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In general, any population systems are often subject to various environmental noise. To examine whether
the presence of such noise affects these systems significantly, we examine a stochastic functional
Kolmogorov-type population system with the general stochastic perturbation. In this paper, we show that
the environmental noise may suppress the potential population explosion and guarantee global existence
of positive solutions when the noise intensity is strongly dependent on the population size. However,
when the noise intensity is weakly dependent on the population size, the stochastic population system
behaves similarly to the corresponding deterministic system. To illustrate our idea clearly, we also dis-
cuss some stochastic Lotka—\olterra systems as special cases.

Keywords Kolmogorov-type system; Lotka—\Volterra system; stochastic functional differential equations;
global positive solutions.

1. Introduction

The classical Kolmogorov-type system fointeracting species is described by tirdimensional dif-
ferential equation

wherex = (X4, ..., Xn) " anddiag(x1, . . ., Xn) representghen x n matrix with all elements zero except
those on the diagonal which are, ..., x, and f = (f1,..., f,)T. There is an extensive literature

concerned with dynamics of this system and the Lotka—\Volterra-type systemG@arg.2004; Han

et al.,2006;Hastings,1978; Teng 2000). Considering the maturation period of biological species, it is
often more realistic to use delay differential equations to describe population systems. There are also
many authors to consider delay population systems Begetta & Takeuchil988;Jin & Ma, 2002;
Kuang & Smith,1993;Menget al., 2008; Muroya, 2004). To generalize these delay systfisng &
Kuang(1996) examine the following functional population system:

X(t) = diagXa(t), ..., Xn(t)) f (x), (1.2)

wherex; = x¢(0) € C([—1, 0]; R") is defined byx; (0) = x(t +6),0 € [—z, 0].

In (1.1) and L.2), the vectox often denotes the population size of thepecies. We are therefore
not only interested in the positive solutions but also require the solutions not to explode at a finite
time, namely, there exists a global positive solution. Under some conditittn&, Gopalsamy(1997)
consider global positive solutions for a 2D Lotka—Volterra syst€henet al. (2004) andyang & Cao
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(2004)examine positive periodic solutions to the Lotka—Volterra system. The global positive solution is
a natural requirement from the biological point of view.

However, any population systems are often subject to environmental noise. Recently, the stochastic
Lotka—\Volterra system has received the increasing atteriaimar & Mao(2004a) andlaoet al.(2002)
reveal that the environmental noise may suppress the potential population explosion and guarantee the
global positive solution to stochastic Lotka—\Volterra system. Under another environmental noise pertur-
bation,Bahar & Mao(2004b) reveals that the stochastic delay Lotka—Volterra system behaves similarly
to the corresponding deterministic systdvfao (2005) reviews these two classes of models and indi-
cates clearly that different structure of environmental noise may have different effects on the population
dynamics Rudnicki (2003) andRudnicki & Pichor(2007) considers a stochastic prey—predator model
and examines the existence of the stationary distribution.

Recall that f; (x;) representshe inherent net birth rate of thi¢gh species sincel(2) implies that
X () = x (t) fi (x). It is often affected by various unpredictable factors. According to the well-known
central limited theorem, the sum of these factors follows a normal distribution. We can therefore replace
the net birth ratef; (x;) by

fi (%) + gi (xp) (1),

wherew(t) is a white noise (i.ew(t) is a scalar Brownian motion) angj (x;) representshis noise
intensity. Hence,X.2) becomes the following stochastic functional Kolmogorov-type system:

dx(t) = diagXy(t), ..., Xn(®)[ f (X)dt + g(x;)dw(t)] 1.3)
ont > 0, where
f=(fy,..., fn)T:C([—r, O;RMY - R", g=(01,...,0n):C([—7,0;R") —» R".

