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tAn ar
-representation of a graph is a fun
tion mapping ea
h vertex in the graphto an ar
 on the unit 
ir
le in su
h a way that adja
ent verti
es are mapped tointerse
ting ar
s. The width of su
h a representation is the maximum number ofar
s passing through a single point. The ar
-width of a graph is de�ned to be theminimum width over all of its ar
-representations. We extend the work of Bar�atand Hajnal on this subje
t and develop a generalization we 
all restri
ted ar
-width. Our main results revolve around using this to bound ar
-width from belowand to examine the e�e
t of several graph operations on ar
-width. In parti
ular,we 
ompletely des
ribe the e�e
t of disjoint unions and wedge sums while providingtight bounds on the e�e
t of 
ones.1 Introdu
tionThe notion of a graph's path-width �rst arose in 
onne
tion with the Graph Minorsproje
t, where Robertson and Seymour [3℄ introdu
ed it as their �rst minor-monotoneparameter. Sin
e then, appli
ations have arisen in the study of 
hromati
 numbers, 
ir
uitlayout and natural language pro
essing. More re
ently, Bar�at and Hajnal [2℄ proposed avariant on path-width that leads to the analagous 
on
ept of ar
-width. Although it hasnot been as widely studied as path-width, ar
-width has similar appli
ations and is aninteresting and 
hallenging problem in its own right.Informally, we de�ne an ar
-representation of a graph to be a fun
tion mapping ea
hvertex in the graph to an ar
 on the unit 
ir
le in su
h a way that adja
ent verti
esare mapped to interse
ting ar
s. The width of su
h a representation is the maximumnumber of ar
s passing through a point. The ar
-width of a graph is then de�ned tobe the minimum width over all of its ar
-representations. We illustrate an optimal ar
-representation of C4, the 
y
le on 4 verti
es, in Figure 1.Unfortunately, it is very diÆ
ult to 
onsider ar
-width in isolation. Without otherinformation, even disjoint unions 
an be in
omprehensible in the sense that the ar
-widththe ele
troni
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Figure 1: An optimal ar
-representation of a 
y
le on 4 verti
es. (The dashed linesrepresent S1 and the solid lines represent ar
s.)of the disjoint union of G and H 
annot be 
omputed given only the ar
-width of G andthe ar
-width of H. When one looks at more 
ompli
ated operations, the 
omputationsbe
ome even more diÆ
ult.To deal with this, we de�ne the restri
ted ar
-width of a graph as we de�ne standardar
-width, ex
ept that we restri
t our attention to ar
-representations for whi
h the min-imal number of ar
s passing through a point is bounded above by some 
onstant. Thisparameter is a dire
t generalization of both ar
-width and path-width, and it en
apsulatesinformation on both.Using the notion of restri
ted ar
-width, we are able to pre
isely des
ribe the e�e
tof disjoint unions, wedge sums, and 
ones on restri
ted ar
-width, and hen
e on bothpath-width and ar
-width. We also develop a number of results useful for obtaining lowerbounds on restri
ted ar
-width, and then show that 
omputing ar
-width isNP-
omplete.Finally, we present a number of dire
tions in whi
h our work 
ould be extended.2 PreliminariesThroughout this paper, we will assume that all graphs are �nite and simple.In this se
tion, we review several important de�nitions and formalize some of the ideasmentioned in the introdu
tion. We begin by de�ning path-width.De�nition 2.1. An interval-representation � of a graph G is a map taking ea
h vertexof G to an interval on the real line R in su
h a way that adja
ent verti
es are mappedto interse
ting intervals. For x 2 R, we de�ne its width, w�(x), to be the number ofintervals 
ontaining x. The maximum width of �, W (�), is then given by maxx2R w�(x).Finally, we de�ne the path-width of G, pw�(G), to be the smallest value of W (�) over allinterval-representations � of G.Ar
-width is de�ned similarly.De�nition 2.2. An ar
-representation � of a graph G is a map taking ea
h vertex of G toan ar
 on the unit 
ir
le S1 in su
h a way that adja
ent verti
es are mapped to interse
tingthe ele
troni
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Figure 2: An optimal ar
-representation and path-representation of the 
y
le on 3 verti
es.Note that the path-width is larger than the ar
-width.ar
s. For x 2 S1, we de�ne its width, w�(x), to be the number of ar
s 
ontaining x. Themaximum width of �, W (�), is then given by maxx2S1 w�(x). Finally, we de�ne the ar
-width of G, aw(G), to be the smallest value of W (�) over all ar
-representations � ofG.We will show that path-width is no smaller than ar
-width, but in general, the twoquantities need not be equal (see Figure 2).Following the lead of Bar�at and Hajnal [2℄, we will assume that all ar
s are 
losed, andthat they are all proper subsets of S1. For an ar
 I, let l(I) denote the 
ounter-
lo
kwiseendpoint of I, and let r(I) denote its other endpoint. Also, if � is an ar
