
Comparison of Deforestation Techniques forFunctional Programs and for Tree TransducersArmin K�uhnemannGrundlagen der Programmierung, Institut f�ur Softwaretechnik I,Fakult�at Informatik, Technische Universit�at Dresden, D{01062 Dresden, Germany,e{mail: kuehne@orchid.inf.tu{dresden.deAbstract. We compare transformations for the elimination of interme-diate results in �rst-order functional programs. We choose the well knowndeforestation technique of Wadler and composition techniques from thetheory of tree transducers, of which the implementation of functionalprograms yet does not take advantage. We identify syntactic classes offunction de�nitions for which both techniques deliver equally e�cientresults and for which one technique is more powerful than the other.In particular, this paper o�ers a technique that eliminates intermediateresults for certain kinds of function de�nitions, for which deforestationfails.1 IntroductionFunctional programs frequently use compositions of functions, where functionsproduce intermediate results, which are consumed by other functions. On theone hand this modular style of programming simpli�es the design and the ver-i�cation of programs [13]. On the other hand the production and consumptionof intermediate results can cause ine�ciencies, in particular, if the intermediateresults are structured objects like lists or trees.There are several techniques for transforming programs which use intermedi-ate results into programs which do not. We compare deforestation [20, 5], whichis a well known optimization technique for functional programs, with some com-position techniques from the theory of tree transducers [7]. The comparison isrestricted to the twofold composition of �rst-order functions, which are de�nedby an extended scheme of primitive recursion, in which additionally simultaneousde�nitions of functions and nesting of terms in parameter positions are allowed.This scheme is called macro tree transducer [3] (for short mtt; cf. also [2, 4]).An mttm translates trees over a ranked alphabet of input symbols into treesover a ranked alphabet of output symbols. For this translation process, m uses aranked alphabet of functions which have at least rank 1, and a set of equations.Every function f is de�ned by a case analysis on the root symbol c of its �rstargument t. The right-hand side of the equation for f and cmay contain recursivefunction calls, where the �rst argument of a function call is a variable that refersto a subtree of t. If every function of m has rank 1, then m is called top-downtree transducer [17, 19] (for short tdtt). Throughout this paper we will use thefollowing mtts mapp, mrev , mmir , and mex as examples, where mex is a tdtt.



mapp:app (A x1) y1 = A (app x1 y1) mmir:mir (A x1) y1 = A (mir x1 (A y1))app (B x1) y1 = B (app x1 y1) mir (B x1) y1 = B (mir x1 (B y1))app N y1 = y1 mir N y1 = y1mrev: rev (A x1) y1 = rev x1 (A y1) mex : ex (A x1) = B (ex x1)rev (B x1) y1 = rev x1 (B y1) ex (B x1) = A (ex x1)rev N y1 = y1 ex N = NThe mtt mapp appends two lists containing list elements A and B, where listsare represented by monadic trees. In particular, the empty list is represented bythe symbol N with rank 0. In analogy, mrev reverses a list l (starting with anapplication rev l N ) by accumulating the list elements in the second argumentof rev . The mtt mmir combines the features of mapp and mrev by appending alist l to a list which results from a reversal of l (by starting with an applicationmir l N ). The mtt mex exchanges list elements A by B and vice versa.If we evaluate the expression e = (ex (mir l0 l1)), where l0 and l1 are lists,then mir produces an intermediate result. In particular, l0 is traversed threetimes (mir traverses l0 and ex traverses l0 and l0's reversed image).Deforestationcan be applied to e and to a program p, which consists of mex and (a slightsyntactic variant of) mmir , and delivers an expression ed = (mirex l0 l1) and afunction mirex (A x1) y1 = B (mirex x1 (A y1))mirex (B x1) y1 = A (mirex x1 (B y1))mirex N y1 = ex y1For the evaluation of ed, the list l0 is traversed only twice (mirex traverses l0and ex traverses l0's reversed image).In [4] it was shown that for the composition of an mtt with a tdtt (and viceversa) a single mtt can be constructed, which performs the same computationwithout producing an intermediate result. Since e represents a composition of themttmmir with the tdtt mex , we can get a new expression ec = (mirex l0 (ex l1))and a function mirex (A x1) y1 = B (mirex x1 (B y1))mirex (B x1) y1 = A (mirex x1 (A y1))mirex N y1 = y1The evaluation of ec requires only one traversal of l0.We will show that, like in our example, for the composition of an mtt m1with a tdtt m2 (in this order) deforestation successfully eliminates \intermediatesymbols" which occur \outside" of the topmost function calls in right-hand sidesof equations of m1, but fails in eliminating symbols \inside" of these functioncalls. It turns out that the composition technique is more powerful, since it ad-ditionally eliminates the latter symbols. For compositions of tdtts with mtts (inthis order), the transformation strategies of the composition technique and of de-forestation correspond to each other and thus deliver equally e�cient programs.Besides this introduction, the paper contains six further sections. In Section2 we �x elementary notions and notations. Section 3 introduces our functionallanguage and mtts. Section 4 and Section 5 present deforestation and the compo-sition techniques, respectively. In Section 6 the techniques are compared. Finally,Section 7 contains further research topics.



