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Abstract. We compare transformations for the elimination of interme-
diate results in first-order functional programs. We choose the well known
deforestation technique of Wadler and composition techniques from the
theory of tree transducers, of which the implementation of functional
programs yet does not take advantage. We identify syntactic classes of
function definitions for which both techniques deliver equally efficient
results and for which one technique is more powerful than the other.
In particular, this paper offers a technique that eliminates intermediate
results for certain kinds of function definitions, for which deforestation
fails.

1 Introduction

Functional programs frequently use compositions of functions, where functions
produce intermediate results, which are consumed by other functions. On the
one hand this modular style of programming simplifies the design and the ver-
ification of programs [13]. On the other hand the production and consumption
of intermediate results can cause inefficiencies, in particular, if the intermediate
results are structured objects like lists or trees.

There are several techniques for transforming programs which use intermedi-
ate results into programs which do not. We compare deforestation [20, 5], which
is a well known optimization technique for functional programs, with some com-
position lechniques from the theory of tree transducers [7]. The comparison is
restricted to the twofold composition of first-order functions, which are defined
by an extended scheme of primitive recursion, in which additionally simultaneous
definitions of functions and nesting of terms in parameter positions are allowed.
This scheme is called macro tree transducer [3] (for short mtt; cf. also [2, 4]).

An mtt m translates trees over a ranked alphabet of input symbols into trees
over a ranked alphabet of output symbols. For this translation process, m uses a
ranked alphabet of functions which have at least rank 1, and a set of equations.
Every function f is defined by a case analysis on the root symbol ¢ of its first
argument ¢. The right-hand side of the equation for f and ¢ may contain recursive
function calls, where the first argument of a function call is a variable that refers
to a subtree of ¢. If every function of m has rank 1, then m is called top-down
tree transducer [17, 19] (for short tdtt). Throughout this paper we will use the
following mtts mapp, Mrev, Mmsr, and m., as examples, where m., is a tdtt.



Mapp: app (A 21) th = A (app 1 y1) Mparmir (A x1) y1 = A (mir 21 (A 1))
)

app (B x1) y1 = B (app 1 1) mir (B x1) y1 = B (mir 1 (B 1)
app N y1 =% mir Ny =y
Mrpey: 7€ (A1) 3n =rev ey (Ayr) meg: ex (A xy) = B (ex x1)
rev (B xy) yn = revxy (Byr) ex (B 1) = A (ex x1)
rev N i1 =5 ex N =N

The mtt mgp, appends two lists containing list elements A and B, where lists
are represented by monadic trees. In particular, the empty list is represented by
the symbol N with rank 0. In analogy, my., reverses a list [ (starting with an
application rev [ N) by accumulating the list elements in the second argument
of rev. The mtt m,,;, combines the features of mg,, and m,., by appending a
list { to a list which results from a reversal of { (by starting with an application
mir [ N). The mtt m., exchanges list elements A by B and vice versa.

If we evaluate the expression e = (ex (mir ly 1)), where {5 and [; are lists,
then mir produces an intermediate result. In particular, Iy 1s traversed three
times (mir traverses ly and ex traverses [y and lg’s reversed image). Deforestation
can be applied to e and to a program p, which consists of m., and (a slight
syntactic variant of) M-, and delivers an expression eg = (mirez ly l1) and a

function ] ]
mirex (A x1) y1 = B (mirex 1 (A 1))

mirex (B x1) y1 = A (mirex 1 (B y1))

mirexr N 1 =ex Yy
For the evaluation of eg4, the list l; is traversed only twice (mirex traverses ly
and ez traverses lp’s reversed image).

In [4] it was shown that for the composition of an mtt with a tdtt (and vice
versa) a single mtt can be constructed, which performs the same computation
without producing an intermediate result. Since e represents a composition of the
mtt My with the tdtt m.,, we can get a new expression e, = (mirezx ly (ex 1))

and a function - -
mirex (A x1) y1 = B (mirezx 21 (B y1))

mirex (B x1) y1 = A (mirex z1 (A y1))
mirex N y1 =5

The evaluation of e. requires only one traversal of [j.

We will show that, like in our example, for the composition of an mtt m;
with a tdtt mo (in this order) deforestation successfully eliminates “intermediate
symbols” which occur “outside” of the topmost function calls in right-hand sides
of equations of my, but fails in eliminating symbols “inside” of these function
calls. It turns out that the composition technique is more powerful, since it ad-
ditionally eliminates the latter symbols. For compositions of tdtts with mtts (in
this order), the transformation strategies of the composition technique and of de-
forestation correspond to each other and thus deliver equally efficient programs.

Besides this introduction, the paper contains six further sections. In Section
2 we fix elementary notions and notations. Section 3 introduces our functional
language and mtts. Section 4 and Section 5 present deforestation and the compo-
sition techniques, respectively. In Section 6 the techniques are compared. Finally,
Section 7 contains further research topics.