For more biological motivation on this type of modelling in population dynamics, we refer the reader
to Allen (2007),Gard (1984,1992) andLadde & Sambandhar2003). Here, we hope to emphasize
that both f andg will be redefined asf, g : R" — R" if = = 0. Clearly, (1.3) therefore includes the
following three equations:

dx(t) = diagXa(t), . .., Xn(M)[ F (X)dt + g(x(t))dw(t)], (1.4)
dx(t) = diaga(t), ..., Xa(®)[ f (X(1))dt + g(x)dw(t)], (1.5)
dx(t) = diagX1(t), ..., Xn(®))[ f (X(t))dt + g(x(t))dw(t)]. (1.6)

Throughout this paper, unless otherwise specified, we use the following notations. |Llet the
Euclidean norm iR". If A is a vector or matrix, its transpose is denoted/y. If A is a matrix, its
trace norm is denoted byA| = /trace@AT A). Let R, = [0, c0), Ry, = (0,+00), and letz > 0.
Denote byC([—1, 0]; R™) thefamily of continuous functions from+z, 0] to R" with the norm|j¢|| =
SUP_, <g<o |9 (@)], which forms a Banach space. For ang R, letat =avO0.

Let (2, F,P) be a complete probability space with a filtratigf }t > satisfyingthe usual condi-
tions, i.e. it is right continuous and increasing whifg containsall P-null sets. Letw(t) be a scalar
Brownian motion defined on this probability space.xifs) is an R"-valued stochastic process on
s e [—7,00), weletxy = {xX(t +6): —z < 8 < 0}fort > 0. In addition, throughout this paper,
const always represents a positive constant, whose precise value is not important. In this paper, we also
impose the standard local Lipschitz condition biandg.
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AssumMPTION 1.1 For every integek, there is a positive constagt suchthat

[f(p) = F(A)IVI9(p) — 9(@)] < cllp — &l
forallt > 0 and these, ¢ € C([—z, 0]; R") with |l¢| V |I¢] < k.

To show our idea clearly, Sectidhgives a result of existence and uniqueness of the global positive
solution for general stochastic functional differential equations. Applying the result of S&tiwa
give the conditions under which the stochastic functional Kolmogorov system almost surely admits a
global positive solution in SectioB. As applications of SectioB, Sectiond discusses some stochastic
Lotka—\Volterra systems as special cases.

2. A general result

In the population dynamic system, the global positive solution implies that the population will not
explode nor be extinct in any finite time. This property is therefore important. To show our idea about
existence and uniqueness of global positive solutions clearly, we first consider the following general
n-dimensional stochastic functional differential equation:

dx(t) = F(t, x)dt + G(t, x)dB(t) (2.1)

ont > 0, whereB(t) is anm-dimensional Brownian motion defined on the given probability space
(2, F,P)and

F=(F..., Fn)T:RJr x C([-7,0; R - R", G= [Gijl: Ry x C([—7,0]; R™ — R™M,
Here let G; = (Gj1, ..., Gim). We also impose the following local Lipschitz condition BrandG.

ASSUMPTION 2.1 For every integef, there is a positive constaat suchthat

[F(t,p) = Ft, &I VIG(E, ¢) — G(t, d)| < Cjll — &l
forallt > 0 and these, ¢ € C([—1, 0]; R") with |le| Vv |#]l < j.

In order for a stochastic differential equation to have a unique global solution for any given initial
value, the coefficients of this equation are generally required to satisfy the linear growth condition
and the local Lipschitz condition (sé&nold, 1972; Mao, 1997) or a given non-Lipschitz condition
and the linear growth conditiorréng & Zhang2005;Mao, 1994). These show that the linear growth
condition plays an important role to suppress the potential explosion of solutions and guarantee the
existence of global solutions. However, it is obvious that the coefficients ®¥ §o not satisfy the linear
growth condition except that bothandg are bounded, so its solutions may explode at a finite time (cf.
Khasminskii,1981; Mao, 1994). It is therefore important to examine the existence and uniqueness of
the global solution ofZ.1) without the linear growth condition.