2 PreliminariesWe denote the set of natural numbers including 0 by IN . For every m 2 IN ,the set f1; : : : ;mg is denoted by [m]. We will use the sets X = fx0; x1; x2; : : :g,Y = fy0; y1; y2; : : :g, Z = fz0; z1; z2; : : :g, and V = X [ Y [ Z of recursionvariables, context variables, expression variables, and variables, respectively. Fora string w and two lists w1; : : : ; wn and w01; : : : ; w0n of strings such that no pair wiand wj with i 6= j overlaps in w, we denote by w[w1=w01; : : : ; wn=w0n] the stringwhich is obtained from w by substituting every occurrence of wi in w by w0i. Weabbreviate the substitution [w1=w01; : : : ; wn=w0n] by [wi=w0i j wi 2 fw1; : : : ; wng]or simply by [wi=w0i], if the quanti�cation is clear from the context.Let ) be a binary relation on a set K. Then, )n and )� denote the n-foldcomposition and the transitive, re
exive closure, respectively, of ). If k )� k0for k; k0 2 K and if there is no k00 2 K such that k0 ) k00, then k0 is called anormal form of k with respect to ), which is denoted by nf (); k), if it existsand if it is unique. We abbreviate nf (); k) by nf (k), if ) is clear.A ranked alphabet is a pair (S; rankS) where S is a �nite set and rankS is amapping which associates with every symbol s 2 S a natural number called therank of the symbol. The set of elements of S with rank n is denoted by S(n).For a ranked alphabet S and a subset V 0 of V , the set of trees over S indexedby V 0, denoted by TS(V 0), is the smallest subset T � (S [V 0[f(; )g)� such that{ V 0 [ S(0) � T and{ for every s 2 S(n) with n � 1 and t1; : : : ; tn 2 T : (s t1 : : : tn) 2 T .TS (;) is abbreviated by TS . Let t 2 TS(V 0). The set of variables that occur int is denoted by var (t) and the number of occurrences of symbols from a subsetS0 � S in t is denoted by jtjS0 or simply by jtj, if S = S0.3 Functional Programs and Macro Tree TransducersWe consider a simple �rst-order functional programming language P as sourcelanguage for our transformations. Every program p 2 P consists of several mtts.For simplicity we choose a unique ranked alphabet C of constructor symbols,which is used to build up input trees and output trees of every mtt in p. Thisfact and the absence of initial functions di�er from mtts in the literature. Thefunctions of an mtt are de�ned by a case analysis on the �rst argument (recursionargument) via pattern matching, where only 
at patterns are allowed. The otherarguments are called context arguments.De�nition 3.1 Let C and F be ranked alphabets of constructor symbols (orconstructors) and function symbols (or functions), respectively, such that X, Y ,C, and F are pairwise disjoint. We de�ne the classes P , MAC , D, and R ofprograms, mtts, function de�nitions, and right-hand sides, respectively, by thefollowing grammar. We assume that p, m, d, r, c, and f (also equipped withindices) range over the sets P , MAC , D, R, C, and F , respectively.



p ::= m1 : : :ml (program)m ::= d1 : : :dh (macro tree transducer)d ::= f (c1 x1 : : : xk1) y1 : : : yn = r1 (function de�nition)...f (cq x1 : : :xkq) y1 : : : yn = rqr ::= yi j f xi r1 : : : rn j c r1 : : : rk (right-hand side)The sets of constructors and functions that occur in p 2 P are denoted by Cpand Fp, respectively. The set of functions that is de�ned in m 2MAC is denotedby Fm. In addition to the grammar, the following restrictions have to be ful�lled:For every i 2 [l] and f 2 Fmi , the mttmi contains exactly one function de�nitionfor f . For every i; j 2 [l] with i 6= j: Fmi \Fmj = ;. For every i 2 [l], f 2 F (n+1)mi ,and c 2 C(k)p there is exactly one equation of the form f (c x1 : : : xk) y1 : : : yn =rhs(f; c), where rhs(f; c) 2 TCp[Fmi (fx1; : : : ; xk; y1; : : : ; yng). 2If Fm = F (1)m for an mtt m, then m is a tdtt. The classes of tdtts and of mttswhich are no tdtts are denoted by TOP and byMAC�TOP , respectively. A treet is called linear, if every variable occurs at most once in t. An mtt and a program,respectively, is called linear, if the right-hand side of each of its equations is linear.We add an index 1 (and l, respectively) to the class MAC and its subclasses,if mtts with only one function (and linear mtts, respectively) are considered.Note that our classes are syntactic classes and no semantic classes (classes ofcomputed functions), which are studied in the theory of tree transducers [7].Example 3.2 mex 2 TOP1;l and mapp;mrev ;mmir 2 (MAC �TOP)1;l. 2It turns out that deforestation in general translates a program p 2 P into aprogram p0, in which in right-hand sides of an mtt m also applications of theform f r0 r1 : : : rn with f 2 (Fp0�Fm) and without restriction \r0 = xi for somexi" can occur. We denote this target language by P+ and the set of constructorsand functions that occur in p 2 P+ by Cp and Fp, respectively.We �x call-by-name semantics, i.e. for every p 2 P+ we use a call-by-namereduction relation )p on TCp[Fp . It can be proved that in contrast to general�rst-order programs, for every p 2 P and e 2 TCp[Fp the normal form nf ()p; e)exists. The proof is based on the result in [4], that for every mtt the corresponding(nondeterministic) reduction relation is terminating (and con
uent).In the framework of mtts, a function f1 produces an intermediate result whichis consumed by another function f2, i� an application of f1 occurs in the �rst ar-gument of an application of f2. Thus, in this paper we would like to optimize theevaluation of expressions of the form (f2 (f1 t0 : : : tn1) tn1+1 : : : tn1+n2), whereeach ti is a tree over constructor symbols. Since the particular constructor treesare not relevant for the transformations, we abstract them by expression vari-ables and transform expressions of the form (f2 (f1 z0 : : : zn1) zn1+1 : : : zn1+n2),which we call composition expressions. The transformations will deliver expres-sions of the form (f z0 z1 : : : zn) or (f z0 (f1 z1) : : : (fn zn)). All these expressionsare special initial expressions for programs, which are de�ned as follows.



