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In general, any population systems are often subject to various environmental noise. To examine whether
the presence of such noise affects these systems significantly, we examine a stochastic functional
Kolmogorov-type population system with the general stochastic perturbation. In this paper, we show that
the environmental noise may suppress the potential population explosion and guarantee global existence
of positive solutions when the noise intensity is strongly dependent on the population size. However,
when the noise intensity is weakly dependent on the population size, the stochastic population system
behaves similarly to the corresponding deterministic system. To illustrate our idea clearly, we also dis-
cuss some stochastic Lotka–Volterra systems as special cases.

Keywords: Kolmogorov-type system; Lotka–Volterra system; stochastic functional differential equations;
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1. Introduction

The classical Kolmogorov-type system forn interacting species is described by then-dimensional dif-
ferential equation

ẋ(t) = diag(x1(t), . . . , xn(t)) f (x(t)), (1.1)

wherex = (x1, . . . , xn)
> anddiag(x1, . . . , xn) representsthen×n matrix with all elements zero except

those on the diagonal which arex1, . . . , xn and f = ( f1, . . . , fn)>. There is an extensive literature
concerned with dynamics of this system and the Lotka–Volterra-type system (e.g.Gary, 2004; Han
et al.,2006;Hastings,1978;Teng, 2000). Considering the maturation period of biological species, it is
often more realistic to use delay differential equations to describe population systems. There are also
many authors to consider delay population systems (e.g.Beretta & Takeuchi, 1988;Jin & Ma, 2002;
Kuang & Smith,1993;Meng et al., 2008;Muroya,2004). To generalize these delay system,Tang &
Kuang(1996) examine the following functional population system:

ẋ(t) = diag(x1(t), . . . , xn(t)) f (xt ), (1.2)

wherext = xt (θ) ∈ C([−τ, 0];Rn) is defined byxt (θ) = x(t + θ), θ ∈ [−τ, 0].
In (1.1) and (1.2), the vectorx often denotes the population size of then species. We are therefore

not only interested in the positive solutions but also require the solutions not to explode at a finite
time, namely, there exists a global positive solution. Under some conditions,He & Gopalsamy(1997)
consider global positive solutions for a 2D Lotka–Volterra system.Chenet al. (2004) andYang & Cao
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318 F. WU AND Y. HU

(2004)examine positive periodic solutions to the Lotka–Volterra system. The global positive solution is
a natural requirement from the biological point of view.

However, any population systems are often subject to environmental noise. Recently, the stochastic
Lotka–Volterra system has received the increasing attention.Bahar & Mao(2004a) andMaoet al.(2002)
reveal that the environmental noise may suppress the potential population explosion and guarantee the
global positive solution to stochastic Lotka–Volterra system. Under another environmental noise pertur-
bation,Bahar & Mao(2004b) reveals that the stochastic delay Lotka–Volterra system behaves similarly
to the corresponding deterministic system.Mao (2005) reviews these two classes of models and indi-
cates clearly that different structure of environmental noise may have different effects on the population
dynamics.Rudnicki (2003) andRudnicki & Pichor(2007) considers a stochastic prey–predator model
and examines the existence of the stationary distribution.

Recall that fi (xt ) representsthe inherent net birth rate of thei th species since (1.2) implies that
ẋi (t) = xi (t) fi (xt ). It is often affected by various unpredictable factors. According to the well-known
central limited theorem, the sum of these factors follows a normal distribution. We can therefore replace
the net birth ratefi (xt ) by

fi (xt ) + gi (xt )ẇ(t),

whereẇ(t) is a white noise (i.e.w(t) is a scalar Brownian motion) andgi (xt ) representsthis noise
intensity. Hence, (1.2) becomes the following stochastic functional Kolmogorov-type system:

dx(t) = diag(x1(t), . . . , xn(t))[ f (xt )dt + g(xt )dw(t)] (1.3)

on t > 0, where

f = ( f1, . . . , fn)
>: C([−τ, 0];Rn) → Rn, g = (g1, . . . , gn): C([−τ, 0];Rn) → Rn.

