1 g0;n�1����! D�0;n�1g = F�p� < t > �(D̂�0;n�1)+:Recall that t is de�ned as a generator of D0;n�1 so < t > is a cyclic group oforder pn�1.Proof. By Lemma 4.7 and Lemma 4.8 we need only prove thatg0;n�1(A�0;n�1) � (D̂�0;n�1)+:With Z[�n�2] considered as a subset of A0;n�1 as before, we will show that wehave g0;n�1((Z[�n�2]�)+) � (D̂�0;n�1)+:For m = 1; 2; : : : , de�ne~Um := f� 2 Z[�n�2]� : � � 1 mod �mn�2g:It is clear that ~U1 � ~U2 � : : : and that ~U1 = Z[�n�2]�. Let ~U+1 be the subgroupof real units in ~U1. Since g0;n�1 commutes with complex conjugation we haveg0;n�1( ~U+1 ) � (D̂�0;n�1)+. To prove the theorem it is obviously enough to showthat we actually have equality. We will prove this statement with inductionwith respect to n, but we only use this in the very last part of the proof. First,by Lemma 4.10, we for any n � 2 have that ker( ~U+1 g�! (D̂�0;n�1)+) = ~U+pn�1�1.Hence g0;n�1( ~U+1 ) �= ~U+1~U+pn�1�1 :Since g0;n�1( ~U+1 ) � g0;n�1((Z[�n�2]�)+) � D̂�0;n�1)+ the group ~U+1~U+pn�1�1 is �nite.This shows that �� (Z[�n�2]�)+~U+1 �� is �nite since��(Z[�n�2]�)+~U+1 ���� ~U+1~U+pn�1�1 �� = ��(Z[�n�2]�)+~U+pn�1�1 ��:31



If n = 2, this and Dirichlet's theorem on units tells us that both ~U+1 and~U+pn�1�1 = ~U+p�1 are isomorphic to Z p�32 . By the classical version of Kummer'slemma we get ~U+p�1 = ( ~U+1 )p. Hence~U+1~U+p�1 �= Z p�32(pZ) p�32 �= C p�32p :This shows that jg0;1( ~U+1 )j = p p�32 = j(gD�0;1)+jso we have proved our statement for n = 2.Now �x n > 2 and assume the statement holds with n replaced by n� 1. Wecan write �� ~U+1~U+pn�1�1 �� = �� ~U+1~U+pn�2�1 ���� ~U+pn�2�1~U+pn�2+1 ���� ~U+pn�2+1~U+pn�1�1 �� (4.2)By Dirichlet's theorem on units we have (Z[�n�2]�)+ �= Z pn�1�pn�22 �1 Sinceall involved quotient groups are �nite we get that ~U+1 , ~U+pn�1�1, ~U+pn�2�1 and~U+pn�2+1 all are isomorphic to Z pn�1�pn�22 �1. The rest of the proof is devotedto the analysis of the three right hand factors of 4.2.By Theorem 2.7, Kummer's Lemma in the prime power case, we have ~U+pn�1�1 =( ~U+pn�2+1)p so ~U+pn�2+1~U+pn�1�1 �= Z pn�1�pn�22 �1(pZ) pn�1�pn�22 �1 �= C pn�1�pn�22 �1p :This shows that �� ~U+pn�2+1~U+pn�1�1 �� = p pn�1�pn�22 �1:We now turn to the second factor of the right hand side of 4.2. We will showthat this number is p by �nding a unit � 62 ~U+pn�2+1 such that< � >= ~U+pn�2�1~U+pn�2+1 :Since we know that the p-th power of any unit in ~U+pn�2�1 belongs to ~U+pn�2+1this is enough. Let � = �n�2 and � := � pn�1+12 . Then �2 = � and c(�) = ��1.Let � := �pn�2+1���(pn�2+1)����1 . Then c(�) = � and� = ��pn�2 �2pn�2+1 � ��1� � ��1 = ��pn�2 �2(pn�2+1) � 1�2 � 1 == ��pn�2 �pn�2+1 � 1� � 1 2 Z[�n�2]�:32



Now, �pn�2+1 � 1� � 1 = � �pn�2 � 1� � 1 + 1and for some t1 2 Z[�] we have (��1)pn�2 = �pn�2�1+pt1. With this in mind,�pn�2 � 1� � 1 = (� � 1)pn�2� � 1 � pt1� � 1 == (� � 1)pn�2�1 � t2 (1� �)pn�1�pn�21� � == (� � 1)pn�2�1 + t2(� � 1)pn�1�pn�2�1;for some t2 2 Z[�], and�pn�2+1 � 1� � 1 = 1 + (1 + (� � 1))�(� � 1)pn�2�1 + (� � 1)pn�1�pn�2�1t2� == 1 + (� � 1)pn�2�1 + (� � 1)pn�2 + (� � 1)pn�1�pn�2�1t3;for some t3 2 Z[�]. Similarly, for some t4 2 Z[�],�pn�2 = (1� (1� �))pn�2 = 1 + (1� �)pn�2 + pn�2t4so for some t5 2 Z[�],��pn�2 = 1 + (1� �)pn�2 + (1� �)2pn�2t5and for some t6 2 Z[�],��pn�2 = (� pn�1+12 )�pn�2 = 1 + pn�1 + 12 (1� �)pn�1 + (1� �)pn�2+1t6:From this, for some t7 2 Z[�], we �nally get that� = ��pn�2 �pn�2+1 � 1� � 1 == �1 + pn�1 + 12 (1� �)pn�1 + (1� �)pn�2+1t6� ���1 + (� � 1)pn�2�1 + (� � 1)pn�2 + (� � 1)pn�1�pn�2�1t3� == 1� (1� �)pn�2�1 + (1� �)pn�2t7 62 ~U+pn�2+1:To show that � generates ~U+pn�2�1~U+pn�2+1 it is enough to show that for any a 2 ~U+pn�2�1there is b 2 ~U+pn�2+1 and k 2 Z such that a = �kb. First recall that � � �1mod (1��)pn�2�1 is equivalent to � � �1 mod (����1)pn�2�1 so we can write� = 1� (� � ��1)pn�2�1+ : : : . For k = 0; 1; 2; : : : ; p� 1 we have �k = 1� k(� ���1)pn�2�1 + : : : . Now take arbitrary a = 1 + apn�2�1(� � ��1)pn�2�1 + : : : 233



