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1 Introduction

It is certainly possible to define a unification problem U with the property that, given a A-term
M, we can derive an instance A of U from M such that if A has a solution then M is -strongly
normalizable. For example, U can be standard first-order unification TUP, and A the set of first-
order constraints (M) characterizing the typability of M in the simply-typed A-calculus: If (M)
has a solution, then M is simply-typable and, a fortiori, B-strongly normalizable. But, of course,
the converse is not true: If M is S-strongly normalizable, (M) does not necessarily have a solution.

Our first task is this: The definition of a unification problem AUP with the property that, given
a A-term M, we can derive an instance ['(M) of AUP from M such that I'(M) has a solution if and
only if M is B-strongly normalizable. There is a type discipline for pure A-terms that characterizes
[-strong normalization; this is the system of intersection types (without a “top” type that can be
assigned to every A-term). In this report, we use a lean version of the usual system of intersection
types, which we call A™". Hence, AUP is also an appropriate unification problem to characterize
typability of A-terms in A", Quite apart from the new light it sheds on B-reduction, such an

analysis turns out to have several other benefits.

2 A Unification Problem

We define a unification problem, here called AUP, which gives an appropriate algebraic characteriza-
tion of B-strong normalization. The result is proved in Section 3 and again, differently, in Section 7.
Formally, TVar = {c, | i € PU{e}, p € Pt} is the set of type variables, and A-Var = {d, | p € P}

is the set of A-variables.

Definition 2.1 (types) The set of types T is a proper subset of the usual intersection types over

one type constant, denoted 0O, defined inductively:
l.oeT".
2. fceT " UT" and 7 € T then (¢ — 7)€ T
3. If oy,...,0, € T” and n > 2 then (o, A--- Ac,) € T
Let T=T"UT"

Definition 2.2 (type schemes over TVar and A-Var) Let A C A-Var and B C TVar. By si-
multaneous induction we define three disjoint sets of type schemes over A and B, namely T~ (A, B),

T"(A, B) and T*(A4, B):



1. {0} UB C T (4,B).

2. Ifo € T7(A,B)UT"(A,B)UT*(A,B) and 7 € T~ (A, B) then (0 — 1) € T .
3. Ifoy,...,0, € T7(A,B)UT*(A, B) and n > 2 then (o, A--- Ao,) € T(A, B).
4. If 0 € T7(A,B) UT*(A, B) and d € A then do € T*(A, B).

The set of type schemes over A and B is T(A, B) = T~ (A, B)UT"(A, B)UT*(A, B). A particular
case is A = A-Var and B = TVar, for which we define:

T~ = T7(AVar,TVar) and T" = T"(AVar,TVar) and T7° = T*(A-Var, TVar)

Let T =T "UT"UT". For o € T, we denote the set of type variables occurring in o by TVar(c),
and the set of A-variables by A-Var(c). We identify appropriate subsets of T = T(A-Var, T'Var):

T(A-Var) = T(A-Var,@) = { o €T | TVar(o) =92 }
T(TVar) = T(&,TVar) = { 0 € T | AVar(o) =2 }
Consistent with this notation, T = T(, ).
Conventions 2.3

1. Parentheses are omitted in formal type expressions whenever convenient, provided no ambi-

guity is introduced:
(a) As usual, 7 — 7 — 73 is shorthand for (7, — (2 — 73)).
(b) A binds more strongly than —, so that 7, A 7, — 73 is shorthand for (7, A 73) — 73, not

T A (7'2 — 7'3).

2. Viewing A as a binary constructor, other studies take it commutative and associative, and
sometimes also idempotent. Here, A is only associative, and neither commutative nor idem-

potent.

3. A-variables distribute over A, but not —, i.e. we take d(m; ATy) as shorthand for dm Adr,. With
this convention we can restrict oy, ..., 0, in clause 3 (resp. o in clause 4) of Definition 2.2 to

be in the subset 7~ U T* rather than in the full set 7.

4. 7 = 75 means “1; and 7o are syntactically identical” modulo the preceding conventions.



Convention 2 above becomes important when we later construct a solution for a set of constraints:
We will need to keep track of which A-component in a type scheme o € 7" corresponds to which
A-component in another type scheme 7 € T7”. Convention 3 is not essential but allows several

definitions to be written more compactly and clearly (see Remark 2.9, Definitions 4.2 and 4.3).

Definitions 2.4 and 2.5 introduce appropriate restrictions satisfied by type schemes derived from

A-terms (Section 3).

Definition 2.4 (A-contexts) The set of A-contexts is C = (A-Var)*. Every A-context c is there-
fore a sequence dp, dp, - - - dp of A-variables, for some n > 0. We define a function A-contert from
(TVar U A-Var) x T to finite subsets of C. First define A-context(a, ) for every a € TVar and
T € T, by induction:

{e}, ifa=p,
o, ifazp

2. A-context(a,0 — T) = A-context(o,0) U A-context(a,T).

1. A-contert(e,0) = @ and A-context(a, ) = {

3. A-context(a,o1 A-+- ANay,) = A-context(a, o) U---U A-context(a, o).
4. A-context(a,do) = {dc | ¢ € A-contezt(a,0)}.

We next define A-contezt(d, T) for every d € A-Var and 7 € T, by induction:
1. A-context(d,0) = @ and A-context(d,a) = &.
2. A-context(d,oc — 7) = A-context(d,c) U A-context(d,T).

3. A-context(d,oy N\ --- No,) = A-contert(d,oy) U---U A-contezt(d,o,).

{d'c| ¢ € N-context(d, o)}, ifd#d,

4. N-contet(d, d'o) = { {e} U {d'c| c € N-contezt(d,o)}, ifd=d.

Definition 2.5 (well-behaved type schemes) A type scheme 7 € T is well-behaved if it satis-
fies 4 conditions:

1. For every a € TVar(7), A-context(c, ) is a singleton set.

2. For every d € A-Var(r), A-context(d,T) is a singleton set.

3. For all a;, a{l € TVar(7), if p # q then neither p nor q is a prefix of the other.

4. For all dp,dq € A-Var(r), if p # q then neither p nor q is a prefix of the other.



In words, conditions 1 and 2 require that the A-context of every type variable and the A-context
of every A-variable be uniquely defined. None of these 4 conditions is implied by the others. This

is clear for conditions 3 and 4. The next example shows the independence of conditions 1 and 2.

Example 2.6 Let o0 = dd'aAd o’ — (. Then A-context(a,0) = {dd'}, A-context(a/, o) = {d'} and
A-context(f,0) = {e}. Thus o satisfies condition 1 in Definition 2.5, but does not satisfy condition
2, because A-context(d',o) = {e,d}. Now let 7 = a Ada Add'a — . Then A-context(d,7) = {e}
and A-contezxt(d',7) = {d}, which implies that 7 satisfies condition 2 in Definition 2.5. But 7 does

not satisfy condition 1, because A-contezt(o,7) = {e,d,dd'}.

Definition 2.7 (renaming functions) A renaming function f has two disjoint parts: an injec-
tion from TVar to TVar, and an injection from A-Var to A-Var, extended by induction on 7T to
f T — T. A particular kind of renaming functions is now defined, others are considered later.

For every j € P, define the renaming function ( ); : 7 — 7T, by induction:
L. (O); =0 and (ap); = oy, ;-
2. (o= 1) =(0); = (1);.
3. (1A= Noy)j = (o) N AN(on);.
4. (dp 0); =dp; (0);-

Definition 2.8 (valuations of A-Var) A waluation ¢ of A-variables is a map ¢ : A-Var — P such
that ¢(d) = 1 for almost all d € A-Var. Such a valuation is extended to ¢ : T(A-Var, TVar) —
T(TVar) by induction on 7 = T(A-Var, T'Var):

1. o(0) =0 and ¢(a)=a.
2. p(oc = 1) =p(0) = p(T).
3. ploy A= Noyp) =) A+ AN p(oy).

