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A short proof on the lo
al deta
hment theoremZolt�an Szigeti?

Abstra
tA simpli�ed and shortened proof is presented for a theorem of Jord�an andSzigeti [2℄ on deta
hments preserving lo
al edge-
onne
tivity.1 Introdu
tionLet G = (V + s; E) be a graph. A degree spe
i�
ation for s is a sequen
e f(s) =(d1; :::; dp) of positive integers with Ppj=1 dj = dG(s): An f(s)-deta
hment of G ats is the graph G0 obtained from G by repla
ing s by a set s1; :::; sp of independentverti
es and distributing the edges in
ident to s among them in su
h a way thatdG0(si) = di (1 � i � p). Note that all the other ends of the edges in G remain thesame. For a requirement fun
tion r : V � V ! Z+, we say that G is r-edge-
onne
tedif �G(u; v) � r(u; v) 8u; v 2 V; where �G(u; v) is the lo
al edge-
onne
tivity betweenu and v in G, that is the size of a minimum edge 
ut separating u and v in G. Thefollowing theorem 
hara
terizes graphs having an r-edge-
onne
ted f(s)-deta
hment.Theorem 1.1 (Jord�an, Szigeti [2℄). Let r be a requirement fun
tion for G =(V + s; E) with r(u; v) � 2 8u; v 2 V: Let f(s) = (d1; :::; dp) be a degree spe
i�
ationfor s with di � 2 8i: Let ' = Pp1bdi2 
: Then there exists an r-edge-
onne
ted f(s)-deta
hment of G at s if and only ifG is r-edge-
onne
ted, (1)G� s is (r�')-edge-
onne
ted. (2)The aim of this paper is to provide a short proof for Theorem 1.1. We mention thatTheorem 1.1 is a 
ommon generalization of Mader's theorem [4℄ on splitting o� pre-serving lo
al edge-
onne
tivities between verti
es in V (f(s) = (2; dG(s)�2); r(u; v) =�G(u; v) 8u; v 2 V ) and Fleiner's theorem [1℄ on k-edge-
onne
ted deta
hments(r(u; v) = k 8u; v 2 V ). This paper does not provide a new proof for Mader's theorembe
ause it applies it. For a new proof on a generalization of Mader's threorem thereader is referred to [5℄.?Equipe Combinatoire, Universit�e Paris 6, 75252 Paris, Cedex 05, Fran
e. This work was donewhile the author was visiting the Egerv�ary Resear
h Group (EGRES), Department of OperationsResear
h, E�otv�os University, Budapest. May 2004



Se
tion 2. De�nitions, preliminary results 22 De�nitions, preliminary resultsRe
all that G = (V + s; E) is r-edge-
onne
ted if �G(u; v) � r(u; v) 8u; v 2 V: Notethat it is equivalent to hrG(X) � 0 8X � V; where hrG(X) := dG(X) � R(X) andR(X) := maxfr(u; v) : u 2 X; v 2 V � Xg: The following basi
 property \skew-submodularity" of the fun