-representation,we will use A(�) to denote the 
olle
tion of ar
s, f�(v)jv 2 V (G)g.Finally, we de�ne restri
ted ar
-width. Informally, we want this to di�er from thestandard de�nition of ar
-width only in that we restri
t ourselves to representations witha 
ertain minimum width. We formalize this as follows.De�nition 2.3. Let � be an ar
-representation of a graph G. We de�ne the minimumwidth of �, w(�), to be minx2S1 w�(x). We then let awi(G) denote the smallest possiblevalue of W (�) over all ar
-representations � of G satisfying w(�) � i.3 Properties of the Restri
ted Ar
-WidthIn this se
tion, we develop some of the most important properties of restri
ted ar
-width.In parti
ular, we show how restri
ted ar
-width is related to path-width and to ar
-width,and then we show how awi(G) is related to awj(G) for a �xed graph G.We begin by showing how restri
ted ar
-width en
apsulates information on both ar
-width and path-width.Proposition 3.1. For any graph G,aw1(G) = aw(G) andaw0(G) = pw�(G):the ele
troni
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Proof. It follows immediately from the de�nition of awi that aw1(G) = aw(G).To prove the other equality, take an ar
-representation � of G with w(�) = 0 andW (�) = aw0(G). Let x be a point in S1 su
h that w�(x) = 0. Then, we 
an 
om-pose � with a proje
tion from x onto the tangent line opposite x to obtain an interval-representation �0 of G. It is then easy to 
he
k that W (�0) = W (�) = aw0(G), so thatpw�(G) � aw0(G).Similarly, given an interval-representation of G, we 
an 
ompose it with the inverseproje
tion of S1 onto R to obtain an ar
-representation of G. As above, this impliesaw0(G) � pw�(G). The result follows.Our next goal is to investigate how awi(G) and awj(G) are related for a �xed graphG. Before we answer this question, however, we must �rst establish a te
hni
al lemma.Lemma 3.2. For every graph G and every non-negative integer i, there exists an ar
-representation � of G with the following properties:1. w(�) � i.2. W (�) = awi(G).3. There exists an interval I with positive length that satis�es:i. I interse
ts at most i ar
s in A(�).ii. Every ar
 interse
ting I 
ontains I.Proof. Let � be an ar
-representation of G with w(�) � i and W (�) = awi(G). Let x bea point in S1 with w(x) � i. Suppose we remove x from S1 and repla
e it with an intervalI of positive length, extending ar
s through I if and only if they 
ontained x. This givesa new ar
-representation, and we 
an easily 
he
k that it has the desired properties.We are now ready to des
ribe the relationship between awi and awj.Proposition 3.3. Suppose i > 0. Then,awi(G) � awi�1(G) � awi(G) + 1:Proof. It follows immediately from the de�nition of awi that awi(G) � awi�1(G).Now, let � be an ar
-representation of G with w(�) � i and W (�) = awi(G). Supposew(�) < i. Then, we have awi�1(G) � W (�) < awi(G) + 1.On the other hand, suppose w(�) = i. Let x be a point in S1 minimizing w�(x). ByLemma 3.2, we 
an assume without loss of generality that x is 
ontained in an intervalI, of positive length, with the property that any ar
 interse
ting I 
ontains I. Sin
ew(�) = i > 0, there exists some ar
 J passing through x.Let �0 be the ar
-representation of G obtained from � by repla
ing J with an ar
 J 0
ontaining everything but the interior of I. Sin
e every ar
 in A(�) that interse
ts I alsothe ele
troni
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ontains I, we know �0 is indeed a valid ar
-representation of G. Moreover, w(�0) = i� 1,and W (�0) � W (�) + 1= awi(�) + 1It follows that awi�1(G) � awi(G) + 1.As a 
orollary to Proposition 3.3, we know that for a �xed graph G, the sequen
efawi(G)g is non-in
reasing and de
reases by at most 1 at ea
h step. It is possible thatnot all su
h sequen
es arise in pra
ti
e, so perhaps these relations 
ould be extended.What we have, however, is already enough to give us an important result due to Bar�atand Hajnal [2℄.Corollary 3.4. For any graph G,�pw�(G) + 12 � � aw(G) � pw�(G):Proof. Let � be an ar
-representation of G with W (�) = aw(G). Sin
e all of the ar
s inA(�) are 
losed, w(�) < W (�). Therefore, if aw(G) = n, we have awn�1(G) = aw(G).Now, Proposition 3.3 impliesawn�1(G) � aw0(G) � awn�1(G) + n� 1;and so, aw(G) � aw0(G) � 2aw(G)� 1:The result now follows from Proposition 3.1.4 Lower Bounds on Ar
-WidthIn general, it is relatively easy to bound the ar
-width of a graph from above, sin
e oneonly requires a single 
onstru
tion to do so. Establishing lower bounds is mu
h morediÆ
ult, so in this se
tion, we provide a number of results that 
an help a

omplish thistask.First, re
all that H is a minor of G if H 
an be obtained from a subgraph of G by
ollapsing along zero or more edges. We say awi is minor-monotone if awi(H) � awi(G)whenever H is a minor of G. Extending a known result for path-width and ar
-width, wehave the following.Theorem 4.1. awi is minor-monotone for all i.