2 Preliminaries

We denote the set of natural numbers including 0 by IV. For every m € IV,
the set {1,...,m} is denoted by [m]. We will use the sets X = {aq, 21, 22,...},
Y = {yo,y1,y2,- .-}, Z = {z0,21,22,...}, and V. = X UY U Z of recursion
variables, context variables, expression variables, and variables, respectively. For
a string w and two lists wy, ..., w, and w), ..., w), of strings such that no pair w;
and w; with ¢ # j overlaps in w, we denote by wlwy/w}, ..., w,/w}] the string
which is obtained from w by substituting every occurrence of w; in w by w}. We
abbreviate the substitution [wi/w), ..., wy/wh] by [wi/w} | w; € {wy, ..., wy}]
or simply by [w;/w}], if the quantification is clear from the context.

Let = be a binary relation on a set K. Then, =" and =* denote the n-fold
composition and the transitive, reflexive closure, respectively, of =. If k =* k'
for k, k' € K and if there is no k" € K such that &' = k’, then k' is called a
normal form of k with respect to =, which is denoted by nf(=, k), if it exists
and if it is unique. We abbreviate nf(=, k) by nf(k), if = is clear.

A ranked alphabet is a pair (S, rankg) where S is a finite set and ranks is a
mapping which associates with every symbol s € S a natural number called the
rank of the symbol. The set of elements of S with rank n is denoted by S,

For a ranked alphabet S and a subset V'’ of V| the set of trees over S indexed
by V' denoted by Tg(V”), is the smallest subset T C (SUV'U{(,)})* such that

~V'us® cT and
— for every s € SU) withn > 1 and ty,...,t, €T: (st1...ty) €T,

Ts(0) is abbreviated by Ts. Let t € Ts(V'). The set of variables that occur in
t is denoted by war(?) and the number of occurrences of symbols from a subset
S" C Sint is denoted by [t|s: or simply by |¢],if S = 5.

3 Functional Programs and Macro Tree Transducers

We consider a simple first-order functional programming language P as source
language for our transformations. Every program p € P consists of several mtts.
For simplicity we choose a unique ranked alphabet C of constructor symbols,
which is used to build up input trees and output trees of every mtt in p. This
fact and the absence of initial functions differ from mtts in the literature. The
functions of an mtt are defined by a case analysis on the first argument (recursion
argument) via pattern matching, where only flat patterns are allowed. The other
arguments are called context arguments.

Definition 3.1 Let C' and F be ranked alphabets of constructor symbols (or
constructors) and function symbols (or functions), respectively, such that X, Y,
C, and F are pairwise disjoint. We define the classes P, MAC, D, and R of
programs, mits, function definitions, and right-hand sides, respectively, by the
following grammar. We assume that p, m, d, r, ¢, and f (also equipped with
indices) range over the sets P, MAC, D, R, C, and F, respectively.



p oi=my...my (program)

mu=d;...dy (macro tree transducer)

d o=f(aawr...2p) ... Yn =7 (function definition)
Jlegar . xp)yr...yn =1y

o=y | fairroo o ler g (right-hand side)

The sets of constructors and functions that occur in p € P are denoted by C),
and Fj, respectively. The set of functions that is defined in m € MAC is denoted
by Fp,. In addition to the grammar, the following restrictions have to be fulfilled:
For every i € [[] and f € F,,,, the mtt m; contains exactly one function definition

for f. For every i, j € [{] with i # j: Fj,, N Fy,, = 0. Forevery i € [l], f € FTEZH),

and ¢ € C’Z(,k) there is exactly one equation of the form f (e @1 ... 2p) y1...yn =
rhs(f,c), where ths(f,c) € Te,ur,, ({121, Tk, Y15 Yn }). O

If F,,, = F,SP for an mtt m, then m is a tdtt. The classes of tdtts and of mtts
which are no tdtts are denoted by TOP and by MAC — TOP, respectively. A tree
tis called linear, if every variable occurs at most once in £. An mtt and a program,
respectively, is called linear, if the right-hand side of each of its equations is linear.
We add an index 1 (and [, respectively) to the class MAC and its subclasses,
if mtts with only one function (and linear mtts, respectively) are considered.
Note that our classes are syntactic classes and no semantic classes (classes of
computed functions), which are studied in the theory of tree transducers [7].

Example 3.2 m., € TOP; and mapp, Mycy, Mumir € (MAC — TOP), ;. ]

It turns out that deforestation in general translates a program p € P into a
program p’, in which in right-hand sides of an mtt m also applications of the
form f ro 71 ...ry with f € (Fpr — Fyy, ) and without restriction “ry = ; for some
x;” can occur. We denote this target language by PT and the set of constructors
and functions that occur in p € Pt by C), and F), respectively.

We fix call-by-name semantics, i.e. for every p € PT we use a call-by-name
reduction relation =, on T¢,up,. It can be proved that in contrast to general
first-order programs, for every p € P and e € T¢,uF, the normal form nf (=, ¢)
exists. The proof is based on the result in [4], that for every mtt the corresponding
(nondeterministic) reduction relation is terminating (and confluent).