Itis well known for stochastic differential equations that linear growth conditions for global solutions
may be replaced by the use of the Lyapunov functions Kdeesminskii,1981;Mao & Rassias2005;

Shernet al.,2006). However, the Lyapunov function method is sometimes not convenient in applications
since the results are dependent on construction of this function. In this paper, we are concerned with the
population dynamic system, so we are not only interested in the global existence of solutions but also
require the solutions to be positive, namely, there exists a global positive solution. We therefore need to
choose the special function to establish the existence of the global positive solution. To show this idea,
we first need the concept of local solutions (840, 1994).
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DEFINITION 2.1 SetF; = Fpfor —z <t < 0and letx(t), —z <t < e bea continuouR"-valued
Fi-adaptedprocess. It is called a local strong solution &f1) with initial datag € C([—z, 0]; R") if
X)) =<&¢t)on—7z <t<0and

tATk

tAT
Xt A k) = &£(0) +/ ‘ F(s, xs)ds+/ G(s, x5)dB(s), Vt>0
0 0

for eachk > 1, where{zc}ik>1 is @ non-decreasing sequence of finite stopping times suchthat ze
almostsurely ask — oo. If moreover, limsup,, . [X(t)| = oo is satisfied almost everywhere when
Te < 00, itis called a maximal local strong solution ands called the explosion time. A maximal local
strong solutiorx(t), —z <t < 7, is said to be unique if for any other maximal local strong solution
X(), —7 <t < 7e, We havere = 7 andx(t) = X(t) for —z <t < e almostsurely.

By Mao (1994, Theorem 3.2.2, P95), we have the following theorem.

THEOREM 2.1 Under AssumptiorR.1, for any initial data® € C([—z, 0]; R"), (2.1) almost surely
admits a unique maximal local strong solution.

By Khasminskii's ideaKhasminskii(1981),Mao & Rassiag2005) andShenet al. (2006) examine
global existence of solutions of stochastic differential equations. In this paper, our aim is to examine
global existence of the positive solutions &fX), so we need to introduce a special Lyapunov function.
For anyp > 0, define eC?-functionU: R}, — R, by

n
U =D cux) for x=(x1, %, .... %) " eRY,, (2.2)
i=1

wherec = (c1,...,¢n) ' € R’Jﬁu u(x) = xip — plogxi, p > Ois a constant. Clearly, the functian
holds the following nice properties:

u(t) >0, u(0™) =u(oo) = oo. (2.3)

THEOREM 2.2 Under Assumptior®.1, if there exist = (cy,...,¢n) ' € R ,p>0K,Kj,aj >0,
andprobability measureg (j = 1,2, ..., J) on fr, 0] for any integerd > 1 such that, for any > 0
andp = (p1,...,9n)" € C([—7,0}; R} ),

n 1 n
LUt 9): =D [Py (0) = plcig HO)Fi . 9) + 5 D [P(P = Dy’ (0) + plci o “OIGi (L, )1
i=1 i=1

J 0
<K+ DK [ / l9(O)% duj (0) — |¢(0>|“i}, (2.4)
j=1 -t

thenfor any given initial dataxg = ¢ € C([—r, 0]; R]},), there almost surely exists a unique global
solutionx(t) to (2.1) withze = oo, and this solution will remain ifR"}, , with probability one, namely,
x(t) e R} forallt > —z almost surely.

Proof. Since bothF andG satisfy the local Lipschitz condition, for any initial date C([—z, O]; R]} ),
by Theorem2.1, there exists a unique maximal local strong solukién ont € [—z, 7¢), Whereze is
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the explosion time. To show that the solution is global, we only need to proverghatoo a.s. Letkg
bea sufficiently large positive number such that

1
il i < 0 }
” < _2|9n<0|5(0)| _f”%géom ) < ko

For each integek > kg, define the stopping time
x = inf{t e [—7, 7e): X () & (1/k, k) forsomei =1,2,...,n} (2.5)

with the traditional setting inff = oo, where@ denotes the empty set. Clearly is increasing as
k > ocoandry — 750 < e @.S.If we can showr,, = 0o, thenze = 0o a.s., which implies the desired
result. This is also equivalent to proving that, for any 0, P(zx < t) —» 0ask — oo. By condition
(2.4), applying the i formula to the functiod (-) yields

tATK

EU (x(t A 7x)) =EU (x(0)) + ]E/ LU (s, xs)ds
0
tATK J 0
<EU (5(0))+E/ K+ > K [/ IX(S+ 60)|“ dp;j (@) — |x(s)|“i} ds.
0 =1 -7