the ele
troni
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Proof. If H is a subgraph of G, then awi(H) � awi(G), sin
e any ar
-representation ofG indu
es an ar
-representation of H by restri
tion. Therefore, it suÆ
es to show that
ollapsing along an edge of a graph does not in
rease its restri
ted ar
-width.Towards that end, let G be a graph 
ontaining adja
ent verti
es u and v, and let G0be the graph obtained by 
ollapsing along the edge between u and v. Denote the vertex
orresponding to u and v in G0 by w.Now, let � be an ar
-representation of G. Let �0 be the ar
-representation of G0 de�nedby setting �0(x) = �(x) for x 6= w and �0(w) = �(u)[ �(v). Clearly, this is indeed a validar
-representation of G0, and for all y 2 S1, we know w�0(y) � w�(y). It follows thatawi(G0) � awi(G), as required.Although working with minors 
an be very useful, doing so requires knowing the ar
-width of a fairly large 
lass of graphs that 
ould arise as minors. Thus, we also give amore dire
t result.Theorem 4.2. Suppose every vertex in a graph G has degree at least n. Then,awi(G) � maxnln2m+ 1; n� i + 1o :Proof. Within this proof, we will say I is 
ontained in J to mean I � J and I 6= J .Let � be an ar
-representation of G with w(�) � i and W (�) = awi(G). Let x be apoint on the unit 
ir
le with w�(x) � i. Choose an ar
 I as follows:(1) First eliminate from 
onsideration all ar
s passing through x. There are at leastn + 1 ar
s in A(�), so if all of them overlap x, then awi(G) > n, and we are done.Therefore, we may assume there exists at least one ar
 in A(�) that does not passthrough x, and hen
e, we have not eliminated every possible ar
.(2) Now, eliminate from 
onsideration all ar
s 
ontaining other ar
s. Let J be any ar
not 
ontaining x. Then, either J does not 
ontain any other ar
s, or J 
ontainssome other ar
 K that does not 
ontain any other ar
s. Sin
e no ar
 
ontained inJ 
an overlap x, it follows that we still have not eliminated every possible ar
.(3) Finally, 
hoose I among the remaining ar
s in su
h a way as to minimize the 
lo
k-wise angle from x to l(I).For the rest of the proof, we will say that for points p and q in S1, p < q if the 
lo
kwiseangle from x to p is less than the 
lo
kwise angle from x to q.The vertex 
orresponding to I in G has degree at least n, so I must interse
t at leastn other ar
s. Sin
e I does not 
ontain any other ar
 by 
ondition (2) above, at least nar
s interse
t at least one of the two endpoints of I. Therefore, at least �n2� ar
s interse
tone endpoint of I, and hen
e, there exists y for whi
h w�(y) � �n2� + 1. It follows thatawi(G) � �n2� + 1.Now, 
onsider an ar
 J passing through l(I). Suppose J does not pass through eitherx or r(I), so that J is entirely 
ontained within the 
lo
kwise ar
 from x to r(I). Let J 0the ele
troni
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be an ar
 in J not 
ontaining any other ar
. Then, J 0 is also entirely 
ontained insidethe 
lo
kwise ar
 from x to r(I). Sin
e r(J 0) < r(I) and J 0 
annot be 
ontained within Iby (2) above, l(J 0) < l(I). Now, J 0 does not 
ontain other ar
s and does not interse
t x,but it does satisfy l(J 0) < l(I), whi
h 
ontradi
ts the 
hoi
e of I. Thus, any ar
 passingthrough l(I) and not r(I) also passes through x. Sin
e w�(x) � i, at most i ar
s passthrough l(I) and not r(I).However, we know at least n ar
s other than I pass through either l(I) or r(I), so itthen follows that at least n � i of these ar
s pass through r(I). Thus, there exists x forwhi
h w�(x) � n� i+ 1. It follows that awi(G) � n� i+ 1.It is worth mentioning that one 
an a
tually relax the 
onditions needed to boundaw(G). We do not prove this sin
e it is not dire
tly relevant to our work, but we do givea statement of the result.Theorem 4.3. Suppose a graph G 
ontains a vertex v with the property that for everyvertex u, the degree of u plus the distan
e between u and v is at least n. Then,aw(G) � ln2m+ 1:One other operation that we 
onsider is the 
one of a graph. Spe
i�
ally, for a graphG, we let G+ v denote the graph obtained from G by adding a vertex v and adding edgesbetween it and ea
h vertex in G. The path-width of su
h a graph is relatively easy tounderstand.Proposition 4.4. For any graph G,aw0(G+ v) = aw0(G) + 1Proof. We �rst prove a related statement:awi(G+ v) � awi(G) + 1: (1)Let � be an ar
-representation of G with w(�) � i and W (�) = awi(G). By Lemma 3.2,we 
an assume there exists an interval I of positive length su
h that w�(x) � i for allx 2 I, and su
h that any ar
 interse
ting I 
ontains I. Let �0 be the ar
-representation ofG+v obtained by setting �0 = � on G, and by mapping v to the ar
 