De�nition 3.3 Let p 2 P+ and let f range over Fp. The set of initial expres-sions for p, denoted by Ep, is de�ned as follows, where e (also equipped withindices) ranges over Ep:e ::= f e0 e1 : : : en j zi (initial expression for a program) 2Our transformation techniques take elements of the class f(p; e) j p 2 P; e 2 Epgas input. This class contains the following subclasses with linear compositionexpressions, for which we would like to compare the transformation techniques.De�nition 3.4 For every i 2 [2] let Mi be the class MAC or one of its sub-classes. The composition class (M1;M2) is the set f(p; e) j p 2 P; e 2 Ep, thereare mtts m1 and m2 in p with m1 2 M1, m2 2M2, and there are f1 2 F (n1+1)m1and f2 2 F (n2+1)m2 such that e = (f2 (f1 z0 z1 : : : zn1) zn1+1 : : : zn1+n2)g. 2Example 3.5 Let p consist of mex and mmir . Then, e1 = (mir (ex z0) z1) 2 Epand e2 = (ex (mir z0 z1)) 2 Ep. Moreover, (p; e1) 2 (TOP1;l; (MAC � TOP)1;l)and (p; e2) 2 ((MAC �TOP)1;l;TOP1;l). Let t0; t1 2 TCp and � = [z0=t0; z1=t1].Then we have e1�)2�jt0jp nf (e1�) and e2� )3�jt0j+jt1j�2p nf (e2�). 2The transformations should preserve the semantics of pairs in f(p; e) j p 2 P; e 2Epg. This is formalized by the following notion of equivalence.De�nition 3.6 For every i 2 [2] let (pi; ei)2f(p; e) j p 2 P+; e 2 Epg. The pairs(p1; e1) and (p2; e2) are called equivalent, denoted by (p1; e1) � (p2; e2), if Cp1 =Cp2 and if for every substitution � = [v=tv j v 2 var (e1) [ var(e2); tv 2 TCp1 ],nf ()p1 ; e1�) = nf ()p2 ; e2�): 24 DeforestationThe (classical) deforestation technique [20, 5] can be seen as algorithmic instanceof the fold/unfold-technique in [1]. The presentation of deforestation in Trans-formation 4.1 obeys the syntax of our language P and is similar to e.g. [18].Deforestation mimics call-by-name reduction steps (unfold-steps) on expressionswith variables, i.e. with \values" which are unknown at transformation time.Therefore, deforestation de�nes new functions by case analysis, whenever it hasto handle an unknown value v in the recursion argument of a function applica-tion. Roughly speaking, it uses an expansion of v by every possible constructor.For treeless programs [20], in which essentially every occurrence of a functionin the right-hand side of an equation is only applied to variables, the terminationof deforestation is ensured by using already de�ned functions, whenever this ispossible (fold-steps). The programs in P are not treeless, since mtts may usenesting of terms in parameter positions. To ensure termination of deforestationalso on P , we assume that every context argument of a function application isimplicitly abstracted by a let-expression [20, 12], i.e. we handle (f xi t1 : : : tn)as if it were written like let v1 = t1; : : : ; vn = tn in (f xi v1 : : : vn). We do notchoose explicit let-expressions, since this would expand the description of thecomposition techniques and the comparison in Sections 5 and 6, respectively.



Transformation 4.1 Let (p; e) 2 (MAC ;MAC ). We de�ne a function D whichtakes e (and implicitly p) as input. D assumes an implicit abstraction with let-expressions and is specialized to handle composition expressions. It can be shownthat the �ve rules for D perform a complete and disjoint case analysis on the setT of expressions over Cp, Fp, and V , which are encountered starting with a com-position expression. In particular, T does not contain expressions of the forms(f3 (f2 (f1 : : :) : : :) : : :) and (f2 (f1 (c : : :) : : :) : : :). The symbols v, c, f , and t(also with indices and apostrophes) range over the sets V , Cp = fc1; : : : ; cqg, Fp,and T , respectively. The notation ef and gf1f2 in rules (4) and (5), respectively,refers to a function f and f1f2, respectively, which either is constructed as spec-i�ed behind \where" (\where" does not occur in the transformation result), orwhich was already constructed. In this way D[[e]] delivers a new program p0 2 P+and a new initial expression e0 for p0. We denote the transformation result (p0; e0)also by Def (p; e).(1) D[[v]] = v(2) D[[c t1 : : : tk]] = c D[[t1]] : : :D[[tk]](3) D[[f (c t1 : : : tk) t01 : : : t0n]] = D[[rhs(f; c)[xi=ti][yi=t0i]]](4) D[[f v t01 : : : t0n]] = ef v D[[t01]] : : :D[[t0n]] whereef (c1 x1 : : :xk1) y1 : : : yn = D[[rhs(f; c1)]]...ef (cq x1 : : :xkq) y1 : : : yn = D[[rhs(f; cq)]](5) D[[f2 (f1 v t1 : : : tn1) t01 : : : t0n2 ]] = gf1f2 v D[[t1]] : : :D[[tn1]] D[[t01]] : : :D[[t0n2]]wheregf1f2 (c1 x1 : : :xk1) y1 : : : yn1+n2 = D[[f2 (rhs(f1; c1)) yn1+1 : : : yn1+n2 ]]...gf1f2 (cq x1 : : :xkq) y1 : : : yn1+n2 = D[[f2 (rhs(f1; cq)) yn1+1 : : : yn1+n2 ]] 2Lemma 4.2 For every (p; e) 2 (MAC ;MAC ) we have (p; e) � Def (p; e). 2Instead of proving Lemma 4.2 formally, we argue by showing the similaritiesand di�erences of Transformation 4.1 and deforestation as it is described e.g. in[18]: D terminates, since for the composition of two mtts m1 and m2 with h1and h2 functions, respectively, it constructs at most h1h2 + h1 + h2 functions.The rules (4) and (5) re