~U+pn�2�1. Write apn�2�1 = a0pn�2�1+ pt, where �(p� 1) � a0pn�2�1 � 0. Choosek = a0pn�2�1 and b = a�k. Thenb = (1 + apn�2�1(� � ��1)pn�2�1 + : : : ) ��(1� k(� � ��1)pn�2�1 + : : : ) == 1 + pt(� � ��1)pn�2 + : : : :Since b is clearly a real unit this means b 2 ~U+pn�2+1 which is what we wantedto show. Our conclusion is that �� ~U+pn�2�1~U+pn�2+1 �� = p:We now turn to �� ~U+1~U+pn�2�1 ��:Consider the commutative diagram Z[�n�2]�N0;n�2
zzv v
v v
v v
v v
v v
v v
v v f0;n�2

��A�0;n�2 g0;n�2
// D�0;n�2Let ~Wm := f� 2 Z[�n�3] : � � 1 mod �mn�3g. It is clear that f0;n�2( ~U+1 ) �(D̂�0;n�2)+ and that g0;n�2( ~W+1 ) � (D̂�0;n�2)+. Recall that A�0;n�2 �= Z[�n�3]� �B and that the norm map N0;n�2 acts like the usual norm map N = ~Nn�2;1 :Z[�n�2]� ! Z[�n�3]�. It is well known that N(�n�2) = �n�3. By �nding theconstant term of the minimal polynomial (x � 1)p � �n�3 of �n�2 we see thatN(�n�2) = �n�3 and by a similar argument that N(�kn�2 � 1) = �kn�3� 1 when(k; p) = 1. Since N is additive modulo p we get that N0;n�2( ~U+1 ) � ~W+1 . Hencewe have a commutative diagram ~U+1N

{{x x
x x
x x
x x
x x
x x
x x
x f

��~W+1 g
// (D̂�0;n�2)+We want to show that N is surjective. In Z[�j], let wj := �� pj+1+12j and consider
j;l := wlj � w�ljwj � w�1j :34



If we �x �j = e(2�p�1=pj+1) we see that
j;l := sin(l�=pj+1)sin(�=pj+1)and hence real. Moreover, 
j;l = w�l+1 � lj � 1�j � 1so when (l; p) = 1, 
j;l are units. Let Jj be the group of positive real unitsin Z[�j ] and let J0;j be the subgroup generated by 
j;l, l = 2; 3; : : : ; (pj+1 �1)=2 (l; p) = 1. This is a well known construction and the details can befound in [W] p 144. Since 
j;l is real, it is congruent to a rational integer amod (�2j). O� course, a 6� 0 mod (p). Hence ap�1 = 1 mod (p) and thisshows that 
p�1j;l � 1 mod �j . With j = n� 2 this shows that 
p�1n�2;l 2 ~U+1 andwith j = n � 3 that 
p�1n�3;l 2 ~W+1 . Now, a straightforward calculation showsthat N(
p�1n�2;l) = 
p�1n�3;l so Jp�10;n�2 � N( ~U+1 ). Let h+ be the class number ofQ(�n�3)+. It is well known that h+jhQ(�n�3). Since p is regular we get that(p; h+) = 1. By Theorem 8.2 on p. 145 of [W] we have�� Jn�3J0;n�3 �� = h+:Now take arbitrary � 2 ~W+1 . Then �2 is positive and hence an element of Jn�3.By the fact above there exists s 2 Z such that (s; p) = 1 and e2s 2 J0;n�3. Thismeans that e2s(p�1) 2 N( ~U+1 ). Since (2s(p � 1); p) = 1 we can �nd u; v 2 Zsuch that 2s(p � 1)u + pv = 1 so � = �2s(p�1)u+pv = (�2s(p�1))u(�p)v 2 N( ~U+1 ).This shows that N is surjective.We will now use our inductive assumption. This means that g( ~W+1 ) = (D̂�0;n�2)+,that is, the map g is surjective. But since the diagram above is commutativethis implies that f is also surjective. It is easy to see that ker(f) = ~U+pn�2�1 so~U+1~U+pn�2�1 �= (D̂�0;n�2)+and �� ~U+1~U+pn�2�1 �� = j(D̂�0;n�2)+j = p pn�2�32 :This �nally gives�� ~U+1~U+pn�1�1 �� = p pn�2�32 � p � p pn�1�pn�22 �1 = p pn�1�32 :Hence jg0;n�1( ~U+1 )j = jD̂�0;n�1)+j and this proves the theorem.35



Proof of Theorem 4.2. Apply Proposition 4.4 and Theorem 4.12 to the exactsequence0! D�0;n�1ImfZ[�n�1]� �A�0;n�1 ! D�0;n�1g ! PicA0;n !! ClZ[�n�1]� PicA0;n�1 ! 0:
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