ontaining everythingbut the interior of I. Clearly, this is indeed a valid ar
-representation of G+v. Moreover,w(�0) � w(�) and W (�0) � 1 +W (�). Thus, (1) follows immediately.It remains only to show that aw0(G) � aw0(G + v) � 1. To do this, we let �0 be anar
-representation of G + v with w(�0) = 0 and W (�0) = aw0(G + v). Let I = �0(v),and 
hoose x in S1 su
h that w�0(x) is maximal. Suppose x =2 I, and let J be any ar

ontaining x. Re
all that I interse
ts every ar
 in A(�0), so in parti
ular, I must interse
tJ . Thus, we 
an gradually move x along J until we rea
h I.Let K be any ar
 (J or otherwise) 
ontaining x. Suppose moving x to I along J 
ausesx to be no longer 
ontained in K. Then, sin
e K interse
ts I somewhere, it must spanthe ele
troni
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the ar
 from x to I not spanned by J . In parti
ular, this means that I, J , and K together
over the entire unit 
ir
le, whi
h 
ontradi
ts the fa
t that w(�0) = 0.Thus, moving x to I along J keeps x inside all of the ar
s originally 
ontaining it.However, it also moves x inside I, whi
h did not originally 
ontain it. Thus, we havefound a point x0 for whi
h w�0(x0) > w�0(x), 
ontradi
ting our 
hoi
e of x. Therefore, ifw�0(x) is maximal, x 2 I.Now, �0 is an ar
-representation of G + v, so it indu
es an ar
-representation � of Gby restri
tion. Clearly, w(�) = w(�0) = 0, and sin
e w�0(x) is maximal only if x 2 I, wealso have W (�) � W (�0)� 1. Therefore, aw0(G) � aw0(G+ v)� 1, and the desired resultfollows.Unfortunately, it is impossible to 
hara
terize the ar
-width of the 
one of a graph in asimilar fashion. For example, awi(P2) = awi(P3) for all i, but one 
an show aw(P2+ v) 6=aw(P3 + v). Thus, one needs more information about a graph G than its restri
ted ar
-width to 
ompletely determine the ar
-width of G + v. On the other hand, we 
an stillsay a great deal.Proposition 4.5. Let G be an arbitrary graph, and let G0 = (G+u)+v. Then, for i > 0,awi(G) + 2 � awi(G0) � awi�1(G) + 1:Proof. It follows immediately from (1) in the proof of Proposition 4.4 that awi(G) + 2 �awi(G0), so we need only show awi(G0) � awi�1(G) + 1.Let �0 be an ar
-representation of G0 with w(�0) � i and W (�0) = awi(G0). For
onvenien
e, we let n = W (�0). Also, let U and V denote �0(u) and �0(v). Finally, let �denote the ar
-representation that �0 indu
es on G by restri
tion.Now, suppose U � V . Let U 0 be the ar
 with endpoints l(U) and r(V ) and let V 0 bethe ar
 with endpoints l(V ) and r(U). Note that every ar
 in A(�0) must interse
t U , soevery ar
 in A(�0) must also interse
t both U 0 and V 0. Thus, if we repla
e U with U 0 andV with V 0, we still have a valid ar
-representation of G0. Furthermore, this substitutiondoes not 
hange the number of ar
s passing through any given point on the 
ir
le, so italso �xes both W (�0) and w(�0). Thus, we may assume U 6� V , and similarly V 6� U . Byswit
hing U and V , we 
an further assume that l(U); l(V ); r(U); and r(V ) are arranged
lo
kwise around the 
ir
le in that order.We now 
onsider two 
ases, based on the value of W (�).Case 1: W (�) < n.Suppose the only points in S1 minimizing w� are in U [ V . Then w(�) < w(�0) � i, andsin
e W (�) < n, we have awi�1(G) � awi(G0)� 1, as required.Otherwise, there exists a 62 U [ V minimizing w�. Let A1; A2; : : : ; Aj be the ar
s
ontaining a. If V � Ak for any k, then we repla
e Ak with V . This will still givea valid ar
-representation of G, sin
e V interse
ts every ar
 in A(�). Moreover, sin
eV � Ak, making this repla
ement will de
rease w(�) without in
reasingW (�). Therefore,awi�1(G) � awi(G0)� 1, as required.the ele
troni
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a r(V )
r(U)bl(U)

l(V )
Figure 3: The relative positioning of points and ar
s in Case 1.We now 
onsider the 
ase where V 6� Ak for any k. Suppose there is a point b in U�V ,not 
ontained in Ak for any k, with the property that w�(b) = n�1 (see Figure 3). Then,sin
e a; l(U); b; l(V ); r(U), and r(V ) are arranged 
lo
kwise around the 
ir
le in that order,any ar
 
ontaining both b and r(V ), but not 
ontaining l(V ), must also 
ontain a. Sin
ewe know this 
annot happen, and sin
e every ar
 in A(�) must interse
t V somewhere,it follows that all n � 1 ar
s in A(�) 
ontaining b also 
ontain l(V ). However, we knowthat U and V also 
ontain l(V ), whi
h means w�0(l(V )) > n, 
ontradi
ting the fa
t thatW (�0) = n. It follows that any b in U � V satisfying w�(b) = n� 1 is 
ontained in Ak forsome k.Sin
e there are only a �nite number of ar
s 
ontaining a, and none of them 