By the Fubini theorem and a substitution technique,

tAatg ,0 tATK
/ / IX(s + 0)|% duj(ﬂ)ds—/ [X(s)|“I ds
0 -7 0

tATK

tATK
Ix(s)|*) dS—/ [X(s)|“ ds
0

-7

0
< / du; )
0

_ / RORED

We therefore have

J 0
EU (X(t A 7)) < BU(£(0)) + Kt + > K; / E|E0)|% do
j=1

-7
= Ky,

whereK; is independent ok. By the definition ofzk, X; (zx) is a {k, 1/k}-valued random variable for
some 1< i < n. Hence, by conditional expectation, we have

min (GP(r < D(U(K) A U(L/K) < Bl < DEU (X(5))

<EUX(t A %))

<Ky,
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whichimplies
lim supP(z < t) < lim Ki
Tk X X " =
k=00 k=00 MiMgj<n{Gi }(U(K) A u(1/K))
We therefore obtain the desired result. O

3. Stochastic functional Kolmogorov-type systems

This section mainly applies the result of Sectto examine existence and uniqueness of the global
positive solution to1.3) as well asX.4) and (1.5). To apply Theore?2, we also impose the following
assumption on botli andg.

AsSSUMPTION3.1 There exist constants S, ¢, k, i, 4, A1, o, o1 > 0and probability measuregs v, vq
on[—z, 0] such that, for any € C([—7, 0]; R".,),

0
()] < x /_ 0O du(®) + 1. (3.12)
0
9wl <4 [ lp@) dv(®) + o, (3.1b)
0
() > co? 0 — i1 / pO)dn©) — 01, 1<i<n. (3.1¢)

In this assumption, condition8.(La) and8.1b) show that botli andg are controlled by polynomial
functions in whichf andg satisfy the linear growth condition when= g = 1 (note that this does not
imply that the coefficients ofl(3) satisfy the linear growth condition). Recall tigatepresentthe noise
intensity imposed on thigh population. Condition (3.1c) implies that the noise intensity is dependent
on the population size with the ordgrat least. Then the following theorem follows.

THEOREM 3.1 Under Assumptiong.1and3.1, if one of the following two conditions holds,

a <28, >, (3.2a)
O<a=28<2, (¢>2l1+2Jn, (3.2b)

thenfor any initial dataZ € C([—7, 0]; RT,), there almost surely exists a unique global positive so-
lution x(t) to (1.3) ont > —z and the solution will remain iR, , with probability one, namely,
x(t) e R} forallt > —z almost surely.

REMARK Condition(3.2a) shows that if the noise intensity is strongly dependent on the population size
in the sense: < 24, then existence and uniqueness of the global positive solution is only determined
by the noise perturbation with > 11 andindependent of the parameters in the drift term. If the
noise intensity is dependent on the population size in the sénrsex/2 € (0, 1), then existence and
uniqueness of the global positive solution is determined by both the drift term and the noise intensity
with ¢ > A1 + 2k /M.

Proof. Let F(t,p) = diag(g(0),...,¢n(0))f(p) andG(t, ¢) = diag(¢1(0), ..., ¢n(0))g(p) (This
requirean = 1in (2.1)). Clearly, Assumptions.1and3.1limply thatF andG satisfy the local Lipschitz
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condition. In Theorem2.2, to test the condition2(4), it is the key to estimat€U (t, ¢). Choosing
p e (0,1)andc = 1forall 1 <i < ninthe functionU (x), then we have

n 1 n
LUt p) = D [ppf©) = PlTi(p) + 5 > [P(p = 1o (0) + PlgZ(p)
i=1 i=1

n n n
p(p—1) p
=2 P’ Ofi(0) + =5 > 0’ O () + 5 X [-2fi(9) + &(0)]
i=1 i=1 i=1
=1+ l2+ s (3.3)
Recallthe following elementary inequalities: for amy= (xg, ..., X)) € R} andl > 0,
n 2-|
IXI'< D> x <nz x| 0<1<2), (3.4a)
i=1
2 n
nzx'<> X <Ix' (1>2). (3.4b)

Thenby condition @8.1a) in Assumptior3.1and the Young inequality,

1< p max{lpi OIP} > Ifi(p)]
S i=1

p

< pvnlf ()] (Z loi <0)|2)

i=1

< pVnlp(0)1PI f (p)]

0
<pvi [K / 0 O)IPlpO)1* du(®) + n|¢<0>|p}

-7

0
<PV O+ [ O P ) + e )] (3:5)