ect the implicit abstraction of context arguments bylet-expressions and di�er from the usual presentation (cf. e.g. rule (5) in [18]).In the following we show that rule (4) performs the same transformation astransformation rules in the literature, which can handle explicit let-expressions(cf. e.g. [20]). For rule (5) an analogous argument holds.D[[f v t01 : : : t0n]]= D[[let v1 = t01; : : : ; vn = t0n in (f v v1 : : : vn)]] (let-abstraction)= let v1 = D[[t01]]; : : : ; vn = D[[t0n]] in D[[f v v1 : : : vn]] (D on let-expr.)= let v1 = D[[t01]]; : : : ; vn = D[[t0n]] in ( ef v v1 : : : vn) where : : : (D on function)= ef v D[[t01]] : : :D[[t0n]] where : : : (inlining of let)



Note that in contrast to e.g. [18] we do not introduce a new function in rule(3) for two reasons: On the one hand mtts do not allow f-functions in the senseof [18], which are de�ned without pattern matching. On the other hand, theintroduction of f-functions does not contribute to the elimination of intermediateresults. The omission of an f-function in rule (3) can cause a later terminationof D, but does not a�ect termination at all, since at the critical steps, wherean expansion of variables is performed, new functions are introduced. Note alsothat f-functions which are not postunfolded later [18], increase the number ofreduction steps.For initial expressions like (app z0 (app z1 z2)), which are no compositionexpressions, our deforestation algorithm would behave di�erently from the algo-rithm described in [20], since (app z0 (app z1 z2)) would be treated as if it werethe expression let v = (app z1 z2) in (app z0 v).Example 4.3 Let p 2 P consist of mex and mmir and let e1 = (mir (ex z0) z1)2 Ep. Then, D[[mir (ex z0) z1]] = (exmir z0 D[[z1]]) = (exmir z0 z1) whereexmir (A x1) y1 exmir (B x1) y1= D[[mir (rhs(ex ; A)) y1]] = : : := A (exmir x1 (A y1))= D[[mir (B (ex x1)) y1]]= D[[B (mir (ex x1) (B y1))]] exmir N y1= B D[[mir (ex x1) (B y1)]] = D[[mir (rhs(ex ; N )) y1]]= B (exmir x1 D[[B y1]]) = D[[mir N y1]]= B (exmir x1 (B D[[y1]])) = D[[y1]]= B (exmir x1 (B y1)) = y1The new initial expression is e1;d = (exmir z0 z1) and the new program p1;dcontains the above three equations for the function exmir (where both sides ofevery equation are underlined). Thus, Def (p; e1) = (p1;d; e1;d). Let t0; t1 2 TCpand � = [z0=t0; z1=t1]. We have e1;d� )jt0jp1;d nf (e1;d�). 2Example 4.4 Let p 2 P consist of mex and mmir and let e2 = (ex (mir z0 z1))2 Ep. Then, D[[ex (mir z0 z1)]] = (mirex z0 D[[z1]]) = (mirex z0 z1) wheremirex (A x1) y1 mirex (B x1) y1= D[[ex (rhs(mir; A))]] = : : : = A (mirex x1 (B y1))= D[[ex (A (mir x1 (A y1)))]]= D[[B (ex (mir x1 (A y1)))]] (+) mirex N y1= B D[[ex (mir x1 (A y1))]] = D[[ex (rhs(mir; N ))]]= B (mirex x1 D[[A y1]]) = D[[ex y1]]= B (mirex x1 (A D[[y1]])) (�) = ex y1= B (mirex x1 (A y1)) where ex is de�ned as in mex :The symbols (+) and (�) are explained later. The new initial expression is e2;d =(mirex z0 z1) and the new program p2;d contains the above three equations forthe function mirex and the equations from mex . Thus, Def (p; e2) = (p2;d; e2;d).Note that p2;d 2 (P+ � P ), because of the equation mirex N y1 = ex y1. Lett0; t1 2 TCp and � = [z0=t0; z1=t1]. We have e2;d� )2�jt0j+jt1j�1p2;d nf (e2;d�). 2



5 Composition TechniquesIn [17] it was shown that the composition of two tdtts can be simulated by onlyone tdtt. This result was generalized in [4], where composition techniques arepresented which construct an mtt for the composition of a tdtt with an mtt,and of an mtt with a tdtt, respectively. In [4] it was also proved that there is nosuch construction for the composition of two mtts, since the class of functionswhich are computed by mtts is not closed under composition. The central ideaof the composition techniques for the composition of two tree transducers m1and m2 is the observation that, roughly speaking, intermediate results are builtup from right-hand sides of m1. Thus, instead of translating intermediate resultsby m2, right-hand sides of m1 are translated by m2 to get the equations of anew tree transducer m. For this purpose, m uses Fm1 � Fm2 as function set. Inthe following, we abbreviate every pair (f; g) 2 Fm1 � Fm2 by fg.The composition technique for the composition class (TOP ;MAC ) is givenby Transformation 5.1. It will be necessary to extend the call-by-name reductionrelation to expressions containing variables (they are handled like 0-ary construc-tors) and to restrict the call-by-name reduction relation to use only equations ofa certain mtt m, which will be denoted by )m.Transformation 5.1 Let (p; e) 2 (TOP ;MAC ). Let m1 be a tdtt in p, let m2be an mtt in p, let f12F (1)m1 and f22F (n2+1)m2 , such that e=(f2 (f1 z0) z1 : : : zn2).We construct a new program p0 and a new initial expression e0 for p0 as follows.The transformation result (p0; e0) is also denoted by Com(p; e).1. From m2 we construct an mtt �m2 which is able to translate right-hand sidesof equations of m1. Note that �m2 is not part of p0.{ �m2 contains the equations of m2.{ For every g 2 F (n+1)m2 and f 2 F (1)m1 we add the following equation to �m2:g (f x1) y1 : : : yn = fg x1 y1 : : : ynwhere every f 2 F (1)m1 and fg with f 2 F (1)m1 and g 2 F (n+1)m2 is viewed asadditional unary and (n + 1)-ary constructor, respectively.2. p0 is constructed from p by replacing m1 and m2 by the following mtt mwith F (n+1)m = ffg j f 2 Fm1 ; g 2 F (n+1)m2 g: For every g 2 F (n+1)m2 , f 2 F (1)m1 ,and c 2 C(k)p , such that f (c x1 : : :xk) = rhs(f; c) is an equation in m1, mcontains the equationfg (c x1 : : : xk) y1 : : : yn = nf () �m2 ; g (rhs(f; c)) y1 : : : yn)3. e0 = (f1f2 z0 z1 : : : zn2) 2Lemma 5.2 For every (p; e) 2 (TOP ;MAC ) we have (p; e) � Com(p; e). 2We omit the proof and only mention that in [4] another construction wasused, which �rst splits the mtt into a tdtt and a device for handling parametersubstitutions, then composes the two tdtts, and �nally composes the resultingtdtt with the substitution device. We get the same transformation result in onestep by avoiding the explicit splitting and joining of substitution devices.



Example 5.3 Let p 2 P consist of mex and mmir and let e1 = (mir (ex z0) z1)2 Ep. The mtt �mmir is given by the following equations:mir (A x1) y1 = A (mir x1 (A y1)) mir N y1 = y1mir (B x1) y1 = B (mir x1 (B y1)) mir (ex x1) y1 = exmir x1 y1The new program p1;c contains only one mtt with the following equations:exmir (A x1) y1 exmir (B x1) y1= nf () �mmir ;mir (rhs(ex ; A)) y1) = : : : = A (exmir x1 (A y1))= nf () �mmir ;mir (B (ex x1)) y1)= nf () �mmir ; B (mir (ex x1) (B y1))) exmir N y1= B (exmir x1 (B y1)) = : : : = y1The new initial expression is e1;c = (exmir z0 z1). Thus,Com(p; e1) = (p1;c; e1;c).Let t0; t1 2 TCp and � = [z0=t0; z1=t1]. We have e1;c� )jt0jp1;c nf (e1;c�). 2The composition class (MAC �TOP ;TOP) is handled by Transformation 5.4.We use the additional observation that for f1 2 Fm1 , f2 2 Fm2 , and an instanceof an initial expression (f2 (f1 z0 z1 : : : zn)), the results of the instances of(f2 z1); : : : ; (f2 zn) instead of the instances of z1; : : : ; zn will occur in the �naloutput. Thus, the context arguments of the functions of the new mtt representthe translations of the context arguments of the functions of m1 by m2.Transformation 5.4 Let (p; e) 2 (MAC �TOP ;TOP). Let m1 be an mttin p, let m2 be a tdtt in p, let f1 2 F (n1+1)m1 and f2 2 F (1)m2 , such that e =(f2 (f1 z0 z1 : : : zn1)). Let g1; : : : ; gh be a �xed order of all functions in Fm2 . Weconstruct a new program p0 and a new initial expression e0 for p0 as follows. Thetransformation result (p0; e0) is also denoted by Com(p; e).1. From m2 we construct a tdtt �m2 which is able to translate right-hand sidesof equations of m1. Note that �m2 is not part of p0.{ �m2 contains the equations of m2.{ For every g 2 F (1)m2 and f 2 F (n+1)m1 we add the following equation to �m2:(�1) g (f x1 x2 : : :xn+1)= fg x1 (g1 x2) : : : (gh x2) : : : : : : (g1 xn+1) : : : (gh xn+1)where every f 2 F (n+1)m1 and fg with f 2 F (n+1)m1 and g 2 F (1)m2 is viewedas additional (n+ 1)-ary and (hn+ 1)-ary constructor, respectively.{ For every g 2 F (1)m2 and for every yj which occurs in right-hand sides ofequations of m1 add the following equation to �m2:(�2) g yj = yj;gwhere every yj and every yj;g are viewed as additional 0-ary constructors.2. p0 is constructed from p by keeping m2 and by replacing m1 by the followingmtt m with F (hn+1)m = ffg j f 2 F (n+1)m1 ; g 2 Fm2g: For every g 2 F (1)m2 ,f 2 F (n+1)m1 , and c 2 C(k)p such that f (c x1 : : :xk) y1 : : : yn = rhs(f; c) is anequation in m1, m contains the equationfg (c x1 : : : xk) y1;g1 : : : y1;gh : : : : : : yn;g1 : : : yn;gh = nf () �m2 ; g (rhs(f; c)))3. e0 = (f1f2 z0 (g1 z1) : : : (gh z1) : : : : : : (g1 zn1) : : : (gh zn1)) 2