ontain V ,it follows that one of them must 
ontain all b 2 U�V with the property that w�(b) = n�1.Call this ar
 Ak. Let 
 = ��1(Ak), and let � be the ar
-representation of G obtained from� by setting �(
) = U and �(x) = �(x) for x 6= 
. Be
ause U interse
ts every ar
 in A(�),� is indeed a valid ar
-representation of G. Furthermore, sin
e Ak 
ontains a, but U doesnot, w(�) � w�(a) < w�(a) � i.Now, 
onsider x 2 S1. If x 2 V , then sin
e V =2 A(�) and V 2 A(�0), we havew�(x) < w�0(x) � n. Also, if x 62 U [ V , then w�(x) � w�(x) < n. Suppose, on the otherhand, that x 2 U � V . If w�(x) < n� 1, then w�(x) � w�(x) + 1 < n. If w�(x) � n� 1,then x 2 Ak, so w�(x) � w�(x) < n. Therefore, we have w�(x) < n for all x, and hen
eW (�) � n� 1. It follows that awi�1(G) � n� 1, as desired.Case 2: W (�) = n.Choose a 62 U [ V so as to minimize w�(a), and let d be the point not in U [ V 
losestto r(V ) that maximizes w�(d). By possibly re
e
ting the ar
-representation about anydiameter of S1, we 
an ensure that d is 
loser to r(V ) than a is.For x 2 U [ V , note that w�(x) < w�0(x) � n, so if w�(x) = n, then x 62 U [ V . Sin
eW (�) = n, it follows that w�(d) = n. Label the ar
s 
ontaining d by D1; D2; : : : ; Dn.These 
annot all 
ontain r(V ), be
ause if they did, we would have w�(r(V )) > n. Sin
eea
h Dk interse
ts V somewhere, it follows that there exists some Dk 
ontaining l(V ) butnot 
ontaining r(V ). Sin
e d; a; l(U); l(V ); r(U); and r(V ) are arranged 
lo
kwise aroundthe 
ir
le in that order, it follows that Dk 
ontains both a and U � V .the ele
troni
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Let e = ��1(Dk), and let � be the ar
-representation of G obtained from � by setting�(e) = U and �(x) = �(x) for x 6= e. Sin
e U interse
ts every ar
 in A(�), this is indeeda valid ar
-representation of G. Also, sin
e V and Dk are both in A(�0), but not in A(�),it follows that w�(x) < w�0(x) for all x 2 U [V � Dk[V . Thus, if there exists x 2 U [Vwith w�0(x) = i, then w(�) < i. Otherwise, be
ause w(�0) � i, we know w�0(a) � i. Sin
ea 2 Dk but a =2 U , it again follows that w�(a) < w�0(a) = i. Therefore, w(�) < i in all
ases.We now show W (�) < n. Towards that end, 
onsider x 2 S1. As above, if x 2 U [ V ,then w�(x) < w�0(x) � n. Suppose, on the other hand, that x 62 U [ V . If w�(x) = n,then x 2 Dk, whi
h implies w�(x) < w�(x), and if w�(x) < n, then w�(x) � w�(x) < n.Thus, w�(x) < n for all x. It follows thatW (�) � n�1, and hen
e, awi�1(G) � n�1.Note that sin
e awi((G+u)+v) � awi(G+v)+1, Proposition 4.5 implies awi(G+v) �awi�1(G). Summarizing all of these results, we obtain the following.Theorem 4.6. For any graph G,aw0(G+ v) = aw0(G) + 1;and for i > 0, awi(G) + 1 � awi(G+ v) � awi�1(G) andawi(G) + 2 � awi(G+ u+ v) � awi�1(G) + 1:We 
an also modify the proof of Proposition 4.5 to obtain a slightly di�erent result.The details are similar enough that we do not in
lude a full proof, but we still give astatement of the result. First, re
all that the double 
one of a graph G, denoted G+K2,is the graph obtained from (G+ u) + v by removing the edge between u and v.Theorem 4.7. For any graph G, and any integer i,awi(G) + 2 � awi(G+K2) � awi(G) + 1:Finally, to demonstrate the power of the te
hniques that we have developed, we 
on-
lude the se
tion by 
omputing awi(Kn).Corollary 4.8. Let Kn denote the 
omplete graph on n verti
es. Then,awi(Kn) = 8<: n� i if i � �n2�� 1,�n2�+ 1 if i � �n2�� 1.Proof. We prove this by indu
tion on n. For n = 1, the 
laim is trivial. Now, supposethe result holds for n = k � 1.Then, sin
e Kk = Kk�1 + v,aw0(Kk) = aw0(Kk�1) + 1 (by Theorem 4.6)= k:the ele
troni
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Figure 4: Optimal ar
-representations ofK5 (left) and ofK4 (right). Note that we alter thear
-representation of K2n slightly by shortening 2 adja
ent ar
s to de
rease the minimumwidth to n� 1.Similarly, for 0 < i < �k2�� 1, awi(Kk) � awi�1(Kk�1)= k � i;and awi(Kk) � 1 + awi(Kk�1)= k � i;so awi(Kk) = k � i.By Theorem 4.2, we have for i � �k2�� 1,awi(Kk) � �k � 12 � + 1 = �k2�+ 1:Finally, 
onsider the ar
-representation � of Kk obtained by mapping ea
h vertex toar
s spa
ed equally around the 
ir
le, of length ��(k�1)k if k is odd, and of length � + � forsmall � if k is even. It is easy to 
he
k that any two su
h ar
s interse
t, and hen
e thatthis is indeed a valid ar
-representation of Kk. Moreover, the maximum number of ar
spassing through any point is at most �k2�+ 1. We 
an also arrange for there to exist x inS1 for whi
h w�(x) � �k2�� 1 (see Figure 4). Thus, awi(Kk) � �k2�+ 1 for i � �k2�� 1.Therefore, the desired result holds for n = k, whi
