
6Bisimulations and Boolean Ve
torsMelvin Fittingabstra
t. A modal a

essibility relation is just a transition rela-tion, and so 
an be represented by a f0;1g valued transition matrix.Starting from this observation, I �rst show that the ma
hinery ofmatri
es, over Boolean algebras more general than the two-valuedone, is appropriate for investigating multi-modal semanti
s. Then Ishow that bisimulations have a rather elegant theory, when expressedin terms of transformations on Boolean ve
tor spa
es. The result-ing theory is a 
urious hybrid, �tting between 
onventional modalsemanti
s and 
onventional linear algebra. I don't know where theinvestigations begun here will ultimately wind up, but in the mean-time the approa
h has a kind of 
urious 
harm that others may �ndappealing.1 Introdu
tionBisimulations are to Kripke, or transition, stru
tures as homomorphismsare to groups. Yet while this sounds right, it 
annot quite be so, sin
ebisimulations are not maps between frames, but are relations between them.In this paper I show that a shift in the point of view, from Kripke frames to
losely related Boolean ve
tor spa
es, turns bisimulations from relations tolinear mappings having rather ni
e properties. Mono-modal frames give riseto Boolean ve
tor spa
es over the familiar two-valued Boolean algebra, whilemulti-modal frames bring more 
omplex Boolean algebras into the pi
ture.Still, the basi
 ideas remain the same for both the mono- and the multi-modal 
ases. The point of this approa
h is not to prove new results, butto look at well-known results in a new way, hoping that a fresh perspe
tivewill lead to fresh insights.The paper begins with several se
tions dis
ussing ba
kground. The for-mal work on Boolean valued ve
tor spa
es begins with Se
tion 5.2 Familiar ba
kgroundAs will be seen shortly, there is little formal di�eren
e in the algebrai
treatment presented here between mono- and multi-modal logi
s, so I'llbegin with the general 
ase from the start. Let K be a non-empty set, �niteor 
ountable. We might 
onsider the members of K to be knowers, butAdvan
es in Modal Logi
, Volume 4, 97{125.
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98 Melvin Fittingnothing depends on this. For 
onvenien
e, if K is �nite, I'll assume it isf1; 2; : : : ; ng, and if it is in�nite, f1; 2; : : :g.A K-language is a propositional modal language, built up from proposi-tional letters (typi
ally P , Q, . . . ) using the propositional 
onne
tives ^,_, : (with � taken as a de�ned 
onne
tive) and the modal operators �kfor ea
h k 2 K (with �k taken as a de�ned 
onne
tive). I'll skip the obvi-ous language details. If K = f1g I'll say the language is mono-modal, andotherwise, multi-modal.A K-frame is a tuple, hG;Rk : k 2 Ki, where G is a non-empty set andea
hRk is a binary relation on G. As usual, members of G will be referred toas possible worlds, and ea
h Rk as an a

essibility relation, or a transition.If F = hG;Rk : k 2 Ki is a K-frame then the stru
ture hF ; vi is a K-model based on this frame provided v is a mapping from members of Gand formulas to truth values f0;1g (with the usual Boolean stru
ture) su
hthat, for ea
h � 2 G:1. v(�;:X) = :v(�; X)2. v(�; X ^ Y ) = v(�; X) ^ v(�; Y )3. v(�; X _ Y ) = v(�; X) _ v(�; Y )4. v(�;�kX) = 1 if and only if v(�; X) = 1 for some � 2 G su
h that�Rk�Of 
ourse the behavior of v is 
ompletely determined by its behavior onpropositional letters.Next is the notion of bisimulation. I divide this into two parts, one
on
erning frames, the other 
on
erning models. Customarily these are
ombined, but it is more 
onvenient in the present treatment to separatethe notions. In addition, I give a version that is more general than usual,allowing the bisimulation relation to be parametrized by modal operator.As it happens, it is no more work to treat this version than the usual one inthe 
ontext of the paper. The usual version be
omes a spe
ial 
ase, whi
hI designate with the terminology standard.DEFINITION 1 Let FG = hG;Rk : k 2 Ki and FH = hH;Sk : k 2 Ki betwo K-frames. Also let A = hAk : k 2 Ki be a family of relations betweenG and H. A is a frame bisimulation between FG and FH provided:1. For all �1;�2 2 G and �1 2 H, if �1Ak�1, and �1Rk�2, then thereis some �2 2 H su
h that �2Ak�2 and �1Sk�2,2. For all �1;�2 2 H and �1 2 G, if �1Ak�1, and �1Sk�2, then thereis some �2 2 G su
h that �2Ak�2 and �1Rk�2.



Bisimulations and Boolean Ve
tors 99If Aj = Ak for all j; k 2 K, I'll say A is a standard frame bisimulation. Forstandard frame bisimulations, I'll identify A with any relation in its family(all of whi
h are the same).If K 
onsists of one element, there is no distin
tion between what we are
alling a frame bisimulation and a standard frame bisimulation. I'll 
allsu
h a 
ase a mono-modal frame bisimulation. Histori
ally it is the earliestnotion of bisimulation to appear in modal logi
. In the more general settingthere is a
tually no intera
tion between modalities, so we have the followingprin
iple.THEOREM 2 Let FG = hG;Rk : k 2 Ki and FH = hH;Sk : k 2 Ki betwo K-frames, and let A = hAk : k 2 Ki be a family of relations between Gand H. A is a frame bisimulation between FG and FH if and only if, forea
h k 2 K, Ak is a mono-modal frame bisimulation between hG;Rki andhH;Ski.DEFINITION 3 Let hFG ; vGi and hFH; vHi be two K-models, where FG =hG;Rk : k 2 Ki and FH = hH;Sk : k 2 Ki. Also let A be a standardframe bisimulation between FG and FH. A is a bisimulation if, in addition,for all � 2 G and � 2 H with �A� we have vG(�; P ) = vH(�; P ) for allpropositional letters P .The well-known key fa
t about bisimulations is the following, proved byan easy indu
tion on formula 
omplexity. If A is a bisimulation betweenthe K-models hFG ; vGi and hFH; vHi, and �1 2 G and �2 2 H, then if�1A�2, vG(�1; X) = vH(�2; X) for every K-formula X . Mu
h is knownabout bisimulations|I refer you to the standard literature for details, [1℄among others.3 Introdu
ing Boolean algebra useIf K has 
ardinality greater than 1, we are dealing with multi-modal framesand models. These 
an be 
ollapsed to mono-modal versions, provided weare willing to 
ompli
ate the underlying truth-value spa
e. I'll �rst intro-du
e the notion of a Boolean valued modal model, then dis
uss 
onne
tionswith multi-modal frames.3.1 Boolean valued modelsI assume the de�nition and basi
 properties of Boolean algebras are known|[7℄ is a very thorough referen
e. When working in a Boolean algebra I willuse ^, _, and : to denote the operations of meet, join, and 
omplement.I will write a ) b for :a _ b. I will also use � for the standard ordering