In the framework of mtts, a function f; produces an intermediate result which
is consumed by another function f, iff an application of f; occurs in the first ar-
gument of an application of f>. Thus, in this paper we would like to optimize the
evaluation of expressions of the form (fa (f1 to.. -tny) thyt1 .- -tnitns), Where
each ¢; is a tree over constructor symbols. Since the particular constructor trees
are not relevant for the transformations, we abstract them by expression vari-
ables and transform expressions of the form (fa (f1 z0..-2n,) Znit1 -+ - Znidna),
which we call composition expressions. The transformations will deliver expres-
sions of the form (f zg 21 ...25) or (f 20 (f1 21)...(fn 2n)). All these expressions
are special initial expressions for programs, which are defined as follows.



Definition 3.3 Let p € Pt and let f range over F},. The set of initial expres-
stons for p, denoted by E,, is defined as follows, where e (also equipped with
indices) ranges over Ej:

ex=feger...en |z (initial expression for a program) m|

Our transformation techniques take elements of the class {(p,e) | p € P,e € E,}
as input. This class contains the following subclasses with linear composition
expressions, for which we would like to compare the transformation techniques.

Definition 3.4 For every i € [2] let M; be the class MAC or one of its sub-
classes. The composition class (M1; M>) is the set {(p,e) | p € P,e € E,, there
are mtts my and ms in p with my; € My, ms € My, and there are f; € F,E{ﬁl“)

and f5 € FTE%QH) such that e = (fa (f1 20 21 .- -2ny) Zny41 -+ - Zni4n)}- ]

Example 3.5 Let p consist of me, and myp,r. Then, e1 = (mir (ex zy) z1) € Ep
and ey = (ex (mir zg z1)) € E,. Moreover, (p,e1) € (TOP1 1;(MAC — TOP)1;)
and (p,e2) € (MAC — TOP)y1; TOP1 ;). Let to,ty € Te, and 0 = [20/t0, 21/11].

Then we have ejo :>12;'|t0| nf(e1o) and exo :>;°;"t“'+'“"2 nf (e20). ]

The transformations should preserve the semantics of pairs in {(p,e) | p € P,e €
E,}. This is formalized by the following notion of equivalence.

Definition 3.6 For every i € [2] let (p;, ;) €{(p,e) |p € PT,e € E,}. The pairs
(p1,e1) and (po, e2) are called equivalent, denoted by (p1,e1) = (p2,e2), if Cp, =
Cp, and if for every substitution o = [v/t, | v € var(e1) U var(ez),t, € Tc, ],

nf(:>p1a610) = nf(:>172’ 620)' u

4 Deforestation

The (classical) deforestation technique [20, 5] can be seen as algorithmic instance
of the fold/unfold-technique in [1]. The presentation of deforestation in Trans-
formation 4.1 obeys the syntax of our language P and is similar to e.g. [18].
Deforestation mimics call-by-name reduction steps (unfold-steps) on expressions
with variables, i.e. with “values” which are unknown at transformation time.
Therefore, deforestation defines new functions by case analysis, whenever it has
to handle an unknown value v in the recursion argument of a function applica-
tion. Roughly speaking, it uses an expansion of v by every possible constructor.
For treeless programs [20], in which essentially every occurrence of a function
in the right-hand side of an equation is only applied to variables, the termination
of deforestation is ensured by using already defined functions, whenever this is
possible (fold-steps). The programs in P are not treeless, since mtts may use
nesting of terms in parameter positions. To ensure termination of deforestation
also on P, we assume that every context argument of a function application is
implicitly abstracted by a let-expression [20, 12], i.e. we handle (f #; t1...1,)
as if it were written like let vy = t1,..., 05 =t in (f 25 v1...v,). We do not
choose explicit let-expressions, since this would expand the description of the
composition techniques and the comparison in Sections 5 and 6, respectively.



Transformation 4.1 Let (p,e) € (MAC; MAC). We define a function D which
takes e (and implicitly p) as input. D assumes an implicit abstraction with let-
expressions and is specialized to handle composition expressions. It can be shown
that the five rules for D perform a complete and disjoint case analysis on the set
T of expressions over C, I}, and V', which are encountered starting with a com-
position expression. In particular, 7" does not contain expressions of the forms
(fs (fa (fr..)..)..) and (f2 (f1 (¢...)...)...). The symbols v, ¢, f, and ¢
(also with indices and apostrophes) range over the sets V, Cp, = {e1,..., ¢4}, Fp,
and T, respectively. The notation fand f:?z in rules (4) and (5), respectively,
refers to a function f and fi fo, respectively, which either is constructed as spec-
ified behind “where” (“where” does not occur in the transformation result), or
which was already constructed. In this way D[e] delivers a new program p’ € P+

and a new initial expression e’ for p’. We denote the transformation result (p/, e’)
also by Def(p,e).