h 
ompletes the indu
tive proof.5 Graph OperationsIn the previous se
tion, we provided a number of results that give lower bounds on ar
-width. These results 
an often be quite useful, as witnessed by the relatively easy 
om-putation of awi(Kn), but they are not always suÆ
ient. In this se
tion, we extend ourmethods by approa
hing ar
-width in a di�erent fashion. In parti
ular, we fo
us on thee�e
t of various graph operations, beginning with the disjoint union, denoted q.the ele
troni
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Theorem 5.1. Let G1, G2, ..., Gn be arbitrary graphs, ordered in su
h a way thataw0(G1) � aw0(G2) � � � � � aw0(Gn):For n > 1, we have awm(G1 qG2 q � � � qGn) = awi(G1);where i is the largest integer satisfying:1. i � m,2. awi(G1) � aw0(G2) + i.Before we prove this theorem, we �rst need to establish a te
hni
al lemma.Lemma 5.2. Let G1, G2, : : :, Gn be arbitrary graphs, ordered in su
h a way that aw0(G1) �aw0(G2) � � � � � aw0(Gn), and let a1, a2, : : :, an be non-negative integers with Pnj=1 aj �m. Then, maxj2f1;2;:::;ng�awaj (Gj)� aj� + nXj=1 aj � awi(G1);where i is de�ned as in Theorem 5.1.Proof of Lemma 5.2. Let bj = awaj (Gj)� aj;b = maxj2f1;2;:::;ng bj; andy = b + nXj=1 aj:We wish to show that y � awi(G1) for any 
hoi
e of fajg. To do this, 
hoose a1; a2; : : : ; anin su
h a way that y is minimized, and given the minimal value of y, 
hoose fajg su
hthat Pnj=1 aj is minimized.Suppose aj > 0 for 2 distin
t values of j, and suppose we then de
rease both aj by 1.Note that, by Proposition 3.3, de
reasing aj by 1 in
reases bj by at most 2 and �xes bkfor k 6= j. Thus, de
reasing aj by 1 for both j will in
rease b by at most 2, and hen
e ywill not in
rease. Thus, we have found a 
hoi
e of fajg that de
reases Pnj=1 aj withoutin
reasing y, giving a 
ontradi
tion. Therefore, aj > 0 for at most one value of j.Now, 
hoose j so that aj > 0, and suppose bj < b. Then, if we de
rease aj by 1,we will in
rease bj by at most 2, and hen
e will in
rease b by at most 1. On the otherhand, Pnj=1 aj will de
rease by 1, so y will not in
rease. Thus, we again have found a
hoi
e of fajg that de
reases Pnj=1 aj without in
reasing y, giving another 
ontradi
tion.Therefore, if aj > 0, then bj = b.Thirdly, suppose aj > 0 for j 6= 1. Then, sin
e bj = b, we know bj � b1, and hen
e,awaj (Gj)� aj � awa1(G1)� a1:the ele
troni
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Sin
e aj > 0, we also know a1 = 0. This impliesawaj (Gj)� aj � aw0(G1);and so, aw0(Gj)� aj � aw0(G1):However, this is impossible sin
e aw0(Gj) � aw0(G1) and aj > 0. It follows that a2 =a3 = � � � = an = 0.Furthermore, if a1 6= 0, we haveawa1(G1)� a1 � awaj (Gj)� aj for all j > 1) awa1(G1)� a1 � aw0(Gj) for all j > 1 (sin
e aj = 0 for j > 1)) awa1(G1)� a1 � aw0(G2):On the other hand, if a1 = 0, we also have awa1(G1)�a1 � aw0(G2). Thus, awa1(G1)�a1 �aw0(G2) regardless, and sin
e we also know a1 � m, it follows that a1 � i. Therefore,we have shown that there exists a 
hoi
e of fajg minimizing y with the property thata2 = a3 = � � � = an = 0 and a1 � i.Finally, taking this minimal solution and in
reasing a1 as long as a1 � m and awa1(G1)�a1 � aw0(G2), gives us a1 = i, and a2 = a3 = � � � = an = 0. Doing this will 
learly notin
rease y. Thus, y a
hieves its minimum value for a1 = i and a2 = a3 = � � � = an = 0.Moreover, for this 
hoi
e of fajg, it is 
lear that y = awi(G1). The result follows.We 
an now prove Theorem 5.1.Proof of Theorem 5.1. Let G = G1 qG2 q � � � qGn and let � be an ar
-representation ofG with w(�) � i. For ea
h j, note that � indu
es by restri
tion an ar
-representation �jof Gj.Now, for any x 2 S1, we have,w�(x) = j��1(x)j= j��11 (x)j+ j��12 (x)j+ � � �+ j��1n (x)j= w�1(x) + w�2(x) + � � �+ w�n(x)� w(�1) + w(�2) + � � �+ w(�n)so it follows that Pnj=1w(�j) � m.Also, for ea
h j, there exists an x in S1 su
h that j��1j (x)j = W (�j). Thus, thereexists an x su
h that j��1(x)j � W (�j) +Xk 6=j w(�k):
the ele
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It follows that W (�) � maxj2f1;2;:::;ng(W (�j) +Xk 6=j w(�k))= maxj2f1;2;:::;ng(W (�j)� w(�j)) + nXj=1 w(�j)� maxj2f1;2;:::;ng(aww(�j)(Gj)� w(�j)) + nXj=1 w(�j):Thus, by Lemma 5.2, W (�) � awi(G1). Sin
e � was 
hosen arbitrarily, we 
on
lude thatawm(G) � awi(G1).It remains only to show that awm(G) � awi(G1). To do this, we 
onstru
t an ar
-representation � of G, as follows:1. Let �1 be an ar
-representation of G1 with w(�1) � i and W (�1) = awi(G1). Let xbe a point in S1 with w�1(x) � i. By Lemma 3.2, we 
an ensure that x is 
ontainedinside an interval I of positive length whi