100 Melvin Fittingrelation, a � b i� a^ b = a i� a_ b = b, and I will use < for stri
t ordering;a < b if a � b and a 6= b. The bottom element of the algebra will be denotedby 0, and the top by 1. Finally, I will use V and W for the in�nitary meetand join operations, when they exist.General Assumption 1 For the rest of this paper, B is a 
omplete Booleanalgebra, where 
omplete means that in�nite, as well as �nite, meets and joinsexist.In the de�nition below, assume we are using a mono-modal language|there is a single possibility operator.DEFINITION 4 (B-frames and models) A B-frame is a pair F = hG;Ri,where G is a non-empty set of possible worlds, as usual, and R is a B-valued a

essibility relation: a mapping from pairs of worlds to B. That is,R : G � G ! B.If F = hG;Ri is a B-frame, the stru
tureM = hF ; vi is a B-model basedon this frame, provided v maps members of G and formulas to B su
h that,for ea
h � 2 G:1. v(�;:X) = :v(�; X)2. v(�; X ^ Y ) = v(�; X) ^ v(�; Y )3. v(�; X _ Y ) = v(�; X) _ v(�; Y )4. v(�;�X) = WfR(�;�) ^ v(�; X) j � 2 GgAs usual, the a
tion of v at the atomi
 level 
ompletely determines it forall formulas. If we assume �X is de�ned to be :�:X , as usual, then the
ondition for � be
omes the following.v(�;�X) =^fR(�;�)) v(�; X) j � 2 GgA modal model in the usual sense is simply a B-model where B is theusual two-element Boolean algebra.3.2 Conne
tionsI will establish a 
onne
tion between multi-modal models and B-models, af-ter whi
h we 
an 
on�ne our dis
ussion to the Boolean valued 
ase. Supposewe have a �nite or 
ountable set K, FK = hG;Rk : k 2 Ki is a K-frame,and MK = hFK; vKi is a K-model. I'll use this to 
reate a related Boolean-valued modal model.



Bisimulations and Boolean Ve
tors 101First, let B be the powerset algebra of K. This is an atomi
 Booleanalgebra, with the atoms being members of the form fng, for n 2 K.Next, instead of the K-language appropriate for MK we want a mono-modal language. But, I enlarge this language by introdu
ing propositional
onstants: for ea
h n 2 K let Pn be a distin
t propositional 
onstant.I now 
reate a B-model as follows. Let G be the same set of possible worldsas in the multi-modal frame FK, and let R be the B-valued a

essibilityrelation given by: R(�;�) = fk 2 K j �Rk�g. This gives us a B-frame,F = hG;Ri. I'll de�ne a valuation v by spe
ifying it for atomi
 formulas. IfA is atomi
 and not one of the propositional 
onstants Pn, set v(�; A) to bethe 1 of B if vK(�; A) is true, and set v(�; A) to be 0 otherwise. Finally, setv(�; Pn) = fng. Extend v to non-atomi
 formulas as usual. We thus havea B-model M = hF ; vi.Now, de�ne a map � from formulas of the K-language to formulas of themono-modal language enlarged with the propositional 
onstants Pn.1. for an atomi
 formula A (whi
h 
an not be any Pn), set �(A) = A.2. � is a homomorphism with respe
t to propositional 
onne
tives, thatis �(X ^ Y ) = �(X) ^ �(Y ), and so on.3. �(�kX) = Pk � ��(X)PROPOSITION 5 For a formula X in the K-language, vK(�; X) is true inthe multi-modal model MK if and only if v(�; �(X)) = 1 in the Booleanvalued model M.I'll leave the proof of this to you. It is a straightforward indu
tion onformula degree, and makes use of the observation that in Boolean valuedmodal modals, v(�; X � Y ) = 1 if and only if v(�; X) � v(�; Y ).The result above will not be needed in what follows. It serves as motiva-tion for the 
onsideration of Boolean valued models in pla
e of multi-modalones. The swit
h to the Boolean valued 
ase makes an algebrai
 approa
hmu
h simpler and more natural. In [2, 4, 3, 5℄ Heyting algebras were used,whi
h are more general than Boolean algebras. Using them allowed 
onsid-eration, not just of multiple modalities, as above, but also of dependen
iesbetween them. This is more than is needed here, however.4 Introdu
ing ve
tor spa
esA (two-valued) Kripke frame is just a dire
ted graph. Transition matri
esare a 
ommon way of representing edges in a graph, and these relate well to



102 Melvin Fittingmodal ma
hinery. As an example, 
onsider the frame depi
ted in Figure 1.The a

essibility relation is represented by the matrix24 0 1 10 0 00 1 0 35where the entry in position (i; j) is 1 if there is an edge from �i to �j , andotherwise is 0. This is material that is familiar from many books|[6℄ is are
ommended sour
e.
�3 �2
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x
Figure 1. A 
lassi
al mono-modal frameStandard terminology is to 
all a set of possible worlds in a frame aproposition, so that in any model based on a frame the set of worlds in whi
ha formula is true is a proposition. For our purposes, instead of workingwith propositions as sets, we work with propositions as Boolean ve
tors :for instan
e, using the frame of Figure 1 the ve
tor h1;1;0i 
orrespondsto the set f�1;�2g; having �i in the set 
orresponds to having 1 as theith 
omponent of the ve
tor. Of 
ourse the introdu
tion of ve
tors for thispurpose depends on an arbitrary ordering of possible worlds, but any twoways of ordering will result in ve
tor spa
es that are isomorphi
 in obviousways, so we 
an ignore this point.The introdu
tion of a Boolean ve
tor spa
e meshes well with the usualKripke semanti
s. Propositional 
onne
tives 
orrespond to straightforwardBoolean operations on ve
tors. More interestingly, suppose matrix multi-pli
ation is de�ned in the usual way, but with meet (^) repla
ing multi-pli
ation, and join (_) repla
ing addition. In the frame of Figure 1, if theve
tor h1;1;0i represents the worlds at whi
h a formula X is true (that is,X is true at �1 and �2), then the produ
t of the frame transition matrixand the 
olumn ve
tor 
orresponding to h1;1;0i is a (
olumn) ve
tor that



Bisimulations and Boolean Ve
tors 103represents the worlds at whi
h �X is true.24 0 1 10 0 00 1 0 3524 110 35 = 24 101 35Rather ni
ely, this extends dire
tly to Boolean valued frames as well.Figure 2 shows su
h a frame in whi
h the underlying spa
e of truth valuesis the power set of f1; 2; 3g. Using this, we 
an still identify propositionswith ve
tors, but now they are ve
tors over the powerset spa
e. So, forinstan
e, the ve
tor hf1; 2g; f3gi 
ould represent the status of a formula Xin a parti
ular model over this frame: at �1 the truth value of X is f1; 2g,and at �2 it is f3g.
1 2f1g f1; 3g f2; 3gFigure 2. A Boolean-valued mono-modal frameAs we might expe
t, the a

essibility relation 
an be represented by amatrix, but now with values in the powerset spa
e. For the frame of Figure 2the matrix is the following. � f1g f1; 3g; f2; 3g �And on
e again, su
h a matrix 
orresponds to the possibility operator, withmatrix multipli
ation as appli
ation. Then, ifX is represented by the ve
torhf1; 2g; f3gi as above, the following represents the status of �X .� f1g f1; 3g; f2; 3g �� f1; 2gf3g � = � f1; 3gf3g �Now it is possible to say a little more 
learly what is to 
ome in therest of the paper. The Boolean ve
tor methodology sket
hed above will berigorously introdu
ed. Propositions will be identi�ed with ve
tors. Just asa

essibility relations within frames 
an be represented by matri
es, so toofor relations between frames. These matri
es 
an be thought of as mapping