tion h (see in [3℄) will be usefull. dG(X; Y ) denotes thenumber of edges between X �Y and Y �X; dG(X; Y ) = dG(X \Y; V + s� (X [Y )):For any two subsets X; Y � V at least one of the following inequalities holds:hrG(X) + hrG(Y ) � hrG(X \ Y ) + hrG(X [ Y ) + 2dG(X; Y ); (3)hrG(X) + hrG(Y ) � hrG(X � Y ) + hrG(Y �X) + 2dG(X; Y ): (4)If X [ Y = V then (4) always holds (with equality).For X � V; the 
ut ÆG(X) is the set of edges leaving X: For T � ÆG(s), the T-split of G is the (jT j; dG(s) � jT j)-deta
hment G0 of G at s where ÆG0(s1) = T: Lete(T;X) := jÆG(X) \ T j:3 The proofProof. Ne
essity: Let G0 := (V + fs1; :::; spg; E) be an r-edge-
onne
ted f(s)-deta
hment of G at s. Sin
e the identi�
ation of fs1; :::; spg does not destroy r-edge-
onne
tivity in V; (1) is satis�ed. Applying for every vertex si 1 � i � p that thedeletion of si 
an de
rease the lo
al edge-
onne
tivities in V by at most bdi2 
 it followsthat (2) is satis�ed.SuÆ
ien
y: Wlog. p � 2 and ' � 2: As we already mentioned, (1) and (2) 
an bereformulated as hrG(X) � 0 8X � V; (5)hr�'G�s(X) � 0 8X � V: (6)We shall use indu
tion on z(G) := jV j+ dG(s): Note thathr�'G�s(X) = hrG(X)� dG(s;X) + ' 8X � V: (7)Lemma 3.1. We may assume thatevery set X with hrG(X) = 0 is a singleton. (8)Proof. Suppose there exists a set Q with hrG(Q) = 0 and jQj > 1: Then let Ĝ :=(V̂ ; Ê) be obtained from G by 
ontra
ting Q into a vertex q and let r̂(u; v) := r(u; v)if u; v 2 V̂ � q; and maxfr(w; x) : w 2 Qg if q 2 fu; vg where x = fu; vg � q: It 
anbe veri�ed easily that R̂(X̂) = R(X) 8X̂ � V̂ ; so (5) and (6) are satis�ed for Ĝ andr̂. Sin
e jQj > 1, z(Ĝ) < z(G) and hen
e, by indu
tion, Ĝ has an r̂-edge-
onne
tedf(s)-deta
hment Ĝ0. We show that the graph G0 obtained from Ĝ0 by \blowing up" Qis r-edge-
onne
ted and we are done. Let X 0 � V 0: Using that hrG0(Q) = hrG(Q) = 0,EGRES Te
hni
al Report No. 2004-09



Se
tion 3. The proof 3the skew-submodularity of hrG0 and the fa
t that if X 0 and Q are not interse
ting thenhrG0(X 0) � 0 (be
ause if X 0 � Q then hrG0(X 0) = hrG(X) � 0 by (5) and if Q � X 0 orQ \ X 0 = ; then hrG0(X 0) = hr̂̂G0(X̂ 0) � 0 sin
e Ĝ0 is r̂-edge-
onne
ted) we get thathrG0(X 0) � 0 as we wanted.Lemma 3.2. There exists T � ÆG(s) with jT j = 3 if f(s) = (3; 3; :::; 3) and jT j = 2otherwise su
h that the graph G0 obtained from G by the T -split satisfyG0 is r0-edge-
onne
ted in V 0; (9)G0 � s is (r0 � ('� 1))-edge-
onne
ted in V 0; (10)where r0(u; v) := r(u; v) if u; v 2 V and 2 otherwise and V 0 = V [ s1:Proof.Claim 3.3. (9) and (10) are equivalent tohrG(X) � 2e(T;X)� jT j 8X � V; (11)e(T; C) � 1 8C 2 C; (12)where C is de�ned as the minimal sets X with hr�'G�s(X) = 0:Proof. (9) is satis�ed if and only if 0 � hr0G0(X 0) wlog. 8s1 2 X 0 whi