Notingthat p € (0, 1), by condition 8.1c) in Assumptior8.1and the Young inequality,

-1 & 0
< PP 0P [w?ﬁm) i [ o0 - al}
i=1 t

_ p(p2 D 3> |:C¢i2ﬂ+l°(o) - ,11/ oP )¢ ©)dv1(0) — 01¢ip(o)j|
i=1

-7
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L P(p- DZ[ 25+P(0) — 610P(0) - <p¢fﬂ+p(0)+zﬁqo”*p(e))dvl(e)}

1
2+ p )

2+ p 2p+p

By condition (3.1b) in AssumptioB.1, applying the Klder inequality gives

- p(pz— 1)2[(6_ PA1 ) o2 P(0) — 719P(0) — 2L / 2ﬂ+p(9)du1(0)} (3.6)
i1 -

0
19(0) 2 < 22 / 1p(0) 2 dv () + 202 (3.7)
It therefore follows that

I3 < const[If (p)| + 19(¢)I?]

0 0
< cons{1+ /_ lo(0)1* du(®) + /_ lp(0)% dv@} : (3.8)

Substituting (3.5),3.6) and 8.8) into @.3) yields

piip(L— p) [ O pin 264p }
LUt ) < o2 P O)dv1 (0) — 0P P (0)
"2 2 /.

0

0
4 @xpyn [ / lp(6)|“P du(0) — |¢(0>|“+p] + const[

- loO)1° du®) ~ |¢<0>|“}

-7

0
+const[ /_ lp(0)1% dv () — |go<0)|2ﬂ] + 1 (p(0)), (3.9)

where

-1 YA 281
| () = IO(D2 ) (( B 2;+1p 2ﬁﬁ+lp) ZXZ,BH) + Rp /AP

+ const[1+ [x|P + |x|* + |x|?#]

_PL= P&~

n
) in2ﬁ+p + kpy/NIx|[**P + const[1+ |x|P + [x|* + [x|?].

i=1

By (3.4a) and 8.4b), for anyx = (x4, ..., xn) " € R, andl > 0, there exist constantg, ko > 0such
that

n
kalxl' < D% < kelx[". (3.10)

If condition 3.2a) holds, we therefore have

_ Pkl = p)(¢ = A1)
2

1 (x) < IXIZPTP 4+ kep/nIx|“HP + const[1+ |x|P + [x]* + [x]?].
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By the bounded property of polynomial functions, there exists a constastichthat | (x) < Hs. If
condition @.2b) holds, which implies that < 2 and; > 11 + 2x./n, choosingp sufficient small such
thata + p=28+ p < 2and(1 — p)(¢ — 11) — 2x/N > 0, by (3.4a), we have

100 < =2[(1= P = £1) = 2/l O+ + consilL [xIP + x| + [xI2]

Similarly, there exists a constahl, suchthat! (x) < H». (3.9) therefore implies that the condition (2.4)
holds, so applying Theoregh2 gives the desired result. O

Similarly, we may also examine the global positive solutionlo#]. But we need to replace As-
sumption3.1 by the following assumption:

ASSUMPTION 3.2 There exist constants, S, ¢, , 1, 01 = 0 and the probability measuge such that,
foranyp € C([—7,0]; R, ) andx € R} |, (3.1a) and

lim sup|x|#|g(x)| < oo, (3.11a)
|X]— 00
g2(x) = ¢x? — o1, 1<i<n (3.11b)

hold.
Thenthe following theorem follows:

THEOREM 3.2 Under Assumption&.1and3.2, if one of the two conditions
a < 2p, >0, (3.12a)
O<a=2B<2, ¢>2Jn (3.12b)

holds,then for any initial datd € C([—7, 0]; R, ), there almost surely exists a unique global positive
solutionx(t) to (1.4) ont > —z, and the solution will remain iiR!} | with probability one, namely,
x(t) e R, forallt > —z almost surely.

This proof is similar to Theorer.1, so we omit it. By the same method, we may also examine the
existence and unigueness of the global solutiorldd)(except that condition (3.1a) in Assumpti®i
is replaced by

lim sup|x|~%| f (X)| < oo. (3.13)

|X]—> 00

Here,we leave this result and its proof to the reader.