4. p(do) = e((a)1) A A p({0)a))-
Remark 2.9 Keep in mind that A-variables distribute over A (3 in Conventions 2.3), e.g. d(a; Aay)
is shorthand for da; A day. If this were not the case, and say ¢(d) = 2, we would have:

(p(d(&l A 042)) =01 A Qg 1 A Qg2 A (62%) # Qg1 A Qg2 A Qg 1 A Qg 2 = (p(dOél A dOéQ)

The inequality is a consequence of the non-commutativity of A (2 in Conventions 2.3). It is certainly
possible to relax or altogether omit these conventions, but then some of the later definitions become

more complicated to formulate.



Definition 2.10 (valuations of TVar) A waluation 1) of type variables (a “substitution”) is a
total function v : TVar — T~ such that () = O for almost all & € TVar, extended in the usual
way to ¢ : T(TVar) — T by induction on T(TVar):

1. y(O)=0.
2. Yo — 1) =(o) = (7).
3. Plor A+~ Nap) =1p(o1) A+ ANp(o,).

Note that the range of 9 is restricted to T, a proper subset of T. Without this restriction, several

things go awry later (see, in particular, Example 4.7).

Lemma 2.11
1. If o € T is well-behaved, then so is (o);, for every j € P.

2. If o € T is well-behaved and ¢ : AVar — P, then (o) is well-behaved.

Proof: Part 1 is clear from Definitions 2.5 and 2.7. A formal proof is by induction on 7. Part 2

is by induction on 7, using part 1 also. W

Definition 2.12 (unification instances of AUP) A constraint is an equation of the form o = 7
where 0,7 € T. The constraint ¢ = 7 is well-behaved if the type scheme o A 7 is well-behaved. An

instance A of AUP is a well-behaved finite set of constraints, i.e.
A={o, =7, Oy =Ty, ... , Op =Ty}

such that the type scheme oy ATy Aos AT A-+- Ao, AT, is well-behaved. A solution for A is a pair
(p,1) where ¢ : AVar — P (a valuation for AVar) and ¢ : TVar — T (a valuation for TVar),
such that ¥ (p(0;)) = ¥(¢(1;)) for i = 1,...,n, in which case we write (p,) = A. A particular
case is A = &, the empty set of constraints, which always has a solution.

Sometimes we say ¢ : A-Var — P is a solution of A, and simply write ¢ = A, if there is a
valuation 1) : TVar — T~ (in general not unique) such that (p,v) E A.

Notions and functions defined earlier in this section for type schemes are extended to constraint

sets in the obvious way. For example, if A is the constraint set above, then
TVar(A) =TVar(oy ATy A+~ Ao, A T,)

The sets A-Var(A), A-context(a, A), A-context(d,A), etc., are defined similarly.



3 Typability in the System of Intersection Types

The two conditions in the next definition are standard in the literature, whenever constraints are

formulated in relation to typability of A-terms in a type inference system.

Definition 3.1 (well-named A-terms) A A-term M € A is well-named if it satisfies two condi-

tions:
1. No variable in M has more than one binding occurrence.

2. The bound and free variables in M are disjoint sets.

Lemma 3.2 For every A-term M € A, we can effectively define a well-named A-term N € A such
that M =, N.

Proof: By induction on the definition of M. B

Let M € A. Formally, the set of A-variables is A-Var = {z; | i« € P}. For the same variable
x;, the occurrences of z; (free or bound but not binding) in M are uniquely identified by their
occurrence numbers, as
(41) $(J'2) (4n)

A g y e 0Ly

z i

for some n > 0 and j;,72,...,7, € P. Subscripts are part of the variable name, superscripts are
not. For simplicity of notation, we often assign occurrence numbers consecutively, starting with 1,

as M is scanned from left-to-right, as

xEl),x?), . ,:ch")

but our analysis is independent of this numbering scheme. All that matters is that an occurrence
of x; in M is uniquely identified by an occurrence number.
We define a procedure which, given a well-named A-term M, generates a finite set I'(M) of

constraints. If A is a set of constraints and d € A-Var, we write dA to denote the set of constraints:
dA = {do =dr | 0 = 7 is a constraint in A}

The constraints in I'(M) do not mention the type constant 0O, and are written over proper subsets

of TVar and A-Var, namely the subsets:

TVar, = {a! |i€P,j €PU{e}} and AVar,= {d;|i€P}



For a fixed i € I, all type variables of the form o’ correspond to A-variables z;. For convenience,

distinguish a subset TVar,,, of TVar; whose members do not correspond to A-variables in M:
TVar,,, = { o; | i € P, x; does not occur in N }

We reserve (3 (possibly decorated) as a metavariable to range over T'Var,,, (“aux” is for “auxiliary”).
For later purposes we need to generate the set of constraints I'(M) with polarities inserted, i.e.
with a sign “4” or “—” inserted in front of every type variable. Polarities are bookkeeping markers,

which are not part of the syntax of type schemes.

Definition 3.3 (procedure I' to generate constraints) Simultaneously with I'(M), we define
a type scheme 7(M) and, for the A-variable occurrence xﬁj Vin M , a A-context 0(i, 7, M). It will

turn out that A-context(a,T'(M)) = (4,5, M). By induction on well-named A-terms:

().

1. Variables x;”’:
o 'z = .

o 7(z") = (+a).
Gy £, ifk:iandfzj,
o Ok, bz7) = {J_, if k#£iorl# 7.

2. Applications (N P):
e '(NP)= I'(N) U dI'(P) U {7(N) =dr(P) = (—p)},
for a fresh d € A-Var, and a fresh § € TVar,,,.

e 7(NP) = (40).
O(k,¢,N), if6(k,¢,N)# L,

o O(k, 6, (NP)) = { dO(k,t,P), ifO(k,0,P)# L,
1, if O(k,¢,N) =0(k,¢,P)= 1.
3. Abstractions (Az; N), where the free occurrences of z; in N are 2", ... 2™ as N is scanned

from left to right, for some m > 0:

e I'(\z; N) = T'(N).
(—al) A Aep(—al™) = 7(N), iftm>1,¢=0(i,5,N),1<j<m,
) =T

(3

« Tz N) = { E—ai — 7(N), if m = 0.

o O(k,t, (A\z; N)) = {



The process of going from M to I'(M) as defined above is not strictly speaking a function, for
two reasons. First, subterm occurrences in M are not specified to be generated in a fixed pre-
determined order. But this only affects the order in which auxiliary type variables from TVar,,,
and A-variables from A-Var; are introduced into I'(M) in part 2 of the procedure, which turns out
to be a convenience for us. That is, in some of the proofs later, it is notationally convenient not to
prescribe a particular order in which members of TVar,,, and A-Var; are introduced.

Second, occurrence numbers for the same A-variable in M are not assigned in a unique way,
e.g. they are not necessarily assigned consecutively from left to right, starting with 1. Again, this

turns out to be notationally convenient.
Lemma 3.4 For every well-named M € A, the set I'(M) is a well-behaved set of constraints.
Proof: The proof of Lemma 5.1 establishes this fact, and more. N

Example 3.5 Let M = (Afz.fO (f@ (f®2))) (Ag.Ay.gV (¢Py)). (Instead of the formal

A-variables x, %, x3, and x,, we use z, y, f, and g for better readability.) T'(M) contains 6

constraints:

(1) dydy(Fa}) = dydo(di(+as) = (=f))
(2) ds(+aj) = ds(do(+51) = (=f))
(3) (+ap) = ds(+62) — (=P

(4) dods(+ag) = dods(da(+ey) — (=04))
(5) do(+0y) = ds(ds(+81) — (=P5))

(6) (—aj) A ds(—aj) A dydy(—a}) — (dsdodi(—a,) — (+03))

= do((—ey) A ds(=a)) = (dsda(—cy)) = (+55))) = (—Fs)

A solution (not unique) for I'(M) is given by a pair (¢,1) where (for convenience we write dj;

instead of d; 1 1, dy12 instead of d; ; », etc.):
° @(d) =1 for all d € A-Var — {dllla di12, d121, dr22, do1, dao, d3ad6}a and

o ¢(dinn) = p(dii2) = @(diar) = p(diza) = @(da1) = p(ds2) = p(d3) =2 and p(dg) = 7.