(1) D[] =

(2) Dlety .. .tx] =c D[t1] ... D[t]
(B)DISf (ety ... ) t) ...t ] = ?[[rhs(f, PIEAIAll
(4 Dlfvti.. 4] = fvD[t)].. . P[t,] where

Flerwr .. .op) 1. Yo = Drhs(f, c1)]

f(cq 1;1 c X)) Y1 - Yn = D[rhs(f, cg)]
G)D[f2 (frvtr...ty)th .. 1, 1= fifo v D[] ... Dtn,] P[E1] ... D[]

where

Fife (e1 @1 2ry) Y1 Ynagns = DLf2 (hs(fi,€1)) Ynatt - - Ynytna]

f:?z (cq 1. 2k,) Y1 - Ynidno = PLf2 (rhs(f1,¢q)) Yni41 - Uni4n.] O
Lemma 4.2 For every (p,e) € (MAC; MAC) we have (p,e) = Def(p,e). a

Instead of proving Lemma 4.2 formally, we argue by showing the similarities
and differences of Transformation 4.1 and deforestation as it i1s described e.g. in
[18]: D terminates, since for the composition of two mtts m; and my with hy
and ho functions, respectively, it constructs at most hihs + hy + hs functions.
The rules (4) and (5) reflect the implicit abstraction of context arguments by
let-expressions and differ from the usual presentation (cf. e.g. rule (5) in [18]).
In the following we show that rule (4) performs the same transformation as
transformation rules in the literature, which can handle explicit let-expressions
(cf. e.g. [20]). For rule (5) an analogous argument holds.

Dlfvt;... ]
=Dlletvy =1t),...,vn =1, in (fvuv...v,)]
=let vy =D[t}],...,vn =D[t,,] in D[f v v1...v,]
=let vy =D[HY],...,v. = D[t,] in (fv v1...05) where ...
= fuD[t,]...P[t.] where ...

let-abstraction)
D on let-expr.)

D on function)

o —

inlining of let)



Note that in contrast to e.g. [18] we do not introduce a new function in rule
(3) for two reasons: On the one hand mtts do not allow f-functions in the sense
of [18], which are defined without pattern matching. On the other hand, the
introduction of f-functions does not contribute to the elimination of intermediate
results. The omission of an f-function in rule (3) can cause a later termination
of D, but does not affect termination at all, since at the critical steps, where
an expansion of variables is performed, new functions are introduced. Note also
that {-functions which are not postunfolded later [18], increase the number of
reduction steps.

For initial expressions like (app zo (app z1 z2)), which are no composition
expressions, our deforestation algorithm would behave differently from the algo-
rithm described in [20], since (app zo (app 71 z2)) would be treated as if it were
the expression let v = (app z1 z2) in (app zo v).

Example 4.3 Let p € P consist of me; and muy, and let e3 = (mir (ex zp) z1)
€ E,. Then, D[mir (ex z0) z1] = (ezmir zo P[z1]) = (exmir zy z1) where

exmir (A x1) 1 exmir (B x1) y1
= D[mir (rhs(ex, A)) y1] =...= A (exmir z1 (A 1))
= D[mir (B (ex 1)) y1]
=D[B (mir (ezx x1) (B y1))] exmir N yy
= B D[mir (ex z1) (B y1)] = D[mir (rhs(ex, N)) y1]
= B (exmir 1 D[B »1]) = D[mir N y1]
= B (exmir z1 (B D[n])) = D[ui]
= B (exmir 1 (B 1)) =y

The new initial expression is eq ¢ = (exmir zp z1) and the new program pi 4
contains the above three equations for the function exzmir (where both sides of

every equation are underlined). Thus, Def(p,e1) = (p1,4,€1,a4). Let to,t1 € T¢,

and o = [z0/to, 21/t1]. We have e 40 :>l,tf)|d nf(e1,40). m|

Example 4.4 Let p € P consist of me; and muy, and let ex = (ex (mir zp z1))

€ E,. Then, Dex (mir zo z1)] = (mirex zo P[z1]) = (mirex zo z1) where
mirex (A x1) 11 mirex (B x1) y1

= Dlex (rhs(mir, A))] co.= A (mirex 1 (B y1))

=Dlex (A (mir z1 (A n)))]

)
=D[B (ex (mir x1 (Awn)))] (+) mirex N 1
= B D[ex (mir x1 (A )] = Dlex (rhs(mir, N))]
= B (mirez z1 P[A n1]) =Dfex y1]
= B (mirez z1 (A D[wn1])) (-) —er Yy
= B (mirez z1 (A 1)) where ez is defined as in m.;.

The symbols (+) and (—) are explained later. The new initial expression is e g4 =
(mirex zy z1) and the new program ps 4 contains the above three equations for
the function mirex and the equations from m.,. Thus, Def(p,e2) = (p2,4,€2.4)-

Note that ps 4 € (Pt — P), because of the equation mirez N y; = ez y;. Let

to,t1 € Te, and o = [20/to, 21/t1]. We have e3 g0 :>12;'2|)ZD|+“1|_1 nf(es,q40). a



5 Composition Techniques

In [17] it was shown that the composition of two tdtts can be simulated by only
one tdtt. This result was generalized in [4], where composition techniques are
presented which construct an mtt for the composition of a tdtt with an mtt,
and of an mtt with a tdtt, respectively. In [4] it was also proved that there is no
such construction for the composition of two mtts, since the class of functions
which are computed by mtts is not closed under composition. The central idea
of the composition techniques for the composition of two tree transducers my
and ms 1s the observation that, roughly speaking, intermediate results are built
up from right-hand sides of m;. Thus, instead of translating intermediate results
by ms, right-hand sides of m; are translated by ms to get the equations of a
new tree transducer m. For this purpose, m uses F,, x Fp,, as function set. In
the following, we abbreviate every pair (f,g) € Fyn, X Fm, by fg.

