THE VARIETY GENERATED BY EQUIVALENCE ALGEBRAS

J. JEEK AND R. MCcKENZIE

ABsTRACT. Every equivalence relation can be made into a groupoid with the same
underlying set if we define the multiplication as follows: zy = « if xz,y are related;
otherwise, zy = y. The groupoids, obtained in this way, are called equivalence al-
gebras. We find a finite base for the equations of equivalence algebras. The base
consists of equations in four variables, and we prove that there is no base consisting
of equations in three variables only. We also prove that all subdirectly irreducibles in
the variety generated by equivalence algebras are embeddable into the three-element
equivalence algebra, corresponding to the equivalence with two blocks on three ele-
ments.

0. INTRODUCTION

By a digraph we mean a directed graph with loops, i.e., a set equipped with
a reflexive binary relation —. By a quasitrivial groupoid we mean a groupoid G
such that zy € {z,y} for all z,y € G. (A groupoid is an algebra with one binary
operation, which can be denoted multiplicatively.) There is a one-to-one correspon-
dence between digraphs and quasitrivial groupoids: If (D, —) is a digraph, we define
multiplication on D by zy = x whenever x — y, and zy = y otherwise; on the other
hand, every quasitrivial groupoid can be made into a digraph by setting x — y if
and only if zy = x. In this way we can identify digraphs with quasitrivial groupoids.
Quasitrivial groupoids will be also called digraph algebras.

In a number of papers, for example, [2], [3], [4], [5], [6], [8], [9], [12] and [13], com-
mutative digraphs are investigated from the algebraic point of view. (Commutative
digraphs are called tournaments). The other interesting classes of digraphs (like po-
sets, quasi-orderings, tolerances or equivalences) have been so far much neglected
in this respect; the only two related papers seem to be [7] and [10].

It has been proved in [8] that the variety of groupoids generated by digraphs, as
well as the variety generated by tournaments, are not finitely based. The question
is natural to ask for other interesting classes of digraphs. In this paper we will prove
that the variety generated by equivalences is finitely based.

For the basics of universal algebra, the reader is referred to either [11] or [1].

In order to avoid writing too many parantheses in expressions involving nonasso-
ciative multiplication, we adopt the following conventions: X - Y stands for (X)(Y),
and missing parantheses are always assumed to be grouped to the left. So, for
example, = - yzu = z((yz)u).

While working on this paper, the authors were partially supported by the NSF grant No. DMS-
9596043; the first author was also partially supported by the Grant Agency of Charles University,
Grant No. GAUK-15/1997/B MAT/MFF.
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For equivalence relations, we will write z <> y instead of x — y. So, = < y iff
zy =x iff yr =y.

1. THREE-VARIABLE EQUATIONS OF EQUIVALENCE ALGEBRAS

We denote by E the variety generated by equivalence algebras.
Let us denote by Eq the variety of groupoids satisfying the following four equati-
ons:

(1) zz = =,
(2) z-yz=uxy-xz,
(3) zyz ==z
(4) zyzyr = xzyx.

It is easy to check that these four equations are satisfied by any equivalence algebra.
Consequently, the variety E is contained in E.

Proposition 1.1. The following equations are consequences of (1),(2),(3):

3

T xyz =) (v-2Y)(72) =(6) TY - TZ =(2) T - Y2.

(9) 22 yz =2y (w2 -y)(22 - 2) =(7) (22 - y)(72) =(3) T2.

(10) xy - 22 =(9) (Y - 2)(zy - ¥) =(3) vY22. [
Lemma 1.2. Let A € Eg and a,b be two elements of A. Then ab = a iff ba = b.
Also, ab =10 iff ba = a.

Proof. Use the equations (3) and (5). O

)
(7§ ry -y =) (vy)(y - 2y) =5) 7Y
)

For two elements a, b of a groupoid A € Eg, we write a <> b iff ab = a iff ba = b.

Lemma 1.3. Let A € Ey. Then <> is a congruence of A. (Also, every equivalence
on A extending <> is a congruence of A.) We have ab <> b for all a,b € A.