Note that e0 is no composition expression. The following lemma is a conse-quence of a result in [4] and will not be proved here:Lemma 5.5 For every (p; e)2 (MAC�TOP ;TOP) we have (p; e)�Com(p; e).2Example 5.6 Let p 2 P consist of mex and mmir and let e2 = (ex (mir z0 z1))2 Ep. The tdtt �mex is given by the following equations:ex (A x1) = B (ex x1) ex N = N ex (mir x1 x2) = mirex x1 (ex x2)ex (B x1) = A (ex x1) ex y1 = y1;exThe new program p2;c contains mex and a new mtt with the following equations:mirex (A x1) y1;ex mirex (B x1) y1;ex= nf () �mex ; ex (rhs(mir ; A))) = : : := nf () �mex ; ex (A (mir x1 (A y1)))) = A (mirex x1 (A y1;ex ))= nf () �mex ; B (ex (mir x1 (A y1))))= nf () �mex ; B (mirex x1 (ex (A y1)))) ( ! ) mirex N y1;ex= nf () �mex ; B (mirex x1 (B (ex y1)))) = : : := B (mirex x1 (B y1;ex )) = y1;exThe new initial expression is e2;c = (mirex z0 (ex z1)). Thus, Com(p; e2) =(p2;c; e2;c). Let t0; t1 2 TCp and � = [z0=t0; z1=t1]. We have e2;c� )jt0j+jt1jp2;cnf (e2;c�). 26 ComparisonAlthough the transformations of Sections 4 and 5 work on nonlinear programs aswell, we restrict the following comparison to linear mtts, since nonlinear functionde�nitions can cause a deterioration by deforestation [20] and also by composi-tion. We will use the following notions to compare e�ciencies.De�nition 6.1 For every i 2 [2] let (pi; ei) 2 f(p; e) j p 2 P+; e 2 Epg suchthat (p1; e1) � (p2; e2). We call (p1; e1) as e�cient as (at least as e�cient as,respectively) (p2; e2), denoted by E(p1; e1) = E(p2; e2) (E(p1; e1) � E(p2; e2),respectively), if for every � = [v=tv j v 2 var (e1) [ var(e2); tv 2 TCp1 ] and forevery �1;�; �2;� 2 IN with ei� )�i;�pi nf (ei�) for every i 2 [2],�1;� = �2;� (�1;� � �2;�, respectively):We call (p1; e1) more e�cient than (p2; e2), denoted by E(p1; e1) > E(p2; e2), ifE(p1; e1) � E(p2; e2) and there is � = [v=tv j v 2 var(e1) [ var (e2); tv 2 TCp1 ]and �1;�; �2;� 2 IN with ei� )�i;�pi nf (ei�) for every i 2 [2] and�1;� < �2;�: 2We will compare the transformations on the composition class (MAC l;MAC l).It turns out that there are di�erent results for its three disjoint subclasses(TOP l;MAC l), ((MAC�TOP )l;TOP l), and ((MAC�TOP )l; (MAC�TOP )l).



6.1 Where Deforestation and Composition behave similarlyExample 6.2 Let p 2 P consist of mex and mmir and let e1 = (mir (ex z0) z1).Examples 4.3 and 5.3 show that deforestation and the composition techniquetransform (p; e1), apart from function renaming, into the same program andinitial expression. In particular, E(Def (p; e1)) = E(Com(p; e1)) > E(p; e1). 2This observation can be generalized as follows.Lemma 6.3 For every (p; e) 2 (TOP1;l;MAC 1;l): Def (p; e) = Com(p; e)(apart from function renaming).Proof Idea. Let (pd; ed) = Def (p; e) and (pc; ec) = Com(p; e). Let m1 be atdtt in p, m2 be an mtt in p, f1 2 F (1)m1 , and f2 2 F (n+1)m2 such that e =(f2 (f1 z0) z1 : : : zn). Let c 2 C(k)p . Deforestation generates in the body of thewhere-clause in rule (5) the equationf1f2 (c x1 : : : xk) y1 : : : yn = D[[f2 (rhs(f1; c)) y1 : : : yn]]for pd and composition generates by 2. in Transformation 5.1 the equationf1f2 (c x1 : : :xk) y1 : : : yn = nf () �m2 ; f2 (rhs(f1; c)) y1 : : : yn)for pc. Identifying f1f2 with f1f2, these two equations are equal, sinceD[[f2 r r1 : : : rn]] = nf () �m2 ; f2 r r1 : : : rn);for every right-hand side r of m1 and for every right-hand sides r1; : : : ; rn of m2in which recursion variables are instantiated by right-hand sides of m1, can beproved by an induction on r 2 R. Additionally, an inner induction proof on theset of in this way instantiated right-hand sides of m2 has to be performed. 2If mtts with more than one function are considered, then Lemma 6.3 remains inprinciple valid, but the composition technique sometimes constructs new func-tions which are never used to evaluate instances of the new initial expression.Deforestation prevents the construction of super
uous functions, since it mimicsthe call-by-name evaluation of an arbitrarily instantiated initial expression.Lemma 6.4 For every (p; e) 2 (TOP l;MAC l): Def (p; e) = Com(p; e)(apart from super
uous functions and apart from function renaming). 2Since deforestation does not deteriorate the e�ciency (cf. e.g.[20, 18]), we get:Corollary 6.5 For every (p; e) 2 (TOP l;MAC l):E(Def (p; e)) = E(Com(p; e)) � E(p; e): 26.2 Where Composition is at least as good as DeforestationExample 6.6 Let p 2 P consist of mex and mmir and let e2 = (ex (mir z0 z1)).We get the result E(Com(p; e2))> E(Def (p; e2))> E(p; e2) from Examples 3.5,4.4, and 5.6.Example 4.4 shows that on the one hand deforestation is successful in remov-ing the intermediate constructor \outside" the recursive call of mir by replacingA by B (cf. step marked (+) in Example 4.4).