The composition technique for the composition class (TOP; MAC) is given
by Transformation 5.1. It will be necessary to extend the call-by-name reduction
relation to expressions containing variables (they are handled like 0-ary construc-
tors) and to restrict the call-by-name reduction relation to use only equations of
a certain mtt m, which will be denoted by =,.

Transformation 5.1 Let (p,e) € (TOP; MAC). Let my be a tdtt in p, let ms
be an mtt in p, let f; EFT%) and fo EFTEZQH), such that e=(f2 (f1 z0) 21 ... 2n,)-
We construct a new program p’ and a new initial expression ¢’ for p’ as follows.
The transformation result (p’,e’) is also denoted by Com(p, €).

1. From ms we construct an mtt my which is able to translate right-hand sides
of equations of my. Note that m- is not part of p'.
— o contains the equations of ms.

Frgzn-l—l)

— For every g € and f € F,Sfl) we add the following equation to ma:

g(fz)y.. n Iﬁl‘l Y. -Yn
where every f € F,Sff and fg with f € F,Sff and g € F&ZH) is viewed as
additional unary and (n + 1)-ary constructor, respectively.
2. p' is constructed from p by replacing m; and ms by the following mtt m
with BYTY = (Fg| £ € Fny g € Faist): For every g € Fyt™, f e Y,

and ¢ € C'Z(,k), such that f (e z1...25) = rhs(f,¢) is an equation in my, m
contains the equation

fo(cx...2p)yr . Yn = nf(=ms, g (ths(f,€)) Y1 .. - yn)
3. 6/I(f1f2 Z0 Zl...2n2) (]
Lemma 5.2 For every (p,e) € (TOP; MAC) we have (p,e) = Com(p,e). a

We omit the proof and only mention that in [4] another construction was
used, which first splits the mtt into a tdtt and a device for handling parameter
substitutions, then composes the two tdtts, and finally composes the resulting
tdtt with the substitution device. We get the same transformation result in one
step by avoiding the explicit splitting and joining of substitution devices.



Example 5.3 Let p € P consist of me; and muy, and let e3 = (mir (ex zp) z1)

€ Ej,. The mtt m ;- is given by the following equations:

mir (A x)yn = A (mir z1 (Awy)) mir N y; =y

mir (B x1) y1 = B (mir 1 (B 1)) mir (ex 1) y1 = exmir 1 Y1

The new program p; . contains only one mtt with the following equations:
W(A 1‘1) Y1 W(B l‘l) Y1

= nf (=m,.,., mir (rhs(ez, A)) y1) .= A (exmar z1 (A 1))

= nf (=m,.,., mir (B (ex #1)) y1) L

= nf (=m,.., B (mir (ex z1) (B 11))) exmir N yq

:B(er(Byl)) =...=un

The new initial expression is e; . = (exmir zg z1). Thus, Com(p,e1) = (p1,c,€1,c)-
Let to,t; € T, and 0 = [20/to, 21/t1]. We have e; .o :>l,tf)|c nf(e1,.0). a
The composition class (MAC — TOP; TOP) is handled by Transformation 5.4.
We use the additional observation that for f1 € Fi,,, fo € Fin,, and an instance
of an initial expression (fa (f1 zo z1...zn)), the results of the instances of
(f2 z1),...,(f2 zn) instead of the instances of z1,..., z, will occur in the final

output. Thus, the context arguments of the functions of the new mtt represent
the translations of the context arguments of the functions of m; by ms.

Transformation 5.4 Let (p,e) € (MAC — TOP; TOP). Let my be an mtt
in p, let ms be a tdtt in p, let fi € F,S{T’l) and fo € F,E%Q, such that e =
(f2 (fr z0 z1 ... 2n,)). Let g1, ..., gn be a fixed order of all functions in F,,,,. We
construct a new program p’ and a new initial expression ¢’ for p’ as follows. The
transformation result (p’,e’) is also denoted by Com(p, e).
1. From my we construct a tdtt ms which is able to translate right-hand sides
of equations of m;. Note that ms is not part of p’.
— o contains the equations of ms.
— For every g € FTEB and f € F,E{ll“) we add the following equation to ma:
(1) g(f_a:l Ta...Tpy1)
=fg (91 l‘z)~~~(gh l‘z) ~~~~~~ (91 l‘n+1)~~~(gh l‘n+1)
where every f € F,Efl“) and fg with f € F,Efl“) and g € FTSQ 1s viewed
as additional (n + 1)-ary and (hn + 1)-ary constructor, respectively.
— For every g € FTEB and for every y; which occurs in right-hand sides of
equations of my add the following equation to ma:
(*¥2) 99 =Yy
where every y; and every y; 4 are viewed as additional 0-ary constructors.
2. p is constructed from p by keeping m» and by replacing m; by the following
mtt m with FmHD = {foglf € F,Sfl“),g € Fin,}: For every g € F,E%Q,
fe Fﬁﬁ*”, and ¢ € C’Z(,k) such that f (cx1...21) y1...yn = vhs(f,¢) is an
equation in mj, m contains the equation

fq (ﬂ CTE) Yigy - Ylgn e Yn,gr - - - Yn,gn = W (s, g (Ths(f,¢)))
3.¢ =(fifozo(gr21).. . (gn21) ... (91 Zny) - -(gn 2ny)) ad