In Theorems3.1and3.2, conditions (3.1c) an@(11b) are very important. This shows that the noise
plays an important role to guarantee the global positive solution, in the case where the noise intensity is
strongly dependent on the population size in the sense2. In the following, we examine existence
and uniqueness of the global positive solutionBj when the noise intensity is weakly dependent on
the population size in the senge> 2. To show this idea, we impose another condition fariWe
describe them as the following assumption.

AsSUMPTION 3.3 There exist = (c1,...,cn)" € R}, p> 0,a, B, (, &, k1, 7, 11, 4, ¢ > 0,and
probability measureg, 41, v on[—7, 0] such that for any € C([—z, 0]; R].,), (3.1a), (3.1b) and the
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following condition:

n 0
> coPO)fi(p) < —¢lp©)“*P + 1y / lp@)“P dua(0) + m (3.14)
i=1 -t
hold.
Thenthe following theorem follows.
THEOREM 3.3 Under Assumptiong.1and3.3, if
a>2F, >k, (3.15)

thenfor any initial dataZ € C([—z, 0]; R, ), there almost surely exists a unique global positive so-
lution x(t) to (1.3) ont > —z, and this solution will remain iR, with probability one, namely,
x(t) e R} forallt > —z almost surely.

REMARK Condition(3.15) shows that if the noise intensity is weakly dependent on the population size
in the sense: > 24, then existence and uniqueness of the global positive solution is only determined
by the drift term with¢ > %1 andindependent of the parameters in the noise intensity.

Proof. Similar to the proof of Theorer.1, we also need to estimafdl (t, ¢). It is easy to compute

n -1 n n
LUt 9) = > G Po’Ofi(p) + p(pT) > ol OF0) + 5 > 6l-2fi(p) + gl
i=1 i=1 i=1

= |_1 + |_2 + |_3. (3.16)
By condition (3.14) in Assumptior(3),

0
1< =¢plpO)“*P +x1p [ 1p@)I“TPdu1@) + n1p. (3.17)

-7

By condition (3.1b), 8.7), the Young inequality and the elementary inequa8tyQ),

1t A
i< WT)quip(0>|g<¢)|2
i=1

0
< p(p— 1tKlp(0)|P [zz / lo(0)1% dv() + az}

-7

2n2(n — 1\t
AP (p -1k

~X

l9(0)|?#FP 4 pka2(p — 1)F|p(0)|P

2+ p
2p2%p(p— 1)tk [© 26+4p
Ry s /_ lp(0)1%P+P du(6), (3.18)

wherek: = max <i<n{Ci}ko. By the same calculation as fog in Theoren3.1,

_ 0 0
I3 < const|:1+/_ |¢(9)|“du(9)+/_ |(p(9)|2/”dv(9)i|. (3.19)
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Substituting(3.17), 3.18) and 8.19) into 38.16) gives

0
LU(, ¢) S r1p [/_ lp@)1*"Pdpa(0) - I¢(0)I“+p}

2 1Vt 0
L 267°p(p—1) k[/

2p+p — 2p+p
25+ . lp (@)1 Pdv(0) — 19 (0)] }

-7

0
+const[/ lp(0)|“dp(8) — I<0(0)|“]

0
+const[ /_ lp(0)1?#dv(9) — |¢<0>|2ﬂ} + [ (p(0)), (3.20)

where
[(X) := —p(¢ — xkD)IX|*FP + const[1+ [x|P + [X|* + x| + |x|?PTP].

By condition @.15), the bounded property of polynomial functions implies that there exists a constant
H such thatl (x) < H, so (3.20) implies condition (2.4). Theorem?2 therefore gives the desired
assertion. O

By the similar method, we may also examine existence and uniqueness of the solufids).dB(t
we need to replace Assumpti@B by the following assumption.

ASSUMPTION 3.4 Assume that there exist= (Ci,...,Cn)" € RL, p>0,a p,¢,m,A 0 >0,
andthe probability measure on [z, 0] such that for any € C([—7, 0]; R, ) andx € R} |, (3.13),
(3.1b) and the following condition:

n

D axP i) < —¢IX|“P + (3.21)
i=1

hold.
Thefollowing theorem therefore follows.
THEOREM 3.4 Under Assumptiong.1and3.4, if
a>2B, >0, (3.22)

then for any initial data’ € C([—7, 0]; RT ), there almost surely exists a unique global positive so-
lution x(t) to (1.5) ont > —z, and this solution will remain ifR", with probability one, namely,
x(t) e R}, forallt > —z almost surely.