We omit the details of v, easily obtained by inspecting the constraints in ¢(I'(M)).



Example 3.6 Let N = (\z.zMz®) (\y.yMy®). T'(N) is the following set of constraints (polar-
ities omitted in this example):

(].) Oél = dlozi — /81

T

(2) dzar, = d3(d2a3 — [s)

1

Yy
(3) ai A dlozi — Bl = dg(a; A d2a5 — BZ) — /83

['(M) does not have a solution, corresponding to the fact that M is not typable in A", by the

next theorem.

System A" is our lean version of the system of intersection types. (Similar but not quite
identical restrictions of the system of intersection types are extensively studied in [8] and [9].) In
the definition of A" below, A is a type assignment, i.e. a partial function from A\-Var to T with
finite domain of definition, written as a finite list of pairs. If A and B are type assignements, then

A A B is a new type assignment given by:

1, if A(z) = B(z) = L,
) A=), if A(z) # L and B(z) = J_,

(AAB)@) =9 By if A(z) = | and B(z) #
A(z) A B(z), if A(z) £ L and B(z );éJ_

We take A non-commutative and non-idempotent (Conventions 2.3). Suppose there is a proof in
A7" for the sequent A = M : 7, where M is well-named, and z is a A-variable occurring free in M.

If there are n > 1 invocations of rule VAR in this proof to derive n types for z, then

Alx) =o, Nos A+ Noy,

where 0; € T~ for i =1,...,n. If m is the number of of occurrences of z in M, then n > m.
System A"
VAR r:T F x:T TeT”

A x:0yN---No,, W M:71 n>1
ABS-I ! - =

AF Ae.M): (o N+~ Noy = T)

AF M:T oceT”
ABS-K

AF (Az.M):(oc—T)
APP AF M:(ocyN---Nop, = T) B -N:oy,..., B, F N:o, n>1

ANB;AN---ANB, - (MN):r

10



Theorem 3.7 For every well-named M € A, M is typable in X™" iff (M) has a solution.

Proof: By induction on M. Details omitted in this preliminary draft. W

The next result is our promised characterization of 8-SN via the unification problem AUP.

Another proof of this result is given in Section 7 (Corollary 7.14).
Corollary 3.8 For every well-named M € A, M is 3-SN iff T(M) has a solution.

Proof: Immediate from Theorem 3.7, using the fact that M is B-SN iff M is typable in A",
proved in [5]." W

Corollary 3.9 There is no algorithm which, given an arbitrary well-named M € A, can decide

whether the set of constraints T'(M) has a solution.

Proof: Immediate from Corollary 3.8, using the fact that it is undecidable whether an arbitrary

A-term is 3-SN. W

Theorem 3.10 There is a semi-decision procedure which, given an arbitrary well-named M € A,
terminates iff the set of constraints I'(M) has a solution. Moreover, if and when the procedure

terminates, it returns a solution (p,1) for T'(M).

Proof: We can effectively generate all valuations ¢ : A-Var — P such that ¢(d) = 1 for almost
all d € A-Var, and all valuations v : TVar — T such that 1(a) = O for almost all « € TVar. We
systematically generate all such pairs (p,1)), and we stop the procedure if and when we find one

which is a solution for I'(M). W

4 Transformation of Constraint Sets

We devise another semi-decision procedure to test whether I'(M) has a solution. The new procedure
(Corollary 7.17) does not return a solution (¢, 1) for I'(M) if and when it terminates, in contrast
to the procedure of Theorem 3.10. It is possible to adjust the new procedure in such a way that
it returns a solution (¢,v) for T'(M) if and when it terminates, but at the cost of introducing

unnecessary complications.

Definition 4.1 (special type schemes) The set of special type schemes is partitioned into two
disjoint sets, R and S, which are simultaneously defined by induction. We define them here with

polarities “+” and “—” inserted:

That M is B-SN iff M is typable in A" is proved once more, in an altogether different way, in Section 7
(Corollary 7.15).

11



1. (+0) € R” and (—O) € S
If @ € TVar then (+a) € R™ and (—a) € S7.

2. Ifo e R°and 7€ S then (0 = 7) € S™.
IfoeS7TUSM"US*and T € R then (0 —7) e R™.

3. Ifoy,...,0, ER7UR®* and n
Ifoy,...,0, ES7US® and n

2 then (oy A--- ANoy) € R

>
> 2 then (oy A--- Noy,) € SN

4. If o € R~ and d € A-Var then do € R°.
Ifocoe R?UR® and d € AVar then do € R°®.
Ifo € S US® and d € A-Var then do € S°.

Note that R° C R*. The two sets of special type schemes are:
R=R7UR"UR®* and S=87US'US*

We call R (resp. S) the set of positive (resp. negative) special type schemes. With polarities
omitted, R U S is a proper subset of 7. We say that type variable a occurs positively (resp.
negatively) in o € R U S if « occurs as +« (resp. —«) in 0. We denote by +TVar(o) the set of
type variables occurring in o with polarities inserted, and denote by TVar(c) the same set with
polarities omitted.

Although A-variables are not preceded by a “+” or “—”, we identify each with a polarity. We
say that d € A-Var occurs positively (resp. negatively) in o € RUS if there is 7 € R (resp. 7 € S)

such that dr occurs in o.

The new semi-decision procedure is the result of repeatedly applying transformation rules to

the set of constraints I'(M), for a given well-named M € A.

Definition 4.2 (local transformation rules) The local transformation rules are: -PARSE and
APARSE. They are local because they work on one constraint at a time, without affecting other

constraints in a simultaneous set of constraints A.

AU {clog=>0y) = c(n—m)}

—PARSE
A U {CTl = €Oy, COy = CTQ}

wherece(C,00,€S,00€R7, , € R°,and 1, € S

12



A U {010'1/\"‘/\Cn0'n = ClTl/\"'/\CnTn}
A U {010'1 = C1T1 5 +++ 5 CROp = clTn}

APARSE

where ¢i,...,c, €C,n>2,0y,...,0, € R, and 7,...,7,, € S7. A totally equivalent but more

explicit way of writing —PARSE is this:

U {cloi A Nory—=0y) = c(n—7)}
U{en = coygAN---Neory,, coy = ¢y }

A
PARSE
—PARS A

whereceC,n>1,014,...,00, €S7US% 0o € R, 1 € R°, and 7, € §7. The equivalence
between the two different ways of writing -=PARSE follows from the fact that A-variables distribute

over A (see Conventions 2.3).

Definition 4.3 (global transformation rules) The global transformation rules are: SUBST (in
two versions), CLEAN, ALPHA and XPAND. They are global because they affect more than one
constraint at a time. In contrast to the local rules, they do not increase the number of constraints.

If A is a set of constraints, « € TVar and 0 € R™, we write A[+a := o] to denote the set of
constraints obtained by replacing every positive occurrence +« in A, if any, by o. Similarly, we

define A[—a := 7] where now 7 € §.