h interse
ts only i ar
s. Now, de�ne � tobe identi
al to �1 on G1.2. For j > 1, let �j be an ar
-representation of Gj with w(�j) = 0 and W (�j) =aw0(Gj). By res
aling and rotating ea
h �j, we 
an assume Im(�j) is 
ontained inI for all j, and that Im(�j) \ Im(�k) = ; for j 6= k. De�ne � to be identi
al to �jon Gj.Clearly, � is indeed an ar
-representation of G. Also note that for j > 1 and x 2Im(�j), we have w�(x) � i + aw0(Gj) � awi(G1), and for x =2 Snj=2 Im(�j), we havew�(x) � W (�1) = awi(G1). Thus, W (�) � awi(G1). Moreover, w(�) = i. Therefore,awm(G) � awi(G1), and the result follows.Corollary 5.3. For any graph G and any integers j; n with n � 2,awj(GqGq � � � qG| {z }n ) = pw�(G):Proof. Note that for i > 0,awi(G)� i � aw0(G)� i < aw0(G):It follows from Theorem 5.1 that awj(GqGq � � � qG) = aw0(G) = pw�(G).Corollary 5.3 demonstrates that, in a very pre
ise sense, ar
-width is a more diÆ
ultproblem than path-width. Spe
i�
ally, if we 
ould 
ompute aw(G) for all G, then we
ould also 
ompute aw(G q G), and hen
e pw�(G). It was shown in [1℄ that 
omputingpath-width is NP-
omplete. Therefore, it follows that 
omputing ar
-width is NP-hard.It is then easy to show the following.the ele
troni
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Corollary 5.4. Computing ar
-width is NP-
omplete.It is also worth mentioning that Corollary 5.3 implies aw(GqG) = pw�(GqG), therebya
hieving the upper bound on ar
-width given by Corollary 3.4. Bar�at and Hajnal [2℄ askfor a 
omplete des
ription of the set S of graphs G with the property that aw(G) =pw�(G). They show that any tree is in S, and our argument from Corollary 5.3 
an beused to show that a very large family of dis
onne
ted graphs is in S. Furthermore, ournext theorem 
an be used to show that a very large family of 1-
onne
ted graphs is also inS. All of this suggests that S is very large, and hen
e, that �nding a 
omplete des
riptionof it would be a diÆ
ult task indeed.We now move on to 
onsider the wedge sum of a number of graphs. Re
all that a graphG is vertex-transitive if for any verti
es u and v in G, there exists a graph automorphismtaking u to v.Theorem 5.5. Let G1; G2; : : : ; Gn be 
onne
ted, vertex-transitive graphs, ea
h with atleast 2 verti
es. Order them in su
h a way thataw0(G1) � aw0(G2) � � � � � aw0(Gn):Let G = G1_G2_� � �_Gn denote the graph obtained from G1qG2q� � �qGn by identifyingone vertex vi in ea
h Gi to a single point, v. Letz = ���fi j aw0(Gi � vi) = aw0(G1)g���:Then, if z � 2,awm(G) = awm(G1 q (G2 � v2)q (G3 � v3)q � � � q (Gn � vn));and if z � 3,awm(G) = awm(G1 q (G2 � v2)q (G3 � v3)q � � � q (Gn � vn)) + 1:Proof. We 
onsider 2 
ases, based on the value of z.Case 1: z � 2Let k = aw0(G1). We �rst show that awm(G) � k.To do this, we 
onstru
t an ar
-representation � of G. Sin
e z � 2, we 
an 
hoose pand q so that aw0(Gi � vi) < k for i 6= p; q. We then de�ne �i as follows:1. For i = p and for i = q, take �i to be an ar
-representation of Gi with w(�i) = 0and W (�i) = aw0(Gi) � k.2. For i 6= p; q, take �i to be an ar
 representation of Gi � vi with w(�i) = 0 andW (�i) = aw0(Gi � vi) < k.3. By rotating and res
aling �i appropriately, we 
an assume that ar
s in A(�i) andar
s in A(�j) are disjoint for i 6= j and that the ar
s in A(�p) immediately followthe ar
s in A(�q) in a 
lo
kwise orientation.the ele
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4. Sin
e Gp and Gq are vertex-transitive, we 
an also assume that �p(vp) extends thefurthest in the 
lo
kwise dire
tion of all ar
s in A(�p), and that �q(vq) extends thefurthest in the 
ounter-
lo
kwise dire
tion of all ar
s in A(�q).We 
an now de�ne � as follows:1. For x 2 Gi � vi, de�ne �(x) = �i(x).2. For x = v, de�ne �(x) to be the ar
 with 
ounter-
lo
kwise endpoint l(�p(vp)) and
lo
kwise endpoint r(�q(vq)). Call this ar
 I.I 
ontains �p(vp); �q(vq), and all the ar
s in �i for i 6= p; q, so � does indeed give avalid ar
-representation of G. Moreover, w(�) = 0 andW (�) � maxnaw0(Gp); aw0(Gq); aw0(Gi � vi) + 1 for i 6= p; qo:Sin
e we 
hose p and q su
h that aw0(Gi � vi) < k for i 6= p; q, it follows that W (�) � k.Therefore, we 
on
lude that awm(G) � k, as desired.Letting G0 = G1q (G2�v2)q (G3�v3)q� � �q (Gn�vn), we now show that awm(G) �awm(G0). Towards that end, 
onsider an ar
-representation � of G0 that minimizes W (�).Then, � indu
es an ar
-representation �1 of G1 by restri
tion.1. Suppose w(�1) > 0. By the proof of Theorem 5.1, we 
an assume �1 has someinterval I 
ontained in some ar
 J su
h thati. w�1(x) = w(�1) for all x 2 I; andii. � maps all the verti
es in (G2�v2)q (G3�v3)q� � � (Gn�vn) to ar
s 