Note that e’ is no composition expression. The following lemma is a conse-
quence of a result in [4] and will not be proved here:

Lemma 5.5 For every (p,e) € (MAC=TOP; TOP) we have (p,e)= Com(p,e).0

Example 5.6 Let p € P consist of m., and mp, and let es = (ex (mir zg 1))
€ Ep. The tdtt m., is given by the following equations:

ex (Az1) =B (exx1) e N=N ex (mir x1 x2) = mirex x, (ex x2)
ex (Bx)=A(ex 1) €T Y1 = Y1 ex

The new program p» . contains m., and a new mtt with the following equations:

mirex (A 1) Y1 ex mirex (B 1) Y1, ex

= nf (=m,,, ex (rhs(mir, A))) =...

= af (=m,,, ex (A (mir z1 (A y1)))) = A (mirez 1 (A Y1 ex))
= nf(=m.., B (ex (mir x1 (A y1))))
= nf (=m,,, B (mirez 21 (ez (Aw)))) (1) mirex N Y1 ex
nf (=m.,, B (mirex 21 (B (ex 11)))) =...
= B (mirezx 21 (B y1,er)) = Ylex
The new initial expression is e;, = (mirex zo (ex 2z1)). Thus, Com(p,ez) =
(p2,c,€2,c). Let to,ty € T¢, and o = [z0/to, z1/t1]. We have es .0 :>L;t20)|0+|t1|
nf(es .0). d

6 Comparison

Although the transformations of Sections 4 and 5 work on nonlinear programs as
well, we restrict the following comparison to linear mtts, since nonlinear function
definitions can cause a deterioration by deforestation [20] and also by composi-
tion. We will use the following notions to compare efficiencies.

Definition 6.1 For every i € [2] let (pi,e;) € {(p,e) | p € Pt,e € E,} such
that (p1,e1) = (p2,e2). We call (p1,e1) as efficient as (at least as efficient as,

respectively) (pa,e2), denoted by E(p1,e1) = E(pa,e2) (E(pr,e1) > E(pa,e2),
respectively), if for every ¢ = [v/t, | v € var(e1) U var(ez),t, € T¢, ] and for

every oy ,, s, € IN with ¢;0 =577 nf(e;o) for every i € [2],
a1, = 2, (01,5 < a5, Tespectively).

We call (py,e1) more efficient than (pa,es), denoted by E(p1,e1) > E(p2, e2), if
E(p1,e1) > E(pa,e2) and there is ¢ = [v/t, | v € var(e1) U var(es), ty € TCpl]
and a1 ,, a9, € IN with ¢;0 =57 nf(e;o) for every i € [2] and

[eAIN] < a2 5. O

We will compare the transformations on the composition class (MAC;; MACY).
It turns out that there are different results for its three disjoint subclasses

(TOPI; MAC]), ((MAC— TOP)I; TOP]), and ((MAC— TOP)I; (MAC—TOP)])



6.1 Where Deforestation and Composition behave similarly

Example 6.2 Let p € P consist of me, and my,;, and let ey = (mir (ex zg) z1).
Examples 4.3 and 5.3 show that deforestation and the composition technique
transform (p, e1), apart from function renaming, into the same program and
initial expression. In particular, £(Def(p,e1)) = E(Com(p,e1)) > E(p,e1). O

This observation can be generalized as follows.

Lemma 6.3 For every (p,e) € (TOP1;; MAC1;): Def(p,e) = Com(p,e)
(apart from function renaming).

Proof Idea. Let (pg,eq) = Def(p,e) and (pe,e.) = Com(p,e). Let my be a
tdtt in p, ms be an mtt in p, fi € Fﬁfﬂ, and fo € F&ZH) such that e =

(f2 (fr z0) 21...2). Let ¢ € C'Z(,k). Deforestation generates in the body of the
where-clause in rule (5) the equation

Hfo(car. . zp) yi...yn = P[fo (rhs(fi,0)) y1 ... yn]

for pg and composition generates by 2. in Transformation 5.1 the equation

fifo(car.cxr) v Yo = nf (Sma, fo (Ths(fr,0) vi - yn)

for p.. Identifying f1 fo with fi f2, these two equations are equal, since
D[[fz rry.. .Tn]] = nf(:>ﬁl2af2 rry.. ~7Qn)a

for every right-hand side r of m; and for every right-hand sides r1, ..., r, of ms
in which recursion variables are instantiated by right-hand sides of my, can be
proved by an induction on » € R. Additionally, an inner induction proof on the
set of in this way instantiated right-hand sides of my has to be performed. 0O

If mtts with more than one function are considered, then Lemma 6.3 remains in
principle valid, but the composition technique sometimes constructs new func-
tions which are never used to evaluate instances of the new initial expression.
Deforestation prevents the construction of superfluous functions, since 1t mimics
the call-by-name evaluation of an arbitrarily instantiated initial expression.