AU {c+a) = cr}

BST
+SUBS N

AU {co = c(-a)}

—SUBST
SUBS Al+a := 0]

where ¢ € C, a« € TVar, 0 € R, and 7 € S~. A use of +SUBST or —SUBST decreases the
number of constraints by one. A particular case of +SUBST is when a occurs positively but not

negatively in A; this particular case is identified as +SUBST);.

AU {c+a) = cr}
A

+SUBST, —a ¢ £TVar(A)

We can similarly define —SUBST;, the particular case of —SUBST when « occurs negatively but
not positively in A. If d € A-Var, then dA is the constraint set:
dA = {do =dr | 0 = 7 is a constraint in A}

13



Another global transformation rule is:

dA U A’ ,

Rules +SUBST,, —SUBST; and CLEAN are used to “clean up” constraint sets.
Recall the notion of renaming function (Definition 2.7), which is simultaneously an injection
from TVar to TVar and injection from A-Var to A-Var. The rule ALPHA renames variables in a

constraint set “without changing its meaning”.

ALPHA —_ f is a renaming function
f(A)

We need ALPHA in order to achieve a good fit between S-reduction and unification. It plays a
role on the side of unification equivalent to a-conversion, which is implicit in S-reduction. (More
on this at the beginning of Section 7.)

We need one more global transformation rule, for which the notation is a bit more complicated.

Let A be a set of constraints, d € A-Var and ¢,,...,c, € C, for some n > 1. We write
Ald:=ci A+ ANy

to denote the set of constraints obtained by replacing every type scheme occurrence in A of the

form dp for some p e R UR*US™ US* by?

cl<p>1 ARRERA Cn<:0>n

(p is a type scheme occurrence in A if there is a constraint ¢ = 7 in A and p occurs in o or 7.) In

words, we create n distinct copies of p each with a new private set of type variables and A-variables.

“edo = ceymy N -+ Nee,m,” 18 a constraint in A

XPAND
Ald:=ci AN+ ANey)

where ¢,c¢y,...,¢, €C,n>1,deE AVar,andoc € R, 11,...,7, €S

A particular case of rule XPAND is when n = 1, i.e. the right-hand side of the constraint in
the premise of XPAND can be just cc; 7. In this case, in order to minimize the renaming of type
and A-variables, we can take Ald := ¢;] to mean: Replace every type scheme occurrence in A of

the form dp by ¢;p (not by ¢ (p),).

2No type scheme dp for some p € R US” will occur in A. See 3 in Conventions 2.3.
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Remark 4.4 In the case n > 2 it is tempting to redefine the expansion [d := ¢; A--- A¢,] to mean:
Replace every type scheme occurrence in A of the form dp by c;pAcy(p)1 A+~ Aep(p)n_1. But this

redefinition would violate conditions 3 and 4 in Definition 2.5.

In Section 5 we prove the soundness of the transformation rules under appropriate restrictions.
In the present context this means the following: If A and A’ are constraint sets such that A’ is
obtained from A by one of the transformation rules, then A has a solution iff A’ has a solution.
In Section 7 we strengthen this result: If constraint set A has a solution, then repeated use of the
transformation rules on A produces the empty constraint set @, which always has a solution. The

examples below illustrate some of the issues we have to deal with.

Remark 4.5 Keep in mind that, in order to use the transformation rules on a constraint set A,
polarities must be inserted. On the other hand, the question of whether A has (or does not have)

a solution does not depend on the presence of polarities.

Example 4.6 Consider the term M of Example 3.5 and the corresponding set of constraints Ag =
(M) = {(1),...,(6)}. We can transform constraint (6), using — PARSE, to obtain two new

constraints:

(7) dﬁ((—a;) A d5(—a3) — dsdy(—ay) = (+55)) = (—oz}) A d3(—ozfc) A d3d2(—a‘j})

(8) dsdydy (—az) — (+0s) = (—0s)
The resulting constraint set is now A; = {(1), (2), (3), (4), (5), (7),(8)}. Using XPAND relative to

constraint (7), we obtain another constraint set:
Ay = Ay[dg i= e Ads Adsds] = {(1),(2),(3), (8),(9), (10), (1)}

The constraints containing dg, namely (4), (5) and (7), are transformed into (9), (10), and (11),

respectively (for convenience we write ds; instead of ds ;, ds, instead of dj 5, etc.):

(9) dsy (+a2y) N dsdsy (+02,) A dgdadss(+as) =

ds1 (dar (+0ry1) = (=Bn)) A dsdsa(daz(+0v2) = (=Fi2)) A dsdadss(das(+ays) = (—fis))
(10)  (+aiy) Ads(daj,) Adsdy(+ay) =

(dsy (+811) = (=F51)) A d(dsa(+512) = (=P52)) A dsda(dss(+Bss) = (=f53))
(1) ((mag) Adsi(=agy) = dsidan(—y1) = (+551))A

ds((—agy) Ndsi(—egy) = dsida (—ay) = (+0:1))A

dydy((—agy) A dsi(—agy) = dsidi (=) = (+551)) = (—ay) Ads(—a}) Adsdy(—af)
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At this point we can use APARSE relative to (9), APARSE relative to (10), and APARSE relative to
(11). In each case, a single constraint is replaced by three constraints. We stop the transformation
process here, as it takes more than 50 steps to terminate. The results in Section 7 show that
transforming the initial A, repeatedly is bound to terminate with the empty constraint set &,
which trivially has a solution. On the other hand, using repeatedly the transformation rules on
['(N) in Example 3.6, the process does not terminate, because N is not §-SN, again by the results

in Section 7.
Example 4.7 Consider the constraint set Ay:
Ay = {d(+a1) = (—a) A(—a3), d(+as) = (+a5) = (—as) }

A, does not have a solution. This fact can be discovered by using the transformation rules. (The
example is easy enough so that its non-solvability can be also established by inspection.) The only

rule we can initially use on Ay is XPAND. If we use it, we obtain:
A = Agfd:=ceA¢g]
= { (+au) A (+aw) = (=) A(=a3), (+au) A (+aw) = (+a5) = (—ag) }
Using APARSE relative to the first constraint in A;, followed by two uses of +SUBST, we obtain:
Ay = { (+au) A (o) = (+o5) = (—a) }

which cannot be transformed further and does not have a solution. On the other hand, if we allow
the range of ¢ to be all of T, then it is easy to see that A has a solution (¢, 1) where ¢(d) = 1 for all
d € AVar. Hence, if we do not restrict the range of 1 to the proper subset T, our transformation

rules do not preserve the solvability of constraint sets.
Example 4.8 Consider the constraint set Ag:
AO = { +a; = (—042) VAN (—043), +o; = (+OK4) — (—a5) }

Ay does not have a solution. Nevertheless, using +SUBST twice on Ay, we obtain the empty
constraint set @, which has a solution. The anomaly illustrated by this example results from the
fact that the initial Ay is not the constraint set of any M € A, i.e. Ag # I'(M) for every M € A.
Hence, +SUBST does not preserve the non-solvability of constraint sets that do not correspond to

A-terms.

16



5 Invariant Properties of Transformation Rules

The notion of well-behaved type scheme (Definition 2.5) is still meaningful in the presence of po-
larities: If 0 € R U S, a type scheme with polarities inserted, we say that o is well-behaved in
case o is well-behaved after all the polarities are omitted. More generally, every notion defined
independently of polarities is still meaningful in their presence. We now list several properties that

a constraint set A can satisfy.

(A) Every type variable a occurs at most twice in A. And if a occurs twice, it occurs

once positively as +a and once negatively as —a.

(B) Every constraint in A is one of two forms:
(Bl) 010'1/\"'/\Cn0'n = ClTl/\“‘/\CnTn
(B.2) cdo = ceymi A N\ ce,Ty

where n > 1, ¢,¢1,...,¢, € C, d € ANVar, d does not occur in ¢, N\ -+ A ¢y,

0,01,-..,0, ER7, and 1y,...,7, € S7.