Applying the same method td @) may produce the similar result except that condit®lf) is
replaced by condition3(11a) in Assumptio3.3. We also leave this result and its proof to the reader.

4. Some special equations

In this section, as applications of the previous results, we examine some stochastic Lotka—Volterra
systems as the special cases. First, repeating the process of Th&temd3.3, we may obtain the
global positive solution tol(.6).
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THEOREM 4.1 Let f andg satisfy the local Lipschitz condition. Assume that there eo(isﬁ
such that conditions (3.11a) ar@l13) hold. Assume also that there exist (cy,...,cn) ' € R++, 7,

o >0ands > 0. Foranyx = (X1,...,Xn) | € R _, if one of the two following condltlons holds,
a <28, @)= -a >0, (4.1a)
n
a>28 > axfi()<—¢xI“P+o, ¢>0forp>0, (4.1b)

i=1
then for any initial value<(0) R++, there almost surely exists a unique global positive soluticn
to (1.6) ont > —z, namelyx(t) € R}, forallt > —z almost surely.

Now, let us discuss some stochastic Lotka—\Volterra systems as examples to show the applications of
our results. Firstly, consider thredimensional stochastic functional Lotka—Volterra equation

-7

0
dx(t) = diagXa(t), ..., Xn(t)) |:(b+/ AX(t + G)dﬂ(e)) dt + g(x(t))dw(t)} , 4.2)

whereb € R", A = [aj] € R™", 4 is the probability measure on-f, 0], g = (g1, ...,0n) " and
gi(X) = Z?:l gij Xjﬁ satisfying
gj >0, gi>0, 1<i,j<n (4.3)

This equation may be regarded as the stochastically perturbed equation of the deterministic functional
Lotka—Volterra system

0

X(t) = diagy(t), ..., Xn(t)) (b +/

-7

AX(t + 0)du (a)) , (4.4)

which is discussed byang & Kuang(1996). Definef (p) = b + fff Ap(@)du(@). Then @.2) may be
rewritten as (1.4). Since
0

@I <Ibl+ 1Al [ 1p(0)du(©),

-7

the condition (3.1a) holds withh = 1 andy = |b|. Clearly, by (3.10), foranx = (x1, ..., %) € R},

1
2
lim sup|x|~#|g(x)| = lim sup|x|~ /f(z g (x))

X|— 00 |X|—> 00
i=1

Nl

<limsup max {qij}Ix| ™ (nkix|?*)

x|—=o0 SIS

= _max {Qu}\/_kz,

1<0,j <

2
n
g7 (x) = (ZQinjﬁ) > a3x7,
=1
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soboth (3.11a) and3.11b) hold with; = qi2i ands = 0. Applying Theorem3.2 gives the following
theorem.

THEOREM4.2 Let condition (4.3) hold. If one of the two conditions

B> % (4.5a)
B= % a5 > 2IAIVN, (4.5b)

for any initial dataZ € C([—z, 0]; R},), there almost surely exists a unique global positive solution to
(4.2) ont > —z, namelyx(t) € R, forallt > —z almost surely.

Let u be the Dirac measure on the point andf = 1.Equation (4.2) may be rewritten as the
stochastic delay Lotka—Volterra system (8=thar & Mao,2004a)

dx(t) = diagxy(t), ..., xa(t))[(b + AX(t — 7))dt + Qx(t)dw(t)], (4.6)

whereQ = [gjj] € R"™*". By Theoremd.2, under condition (4.3), for any initial dafac C([—, O];
Rf ), there almost surely exists a unique global positive solutitii to this equation on all > —z
(also see Theorem 2.1 Bahar & Mao,2004a).