h is, byhr0G0(X 0) = hrG(X) � e(T;X) + (jT j � e(T;X)) with X = X 0 � s1; equivalent to (11).(10) is satis�ed if and only if 0 � hr0�'0G0�s (X) wlog. 8s1 =2 X 0 whi
h is, by hr0�'0G0�s (X) =hr�'G�s(X) + e(T;X)� 1; equivalent to (12).Claim 3.4. The following are true for C :the sets in C are pairwise disjoint, (13)dG(s; C) � ' for ea
h C 2 C; (14)jCj 2 f0; 2; 3g; (15)if jCj = 3 then f(s) = (3; 3; :::; 3) and hrG(C) = 0 8C 2 C: (16)Proof. By the submodularity of hr�'G�s(X); the minimality of the sets in C and (6), (13)follows. (7) and (5) imply (14). By (14), (13) and di � 2; jCj' � PC2C dG(s; C) �dG(s) = Ppi=1 di � 3Ppi=1bdi2 
 = 3' that is jCj � 3: Moreover, if X 2 C; then thereexists Y � V � X with Y 2 C implying (15). It also follows that if jCj = 3 thenea
h di = 3; that is f(s) = (3; 3; :::; 3) and for every C 2 C; dG(s; C) = '; so by (7),hrG(C) = 0:By (15), either jCj = 3 or jCj 2 f0; 2g: If jCj = 3; then, by (16), f(s) = (3; 3; :::; 3).By (14), there exists T � ÆG(s) with jT j = 3 that satis�es (12). T also satis�es(11). Indeed, by (16), (8) and (14), dG(s;X) � ' e(T;X): So, by (7), (6) and ' � 2;hrG(X) � dG(s;X) � ' � '(e(T;X) � 1) � 2(e(T;X) � 1) � 2e(T;X) � jT j: Fromnow on jCj 2 f0; 2g: EGRES Te
hni
al Report No. 2004-09



Se
tion 3. The proof 4Lemma 3.5. There exists T = fsu; svg that satis�es (11) and (12).Proof. If jCj = 0; then, by Mader theorem [4℄, there exists T � ÆG(s) with jT j = 2that satis�es (11) and in this 
ase (12) is automati
ally satis�ed. If C = fC1; C2g;then, by (14), there exists T � ÆG(s) with jT j = 2 that satis�es (12). We 
laim thatT satis�es (11). Suppose X � V violates (11). Then e(T;X) = 2 and hrG(X) � 1:Wlog. C1 � X 6= ;; otherwise C1 [ C2 � X so, by (7) (6) and (13) (14), 1 �hrG(X) � dG(s;X)�' � dG(s; C1 [C2)�' � 2'�' � 2; 
ontradi
tion. Sin
e C1 2C; hr�'G�s(C1�X) � 1: Then, by (7), hrG(C1�X) = hr�'G�s(C1�X)+dG(s; C1�X)�' �1 + dG(s; C1)� dG(s; C1 \X)� ' = hrG(C1) + 1� dG(s; C1 \X): Suppose (4) appliesfor C1 and X: Then, by (5), 1 + hrG(C1) � hrG(X) + hrG(C1) � hrG(X �C1) + hrG(C1 �X) + 2dG(X;C1) � hrG(C1 � X) + 2dG(X \ C1; s) � hrG(C1) + 1 + dG(s; C1 \ X) �hrG(C1) + 2; 
ontradi
tion. So (3) applies for C1 and X and C1 [ X 6= V: Sin
eC = fC1; C2g; hr�'G�s(C1 [X) = hr�'G�s(V � (C1 [X)) � 1: Then, by (7), hrG(C1 [X) =hr�'G�s(C1[X)+dG(s; C1[X)�' � 1+dG(s; C1)+dG(s; C2\X)�' � hrG(C1)+2: Then,by (5), 1 + hrG(C1) � hrG(X) + hrG(C1) � hrG(X \ C1) + hrG(C1 [X) � hrG(C1 [X) �hrG(C1) + 2; 
ontradi
tion.If f(s) 6= (3; 3; :::; 3); then we are done. From now on f(s) = (3; 3; :::; 3): ThendG(s) = 3':Lemma 3.6. T 
an be extended to T 0 � ÆG(s) with jT 0j = 3 su
h that T 0 satis�es(11).Proof. First suppose that �(s) = fu; vg: Sin