The constraints in the premises of rules =PARSE, APARSE, +SUBST, and —SUBST, are all cases
of (B.1). The constraint in the premise of rule XPAND is a case of (B.2).

Consider a constraint of the form (B.1), resp. (B.2). Let d' € A-Var. We say that d’ has
an inner occurrence in the constraint if d' occurs in {oy,...,0,,71,...,7,}, resp. if d' occurs
in {do,c;71,...,¢c,7,}. We say that d' has an outer occurrence in the constraint if d’ occurs in
{c1,...,¢,}, resp. if d' occurs in {c}. In words, an “outer occurrence” must appear symmetrically
on both sides of the constraint and at the top level.

We say that d' € A-Var has an inner, resp. outer, occurrence in the set of constraints A if d’'

has an inner, resp. outer, occurrence in one of the constraints of A.

(C) If d € ANVar occurs at all in A, then there is at most one occurrence of d in A

which is both positive and inner.

(D) If “o =77 is a constraint in A, then:
(D.1) No type variable a« € TVar has occurrences in both o and T.

(D.2) No A-variable d € A-Var has inner occurrences in both o and T.

Lemma 5.1 If M is a well-named \-term, then T'(M) is a well-behaved constraint set satisfying
properties { (A), (B), (C), (D) }.
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Proof: Straightforward, if somewhat tedious induction on M. Details omitted in this preliminary
draft. W

Let A and A’ be constraint sets, and X one of the transformation rules:
X € {—PARSE, APARSE, +SUBST, —SUBST, CLEAN, ALPHA, XPAND}

We write A X A’ in case A’ is obtained from A by using rule X. Note that if A X A’ then A’
is not necessarily uniquely defined, as X may be used relative to different constraints in A. We

generalize this notation to (finite) sequences of transformation rules. Let X = X --- X,, where
Xi,..., X, € {—=PARSE, APARSE, +SUBST, —SUBST, CLEAN, ALPHA, XPAND}

and n > 0. We define A X A’ by:

AXA ff A=A X, Ay Xo Ay o X, A=A
We generalize the notation further. Let {X), X,,...} be a set of sequences of transformation rules:

{X1, Xy, ...} C{—>PARSE, APARSE, +SUBST, —SUBST, CLEAN, ALPHA, XPAND }*
We define A {X}, X,,...} A’ by:
A{X,X,.. .} A" iff AX A" for somei .
Lemma 5.2 Let A and A’ be constraint sets, and X a transformation rule in
{—=PARSE, APARSE, CLEAN, ALPHA}

such that A X A'. If A is a well-behaved constraint set satisfying properties {(A), (B), (C), (D)},

then so is A'.

Proof: For each of the 4 rules under consideration, there are 5 parts to prove, namely that A’
satisfies the 4 properties listed and that A’ is well-behaved. This adds up to 20 separate cases.
This is a straightforward (and tedious) case analysis. The only non-trivial case (perhaps) is to show
that A’ satisfies (B) when X = —PARSE, in particular that “d does not occur in ¢; A---A¢,” (see
the formulation of (B)): For this, use the hypothesis that A satisfies not only (B) but also (D) (in
fact (D.2) suffices). N

Lemma 5.3 Let A and A’ be constraint sets, and X = £SUBST such that A X A'. If A is a
well-behaved constraint set satisfying properties { (A), (B), (C) }, then so is A
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Proof: It suffices to consider X = +SUBST, as the proof for X = —SUBST is totally symmetric.
If A is well-behaved, it is easy to check that A’ is well-behaved, reviewing the 4 conditions in
Definition 2.5. It is just as easy to check that if A satisfies property (A), then so does A’, and
likewise for properties (B) and (C). W

Lemma 5.4 Let A and A’ be constraint sets such that A XPAND A'. If A is a well-behaved
constraint set satisfying properties { (A), (B), (C) }, then so is A'.

Proof: Suppose A’ = Ald :=¢; A--- A¢,] and n > 2 throughout the proof. The case n =1 is
immediate, as no renaming of variables takes place, and is therefore omitted.

If A is well-behaved, then is A’, by the 4 conditions in Definition 2.5 (straightforward details
omitted). If A satisfies (A) and is well-behaved (only condition 3 of 2.5 matters here), then it is
easy to see that A’ satisfies (A) too. N

Lemma 5.5 Let A and A' be well-behaved constraint sets, X one of the transformation rules, and

AX A

Let A be a constraint set and ¢ : A-Var — P such that ¢ = A. We write |TVar(p(A))| to
denote the number of type variables occurring in ¢(A). We say ¢ is a minimal solution of A if

e o ]=A, and

e for every ¢’ = A, we have |TVar(p(A))| < |TVar(¢'(A))].

Lemma 5.6 Let A and A’ be well-behaved constraint sets, X one of the transformation rules, and
A X A Ifo,¢ : AVar — P are minimal solutions of A and A’ respectively, then |TVar(p(A))| >
|TVar(¢'(A"))|. If in addition X = £SUBST and A satisfies property (A), then |TVar(p(A))| >
ITVar(g'(A)].

For later reference, we state two easy facts about transformation rules.

Lemma 5.7 Let A and A’ be well-behaved constraint sets, and X one of the transformation rules.
1. If A CLEAN X A’ then A X CLEAN A'.

2. If A ALPHA X A’ then A X ALPHA A'.

In words, we can delay uses of CLEAN and ALPHA past other uses of transformation rules.?

3The converse of part 1 is not true in general; there are easy counterexamples. The converse of part 2 is true, but
we do not need it.
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Proof: Straightforward, if somewhat tedious, case analysis. W

Lemma 5.8 Let A and A’ be well-behaved constraint sets. If A ALPHA ALPHA A’, then
A ALPHA A'. In words, consecutive uses of ALPHA can be combined into a single use of ALPHA.

Proof: The composition of two renaming functions is a renaming function. M

We conclude this section with another conjecture.

Conjecture 5.9 Let M be a well-named \-term. The following are equivalent conditions:
1. T(M) has a solution.

2. Using the rules in {—-PARSE, APARSE, +SUBST, —SUBST, XPAND} repeatedly, in any or-

der, the constraint set I'(M) is always transformed into the empty constraint set &.

In Section 7 we prove a result (Corollary 7.17) which is weaker than the preceding conjecture, but
sufficient for our purposes, namely: “I'(M) has a solution” is equivalent to the transformation of
['(M) into @ using the rules repeatedly in a particular order. This is the particular order specified
by the f-transformation of I'(M) (Definition 7.16).

6 A Useful Generalization of Beta-Reduction

K-redexes are the source of many interesting complications in the A-calculus. The particular com-
plication concerning us here is the difference they introduce between (-weak-normalization (3-WN)
and (-strong-normalization (3-SN). In the absence of K-redexes the two notions coincide. There
is a long trail of results on how to reduce 5-SN to S-WN without excluding K-redexes since the
late 1960’s, by Nederpelt, by Klop, and by many others in the 1980’s and 1990’s (see the references
in [4] and [7] for example). We tackle this question once more, not to prove a result (Theorem 6.5)
which is likely to be found in some form or other in the extensive literature, but to adapt it to our
later needs (Section 7).

Every A-term M which is not in (-nf contains a leftmost B-redex occurrence R = ((Az.P)Q).
R is uniquely identified by its A-binding “Az” which occurs to the left of the A-binding of every

other, if any, G-redex occurrence in M.

Lemma 6.1 Let R = ((Az.P)Q) be a leftmost B-redex occurrence in M, and let M % N.
1. If R is a I-redex and N is B-SN, then M is 3-SN.