Proof. Reflexivity of <> follows from (1). Symmetry and transitivity can be proved
as follows. If ab = a, then ba = b-ab =) b. If ab = a and bc = b, then ac =)
a-ac=a-abc =) a-bc=ab=a.So, > is an equivalence on A. By (7), ab < b
for all a,b € A. This can be used to prove that every equivalence on A extending
+ is a congruence. []

It follows that if F' is a free algebra in Eg and t € F', then t +> x, where x is the
last variable in ¢. In particular, if ¢, u are two terms with the same last variables,
then the equation tu = t is satisfied in Eq. This will be used extensively in the
following.
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Lemma 1.4. The following equations are consequences of (1),(2),(3),(4):
(11) zyzxy = =y,

(12) zyzyz = xyz,

(13) zyzyzy = zyzy,
(14) zyzx - zy = x - 2y,
(15) z-yz -y = wyzy,
(16) zyz-yxr = xzy - 21,
(17) zyzrz = x2yz.

Proof. (11) zy = xy - xyzey = xy - TYZ - TYT - LYY = TYZT - LY = TYZLL - TYZLY =
(12) zyzyz = xyzy - TY2Y2 = TY2Y - TY * TYZYZ = TYZY - TYZ = TYZ.
(13) Where a = zyzy, we have zyzy = ax-a = arr-ary-arz-ary = ar-yzy = ary.
(14) zyzx - zy = zyzxz - xyzey = (xyzez - vyz)(vyzeze)(zyzezy) = xyzez -
ryzrzx - wYZrRY = ryzezw - wyzrzy = (vy)zez(zy) = (vy)rz(vy) = zz -2y =
(15) Put a = z-yz-y and b = wyzy. We have zzyx(v-yz) =) v2yr(rzyr-yz) =
TZYT - Yz =(14) T+ Y2z, S0 that z - yz - rzyr = rzyr and hence
br =) rzyr = x - yz-xzyr = (x-yz) -xz- (v -yz-y) (v -yz- )
= (z-yz)(zr -yz-y)r = ax.
Also,

za=zxx-(x-yz) - zy=x-(x-yz) zy=(r-yz) xy =2x-yzy = 2y,

tb=xx -wy-x2z-TY=2-TY- -T2 -TY=TY -T2 TY = TY.

From az = bx and xa = xb we get a = ax - xa = bx - b = b.
(16) Put a = zyz - yx and b = zzy - zx. We have

= X2y - TZT - TY = TZYT - TY = TZYTT - TZYTY = TZYT - TZYTY = TZYTY,
so that
a-zy-vz = (2)yry(r2) =) (v2)7Y(2) = TY - W2 = T - Y2,

Also, noting that for any v with v <> x, we know that u-xy = ux - uy = u-uy = uy,
we have

b-xy Tz =122y 2T -TY -TZ=T2 Y ZT Y TZ =(4) TZ 2T Y TZ=1TY TZ= T Yz.
This proves a - xy -z = b - xy - xz. Since

xz-(a-TY) = T2  T2YTY = T2T - T2Z - TZY - TZL - T2Y = T+ TZ - T2Y - T - TZY
= xzy,
xz-(b-xy) =2z (v2y - 220 - 2Y) = 229y - (T2 - 27) - (22 - TY) = T2YT - (T - 2)

= xzyr - (v - x2Yy) = T2Y,
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we also get xz - (a - zy) = zz - (b- zy). It follows that a - zy = b - zy. But we also
have zy - a = zy - b, since zy - a = xyzx (easily) and

xy-b=(xy-zzy) - (zy-zz) =2y (xy - 20) =2y - 200 = TYZ2X.

Now a-zy =0b-xzy and zy-a = xzy - b yield a = b.
(17) We have

TYZLZ - T =(19) TYZT =(4) TLYZ - T,
T-XTYZTZ =TT -TY-TZ-TX-TZ =LY -TZ-T-TZ=T-Yz T -T2 =0T TZ=ITZ,
x-xzyz = (v -x2) 1Y TZ = T2

From zyzzz - x = xzyz - x and © - zyzaez = © - x2yz we get xyzez = xzyz. 0O

Theorem 1.5. The equations (1)-(4) imply all three-variable equations wvalid in
equivalence algebras. The free algebra over {x,y,z} in both E and Ey has 36 ele-
ments, represented by the terms

T, XY, T Yz, XYz, TYRY, XY=L, TYZ* YT

and all terms obtained from these by permutations of variables. (These 39 elements
are pairwise different, except for xyz-yxr = xzy - zx and the two symmetric cases.)

Proof. Let us work in the free algebra F over {z,y, z} in Eq. Denote by I' the set of
the 36 elements listed above. (Their number is at most 36, since zyz - yxr = xzy - 2z
has been verified in Lemma 1.4.)