On the other hand, deforestation cannot remove the intermediate constructor\inside" the recursive call of mir (cf. step marked (�) in Example 4.4), since thefunction ex does not reach the context argument of mir . In contrast to this, thestep ( ! ) in Example 5.6 shows, that ex moves into the context argument of mir ,thereby removing also the\inside" intermediate constructor. 2The di�erent behaviour of the transformations is caused by the di�erent strate-gies to handle the \meeting" of two functions. Rule (5) in Transformation 4.1shows that deforestation generates a new function and simply moves into thecontext arguments without changing them, whereas equation (�1) in Transfor-mation 5.4 shows that composition additionally sends the functions of m2 intothe context arguments. Maybe this observation allows an improvement of de-forestation by integrating the behaviour of (�1) into rule (5). The equation (�1)also has one negative aspect: Since it copies context arguments according to thenumber of functions of m2, the produced program can be nonlinear. We do notknow yet, how the e�ciency (counting call-by-need reduction steps) of programs,which are constructed in this way, is related to the original programs. Hence, werestrict the statement of the following lemma to tdtts with only one function.Theorem 6.7 For every (p; e) 2 ((MAC � TOP)l;TOP1;l):E(Com(p; e)) � E(Def (p; e)) � E(p; e): 2Before we give the proof idea, we would like to discuss, for which compositionclasses we obtain strict improvements in Theorem 6.7.Example 6.8 Let p 2 P consist of mex , mapp, and mrev .{ For e = (ex (app z0 z1)) we have E(Com(p; e)) = E(Def (p; e)) > E(p; e),since already deforestation completely removes the intermediate result.{ For e = (ex (rev z0 z1)) we have E(Com(p; e)) > E(Def (p; e)) = E(p; e),since deforestation fails in removing the intermediate result, whereas com-position completely removes it. 2The di�erent results in Example 6.8 are caused by the di�erent structures ofright-hand sides of app and rev . For example, rhs(app ; A) has a constructor out-side and no constructor inside the recursive function call, whereas in rhs(rev ; A)it is vice versa. Roughly speaking, deforestation can only eliminate intermediateconstructors, which occur outside the topmost function applications of right-hand sides, whereas composition additionally eliminates intermediate construc-tors inside the topmost function applications. Following this idea, we de�ne adecomposition of right-hand sides into a top-part and bottom-parts, which willbe important to state a re�nement of Theorem 6.7 and to prove Theorem 6.7.De�nition 6.9 Let r 2 R. De�ne top(r) 2 TC(y1; : : : ; yn; u1; : : : ; um), for everyi 2 [m] de�ne fki 2 F (ni+1) and xki 2 X, and for every j 2 [ni] de�ne bot i;j(r) 2R, such that r = top(r)[ui=(fki xki bot i;1(r) : : :bot i;ni(r))]. 2Example 6.10 If r = (A (mir x1 (A y1))), then top(r) = (A u1), fk1 = mir ,xk1 = x1, and bot1;1(r) = (A y1). Thus, jtop(r)jC = 1 and jbot1;1(r)jC = 1. 2



Theorem 6.11 Let (p; e) 2 ((MAC �TOP)l;TOP1;l). Let m1 be an mtt in p,m2 be a tdtt in p, f1 2 F (n1+1)m1 , and f2 2 Fm2 , such that e = (f2 (f1 z0 : : : zn1 )).{ If there is c 2 Cp with jtop(rhs(f1; c))jCp > 0, thenE(Def (p; e)) > E(p; e):{ If there are c 2 Cp, and i; j > 0 with jboti;j(rhs(f1; c))jCp > 0, and if var(l) =var(r) for every equation l = r of m1 and m2 (nondeleting condition), thenE(Com(p; e)) > E(Def (p; e)): 2Proof Idea of Theorems 6.7 and 6.11. Let (p; e) 2 ((MAC�TOP)l;TOP1;l),(pd; ed) = Def (p; e), and (pc; ec) = Com(p; e). Let m1 be an mtt in p, m2 be atdtt in p, f1 2 F (n1+1)m1 , g 2 F (1)m2 such that e = (g (f1 z0 : : : zn1)).Let f 2 F (n+1)m1 and c 2 C(k)p . We abbreviate top(rhs(f; c)) by top andbot i;j(rhs(f; c)) by bot i;j. Thus, rhs(f; c) = top[ui=(fki xki bot i;1 : : :bot i;ni)].Deforestation generates (if demanded) the following equation for pd:fg (c x1 : : :xk) y1 : : : yn= D[[g (top[ui=(fki xki bot i;1 : : : boti;ni)])]] (Body of where in (5))= nf ()m2 ; g top)[(g yj)=D[[g yj ]]][(g ui)=D[[g (fki xki bot i;1 : : :bot i;ni)]]](Rules (2) and (3))= nf ()m2 ; g top)[(g yj)=(g yj)][(g ui)=D[[g (fki xki bot i;1 : : :bot i;ni)]]](D[[g yj ]] = (g yj))= nf ()m2 ; g top)[(g ui)=(fkig xki D[[boti;1]] : : :D[[boti;ni]])](Rule (5))= nf ()m2 ; g top)[(g ui)=(fkig xki bot i;1 : : :bot i;ni)] (D[[r]] = r for r 2 R)The statements D[[g yj ]] = (g yj) and D[[r]] = r do not re