2. If R is a K-redex and both N and @ are 3-SN, then M is 3-SN.
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Example 6.2 Part 2 of the preceding lemma is not true without the restriction “leftmost”. Con-

sider the term

M= ((Az. (Awdw. vw)) IT) Ay. (Az.I)(yww) ) (Av. w. vw)

~

R Rs
where I = (Az.z) and w = (Az.zz). M contains two [-redex occurrences: R; and R,. R, is
leftmost-outermost, R, is only outermost, and both are K-redexes. (A [-redex occurrence R in M
is outermost if R does not occur as a proper subterm in another S-redex occurrence in M. Leftmost

is a special case of outermost.) S-reducing R,, we get
N= ((Az. A\ w. vw)) T) (Ay. I) (A w. vw)

It is not the case that M is 3-SN (it is not) if N and (yww) are 3-SN (they both are). This example
also shows that relaxing the “leftmost” restriction to “outermost” is not strong enough to get part
2 of Lemma 6.1.

Gj3(M) is the S-reduction graph of A\-term M (Section 3.1 in [1]). The set of vertices in G3(M)
is {N | M—ﬁ»N} modulo a-equivalence, i.e. if M—ﬁ»Nl and M—ﬁ»N2, and N; =, N,, then
N, and N, refer to the same vertex. There is an edge from vertex N; to vertex N, in Gz(M) iff
Ny 7) N>. G3(M) is a connected graph, because every vertex N is accessible from vertex M.
Define

degree(M) = “number of edges in G(M)”

The relevant fact for us is: M is -SN iff Gg4(M) is a finite dag (directed acyclic graph). In
particular, if M is 0-SN then degree(M) is finite (the converse is not true).

Lemma 6.3 Let R = ((Az.P)Q) be a leftmost B-redex occurrence in M, and let M % N.
1. If R is a I-redex and M is (3-SN, then degree(M) > degree(N).

2. If R is a K-redex and M is 3-SN, then degree(M) > degree(N) + degree(Q).*

Definition 6.4 ([3]-reduction) Let 9 be the multiterm [M,,..., M,], i.e. a finite sequence of
A-terms (repetitions allowed), and R = ((Az.P)Q). We write 9t [—];]> N to mean two conditions are
satisfied:

1. R is a leftmost B-redex occurrence in 9, i.e. there is k € {1,... ¢} such that R is leftmost
in M;, and My, ..., M;_, are all in §-nf.

‘Lemma 6.3 is probably true without the restriction “leftmost” on R, but we do not need such a result.
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[Mi,...,My_1,N,Mysr,..., M,  if Ris a I-redex,

R
2. I My = N, then 0N = { [My,...,My_1,N,Q,Myi1,..., M), if Risa K-redex.

We write I W N, pronounced “multiterm M beta-reduces to multiterm N7, if there is a leftmost

B-redex occurrence R in 9T such that 9T [—];> N.

Strictly speaking, the relation [3] is not a “notion of reduction” in the sense of Section 3.1 in [1],
because it relates two multiterms (rather than two terms). Nevertheless, [5]-reduction generalizes
[-reduction not only in the sense that (1) it relates two multiterms rather than two terms, but also

in the sense that (2) it does not discard arguments of K-redexes after their reduction.
Theorem 6.5 For every M € A, M is 3-SN iff [M] is [5]-normalizing.

Proof: There are two inductions in this proof, and to push them through, prove a more general

result, namely, for every multiterm 971, the following are equivalent:
(a) Every M € 9 is 5-SN.
(b) 9 is [B]-SN.
(c) M is [f]-normalizing.

First prove (a) implies (b). Generalize the notion of S-reduction graph to every multiterm 91, by
defining G(9M) as U{Gs(M) | M € M} (this is multiset union). Unless M contains only one term
(or no terms at all), Gz(9M) is a disconnected graph, with one component for every member of 9t

and with the same multiplicity. Define
degree(M) = Z { degree(M) | M € M }

(this counts degree(M) as many times as there are copies of M in ). Now, every M € M is $-SN
iff G5(9M) is a finite dag.

The proof that (a) implies (b) is by induction on degree(§) > 0. If degree(9) = 0 then every
M € 9 is in SB-nf, so that 9 is also [$]-SN. Assume the result true for every multiterm 9% such
that every M € 9 is 5-SN and such that degree(9) < n. Consider a fixed, but otherwise arbitrary
M, such that every M € M is §-SN and such that degree(9M) = n+ 1. We want to show that every
[B]-reduction sequence o starting from 9 terminates. Consider the first step of such a sequence o,
say N W 9. Reviewing Definition 6.4, it is easy to see that if every M € 91 is §-SN then so is
every N € M and, by Lemma 6.3, that degree(91) < n. Hence, by the induction hypothesis, 9 is

[3]-SN, which in turn implies the sequence o terminates.
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The proof that (b) implies (¢) is immediate.
The proof that (c) implies (a) is by induction on the length of [3]-normalizing sequences. Con-
sider a []-normalizing sequence from a multiterm 9

Mpy=M — M — PN — -+ — I,
(8] ] ] ]

where 91, is in [(]-nf, so that every M € 9, is in G-nf. If n = 0, then M, = M,, and the desired
conclusion is immediate. Assume the result true for every [(]-normalizing sequence of length n € N,

and prove it for an an arbitrary [3]-normalizing sequence of length n + 1, using Lemma 6.1. H

7 Beta-Reduction as Unification

Let M € A and R = ((Az.P)Q) a (-redex occurrence in M, i.e. M = C[R] where C[] is a context
with a single hole. In general, we need to a-convert R before S-reducing it, in order to avoid capture
of free variable occurrences in () by A-bindings in P. The necessary a-conversion can in fact be

restricted to P, so that if M % N we can write:
N = C[P'[zx:=(Q]] where P' =, P.

Neither C' nor Q) are a-converted. For the correspondence to be established in this section, we need
to spell out exactly where a-conversion takes place.

If M is well-named to start with, no a-conversion is necessary at all to avoid capture of free
variables. In this case, if we take N = C[P[z := Q]] (no a-conversion in C, P, or )) then M % N
is a valid B-reduction. However, the resulting IV is not necessarily well-named, and the problem of
free-variable capture may be encountered later, if we B-reduce N again. Consider for example the

well-named A-term M = (Ax.zz)(Ay.\z.yz). Without a-conversion:
M - N = (Ay.Az.yz)( Ay z.yz) - N = Xz.(\y.Az.yz)z - Ny = Az \z.22

None of N, N; and N, is well-named and the reduction from N; to N, is not valid. The usual
practice is to a-convert whenever necessary only, which we can call lazy a-conversion. We do not
need to a-convert N (and therefore do not, according to lazy a-conversion), and only a-convert N,

to, say, N, = Az.(A\y.\z".yz")z before f-reducing it. The resulting reduction sequence is now valid:
M - N = (Ay.Az.y2)(A\y.Az.yz) - N| = z.(Ay. 2" y2")z - Ny, = X\ Az.z2'

Our practice here will be different, which we can call eager a-conversion. We prevent the problem

at an earlier stage: Every (-reduct is a-converted to a well-named A-term before it is S-reduced
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again, whether or not capture of free variables occurs. For the preceding example, we have the

following reduction sequence according to this convention:
M - N = Ay Azy2)( Ay A2 y'2) - Ny = Az.(M\y' A2y 2" )z - No = Az.\2' .22
Each of N , ]\N/'l, and ]\N/}, is well-named. For our purposes, we need to restrict this convention further.