Note that if a, b are two terms in the three letters, and, say, a <> x, then the left
distributive law allows us to write ab as a term #(a, ay, az). Since a is a left unit
and right zero in the subgroupoid generated by {a,ay,az}, it is easy to see that
t(a,ay,az) reduces to either a, or a term in ay and az. Using the left distributive
law again, together with the two-variable equations, we see that ab is reduced to
one of a,ay,az,a-yz,a-zy. Now using all of the equations (1)—(17) above, one can
show with modest effort that whenever a € I, then au € I' if u is either a variable
or a product of two variables. Thus it follows that F' =T.

It is easy to see that the 36 elements of I' represent pairwise different term
functions on the three-element equivalence algebra with two equivalence blocks.
Consequently, F' is also free over {z,y, z} in the variety E. [

Proposition 1.6. The equation (4) cannot be derived from (1),(2),(3).

Proof. A 24-element groupoid A satisfying (1),(2) and (3) but not satisfying (4)
can be constructed in the following way. Let A = {0,1} x {0,1} x {0,1} x {0, 1, 2}.
Let a = (4,7,k,m) and b = (¢, j', k', n) be two elements of A. If n = m, we put
a-b=a.lfn=m+1 mod 3, we put
) { (i',i,1— k.n) ifi=j=i=0and (m,n) € {(0,1), (2,0},
a-b=
(¢,i,k,n) otherwise.

If m=n+1 mod 3, we put
, {(j,j',lk,m if i = j = ' = 0 and (m,n) € {(1,0), (0,2)},
a-b=
(7,4',k,n) otherwise.

The verification of the equations is a bit tedious. The groupoid A does not satisfy
any of the equations (14)—-(17). O
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2. SUBDIRECTLY IRREDUCIBLE ALGEBRAS IN E

This section contains some auxiliary results. We denote by E; the variety of
groupoids determined by the equations (1), (2) and (3). By 1.6, Eq is properly
contained in Eg.

For an algebra A € E{ and an element a € A, define a binary relation ~, on
A by z ~, y iff ax = ay. It follows from the left distributivity of A that ~, is a
congruence of A for any a € A.

Lemma 2.1. Let A € Ey. The following are equivalent for an element e € A:

(1) ~¢ is the identity;

2) {e} is a block of <;

3) ex = ey itmplies x = y;
4) ex =x for all z € A;
5) xe =e for all x € A.

N N N N
— N N

Proof. (1) implies (2): Let ~, be the identity. If 2 <> e, then ez = e = ee, so that
x ~, e and hence z — e.

(2) implies (1): Let {e} be a block of <» and let = ~, y, i.e., ex = ey. Since
xre <> e, we have re = e and hence ex = = by Lemma 1.2. Similarly, ey = y. From
er = ey we get © = y.

(3) is a reformulation of (1), and (4) is equivalent to (5) by Lemma 1.2. (3)
implies (4): e(ex) = ex. (5) implies (2): If e <> z, then ze = z, but ze = e by
assumption, so x = e. [J

An element e of an algebra A € E, satisfying the equivalent conditions of 2.1,
will be called singular.

Proposition 2.2. All isomorphism types of subdirectly irreducible algebras in Ej
(including the one-element algebra) come in pairs, each pair containing one algebra
A without singular elements (or a one-element algebra), and one algebra A" resulting
from A by adjoining a singular element.

Proof. 1t is easy. Observe that if e is a singular element of an algebra A € Ej, then
A — {e} is a subalgebra of A and for every congruence a of A — {e}, @ Uidy is
a congruence of A. Also, if S is any set of singular elements of A, then S? Uid4
is a congruence of A. This implies that if e is a singular element of a subdirectly
irreducible algebra A € E| of cardinality at least 3, then e is the only singular
element of A and A — {e} is a subdirectly irreducible subalgebra of A without a
singular element. [

Lemma 2.3. Let A € Ey be a subdirectly irreducible algebra with at least three
elements and without singular elements; denote by 6 the monolith of A. Then x0y
implies x <>y and ax = ay for all a € A.

Proof. If 0 is not contained in <, then < is the identity, zy = = implies x = v,
but from x - yr = x we get yxr = x for all z,y € A; then A has only two elements,
a contradiction. So, xfy implies x <> y. The rest follows from Lemma 2.1. 0O
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3. MAIN RESULTS

The equivalence algebra on {a,b, ¢}, corresponding to the equivalence with two
blocks {a,b} and {c}, will be denoted by E3. This groupoid can be also given by
its multiplication table:

a b ¢
a a a
b b b
c a b

Theorem 3.1. The variety generated by equivalence algebras is determined by the
equations

(E1) zz = =,

(E2) - yz =xy - x2,
(E3) zyx = x,

(E4) yzzyuz = yuz,
(E5) (u-yzay)z = uyz.