Let « be the Dirac measure on the zero ghek 1. Equation (4.2) becomes the following stochastic
ordinary Lotka—\olterra system (also séao et al.,2002):

dx(t) = diagXa(t), ..., Xn(t))[(b+ Ax(t))dt + Qx(t)dw(t)]. 4.7)

Similarly, by Theorem#.2, under condition (4.3), for any initial valug0) € R  , there almost surely
exists a unique global positive solutiaift) to this equation on all > 0 (also see Theorem 2.1 Mao
et al.,2002).

To show that the environmental noise may suppress the potential explosion of the population, we
consider the following deterministic scalar logistic equation:

X(t) = x(t)(b + ax(t)) (4.8)

ont > 0 with initial valuex(0) = xo > 0. Since herex(t) represents population size, only positive
solutions are of interest. It is obvious thagif> 0 andb > 0, (4.8) has only the local solution

b
—a+ e P(b+axp)/xo

X(t) = foro<t < 7o,
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which explodes to infinity at the finite time

. 1IO axp
fe= b 9 b+axg/’

However, if we stochastically perturb the system8|) into the following stochastic scalar logistic
equation:

X(t) = x(t)[(b + ax(t))dt + o x# (t)dw(t)] (4.9)
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by Theoremd.2, for any initial valuex(0) € R, there almost surely exists a unique global positive
solutionx(t) to this system on atl > O wheng > 1/2 ands > 0. Clearly, this existence and uniqueness
is independent of the parametarandb.

We also consider the following deterministic delay logistic equation:

x(t) = x(t) (b+ gx(t) + gx(t ~1) (4.10)

ont > 0 with initial data¢ € C([—7,0]; R} ). Whena,b > 0, by the comparison theorem and the
solution of @.8), the solution of this equation will also explode to infinity at a finite time. Nowulet
and x> bethe Dirac measures on the points zero and Let © = (u1 + u2)/2. Thenu is also a
probability measure and (4.10) may be rewritten as

0
X(t) = x(t)(b+a/ X(t +e)dﬂ(e)). (4.11)

If we stochastically perturb this system into the following stochastic scalar delay logistic equation:

-7

0
X(t) = x(t) [(b +a / x(t + 0)dﬂ(9)) dt + ox? (t)dw(t):| , (4.12)

by Theorem4.2, for any initial data® € C([—z, 0]; R, ), there almost surely exists a unique global
positive solutionx(t) to this system on all > —z wheng > 1/2 ande > 0. These results all show
that the environmental noise may suppress the explosion of the population size.

Wheng < 1/2, we consider the following-dimensional Lotka—\Volterra equation:

dx(t) = diagXa(t), ..., Xn()[(b+ Ax(t))dt + g(x(t))dw(t)], (4.13)
whereb, A andg have the same definitions i4.@). Definef (x) = b + Ax. We may compute that

n n n n
ZCiXi fi(X)=ZbiCiXi +chiaijxixj
i=1 iz

i=1j=1

[y

-

I
N

CA+ATC
bicix + X' (+T)x

=]

<O bicix + A,
i=1
whereC = diag(, ..., cn), 4 = At ((CA+ ATC)/2). Here, we give the definition of. (A) as
follows:

A (A)=  sup  x' Ax forasymmetrim x n matrix A € R™",
xeRY, |x|=1

whichwas introduced byahar & Mao(2004b). Let us emphasize that this is different from the largest
eigenvaluelmax(A) of the matrixA. Recall the nice property of the largest eigenvalue:

Jmax(A) = sup x'Ax.

xeR", |x|=1
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Clearly, A} (A) < Amax(A). If

y CA+ATC
i= z;ax(T) <0, (4.14)

choosing: € (0, —1) sufficiently small, then there exists a constansuch that

n n
Do fic) < D bicix —elx|? + (2 + ) Ix|?
i=1 i=1

<G +o)xP?+o.

Choose = —(l+e¢), a = 1. Clearly, condition4.1b) holds withp = 1, so by Theorem.1and noting
an arbitrary property of, we may obtain the following result.

THEOREM4.3 Under condition4.14), if § < 1/2 and there is a positive vectore R, suchthat
Ma(CA+ ATC) <0,

whereC = diag(y, . .., ¢n), then for any given initial value(0) € R |, there almost surely exists a
unique global positive solutior(t) to (4.13) ont > 0, namelyx(t) € R onallt > 0 almost surely.
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