Lemma 6.4 For every (p,e) € (TOP;; MAC;):  Def(p,e) = Com(p,e)
(apart from superfluous functions and apart from function renaming). a

Since deforestation does not deteriorate the efficiency (cf. e.g.[20, 18]), we get:
Corollary 6.5 For every (p,e) € (TOP;; MACY):
E(Def(p,e)) = E(Com(p,e)) > E(p,e). o

6.2 Where Composition is at least as good as Deforestation

Example 6.6 Let p € P consist of me, and my,; and let ex = (ex (mir zg 21)).
We get the result £(Com(p,ez2)) > E(Def(p,e2)) > E(p, e2) from Examples 3.5,
4.4, and 5.6.

Example 4.4 shows that on the one hand deforestation is successful in remov-
ing the intermediate constructor “outside” the recursive call of mir by replacing
A by B (cf. step marked (4) in Example 4.4).



On the other hand, deforestation cannot remove the intermediate constructor
“inside” the recursive call of mir (cf. step marked (=) in Example 4.4), since the
function ez does not reach the context argument of mer. In contrast to this, the
step () in Example 5.6 shows, that ez moves into the context argument of mir,
thereby removing also the“inside” intermediate constructor. ad

The different behaviour of the transformations is caused by the different strate-
gies to handle the “meeting” of two functions. Rule (5) in Transformation 4.1
shows that deforestation generates a new function and simply moves into the
context arguments without changing them, whereas equation (*;) in Transfor-
mation 5.4 shows that composition additionally sends the functions of ms into
the context arguments. Maybe this observation allows an improvement of de-
forestation by integrating the behaviour of (*;) into rule (5). The equation (*;)
also has one negative aspect: Since it copies context arguments according to the
number of functions of ms, the produced program can be nonlinear. We do not
know yet, how the efficiency (counting call-by-need reduction steps) of programs,
which are constructed in this way, is related to the original programs. Hence, we
restrict the statement of the following lemma to tdtts with only one function.

Theorem 6.7 For every (p,e) € (MAC — TOP);; TOP1;):
E(Com(p,e)) > E(Def(p,e)) > E(p, e). O

Before we give the proof idea, we would like to discuss, for which composition
classes we obtain strict improvements in Theorem 6.7.

Example 6.8 Let p € P consist of mey, Mapp, and mye,.
— For e = (ex (app zo z1)) we have E(Com(p,e)) = E(Def(p,e)) > E(p,e),
since already deforestation completely removes the intermediate result.
— For e = (ex (rev zp z1)) we have E(Com(p,e)) > E(Def(p,e)) = E(p,e),
since deforestation fails in removing the intermediate result, whereas com-
position completely removes it. a

The different results in Example 6.8 are caused by the different structures of
right-hand sides of app and rev. For example, rhs(app, A) has a constructor out-
side and no constructor inside the recursive function call, whereas in rhs(rev, A)
it is vice versa. Roughly speaking, deforestation can only eliminate intermediate
constructors, which occur outside the topmost function applications of right-
hand sides, whereas composition additionally eliminates intermediate construc-
tors inside the topmost function applications. Following this idea, we define a
decomposition of right-hand sides into a top-part and bottom-parts, which will
be important to state a refinement of Theorem 6.7 and to prove Theorem 6.7.

Definition 6.9 Let r € R. Define top(r) € Te(y1, ..., Yn, U1, - - ., Um), for every
i € [m] define fy, € F"*1) and x, € X, and for every j € [n;] define bot; ;(r) €
R, such that r = fop(r)[ui/(fr; Tr; boti1(r)... bot; n,(7))]. m|

Example 6.10 If » = (A (mir z1 (A y1))), then top(r) = (A w1), fr, = mir,
2, = 21, and boty 1(r) = (A y1). Thus, |top(r)|c =1 and |boty 1(r)|c = 1. O



Theorem 6.11 Let (p,e) € (MAC — TOP);; TOP1 ;). Let mq be an mtt in p,
mo be a tdtt in p, f1 € F,%T“), and fa € Fiy,,, such that e = (f2 (f1 z0...2n,)).
— If there is ¢ € C, with |top(rhs(f1,¢))|c, > 0, then

E(Def(p,e)) > E(p,e).
— Ifthere are ¢ € €}, and 4, j > 0 with |bot; ;(rhs(f1,¢))|c, > 0, and if var(l) =
var(r) for every equation ! = r of m; and ms (nondeleting condition), then

E(Com(p,e)) > E(Def(p,e)). =

Proof Idea of Theorems 6.7 and 6.11. Let (p,e) € ((MAC—TOP);; TOP1 ),
(pa,eq) = Def(p,e), and (pe,ec) = Com(p,e). Let my be an mtt in p, ma be a
tdtt in p, f1 € F,S{T’l), g€ F,EB such that e = (g (f1 z0. .- 2n,))-

Let f € F,E{ll“) and ¢ € C'Z(,k). We abbreviate top(rhs(f,c)) by top and
bot; ;(rhs(f,c)) by bot; ;. Thus, rhs(f,c) = top[ui/(fe, xr, boti1...botin,)].