Convention 7.1 Let M be a well-named A-term, R = ((Az.P)Q) a [-redex occurrence in M, and
M = C[R] where C[ ] is a context with a single hole. Write R as

R= ((\z.PlzW,z®,....2™"))Q)

explicitly listing the n > 0 bound occurrences of x. In this notation, P is a context with exactly n
holes, which does not mention z anywhere else. We spell out conditions under which the g-reduction

of R in M produces another well-named A-term N. We write M % N provided:®
a. Either n < 1 and N = C[P[Q)]], with no a-conversion allowed in C, P, or Q.

b. Orn > 2 and N = C[P[Q,...,Q,]] where:

- QEa Ql =a T o Qna
— Q:Q2---Q, is a well-named A-term,

— the bound A-variables in Q,Q; - -- @, are fresh, i.e. do not occur in C[P[,..., |].

These conditions guarantee both that M % N is a valid g-reduction and that N is well-named.

If n > 2, note that we restrict a-conversion to the argument Q: Neither C' nor P are a-converted.®

Definition 7.2 ([3]-reduction revisited) We adjust [$]-reduction according to the preceding
convention. The multiterm 9 = [My,..., M,] is well-named if the single A-term zM, --- M, is
well-named, where z appears nowhere in 9.” Let R = ((Az.P)Q) be a -redex occurrence in 91,
i.e. M = C[R] for some k € {1,...,¢} where C[ ] is a context with a single hole. Adopting the
notation of Definition 6.4 and Convention 7.1, we write 901 [le]> N if the two conditions of 6.4 are

satisfied in addition to:

5t is possible to merge the two cases, n < 1 and n > 2, by requiring that N = C[P[Q, Q1,...,Qr-1]]- But the
resulting indexing would complicate some of the bookkeeplng later (e.g. in the proof of Lemma 7.7), partly because
it would conflict with the conventions for the XPAND rule (see Remark 4.4).

630, in eager a-conversion, C' and P are not a-converted; only if n > 2 do we a-convert @, whether or not capture
of free variables occurs. By contrast, in lazy a-conversion, C' and @) are not a-converted; and only if capture of free
variables occurs do we a-convert P.

"We can equivalently require that the single A-term M; - -- M; be well-named.
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3. Conditions a and b of 7.1 are satisfied.

Moreover, if occurrence numbers are inserted (which we need when we use procedure I', Defini-

tion 7.3 below) we further stipulate:
4. The reduction M [le]> M does not change occurrence numbers in:

o My,...,My_\,My,,..., M.

e C[(A\z.P[,..., ])[]], i-e. they remain the same in C[P[,..., ]| after the reduction.
e (), ifn<1.
m [le]> I introduces fresh occurrence numbers only in @4, ...,Q, and only if n > 2.

Names of type variables in the constraint set T'(9t) depend on names of A-variables and their
occurrence numbers in M. Conditions 3 and 4 above are imposed on the [3]-reduction 9 % N

in order to regulate and minimize the process of variable-renaming in going from I'(97) to I'(N).

Definition 7.3 (I" revisited) We extend the procedure I' (Definition 3.3) to well-named multi-
terms. If M = [M, ..., M,] is a well-named multiterm, we first assign a unique occurrence number

to every A-variable occurrence in 9, free or bound (but not binding), and then define I'(90) by:
rey = (M) U -+ U I'(M,)

['(9) induces 2 other constraint sets: I',(91) and I'y(9M). For the definition of I', (9N), recall the
special case +SUBST,; of +SUBST (Definition 4.3): It deletes constraints of the form ¢(+«) = c7.
I[',(901) is the constraint set A, such that:

2. A, {+SUBST,, CLEAN}* A,.

3. A, cannot be transformed further using +SUBST,; or CLEAN,
i.e. Ay isin {+SUBST,, CLEAN}-normal form.

In clause 2, we can write A; {+SUBST,; }*{CLEAN}* A, instead, by Lemma 5.7 part 1.5 Tt is
easy to see that T',(901) is uniquely defined, i.e. it is independent of the order in which we delete
constraints in T'(9N) using +SUBST,; or cross out outermost A-variables using CLEAN. T',(90) is
a subset of ', (9):

L, =T, N {cloy—=09)=c(rnn —>m)|ceCo €S, R, TER, HES }

8 +SUBST; and CLEAN do not commute in general.
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In words, I',(90) is the subset of I', (901) consisting of all the constraints to which we can apply the
transformation rule -=PARSE.

Lemma 7.4 Let MM be a well-named multiterm. The number of B-redex occurrences in I is pre-

cisely the number of constraints in T'y(9M). In particular, M is in [B]-nf iff T,(IM) = @.

Proof: It suffices to prove it for the case of a single term M, i.e. when 9 = [M]. The proof
is a straightforward induction on M. Note that because of the naming convention for well-named

terms and well-named multiterms, every S-redex in 9 occurs exactly once. N
Lemma 7.5 If M is a well-named multiterm, then M is in [B]-nf if and only if T',(IN) = @.

Definition 7.6 (sharp-reduction) This reduction relation is only defined between constraint sets
corresponding to well-named multiterms. Given constraint sets A; and A,, we write A, —ﬂ> A,

(“A; sharp-reduces to A,”) iff there are well-named multiterms 9, and 91, such that:
1. Al = Fa(f)ﬁl) and AQ = Fa(i)ﬁg).

2. There is a f-redex occurrence R in 9 such that 9 [lef M,. (By the definition of [g]-

reduction, Definitions 6.4 and 7.2, R is necessarily leftmost in 91, .)

We say that A is in §-nf iff there is a well-named multiterm 9t such that A =T',(9) and 9 is in
[B]-nf. By Lemma 7.5, this means A is in §-nf iff A = &.

Lemma 7.7 Let A, and A, be constraint sets such that A, —ﬂ) A,. This single §-reduction step

can be decomposed into a finite sequence of the transformation rules — in this order:

one use of —PARSE,
- one use of XPAND,
— zero or more uses of APARSE,

— one or more uses of —SUBST,

— one use of ALPHA.

Lemma 7.7 gives a precise meaning to the title of this section and the entire report:

BETA-REDUCTION AS UNIFICATION
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A single [f]-reduction step from 91, to M, corresponds to a finite sequence of unification steps in
{—=PARSE}{XPAND }{APARSE}*{-SUBST}*

from A; to A,. (We ignore the last use of ALPHA in Lemma 7.7, as it is only a renaming of
variables.) This correspondence works just fine if A; = I',(9%;) and A, = T',(9;), but not if
A; = I'(M;) and A, = I'(M5,). The next example illustrates the complication, had we taken
instead A; = I'(M,) and Ay = ['(M,). The source of the problem are the K-redexes, which were
also the reason in Section 6 for the generalization of S-reduction to a relation between multiterms

(rather than between terms only).

Example 7.8 Consider the A-term M = v(Aw.(Az.wMy)w?). The leftmost (and only) S-redex
in M is R = (Az.wWy)w®. If we set M, = [M] and [B]-reduce R, we obtain:

m =M = M, =[vQwwVy), w? ]

Using I instead of T',, the corresponding constraint sets are:®

A, = T(O)
= { ds(+a,,) = ds(di(+ay) = (1)), ds((—a.) = (+51)) = ds(dz(+a2) = (=),
(+a,) = ds((—a,) Ady(—ai) = (+6:)) = (—F) }

A, = T(M,)

= { d(+ay) =ds(di(+ay) = (=61)), (+ou) =ds((—ev,) = (+61)) = (=F) }

No matter how we use the transformation rules, it is not possible to transform A; into A,. The

2

+,, whereas A; does, in its second and third constraints. To

reason is this: A, does not mention «
reach A, from A;, using the transformation rules, we have to eliminate o? somehow. We can
eliminate o by using —PARSE relative to the second constraint in A;, followed by XPAND to
carry out the expansion [dy := ], followed by —SUBST twice to eliminate o2, (and ;) — but then
there will remain an a, which we cannot eliminate. This happens only because R is a K-redex. On
the other hand, using I", instead of I':

Ay = To(M) = { () = (+61) = dao(+03) = (=) }

and A, = r,(9M,) = @. Now, A, can be transformed into A, = &, by using — PARSE first,
followed by XPAND, followed by —SUBST twice.