e dG(s) = 3' and ' � 2; wlog.dG(s; u) � ' + 1 and hen
e there exists another 
opy e0 of su: Then T 0 := T [ e0satis�es (11). Hen
e �(s) 6= fu; vg: Suppose indire
t that there exists a minimal setM of subsets of V su
h that for every zi 2 �(s) � fu; vg there exists a set Mi 2 Mviolating (11) for T 0 := T [ szi: Then, by the fa
t that T satis�es (11) and by (8);e(T 0;Mi) = 3 so fu; v; zig � Mi and hrG(Mi) � 2: Sin
e �(s) 6= fu; vg; jMj � 1: By(7), (6), hrG(Mi) � 2 and ' � 2; jMj � 2:Claim 3.7. If Mi;Mj 2 M; thenhrG(Mi �Mj) = 0; (so, by (8), Mi �Mj = zi; ) (17)dG(Mi;Mj) = 2; (18)dG(zi;Mi � zi) � 1: (19)Proof. 2 � hrG(Mi); 2 � hrG(Mj); hrG(Mi\Mj) � 2e(T;Mi\Mj)�jT j � 2�2�2 = 2(by (11) and fu; vg � Mi \ Mj), hrG(Mi [ Mj) � 3 (by the minimality of M);so (3) 
annot be satis�ed for Mi and Mj: Then Mi and Mj satisfy (4) implying(17) and (18). Moreover, 2 � hrG(zi) + hrG(Mi \ Mj) = hrG(zi) + hrG(Mi � zi) �hrG(Mi)� 2 + 2dG(zi;Mi � zi) � 2dG(zi;Mi � zi):Claim 3.8. jMj � 3:Proof. SupposeM = fM1;M2g: Then, by (7),(17),(6),(18), 3' = dG(s) = dG(s; z1)+dG(s; z2)+dG(s;M1\M2) = hrG(z1)�hr�'G�s(z1)+'+hrG(z2)�hr�'G�s(z2)+'+dG(s;M1\EGRES Te
hni
al Report No. 2004-09



Referen
es 5M2) � 2' + 2 � 3': It follows that hr�'G�s(z1) = 0; so z1 2 C; that is (12) is violatedfor T , 
ontradi
tion.Let M1;M2;M3 2 M: Then, by (19), (17), (18), 1 � dG(M3 � z3; z3) = dG(M1 \M2; z3) � dG(M1;M2) � dG(M1 \M2; s) � 2 � 2 = 0; 
ontradi
tion. This 
ompletesthe proof of Lemma 3.6.Sin
e T satis�es (12), so does T 0 and the proof of Lemma 3.2 is 
omplete.Let G0 be obtained from G by the T-split from Lemma 3.2. Let us denote thenew vertex of G0 of degree jT j by t: Wlog. d1 � d2 � ::: � dp: If dp = jT j thenlet f 0(s) := (d1; :::; dp�1) otherwise (jT j = 2; d1 � 4) let f 0(s) := (d1 � 2; d2; :::; dp):Then (G0; f 0(s)) satis�es (9) and (10) and z(G0) < z(G), so by indu
tion, G0 hasan r-edge-
onne
ted f 0(s)-deta
hment G00: Then, in the former 
ase G00, in the latter
ase the graph obtained from G00 by identifying s1 and t, is an r-edge-
onne
ted f(s)-deta
hment of G:Referen
es[1℄ B. Fleiner, Deta
hments of verti
es of graphs preserving edge-
onne
tivity, sub-mitted to SIAM J. Dis
rete Math.[2℄ T. Jord�an, Z. Szigeti, Deta
hments preserving lo
al edge-
onne
tivity of graphs,SIAM Journal on Dis
. Math. Vol 17, No. 1, (2003) 72-87,[3℄ A. Frank, On a theorem of Mader, Dis
rete Mathemati
s, 101 (1992) 49-57.[4℄ W. Mader, A redu
tion method for edge-
onne
tivity in graphs, Ann. Dis
reteMath. 3 (1978) 145-164.[5℄ Z. Szigeti, On admissible edges, manus
ript, 2004
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