104 Melvin Fittingpropositions in one frame to propositions in another. Among su
h matri
esare those 
orresponding to bisimulations. What are the properties of theseBoolean algebra valued matri
es in general, and what is spe
ial about thosethat are bisimulations?5 Boolean terminology and notationNow the primary formal development starts. Think of the pre
eding se
tionsas establishing a 
ontext|why we might be interested|but at this pointI'll start fresh, with Boolean valued ve
tor spa
es themselves as the topi
.Underlying everything will be a 
omplete Boolean algebra|in the exampleof Figure 2 it was the powerset of f1; 2; 3g|Boolean ve
tor spa
es will bebuilt on su
h a Boolean algebra.5.1 Boolean ve
tor spa
esRe
all, B is a 
omplete Boolean algebra. I do not take an abstra
t approa
hto the subje
t of Boolean ve
tor spa
es; a 
on
rete representation is �ne forpresent purposes: Bn is the spa
e of n-tuples over B. It too 
onstitutesa Boolean algebra using pointwise operations and relations. Overloadingnotation, I will also denote these by ^, _, and :, and �, with 0n and1n for bottom and top, respe
tively h0;0; : : : ;0i and h1;1; : : : ;1i (with n
omponents). For ve
tors in Bn, a dot produ
t is de�ned by: hb1; : : : ; bni �h
1; : : : ; 
ni = (b1 ^ 
1)_ : : :_ (bn ^ 
n). Obviously v � 0n = 0 and v � 1n 6= 0i� v 6= 0n. We also have v � 1n = v � v, in
identally.I will also 
onsider B1, whose members are in�nite tuples over B, hb1; b2;b3; : : :i. This 
orresponds to Kripke frames with a 
ountable set of worlds.Boolean operations and orderings are still de�ned pointwise and are noproblem. Also the dot produ
t operation extends to B1 (re
all in�nitejoins exist): the dot produ
t of hb1; b2; b3; : : :i and h
1; 
2; 
3; : : :i is the joinof the set f(b1 ^ 
1); (b2 ^ 
2); (b3 ^ 
3); : : :g.5.2 Boolean matri
esBoolean matri
es are matri
es in the usual sense, but with entries from B.I'll use Bn;m to denote the 
olle
tion of all n�m Boolean matri
es, whereeither or both of n and m 
ould be 1. On
e again overloading notation, ^,_, : and � are de�ned 
omponentwise. It is easy to see that Bn;m itself isa Boolean algebra with respe
t to these operations. Generalizing notationfrom above, 1n;m is the Boolean n�m matrix with every entry 1, and 0n;mis the Boolean n�m matrix with every entry 0. I will use In for the n� nidentity matrix.For a matrix A 2 Bn;m, [A℄i denotes row ve
tor i of A, thought of as amember of Bm, so that [A℄i 2 Bm. Likewise [A℄j denotes 
olumn ve
tor jof A, taken to be a member of Bn. And [A℄ji denotes the entry in row i and
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olumn j. Then Boolean matrix multipli
ation is 
hara
terized in the usualway: if B 2 Bm;k, AB is the n� k matrix su
h that [AB℄ji = [A℄i � [B℄j . Ialso introdu
e one non-standard pie
e of notation.DEFINITION 6 If � is a member of B, by �n;m(a; b) I mean the n � mmatrix all of whose entries are 0 ex
ept for the entry in row a, 
olumn b,whi
h is �.The following will be useful in proving some inequalities involving Booleanmatri
es. Item 1 is overly generous, in a sense, but using it is no more workand is often easier to apply than a stri
ter version would be.LEMMA 7 Let A;B 2 Bn;m.1. A � B provided �n;m(a; b) � A implies �n;m(a; b) � B for every � 2 Band every a � n and b � m.2. �m;n(a; b)�n;k(b; 
) = �m;k(a; 
)Proof. Suppose �n;m(a; b) � A implies �n;m(a; b) � B for every � 2 B andevery a � n and b � m. Let � = [A℄ji . Then obviously �n;m(i; j) � A, so�n;m(i; j) � B, and thus [A℄ji � [B℄ji . Sin
e i and j were arbitrary, A � B.Part 2 follows dire
tly from the de�nition of Boolean matrix multipli
ation.�6 Elementary matrix multipli
ation propertiesFor use later on, we need some basi
 properties of Boolean matrix multipli-
ation. Some of this is analogous to matrix multipli
ation over a �eld, someis rather di�erent. As might be expe
ted, Boolean matrix multipli
ation isasso
iative but not generally 
ommutative. Also, multipli
ation distributesover _, that is, A(B _C) = AB _AC and (B _C)A = BA_CA. If B � Cthen AB � AC and BA � CA. (All this is under the assumption thatdimensions are su
h that the produ
ts displayed are de�ned, of 
ourse.) ATdenotes the transpose of A and, as usual, (AB)T = BTAT . In addition,Boolean matri
es have a number of spe
ial features not shared by matri
esover a �eld.THEOREM 8 Assume A 2 Bm;n. Then:1. A � AATAAT � ATAAT2. A1n;k = AATA1n;kAT1m;k = ATAAT1m;k



106 Melvin Fitting3. (ATA) � (ATA)2 � (ATA)3 � : : :(AAT ) � (AAT )2 � (AAT )3 � : : :Proof. The items to be proved 
ome in pairs. I'll show one half, the otherhalf is obviously similar.1. By Lemma 7, part 1, it is enough to show that if �m;n(a; b) � Athen �m;n(a; b) � AATA for an arbitrary � 2 B, a and b. So, sup-pose �m;n(a; b) � A. Then �n;m(b; a) � AT so by Lemma 7, part 2,�m;m(a; a) = �m;n(a; b)�n;m(b; a) � AAT , and then by a similar 
al-
ulation, �m;n(a; b) = �m;m(a; a)�m;n(a; b) � AATA.2. A1n;k � AATA1n;k by part 1. Conversely, ATA1n;k � 1n;k soAATA1n;k � A1n;k.3. By part 1 we have A � AATA so ATA � ATAATA. And so on. �Part 3 above is a stri
tly in
reasing sequen
e of inequalities, in the sensethat for any n one 
an �nd a �nite Boolean matrix A su
h that the sequen
estri
tly grows for the �rst n steps. If one uses in�nite dimension matri
es,the growth 
an be made to 
ontinue inde�nitely.EXAMPLE 9 Let A = 2664 1 0 0 01 1 0 00 1 1 00 0 1 1 3775Then(ATA) = 2664 1 1 0 01 1 1 00 1 1 10 0 1 1 3775 and (ATA)2 = 2664 1 1 1 01 1 1 11 1 1 10 1 1 1 3775 and
(ATA)3 = 2664 1 1 1 11 1 1 11 1 1 11 1 1 1 3775Thus, (ATA) < (ATA)2 < (ATA)3 = (ATA)4 = : : :