9According to Definition 3.3 we have freedom in choosing the order in which A-variables from A-Var; and type
variables from TVar,,, are introduced by T'.
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If we replace y by  in M, we obtain M’ = v(Aw.(Az.wVz)w?), where R' = (Ar.wMz)w® is
now an I-redex. We then have
m, = [M'] % m, = [ vOw.wDw?) ]

and the corresponding constraint sets are — again using I" not [',:

Ay = T(m)
= { di(+a,) = ds(di(+0a) = (=), ds(di(—0a) = (+51)) = ds(da(+ai,) = (=F2)),
(+ow) = ds((—a,) Ada(—a) = (+52)) = (=) }
Ay = TO)

= { ds(+ay,) =ds(di(+a}) = (=), (+on) =ds((—a,) Adi(—07,) = (+51)) = (=Bs) }
If we use —PARSE, followed by XPAND, followed by —SUBST twice, it is easy to check that
A can be transformed into A}. Note that this sequence of transformation rules is one given by
the conclusion of Lemma 7.7 (we can always append a dummy use of ALPHA at the end of the
transformation sequence, to perform the identity renaming). This is an example of a more general

situation, in the remark below.

Remark 7.9 Let M, and M, be well-named Al-terms. (There is no need to consider multiterms
when we restrict our attention to Al-terms — see Definition 6.4.) Let A; = I'(M;) and A, = I'(M>).
Write A, T> A, if there is a G-redex occurrence R in M, such that M, % M, (R not necessarily
leftmost) . We say that A is in b-nf iff there is a well-named Al-term M such that A = I'(M)
and M is in G-nf, but now, in constrast to a constraint set in f-nf, it is not necessarily the case
that A = @. The interesting fact is that Lemma 7.7, with “f” replaced by “b” throughout, still
holds. We do not pursue this line of investigation further, because it would limit the final results

to Al-terms, even though it would also simplify our entire analysis and make it more perspicuous.

Lemma 7.10 If A, and A, are constraint sets such that A —u> A,, then A, has a solution iff

A, has a solution.
Proof: Immediate consequence of Lemmas 5.5 and 7.7. 1

Lemma 7.11 If A, and Ay are constraint sets such that Ay —ﬁ> As, and @; is a minimal solution
of A; for i =1,2, then |TVar(¢1(A1))| > |TVar(v2(Az))].

Proof: Immediate consequence of Lemmas 5.6 and 7.7. W
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Lemma 7.12 Let M be a well-named multiterm and A =T',(9N). Then A is §-normalizing iff A

has a solution.

Proof: The left-to-right implication is an immediate consequence of (the right-to-left implication
in) Lemma 7.10, what it means for A to be in f-nf, and by Lemma 7.5 (which implies that A is in
f-nf iff A = &). The empty constraint set & always has a solution.

For the converse, assume A = A; has a solution and A, is not in f-nf. Consider a f-reduction
sequence from A;:

Ao L 2 A

By Lemma 7.10 (the left-to-right implication), A, has a solution, for every k£ > 1. Let ¢, be a

minimal solution of A;. By Lemma 7.11,
[TVar(p:(A1))| > |TVar(p2(As))| > [TVar(ps(As))| >

Hence, for some £ > 1, it must be that |TVar(y,(Ay))| = 0. Because the type constant O occurs

nowhere in A;, and therefore nowhere in A, this implies A, = @ and A, is f-normalizing. W

Theorem 7.13 Let M be a well-named multiterm. Then I is [B]-normalizing if and only if T'(ON)

has a solution.

Proof: We prove the following are equivalent conditions:
1. M is [f]-normalizing.
2. T',(9M) is f-normalizing.
3. T',(9M) has a solution.
4. T'(M) has a solution.

By Definition 7.6, we have (1) iff (2). By Lemma 7.12, we have (2) iff (3). By Lemma 5.5, we have
(3) iff (4). W

Corollary 7.14 is, once again, our characterization of 3-SN via the unification problem AUP.

(Corollary 3.8 gives a different proof of this characterization.)
Corollary 7.14 For every well-named M € A, M is 3-SN iff (M) has a solution.

Proof: By Theorem 6.5, M is 3-SN iff [M] is [#]-normalizing iff, by Theorem 7.13, I'(M) has a

solution. W
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Corollary 7.15 For every well-named M € A, M is 3-SN iff M is typable in the system X",

Proof: Immediate from Theorem 3.7 and Corollary 7.14. W

Variations of the equivalence in Corollary 7.15 are well-known in the literature (see [2], [3], and

“variations” because they use formulations of the system of

the references cited therein); these are
intersection types that are somewhat different from our A", One particular feature of the proof
of 7.15 here is that it does not use an argument based on the method of “candidats de réductibilité”
(or a weaker variant, such as the “realizability” method). This is not the only such proof: Several
recent reports prove that typability in A" (or in minor variations of it) characterizes the class of
A-terms that are 5-SN, by methods totally unrelated to “candidats de réductibilité”, e.g. [3], [5]

and [6].

Definition 7.16 (f-transformation) The f-transformation of a constraint set A is defined only

if A =T'(M) for some well-named A-term M. It is a particular sequence of transformation rules in
{+SUBST, }* ({—=PARSE}{XPAND}{APARSE}*{—SUBST}*)>

induced by the f-reduction sequence that starts from I'(M). We make this notion precise. Let I

be a well-named multiterm and consider a [(]-reduction sequence starting from 9t

m=om, 2 m, = o,
(8] (8] (8]

This [#]-reduction sequence is uniquely defined, because R; is the unique leftmost S-redex occur-
rence in M;, for i =1,2,3,... . Hence, if A; = T',(9M;), the f-reduction sequence
Ao b B

is also uniquely defined. Starting from 9t = [M] where M is a well-named A-term, we therefore

have a uniquely defined transformation sequence:
DM) X A D Ay Ve Ay Yy
where X € {+SUBST;, CLEAN}* by Definition 7.3, and
Y; € {—PARSE}{XPAND}{APARSE}*{—-SUBST}*{ALPHA}

by Lemma 7.7, for s = 1,2,3,... . Let X be the subsequence of X where all CLEAN’s are omitted,
and ), the prefix of ); where the last ALPHA is omitted, resulting in the following commutative

diagram of transformations:
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Ay N A, RZ: AW Vs

where every downward arrow is a sequence in { CLEAN}*{ALPHA}. The correctness of this dia-

gram follows from Lemmas 5.7 and 5.8, according to which:
1. Every use of CLEAN can be displaced after a use of another transformation rule.
2. Every use of ALPHA can be displaced after a use of another transformation rule.
3. Consecutive uses of ALPHA can be replaced by a single use of ALPHA.

We call the §-transformation of I'(M) the uniquely defined sequence Z = XY Y, Yy -+ which
makes the preceding diagram commute. If the [§]-reduction sequence from [M] (or, equivalently,

the f-reduction sequence from I',(M)) terminates, then Z is a sequence in
{+SUBST, }* ({—PARSE}{XPAND}{APARSE}"{-SUBST}")*
and if it does not terminate, then Z is a sequence in
{+SUBST, }* ({—PARSE}{XPAND}{APARSE}*{—SUBST}*)*

Another consequence of Theorem 7.13 is the following corollary, a somewhat weaker result than

Conjecture 5.9.

Corollary 7.17 Let M be a well-named A-term. The following are equivalent conditions:
1. T(M) has a solution.

2. The §-transformation of U'(M) terminates with the empty constraint set &.

Proof: Immediate from Theorem 7.13 and the definition of f-transformation. W
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