The only subdirectly irreducible groupoids in the variety generated by equivalence
algebras are (up to isomorphism) the groupoid FEs and its subgroupoids.

Proof. 1t is easy to check that the five equations are satisfied by any equivalence
algebra. For the rest, it is sufficient to show that any subdirectly irreducible algebra
A satisfying the five equations can be embedded into F3. According to 2.2, it is
sufficient to consider just the case when A contains no singular elements.

For every element ¢ € A define a binary relation 8. on A as follows: (a,b) € [,
if and only if ab = a and ac = be. Clearly, . is an equivalence. If (a,b) € (. and
d € A, then becabde = acabdc = abdc = ade, while beabde = bdc according to (E4), so
that adc = bdc; also, (d-bcab)e = (d-acab)e = (d-ab)c = dac, while (d-bcab)c = dbe
according to (E5), and we get dac = dbe. This proves that (3, is a congruence of A.

Denote by p the monolith of A. If there exists an element ¢ with y C (3., then
for any (z,y) € u we have zc = ye, so that (according to Lemma 2.3) x = zc-x =
xc-y = yc-y = y. Since this is impossible and p is the monolith, it follows that g3,
is the identity for any ¢ € A. Hence, A satisfies the quasi-equation

(ry=x & x2z=y2)=>2=149.

Now let a, b, ¢ be any elements of A. Taking x = a(bc),y = ac, z = a, we conclude
that a(bc) = ac. Since a, b, ¢ are arbitrary, we also have

abc=ab-ac=a-bc=ac.

Thus A is a rectangular semigroup. Since A is subdirectly irreducible, it follows that
A is a two-element semigroup satisfying either the law xzy = x or the law zy = y.
In both cases, A is embeddable into E5. [
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Theorem 3.2. The variety Eq is not locally finite; it contains an infinite, four-
generated groupoid. Consequently, E # Eq. (The variety generated by equivalence
algebras cannot be defined by three-variable equations only.)

Proof. We are going to define an infinite groupoid G with the underlying set {a; :
i€ ZYU{b; :i € Z} (these are pairwise distinct elements). Denote by Fp, the set of
the integers congruent with either 0 or 1 modulo 4, and put Fs3 = Z — Fj;. Denote
by = the equivalence with the two blocks Fy; and Fs3 on Z.

For 4,7 € Z put a;a; = a;, b;b; = b;,

biy1 ifi=j75—1, a4 ife=j5—1,
a;b; = e bja; = e
' b, 1 ifi=j54+1, ' a; 1 ifi=j5+1.

One can easily check that this idempotent groupoid satisfies = - yr = zy - ¢ = =x.
Also, it is easy to check that a; - ajby, = a;by for all 4, 5, k. Then it is not difficult
to verify the left distributive law. The equation (4) is satisfied in any groupoid
from E; which has just two blocks of <+, so G € Eg. The groupoid is generated
by {ag,bo,a1,b1}. According to Theorem 3.1, the variety E is generated by the
finite groupoid F3, so that it is locally finite; on the other hand, Eg is not locally
finite. [J

Also, the eight-element groupoid Gg with elements a,b,c,d, e, f, g, h and mul-
tiplication table

a b ¢ de f g h
al a a a a e e h h
bl bbb b f f gy
cl ¢ ¢c ¢c ¢c e e g g
d| d d d d f f h h
el a a ¢ ¢ e e e e
fl 6 bdd f fff
gl b b cc g g gy
hl a a d d h h h h

belongs to Eg — E.

There is a more general construction for these and similar examples. Choose any
non-void set C' and put A = C'x{0, 1,2, 3}. Now choose permutations mga, 73, 712, T13]}
of C. Define (¢, i)-(d, j) = (¢, ) if either {4, j} € {0,1} or {i,j} € {2,3}.Ifi € {0, 1}
and j € {2,3}, put (c,4) - (d,j) = (mi;(c), 7). And if i € {2,3} and j € {0,1}, put
(c,i)-(d,j) = (7rj_z-1(c), 7). This defines a groupoid A in which every three-generated
subgroupoid is either a rectangular band or else a subdirect product of a two-
or three-element right-zero semigroup and the groupoid F3. With the appropriate
choice of the permutations 7;; we can ensure that A has an infinite four-generated
subgroupoid for example, by having 7r027r1_217r137r0_31 be a permutation of infinite
order containing an infinite cycle.
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