Bisimulations and Boolean Ve
tors 107
�������������
�������������
u
uu??6
�1�2�3�5

�4�3
�2 �1 6

??
?u
uu
uuPPPq

Figure 3. A bisimulation, two-valued setting7 Bisimulation motivationIn order to motivate the work on matri
es in the next several se
tions, abisimulation example will be useful. In fa
t, one in whi
h the underlyinglogi
 is two-valued will suÆ
e for this purpose.EXAMPLE 10 In Figure 3 two frames are displayed, a left-hand one withpossible worlds �1, �2, �3, �4, and �5, and a right-hand one with possibleworlds �1, �2, and �3. The two (mono-modal) a

essibility relations areindi
ated by arrows.A relation, 
all it A, between the two frames is indi
ated by lines (notarrows) 
onne
ting worlds. It meets the 
onditions for being a standardframe bisimulation as given in De�nition 1. It is not, of 
ourse, a bisimu-lation sin
e we do not have models, but only frames, here. The additional
ondition for bisimulations in De�nition 3 
an be thought of as a restri
tionon the models we 
an base on these frames. For instan
e, sin
e both �1 and�3 are related by A to �2, any model based on the left-hand frame mustassign the same truth values to propositional letters at both �1 and �3 ifthe 
ondition for being a bisimulation is to apply.Although A is a relation, it 
an be thought of as a fun
tion as well,mapping propositions in one frame to propositions in the other frame. Forinstan
e, the proposition f�1;�2;�5g maps to the proposition f�2;�3g,



108 Melvin Fittingthe set of worlds in the right frame related to the worlds of the propositionin the left frame. But sin
e I am representing propositions, not as sets, butas ve
tors, I prefer to say that the ve
tor h1;1;0;0;1i maps to the ve
torh0;1;1i. The relation A 
an itself be represented as a matrix, A; I use arepresentation in whi
h 
olumn j is the ve
tor 
orresponding to the set ofworlds related to �j . Stated di�erently, [A℄ji = 1 just in 
ase �jA�i. Forthe present example, this gives the following matrix.A = 24 0 0 0 0 01 0 1 0 00 1 0 1 0 35And on
e again, matrix multipli
ation provides appropriate ma
hinery. Itwas noted above that the ve
tor h1;1;0;0;1i maps to the ve
tor h0;1;1i,and in fa
t we have the following:A266664 11001 377775 = 24 011 35Now we return to the point raised above, that if we want to base a model onone of these frames, and respe
t the frame bisimulation A, we are restri
tedin our assignments of truth values to atomi
 formulas|not every proposition
an be used. For instan
e, requiring an atomi
 formula P to be true onlyat �1 will not do; sin
e �1 is related by A to �2 whi
h in turn is relatedto �3, if P is taken to be true at �1 we must also take it to be true at�3. Rephrasing this in terms of ve
tors, h1;0;0;0;0i is not an appropriateve
tor for us to be working with in the setup of Figure 3. In fa
t, if we mapit from the left-hand frame to the right-hand one using A, then ba
k usingAT , we get the following: ATA266664 10000 377775 = 266664 10100 377775This is what we should expe
t. But here things stop. If we apply the map-ping ATA to h1;0;1;0;0i, we simply get h1;0;1;0;0i ba
k again. Ve
torsthat are left un
hanged in this way are appropriate 
andidates for propo-sitional letter assignments. I 
all su
h ve
tors stable, and the next se
tionstarts a formal investigation of them.



Bisimulations and Boolean Ve
tors 109Example 10 was mono-modal, but multi-modal examples 
an be treatedin the same way. Re
all that De�nition 1 allowed multi-modal models anda parameterized bisimulation relation. Converted to an algebrai
 setting,this just amounts to allowing bisimulations to be represented by matri
esover Boolean algebras that are more 
omplex than the two-valued one, justas we have represented multi-modal a

essibility relations by su
h matri
es.This is the setting you should have in mind for the following se
tions.8 Linear mappings and stabilityThe previous se
tion sket
hed ba
kground ideas informally|now it is timefor the mathemati
al details. For this se
tion, let A 2 Bm;n (with1 allowedas values for m or n). A 
an be thought of as de�ning a mapping from Bnto Bm (informally, from propositions to propositions). We identify ve
torswith 
olumn ve
tors in the obvious way so that, properly speaking, A mapsBn;1 to Bm;1. Then, for v 2 Bn;1, its image under A is Av. More generally,for ea
h k we 
an think of A as de�ning a mapping from Bn;k to Bm;k, thatis, A : Bn;k ! Bm;k. For a matrix V 2 Bn;k its image is de�ned, usingmatrix multipli
ation, as AV . Of 
ourse the transpose of A maps in thereverse dire
tion, AT : Bm;k ! Bn;k.In general, the transpose of a Boolean matrix won't be its inverse. Infa
t, having an inverse is a rare property for a Boolean matrix to possess.But as was noted in the previous se
tion, the 
olle
tion of things on whi
hthe transpose behaves like an inverse will be a 
olle
tion of spe
ial interest.DEFINITION 11 I will say a matrix V 2 Bn;k is A-stable if ATAV = V .Likewise a matrix W 2 Bm;k is AT -stable if AATW = W . If no 
onfusionis likely to result, I may just use the term stable.THEOREM 12 The following are properties of stability:1. If V is A-stable then AV is AT -stable, and if W is AT -stable thenATW is A-stable.2. 0n;k is the smallest A-stable matrix in Bn;k, and 0m;k is the smallestAT -stable matrix in Bm;k.3. The smallest stable matri
es map to ea
h other. That is, A0n;k =0m;k, and AT0m;k = 0n;k.4. ATA1n;k is the largest A-stable matrix in Bn;k, and AAT1m;k is thelargest AT -stable matrix in Bm;k.5. The largest stable matri
es map to ea
h other. That is, A(ATA1n;k) =AAT1m;k and AT (AAT1m;k) = ATA1n;k.



110 Melvin FittingProof. For ea
h item I'll show one half; the other is similar.1. Suppose V is A-stable, ATAV = V . Then trivially AATAV = AV soAV is AT -stable.2. Clearly ATA0n;k = AT0m;k = 0n;k, so 0n;k is A-stable. It is obviouslysmallest.3. Already used in previous item.4. ATA(ATA1n;k) = AT (AATA1n;k) = ATA1n;k by Theorem 8 part 2,so we have A-stability. And if V is A-stable, V = ATAV � ATA1n;k,so ATA1n;k is largest.5. In one dire
tion, A1n;k � 1m;k so AATA1n;k � AAT1m;k. In theother dire
tion, AT1m;k � 1n;k so using Theorem 8 part 2, AAT1m;k =AATAAT1m;k � AATA1n;k. �I will eventually show the stable matri
es themselves form a Booleanalgebra, but an additional assumption will be needed. Without that, westill have the following.THEOREM 13 Let V;W 2 Bn;k, and assume both are A-stable.1. A(V _W ) = AV _AW2. V _W is A-stableSimilar results obtain for AT as well.Proof. The arguments are as follows1. This is immediate sin
e Boolean matrix multipli
ation always dis-tributes over _.2. ATA(V _W ) = AT (AV _ AW ) = ATAV _ ATAW = V _W . �



Bisimulations and Boolean Ve
tors 1119 The �nal general assumptionSo far we have been working with arbitrary (
omplete) Boolean algebras.But algebras arising from multi-modal logi
s are rather spe
ial. One way ofsaying it is that they are powerset algebras, as the dis
ussion in Se
tion 3illustrated. Another way of saying it is that they are atomi
.DEFINITION 14 For the Boolean algebra B:1. a 2 B is an atom if a 6= 0 and there is no b 2 B su
h that 0 < b < a.2. B is atomi
 if for ea
h x 2 B other than 0 there is an atom a su
hthat a � x.Atoms have many useful features, several of whi
h we will need. If � isan atom and � � x_ y then � � x or � � y. If � and � are di�erent atoms,� ^ � = 0, while of 
ourse � ^ � = �. If B is �nite, it is automati
ally
omplete and atomi
. Whether �nite or not, if B is atomi
 and 
omplete,ea
h member is the join of the 
olle
tion of atoms below it. This impliesthat a 
omplete, atomi
 Boolean algebra is isomorphi
 to the 
olle
tion ofall subsets of a set, namely the set of atoms.General Assumption 2 From now on, B is both 
omplete and atomi
.LEMMA 15 Assume A 2 Bm;n. Then for any V 2 Bn;k and W 2 Bk;n1. V ^ ATW � ATAV2. W ^AV � AATWProof. I'll only show item 1. Fix a and b|I'll show [V ^ ATW ℄ba �[ATAV ℄ba. And sin
e ea
h member of B is the join of the family of atomsbelow it, it is enough to show that for any atom � if � � [V ^ ATW ℄bathen � � [ATAV ℄ba. Assume � � [V ℄ba and � � [ATW ℄ba. From the se
ondof these, � � [AT ℄a � [W ℄b, that is, � � W
f[AT ℄
a ^ [W ℄b
g. Sin
e � isan atom, for some 
, � � [AT ℄
a ^ [W ℄b
, so in parti
ular, � � [AT ℄
a. Itfollows that �n;m(a; 
) � AT . Then �m;n(
; a) � A, so by Lemma 7, part 2,�n;n(a; a) � ATA. Then again, sin
e �n;k(a; b) � V , �n;k(a; b) � ATAV , so� � [ATAV ℄ba. �Now Theorem 13 for joins 
an have a 
ompanion for meets.THEOREM 16 Let A 2 Bm;n, V;W 2 Bn;k, and assume both V and W areA-stable.



112 Melvin Fitting1. A(V ^W ) = AV ^AW2. V ^W is A-stableSimilar results obtain for AT as well.Proof. The arguments are as follows1. First, V ^W � V , so A(V ^W ) � AV . Similarly A(V ^W ) � AW .So A(V ^W ) � AV ^ AW .Next, V is A-stable so AV is AT -stable, and 
onsequently AV �AAT1m;k by Theorem 12 part 4. Similarly AW � AAT1m;k. NowAV ^ AW = AV ^ AW ^ AAT1m;k (1)� AAT (AV ^ AW ) (2)� A(ATAV ^ ATAW ) (3)= A(V ^W ) (4)Here (2) is by Lemma 15 part 2, taking W of that Lemma to beAV ^AW and V of that Lemma to be AT1m;k. For (3) we apply the�rst half of the argument, using AT .2. Similar to part 2 of Theorem 13. �10 Negation and stabilityThroughout this se
tion A 2 Bm;n, so that for ea
h k, A : Bn;k ! Bm;k andAT : Bm;k ! Bn;k. Also I'll systemati
ally use V as a member of Bn;k. Thegoal of this se
tion is to show that A-stable matri
es have a `natural' notionof negation. First, a few minor preliminary items. Re
all the notation ofDe�nition 6.LEMMA 17 If �m;k(a; b) � A�n;k(
; b) then �n;k(
; b) � AT�m;k(a; b).Proof.All entries of �m;k(a; b) are 0 ex
ept for � in row a, 
olumn b. Con-sequently if �m;k(a; b) � A�n;k(
; b) it must be that � � [A℄
a. This inturn implies � � [AT ℄a
 , or �n;m(
; a) � AT . Consequently �n;k(
; b) =�n;m(
; a)�m;k(a; b) � AT�m;k(a; b). �LEMMA 18 Let V be A-stable. Then
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tors 1131. AV ^ A(:V ) = 0m;k2. ATA(:V ) � :V3. ATA(:V ) = :V ^ ATA1n;kProof. The arguments are as follows.1. This makes use of an in�nite distributive law that holds in 
ompleteBoolean algebras, see [7, Vol. 1, Lemma 1.33℄. I'll suppose AV ^A(:V ) 6= 0m;k and derive a 
ontradi
tion. By the supposition, forsome a and b the entry in row a and 
olumn b is non-zero. Then,using the distributive law:0 < [AV ^ A(:V )℄ba= [AV ℄ba ^ [A(:V )℄ba= [A℄a � [V ℄b ^ [A℄a � [:V ℄b=_
 f[A℄
a ^ [V ℄b
g ^_d f[A℄da ^ [:V ℄bdg=_
;df[A℄
a ^ [V ℄b
 ^ [A℄da ^ [:V ℄bdgOf 
ourse not every member of this join 
an be 0. Let us say that fora, b, 
, d, [A℄
a ^ [V ℄b
 ^ [A℄da ^ [:V ℄bd = � > 0From this we have �m;n(a; 
) � A (5)�n;k(
; b) � V (6)�m;n(a; d) � A (7)�n;k(d; b) � :V (8)Now, from (5) and (7), and Lemma 7 part 2 we have�m;k(a; b) = �m;n(a; 
)�n;k(
; b) � A�n;k(
; b) (9)�m;k(a; b) = �m;n(a; d)�n;k(d; b) � A�n;k(d; b) (10)From (10) and Lemma 17 we have�n;k(d; b) � AT�m;k(a; b) (11)



114 Melvin FittingAnd then �n;k(d; b) � AT�m;k(a; b) by (11) (12)� ATA�n;k(
; b) by (9) (13)� ATAV by (6) (14)= V by stability (15)But this 
ontradi
ts (8).2. By part 1, AV ^ A(:V ) = 0m;k so A(:V ) � :(AV ) and hen
eATA(:V ) � AT (:AV ). Also AV is AT -stable so by part 1 again(for AT ), AT (AV ) ^ AT (:AV ) = 0n;k so AT (:AV ) � :AT (AV ).Combining things, ATA(:V ) � :AT (AV ) = :V .3. V _ :V = 1n;k so ATAV _ ATA(:V ) = ATA1n;k. But V is stable,so V _ATA(:V ) = ATA1n;k, and hen
e :V ^ATA1n;k � ATA(:V ).In the other dire
tion, by part 2 ATA(:V ) � :V , and of 
ourseATA(:V ) � ATA1n;k and so ATA(:V ) � :V ^ ATA1n;k. �Now we head to the main material. If V is A-stable, it does not followthat :V will also be. But there is a suitable 
andidate for a negation thatis stable. The form is suggested by the following|re
all, ATA1n;k is thelargest A-stable n� k matrix.THEOREM 19 If V is A-stable, V = V ^ATA1n;kProof. Trivially V ^ ATA1n;k � V . The other dire
tion follows fromTheorem 12 part 4. �Now, the following de�nition should seem reasonable. The Theorem thatfollows it justi�es this sense of reasonableness.DEFINITION 20 V = :V ^ ATA1n;k. I'll 
all V the stable negation of V .THEOREM 21 Let V be A-stable. Then1. V = ATA(:V )2. V is A-stable3. V = V