ontainedin I, and hen
e, 
ontained in J .Sin
e G1 is vertex-transitive, we 
an assume ��1(J) = v. Then, � is already a validar
-representation of G. Thus, we have awm(G) � awm(G0), as required.2. Suppose w(�1) = 0. Then W (�) � W (�1) = k. The desired result then followsfrom the fa
t that awm(G) � k.Thus, in all 
ases, we have awm(G) � awm(G0). On the other hand, we 
an obtain Gfrom G0 by inserting extra edges. Sin
e adding edges to a graph 
learly does not de
reasear
-width, awm(G) � awm(G0). It follows thatawm(G) = awm(G0);as desired.Case 2: z � 3Again, let k = aw0(G1). Sin
e z � 3, we 
an 
hoose distin
t p; q and r su
h thataw0(Gp � vp) = aw0(Gq � vq) = aw0(Gr � vr) = k. By Theorem 5.1, we also haveawm(G0) = k. It follows that awm(G) � k.the ele
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Now, 
onsider an ar
-representation � of G, and suppose W (�) = k. This indu
es ar
-representations �i of Gi � vi for all i. Suppose w(�p); w(�q); and w(�r) are all non-zero.Following the proof of Theorem 5.1, we 
an de
rease W (�) by simultaneously de
reasingw(�p); w(�q); and w(�r). Therefore, � is sub-optimal, so in parti
ular,W (�) > awm(G) �k, whi
h 
ontradi
ts the fa
t that W (�) = k. Thus, we may assume that w(�p) = 0,and hen
e that W (�p) = k. Sin
e W (�) � W (�p) + w(�q) + w(�r), it follows thatw(�q) = w(�r) = 0, and hen
e that W (�p) = W (�q) =W (�r) = k. Therefore, there existxp, xq, and xr in S1 for whi
h w�p(xp) = w�q(xq) = w�r(xr) = k.Let I = �(v). For ea
h i, the graph Gi has at least one edge and is vertex-transitive,so there is an edge between vi and Gi � vi. Thus, I must interse
t at least one ar
 inea
h of A(�p), A(�q) and A(�r). Let yp, yq, and yr be points where I interse
ts an ar
 inA(�p), A(�q) and A(�r) respe
tively.Divide S1 into 3 disjoint ar
s: Ar between xp and xq, Ap between xq and xr, andAq between xr and xp. Sin
e W (�) = k, the ar
 I 
annot 
ontain xp, xq, or xr. Thus,we 
an assume without loss of generality that I is entirely 
ontained within Ar. Sin
e I
ontains yr, it follows that yr is also in Ar. Sin
e Gr is 
onne
ted, but xr is not in Ar,there must then exist some ar
 in A(�r) 
ontaining either xp or xq. This implies, however,that W (�) > k, giving a 
ontradi
tion. Thus, we dedu
eawm(G) � awm(G0) + 1:However, G 
an be obtained by adding a single vertex to G0. One 
an easily 
he
kthat this implies awm(G) � awm(G0) + 1:The result now follows.6 Con
luding RemarksUsing the notion of restri
ted ar
-width, we were able to determine a number of generalbounds on ar
-width, and we were also able to pre
isely des
ribe the e�e
t of disjointunions, wedge sums, 
ones, and double-
ones on ar
-width. Moreover, we used thesesame te
hniques to show that 
omputing ar
-width is NP-
omplete.In doing all of this, several natural questions arose. For example, one might ask:Question 1. Are there any other graph operations whose e�e
t on ar
-width we 
andes
ribe?While looking at 
ones, however, we saw that sometimes even restri
ted ar
-width doesnot en
apsulate all the information that we require. Just as we generalized ar
-width toobtain extra information, we might have to further generalize restri
ted ar
-width for thesame purpose. Thus, we ask:Question 2. Is there any generalization of restri
ted ar
-width that will prove better suitedto des
ribing how graph operations a�e
t ar
-width?the ele
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Re
all that Proposition 3.3 guarantees that for a �xed graph G, the sequen
e fawi(G)gis non-in
reasing and de
reases by at most 1 ea
h step. We ask whether this result 
anbe strengthened:Question 3. What sequen
es of non-negative integers 
an arise as the restri
ted ar
-widthsequen
e, fawi(G)g, for a �xed graph G?Further results in this dire
tion might help to simplify or expand our work on disjointunions and on 
ones.Finally, we know from Theorem 4.1 that restri
ted ar
-width is minor-monotone. Thus,ifXi;j denotes the 
olle
tion of graphs G for whi
h awi(G) � j, we say Xi;j is minor-
losed,meaning that if H 2 Xi;j, then every minor of H is in Xi;j. We 
an thus des
ribe Xi;j bythe 
olle
tion of graphs that 
annot arise as minors in Xi;j. Now, there is a theorem ofRobertson and Seymour [4℄ that states:Theorem 6.1. A non-empty minor-
losed family of graphs 
an be 
hara
terized by a �niteset of ex
luded minors.It is then natural to ask:Question 4. What ex
luded minors 
hara
terize Xi;j for ea
h i; j?This question is probably very diÆ
ult, but even partial results 
ould prove very useful.For more open problems, we refer the reader to [2℄.7 A
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