Deforestation generates (if demanded) the following equation for pg:

fg(caer...xk) vy yn
=Dy (top[ui/(fr, Tr, boti1 ... bot; »,)])] (Body of where in (5))
= nf(=ma, g top)[(9 ¥;)/Ply yi1llg wi)/Dly (fr, wr, botiy .. botin,)]]
(Rules (2) and (3))
= nf(=ma, g 1op)[(9 ¥;)/(9 ¥i))[(g wi)/Plg (fr. wr, botiy ... boti )]
(Plg yil = (9 )
= nf(=ma, g top)[(g wi)/ (fr, 9 zr, Plbot; 1] ... Dlbot; »,])]
(Rule (5))
= nf(=ma, g top)[(g wi)/ (fr,g zr, boti 1 ... botin,)] (P[r] =r for r € R)
The statements D[g y;] = (¢ y;) and P[r] = r do not reflect that here functions

of my and my, respectively, are “reproduced” in general. Dr] = r can be proved
by an induction on r € R. Composition generates the following equation for p.:

E(c 1. Tk) Yi,g - -Yn,g
= nf (=m., g (Topui/(fr, Tr, boti1 ... bot; »,)])) (2.1in Transformation 5.4)

= nf (=m,, g top)[(9 i)/ nf(=ms, 9 (fr, Tr, boti1 ... bot;y,))]
(Definition of ma)

= nf (= ma, 9 top)[(9 ¥5)/Yi 4]
[(g wi)/(Frog 2k, nf (Sms, g botin) .. nf (Smy, g botin,))]
((#1) and (*2) in Tr. 5.4)
Let t1,... 1,1}, ... 1, € Tc,. Let a reduction of p start with the step

g (f (et . tp)th . .t0) =p g (top[ui/(fr, Tk, bot; 1 ... bot; n)]) i/t [yi/t]].

The continuation of this reduction will in particular force the evaluation of (g top)
and of some (g bot; ;). The corresponding first reduction step of pg is

Jog(ety . tp)ty ...t =,

nf (=m., g top)l(g y;)/ (9 )9 wi)/((Frig wr, botiyy .. botin ) x/t][yi/1])]

It saves the steps for the evaluation of (¢ top). The corresponding first reduction
step of p. also saves the steps for the evaluation of the (g bot; ;):




Jo (et . tp) (gth) ... (gt,) =p.
nf (Srma g top)l(g y;)/ (9 15)]

[(9 wi)/((fr.g ke nf (Smar g botin) . nf (Sme, g bolin )i/ Uiy /(g £1)])]
This also holds for corresponding instances of e, e4, and e.. The informal expla-
nation can be seen as heart of an induction proof on T, , for which additionally
an inner induction proof on the set of right-hand sides of m; i1s needed. The
proof also shows that, if subtrees are deleted, then this affects the three re-
ductions in the same way. If for some ¢ € C, we have |top(rhs(f1,¢))|c, > 0
(and |bot; j(rhs(f1,¢))|c, > 0 for some 4,5 > 0 such that bot; ;(rhs(f1,c)) is
not deleted by =,), then the precomputation of (¢ top(rhs(fi,¢))) (and of
(g bot; j(rhs(fi,c))), respectively) really saves reduction steps. This holds at
least for substitutions of zg in e by a tree which has the symbol ¢ at 1ts root. O

6.3 Where Deforestation is at least as good as Composition

Since for every (p,e) € (MAC —TOP);; (MAC—TOP);) the composition tech-

niques are not applicable, we define Com(p,e) = (p,e) and get as consequence:

Theorem 6.12 For every (p,e) € (MAC—TOP);;(MAC—TOP);):
E(Def(p,e)) > E(Com(p,e)) = E(p,e). o

Also here we could distinguish composition classes, which are either improved

or not improved by deforestation. Since this leads to an analysis of deforestation

and does not contribute to our intended comparison of the two techniques, we
only give representative examples for these classes:

Example 6.13 Let p € P consist of mgp, and m.,.

— For e = (app (app zo z1) 22) we have E(Def (p,e)) > E(p, e).
— For e = (rev (rev zg 21) z2) we have E(Def(p,e)) = E(p, e). a

7 Future Work

We have presented qualitative comparisons of deforestation and composition
techniques for certain composition classes. A quantitative analysis (also by using
more exact efficiency measures) would be useful, in order to calculate speedups,
which are realized by the transformations. Moreover, we would like to extend
our research to nonlinear programs and to specify composition classes, for which
nonlinearity is harmless with respect to deforestation and composition.

Other methods for the elimination of intermediate results should be inte-
grated into the comparison. Therefore, on the one hand we want to analyze
Short Cut (or: Cheap) Deforestation [11]. In [10] already an informal compar-
ison between classical deforestation and cheap deforestation is performed. On
the other hand we would like to inspect composition methods for attributed tree
transducers [6], which are abstractions of attribute grammars [14]. Such com-
position results were presented e.g.in [6, 8, 9]. They can also be used for the
composition of a restricted class of mtts [15]. For the intended comparison, we
consider macro attributed tree transducers [16] as suitable integration formalism.
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