ect that here functionsof m2 and m1, respectively, are \reproduced" in general. D[[r]] = r can be provedby an induction on r 2 R. Composition generates the following equation for pc:fg (c x1 : : :xk) y1;g : : : yn;g= nf () �m2 ; g (top[ui=(fki xki boti;1 : : :bot i;ni)])) (2. in Transformation 5.4)= nf () �m2 ; g top)[(g ui)=nf () �m2 ; g (fki xki bot i;1 : : : boti;ni))](De�nition of �m2)= nf ()m2 ; g top)[(g yj)=yj;g][(g ui)=(fkig xki nf () �m2 ; g bot i;1) : : :nf () �m2 ; g boti;ni))]((�1) and (�2) in Tr. 5.4)Let t1; : : : ; tk; t01; : : : ; t0n 2 TCp . Let a reduction of p start with the stepg (f (c t1 : : : tk) t01 : : : t0n))p g (top[ui=(fki xki bot i;1 : : :bot i;ni)])[xl=tl][yl=t0l]:The continuation of this reduction will in particular force the evaluation of (g top)and of some (g bot i;j). The corresponding �rst reduction step of pd isfg (c t1 : : : tk) t01 : : : t0n )pdnf ()m2 ; g top)[(g yj)=(g t0j)][(g ui)=((fkig xki bot i;1 : : :bot i;ni)[xl=tl][yl=t0l])]It saves the steps for the evaluation of (g top). The corresponding �rst reductionstep of pc also saves the steps for the evaluation of the (g bot i;j):



fg (c t1 : : : tk) (g t01) : : : (g t0n) )pcnf ()m2 ; g top)[(g yj)=(g t0j)][(g ui)=((fkig xki nf () �m2 ; g bot i;1) : : :nf () �m2 ; g bot i;ni))[xl=tl][yl;g=(g t0l)])]This also holds for corresponding instances of e, ed, and ec. The informal expla-nation can be seen as heart of an induction proof on TCp , for which additionallyan inner induction proof on the set of right-hand sides of m1 is needed. Theproof also shows that, if subtrees are deleted, then this a�ects the three re-ductions in the same way. If for some c 2 Cp we have jtop(rhs(f1; c))jCp > 0(and jboti;j(rhs(f1; c))jCp > 0 for some i; j > 0 such that bot i;j(rhs(f1; c)) isnot deleted by )p), then the precomputation of (g top(rhs(f1; c))) (and of(g bot i;j(rhs(f1; c))), respectively) really saves reduction steps. This holds atleast for substitutions of z0 in e by a tree which has the symbol c at its root. 26.3 Where Deforestation is at least as good as CompositionSince for every (p; e) 2 ((MAC�TOP)l; (MAC�TOP)l) the composition tech-niques are not applicable, we de�ne Com(p; e) = (p; e) and get as consequence:Theorem 6.12 For every (p; e) 2 ((MAC�TOP )l; (MAC�TOP )l):E(Def (p; e)) � E(Com(p; e)) = E(p; e): 2Also here we could distinguish composition classes, which are either improvedor not improved by deforestation. Since this leads to an analysis of deforestationand does not contribute to our intended comparison of the two techniques, weonly give representative examples for these classes:Example 6.13 Let p 2 P consist of mapp and mrev .{ For e = (app (app z0 z1) z2) we have E(Def (p; e)) > E(p; e).{ For e = (rev (rev z0 z1) z2) we have E(Def (p; e)) = E(p; e). 27 Future WorkWe have presented qualitative comparisons of deforestation and compositiontechniques for certain composition classes. A quantitative analysis (also by usingmore exact e�ciency measures) would be useful, in order to calculate speedups,which are realized by the transformations. Moreover, we would like to extendour research to nonlinear programs and to specify composition classes, for whichnonlinearity is harmless with respect to deforestation and composition.Other methods for the elimination of intermediate results should be inte-grated into the comparison. Therefore, on the one hand we want to analyzeShort Cut (or: Cheap) Deforestation [11]. In [10] already an informal compar-ison between classical deforestation and cheap deforestation is performed. Onthe other hand we would like to inspect composition methods for attributed treetransducers [6], which are abstractions of attribute grammars [14]. Such com-position results were presented e.g. in [6, 8, 9]. They can also be used for thecomposition of a restricted class of mtts [15]. For the intended comparison, weconsider macro attributed tree transducers [16] as suitable integration formalism.
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