Bisimulations and Boolean Ve
tors 1154. V ^ V = 0n;k5. V _ V = ATA1n;k6. AV = AV7. A(:V ) = A(V )8. V is the largest matrix W su
h that W is A-stable and W � :VProof. The various parts are as follows.1. This is a restatement of Lemma 18, part 3.2. In one dire
tion:ATA(:V ^ ATA1n;k) � ATA:V ^ ATAATA1n;k (16)� :V ^ATAATA1n;k (17)= :V ^ATA1n;k (18)In this, (16) is a standard item (see the beginning of the proof ofTheorem 16 part 1); then (17) is by Lemma 18 part 2; and (18) is byTheorem 8 part 2.In the other dire
tion, ATA(:V ) � ATAATA(:V ) by Theorem 8part 3, then use part 1.3. V = :V ^ATA1n;k = :(:V ^ATA1n;k)^ATA1n;k = (V _:ATA1n;k)^ATA1n;k = V ^ATA1n;k = V . The last step is by Theorem 19.4. Straightforward.5. V _ V = V _ (:V ^ ATA1n;k) = (V _ :V ) ^ (V _ ATA1n;k) =1n;k^ATA1n;k = ATA1n;k. Note: along the way we used Theorem 12part 4.6. V ^ V = 0n;k and both V and V are A-stable, so AV ^AV = A(V ^V ) = A0n;k = 0m;k and hen
e AV � :(AV ). Also AV � AAT1m;k(Theorem 12 part 4), so AV � :(AV ) ^ AAT1m;k = AV .In the other dire
tion, V _V = ATA1n;k so using Theorem 12 part 5,AV _ AV = A(V _ V ) = AATA1n;k = AAT1m;k, so :(AV ) ^AAT1m;k � AV , or AV � AV .



116 Melvin Fitting7. From the de�nition of stable negation, V � :V , so A(V ) � A(:V ).By Lemma 18 part 2, ATA(:V ) � :V , so AATA(:V ) � A(:V ). Andby Theorem 8 part 1, A(:V ) � AATA(:V ), so AATA(:V ) = A(:V ).Then A(:V ) is AT -stable, so A(:V ) � AAT1n;k by Theorem 12part 4. By Lemma 18 part 1, AV ^A(:V ) = 0n;k so A(:V ) � :(AV ).Thus A(:V ) � :(AV ) ^ AAT1n;k, so using the de�nition of stablenegation with respe
t to AT instead of A, A(:V ) � AV = AV bypart 6 of this Theorem. �11 Summary so farOn
e again, let A 2 Bm;n. Various results about A-stability have beenshown, and it is time to 
olle
t them together.1. The A-stable members of Bn;k 
onstitute a Boolean algebra with meetand join being the ^ and _ of Bn;k, with 
omplementation being stablenegation, and with bottom and top being 0n;k and ATA1n;k.2. Likewise the AT -stable members of Bm;k 
onstitute a Boolean algebra.3. A is an isomorphism from the Boolean algebra of A-stable membersof Bn;k onto the AT -stable members of Bm;k, with AT as its inverse.12 Boolean bisimulationsConsider again Example 10. There are two mono-modal frames displayed,ea
h with its a

essibility relation. Representing these by transition matri-
es we get R = 266664 0 1 0 0 00 0 1 0 00 0 0 1 01 0 0 0 00 1 0 0 0 377775 S = 24 0 1 00 0 10 1 0 35for the left and right frames respe
tively. Earlier I also spe
i�ed a matrix,A, 
orresponding to the frame bisimulation relation A. Question: what
onditions on A, R, and S tell us that A is, in fa
t, a (standard) framebisimulation? Answer: the 
onditions are AR � SA and SAT � RAT . Itis easily 
he
ked that these inequalities hold in the spe
ial 
ase of Exam-ple 10. In Se
tion 13 I'll prove these are the inequalities that 
hara
terizebisimulations not only in the mono-modal 
ase but also in the multi-modalone. Until then, I'll investigate matri
es satisfying the inequalities for theirown sakes.



Bisimulations and Boolean Ve
tors 117DEFINITION 22 Let A 2 Bm;n, R 2 Bn;n, and S 2 Bm;m. I'll 
all A aBoolean bisimulation from R to S if:1. AR � SA2. ATS � RATThere are some elementary properties of Boolean bisimulations, whoseproofs are immediate and so are omitted.THEOREM 23 Boolean bisimulation is an equivalen
e relation, in the fol-lowing sense.1. The identity matrix In in Bn;n is a Boolean bisimulation from R toR.2. If A is a Boolean bisimulation from R to S, then AT is a Booleanbisimulation from S to R.3. If A is a Boolean bisimulation from R to S and A0 is a Boolean bisim-ulation from S to U , then A0A is a Boolean bisimulation from R toU .Boolean bisimulations always exist, in an uninteresting way, be
ause 0m;nis a Boolean bisimulation. Also there is always a largest Boolean bisimu-lation, the disjun
tion of all Boolean bisimulations. This is an immediate
onsequen
e of the fa
t that multipli
ation of Boolean matri
es distributesover disjun
tion.13 Conne
tionsIn the previous se
tion the notion of Boolean bisimulation was de�ned,and there is also the usual notion of bisimulation, extended somewhat inDe�nition 1. It is time to 
onne
t these. I'll begin with frame bisimulationsin a mono-modal setting (whi
h are trivially standard), then move on tothe more general situation.THEOREM 24 Let FG = hG;Ri and FH = hH;Si be two mono-modalframes, and let A be a relation between G and H. Let B be the two-member Boolean algebra, with elements f0;1g. Assume �xed enumerationsf�1;�2; : : :g of G and f�1;�2; : : :g of H. Let R be the transition matrix forFG, that is [R℄ji = 1 i� �iR�j , and similarly let S be the transition matrixfor FH. Finally let A be the matrix 
orresponding to the relation A, so that[A℄ji = 1 i� �jA�i.A is a frame bisimulation between FG and FH i� A is a Boolean bisim-ulation from R to S.



118 Melvin FittingProof. First assume A is a frame bisimulation between FG and FH. Toshow A is a Boolean bisimulation, I'll show AR � SA; the other inequalityis similar. Suppose [AR℄ji = 1, I'll show [SA℄ji = 1. Sin
e [AR℄ji = 1 we have[A℄i � [R℄j = 1, and so for some k, [A℄ki = [R℄jk = 1. Sin
e [A℄ki = 1, �kA�i,and sin
e [R℄jk = 1, �kR�j . Then by the de�nition of frame bisimulation,there must be a world �n with �iS�n and �jA�n. But then [S℄ni = 1 and[A℄jn = 1. It follows that [SA℄ji = 1.Next, assume A is a Boolean bisimulation from R to S; I'll show A isa frame bisimulation|a
tually I'll show one of the two bisimulation 
ondi-tions, the other is similar The argument is essentially that of the previousparagraph, reversed. So, suppose �j ;�k 2 G, �i 2 H, �kA�i, and �kR�j .From the �rst of these relation instan
es, [A℄ki = 1 and from the se
ond,[R℄jk = 1. But then [AR℄ji = 1 and, sin
e A is a Boolean bisimulation,AR � SA, so [SA℄ji = 1. It follows that for some n, [S℄ni = [A℄jn = 1, andhen
e for the world �n 2 H, �jA�n and �iS�n, whi
h is what was to beshown. �Before extending this Theorem to the multi-modal setting, a small butuseful detour is needed. We need a notion of s
alar multipli
ation forBoolean matri
es.DEFINITION 25 If b 2 B and M is a matrix, by bM I mean the matrixsu
h that [bM ℄ji = b^ [M ℄ji . That is, in bM ea
h 
omponent of M has beenrepla
ed by its meet with b.Using s
alar multipli
ation, there is a kind of normal form for matri
esover B. Re
all, B is atomi
 and 
omplete; take fa1; a2; : : :g to be the setof atoms. If A 2 Bm;n, there are matri
es Aa1 , Aa2 , . . . , whose entries areall in f0;1g, su
h that A = a1Aa1 _ a2Aa2 _ : : :. Rather than a formalproof of this, an example should suÆ
e. Consider the following matrix fromSe
tion 4, where the Boolean algebra is all subsets of f1; 2; 3g and the atomsare f1g, f2g, and f3g. The matrix is:� f1g f1; 3g; f2; 3g �This 
an be written as follows.f1g � 1 10 0 � _ f2g � 0 00 1 � _ f3g � 0 10 1 �With normal forms available, we 
an move to the main item|the multi-modal 
ase.



Bisimulations and Boolean Ve
tors 119THEOREM 26 Let K be �nite or 
ountable. Let FG = hG;Ri : i 2 Ki andFH = hH;Si : i 2 Ki be two K-frames, and let A = hAi : i 2 Ki be afamily of relations between G and H. Assume G = f�1;�2; : : :g and H =f�1;�2; : : :g. Let B be the powerset Boolean algebra whose elements are thesubsets of K. Let R be the B-valued matrix with [R℄ji = fk 2 K j �iRk�jg,and similarly let S be the matrix 
orresponding to S. Finally let A be theB-valued matrix su
h that [A℄ji = fk 2 K j �jAk�ig.A is a frame bisimulation between FG and FH i� A is a Boolean bisim-ulation from R to S.Proof. By Theorem 2, A is a frame bisimulation between FG and FH if andonly if Ak is a mono-modal frame bisimulation between hG;Rki and hH;Ski,for ea
h k 2 K. Let Rk be the transition matrix 
orresponding to Rk, withentries from f0;1g, let Sk similarly 
orrespond to Sk, and Ak 
orrespondto Ak . Then, by Theorem 24, A is a frame bisimulation if and only ifAkRk � SkAk and ATk Sk � RkATk , for ea
h k 2 K. It remains to showthese families of inequalities are equivalent to AR � SA and ATS � RAT .It is easy to see that the normal forms for R, S, and A are:R = _k2KfkgRk and S = _k2KfkgSk and A = _k2KfkgAkNow, AR � SA if and only if_j2KfjgAj _k2KfkgRk � _j2KfjgSj _k2KfkgAkMaking use of distributivity, this 
an be shown equivalent to_j;k2K(fjg ^ fkg)AjRk � _j;k2K(fjg ^ fkg)SjAkThis in turn is equivalent to_k2KfkgAkRk � _k2KfkgSkAkFinally, this is equivalent toAkRk � SkAk for ea
h k 2 KIn a similar way, ATS � RAT is equivalent to ATk Sk � RkATk for everyk 2 K. These equivalen
es 
omplete the proof. �



120 Melvin Fitting14 The modal operatorSuppose we have two Boolean valued frames and a bisimulation betweenthem. Then various results of earlier se
tions ensure that stable ve
tors arewell-behaved with respe
t to ^, _, and stable negation. But what about �?Its appli
ation 
an turn stable ve
tors into non-stable ones, as the followingshows.EXAMPLE 27 The diagram below shows two mono-modal Kripke frames,one on the left and one on the right, with a relation between them whi
his, in fa
t, a standard frame bisimulation.
�2
�1�1

�2
�3 ?




�JJJJĴ uuuuu

Suppose, in the left frame, we assign the atomi
 formula P to be truejust at �2 and in the right frame just at �2. This meets the 
onditionsof De�nition 3 for bisimulation|the worlds at whi
h P is true are relatedby the frame bisimulation. But, in the left frame �P will be true at both�1 and �3, and in the right at �1, but only �1 and �1 are related by thebisimulation. This is awkward, but not a serious problem|�3 does not takepart in the bisimulation so we 
an, in e�e
t, ignore it. The question is, howto do that in a way 
onsistent with the theory developed so far.To make better 
onne
tion with the present paper, I'll 
onvert this ex-ample to an algebrai
 one. Let R be the transition matrix 
orrespondingto the a

essibility relation of the left frame above, and let S 
orrespond tothe right frame a

essibility relation. Also, let A represent the bisimulation.Then we have the following.R = 24 0 1 00 0 00 1 0 35 and S = � 0 10 0 � and A = � 1 0 00 1 0 �A is a Boolean bisimulation from R to S; in fa
t AR = SA, while ATS <RAT . Above we took P to be true in the left frame just at �2. Algebrai
ally,



Bisimulations and Boolean Ve
tors 121P is assigned the ve
tor (proposition) V = h0;1;0i. It is easy to 
he
k thatthis is A-stable. But,RV = 24 0 1 00 0 00 1 0 3524 010 35 = 24 101 35and h1;0;1i is not A-stable.In Example 27, �3 is not really relevant to the bisimulation, so whatwe want to do is eliminate it from 
onsideration. Our solution parallelsthe treatment of negation in Se
tion 10|instead of RV , we work with thelargest stable matrix below it. And this has the same familiar form it didwhen negation was involved.Se
tion assumption For the rest of this se
tion, A 2 Bm;n so that forea
h k, A : Bn;k ! Bm;k and AT : Bm;k ! Bn;k. Further, I'll assume A is aBoolean bisimulation from R 2 Bn;n to S 2 Bm;m.DEFINITION 28 R Æ V = RV ^ATA1n;k.THEOREM 29 Let V be A-stable. Then1. R Æ V = ATA(RV )2. A(R Æ V ) = A(RV )3. A(R Æ V ) = S Æ (AV )4. R Æ V is A-stable5. R Æ V is the largest matrix W su
h that W is A-stable and W � RVProof. Sin
e A is a Boolean bisimulation and V is A-stable, ATA(RV ) �ATSAV � RATAV = V . Of 
ourseATARV � ATA1n;k, and soATARV �RV ^ ATA1n;k. We also have RV ^ ATA1n;k � ATARV by Lemma 15.Combining things, we have item 1.Using item 1, A(R Æ V ) = AATARV � A(RV ) by Theorem 8. Also,A(R Æ V ) = A(RV ^ATA1n;k) � A(RV ), and we have item 2.Using items 1 and 2 (in
luding their 
ounterparts for S) and the fa
t thatA is a Boolean bisimulation, A(RÆV ) = AATARV � AATSAV = SÆ(AV ).Also using the fa
t that V is stable, S Æ (AV ) = AATSAV � ARATAV =ARV = A(R Æ V ). These give us item 3.



122 Melvin FittingATA(R Æ V ) = ATA(RV ^ ATA1n;k) � ATA(RV ) = R Æ V . Also,R ÆV = ATA(RV ) � ATAATARV = ATA(R ÆV ) by Theorem 8 again. Sowe have item 4.It is trivial that R Æ V � RV . And, if W is A-stable and W � RV , thenW = ATAW � ATARV = R Æ V , so we have item 5. �Note that part 2 of this theorem says that, with respe
t to bisimulation,RÆV and RV behave alike. This is analogous to a similar result 
on
erningstable negation: AV = A(:V ), whi
h was established earlier.15 Bisimulations, models, and formulasThe de�nition of Boolean bisimulation 
orresponds to frame bisimulation.To turn a frame bisimulation into a bisimulation, as in De�nition 3, modelsmust be based on the frames involved|that is, assignments of truth valuesto atomi
 formulas at worlds must be given. But not just any assignmentwill do, sin
e the bisimulation relation must be respe
ted. In the usual two-valued, mono-modal setting, worlds related by a bisimulation must makethe same atomi
 formulas true, and an analogous 
ondition is needed in theBoolean valued 
ase too.
F2F1P
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Figure 4. Bisimulations and modelsConsider the example displayed in Figure 4, where two mono-modalframes, F1 and F2, and a frame bisimulation are indi
ated (a

essibilityrelations have not been shown). Suppose we want to make the atomi
 for-mula P true at the worlds indi
ated in frame F1. Then we are required tohave P true at the worlds related to them in F2 (there are two su
h worldsin this example), and in turn worlds related to these in F1 must have P
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tors 123true, that is, they must be part of the original set of worlds where P was tobe true. Similar 
onsiderations apply to more general Boolean valued 
asesas well. All this 
orresponds to an easily expressible 
ondition on ve
tors.We must require that values assigned to atomi
 formulas be what I will 
allweakly stable.DEFINITION 30 V is weakly stable (with respe
t to A) if ATAV � V .Weak stability is too weak to have attra
tive algebrai
 features on itsown. But note again the example in Figure 4. The set of worlds at whi
h Pis true in F1 is weakly stable, but it is not stable. One of the three worldsis, in an obvious sense, irrelevant to the bisimulation. But if we shift ourattention to the set of worlds in F2 that are related to these three, we have atwo-element set that is, in fa
t, not just weakly stable, but stable. Indeed,this always happens. Suppose V is weakly stable. Then ATAV � V ,and so AATAV � AV . But also AV � AATAV by Theorem 8, and soAATAV = AV , that is, AV is stable. Sin
e we are interested in behaviorunder bisimulation, and sin
e weak stability turns into stability after oneshift from a model to another, we simplify things by requiring stability fromthe start.From now on, given two Boolean valued frames and a bisimulation be-tween them, in basing models on these frames, we require that the valuesassigned to atomi
 formulas must be stable ve
tors.Finally, it is time to return to the original reason for introdu
ing bisimula-tions into modal logi
|they preserve formula truth. In an algebrai
 settingthis be
omes espe
ially simple, as the formulation in this se
tion will show.For the rest of this se
tion I assume the following.1. R and S are (transition) matri
es, with R 2 Bn;n and S 2 Bm;m.2. A 2 Bm;n is a Boolean bisimulation from R to S.L is a mono-modal language, but as we have seen, sin
e B 
an be a more
omplex Boolean algebra than f0;1g, we have the e�e
t of a multi-modallanguage and semanti
s.Let v be a mapping from propositional letters of L to A-stable ve
torsin Bn, and let w likewise be a mapping from propositional letters of L toAT -stable ve
tors in Bm. (Bn is identi�ed with Bn;1 and Bm with Bm;1, asusual.) Both v and w are extended to mappings from arbitrary formulas inL as follows.1. v(X ^ Y ) = v(X) ^ v(Y )w(X ^ Y ) = w(X) ^ w(Y )



124 Melvin Fitting2. v(X _ Y ) = v(X) _ v(Y )w(X _ Y ) = w(X) _ w(Y )3. v(:X) = v(X) (using stable negation in Bn)w(:X) = w(X) (using stable negation in Bm)4. v(�X) = R Æ v(X)w(�X) = S Æ w(X)Using results from Theorems 13, 16, 21, and 29, for any formula X , v(X)is A-stable and w(X) is AT -stable. And further, we have a 
entral resulton bisimulations, in the following form.THEOREM 31 If A(v(P )) = w(P ) and AT (w(P )) = v(P ) for propositionalletters P of L, then for any formula X, A(v(X)) = w(X) and AT (w(X)) =v(X).16 Con
lusionAn algebrai
 approa
h to modal semanti
s, and bisimulation in parti
ular,has been presented. It 
an be 
arried further, but details must remain foranother paper. I'll sket
h a few items, to illustrate the possibilities.There is a spe
ial 
lass of bisimulations known as P-morphisms that,histori
ally, were investigated before the more general notion of bisimulationwas introdu
ed. These 
an be 
hara
terized easily in the algebrai
 setting: amatrix A is a P-morphism onto if In = ATA and Im � AAT . The expe
tedresults follow easily from this 
hara
terization.It is possible to `multiply' frames, by forming Cartesian produ
ts. Thealgebrai
 
ounterpart of this is the tensor produ
t, a standard operation inother 
ontexts. It relates quite well to Boolean bisimulations. In a similarway, the disjoint union operation on frames 
orresponds to the notion ofdire
t sum, familiar from linear algebra. That is to say, we are seeingoperations that are long-known and well-understood, but in a less familiar
ontext.Bisimulations also arise in other 
ontexts, of 
ourse. One su
h pla
e isautomata theory. For instan
e, to show that the usual algorithm for 
on-verting a non-deterministi
 automaton to a deterministi
 version is 
orre
t,one essentially shows the resulting automaton bisimulates the original one.For some time Dexter Kozen has been developing an approa
h to automatatheory that makes 
entral use of matri
es, in ways that are strikingly sim-ilar to what was presented here. An extensive set of notes presenting thiswork 
an be found on his web site, www.
s.
ornell.edu/kozen/, under theheading CS786 S02 Introdu
tion to Kleene Algebra.
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tors 125It is not unreasonable to hope that by looking at modal ma
hinery froman algebrai
 point of view we will a
hieve additional insight and under-standing, based on the work of generations of mathemati
ians who havegone before.A
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