For more biological motivation on this type of modelling in population dynamics, we refer the reader
to Allen (2007),Gard(1984,1992) andLadde & Sambandham(2003). Here, we hope to emphasize
that both f andg will be redefined asf, g : Rn → Rn if τ = 0. Clearly, (1.3) therefore includes the
following three equations:

dx(t) = diag(x1(t), . . . , xn(t))[ f (xt )dt + g(x(t))dw(t)], (1.4)

dx(t) = diag(x1(t), . . . , xn(t))[ f (x(t))dt + g(xt )dw(t)], (1.5)

dx(t) = diag(x1(t), . . . , xn(t))[ f (x(t))dt + g(x(t))dw(t)]. (1.6)

Throughout this paper, unless otherwise specified, we use the following notations. Let| ∙ | be the
Euclidean norm inRn. If A is a vector or matrix, its transpose is denoted byA>. If A is a matrix, its
trace norm is denoted by|A| =

√
trace(A> A). Let R+ = [0, ∞), R++ = (0,+∞), and letτ > 0.

Denote byC([−τ, 0];Rn) thefamily of continuous functions from [−τ, 0] toRn with the norm‖ϕ‖ =
sup−τ6θ60 |ϕ(θ)|, which forms a Banach space. For anya ∈ R, let a+ = a ∨ 0.

Let (Ω,F ,P) be a complete probability space with a filtration{Ft }t>0 satisfyingthe usual condi-
tions, i.e. it is right continuous and increasing whileF0 containsall P-null sets. Letw(t) be a scalar
Brownian motion defined on this probability space. Ifx(s) is anRn-valued stochastic process on
s ∈ [−τ, ∞), we let xt = {x(t + θ): − τ 6 θ 6 0} for t > 0. In addition, throughout this paper,
const always represents a positive constant, whose precise value is not important. In this paper, we also
impose the standard local Lipschitz condition onf andg.
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STOCHASTIC FUNCTIONAL KOLMOGOROV-TYPE SYSTEM 319

ASSUMPTION 1.1 For every integerk, there is a positive constantck suchthat

| f (ϕ) − f (φ)| ∨ |g(ϕ) − g(φ)| 6 ck‖ϕ − φ‖

for all t > 0 and theseϕ, φ ∈ C([−τ, 0];Rn) with ‖ϕ‖ ∨ ‖φ‖ 6 k.

To show our idea clearly, Section2 gives a result of existence and uniqueness of the global positive
solution for general stochastic functional differential equations. Applying the result of Section2, we
give the conditions under which the stochastic functional Kolmogorov system almost surely admits a
global positive solution in Section3. As applications of Section3, Section4 discusses some stochastic
Lotka–Volterra systems as special cases.

2. A general result

In the population dynamic system, the global positive solution implies that the population will not
explode nor be extinct in any finite time. This property is therefore important. To show our idea about
existence and uniqueness of global positive solutions clearly, we first consider the following general
n-dimensional stochastic functional differential equation:

dx(t) = F(t, xt )dt + G(t, xt )dB(t) (2.1)

on t > 0, where B(t) is anm-dimensional Brownian motion defined on the given probability space
(Ω,F ,P) and

F = (F1, . . . , Fn)
>:R+ × C([−τ, 0];Rn) → Rn, G = [Gi j ]: R+ × C([−τ, 0];Rn) → Rn×m.

Here,let Gi = (Gi 1, . . . , Gi m). We also impose the following local Lipschitz condition onF andG.

ASSUMPTION 2.1 For every integerj , there is a positive constantcj suchthat

|F(t, ϕ) − F(t, φ)| ∨ |G(t, ϕ) − G(t, φ)| 6 cj ‖ϕ − φ‖

for all t > 0 and theseϕ, φ ∈ C([−τ, 0];Rn) with ‖ϕ‖ ∨ ‖φ‖ 6 j .

In order for a stochastic differential equation to have a unique global solution for any given initial
value, the coefficients of this equation are generally required to satisfy the linear growth condition
and the local Lipschitz condition (seeArnold, 1972;Mao, 1997) or a given non-Lipschitz condition
and the linear growth condition (Fang & Zhang, 2005;Mao, 1994). These show that the linear growth
condition plays an important role to suppress the potential explosion of solutions and guarantee the
existence of global solutions. However, it is obvious that the coefficients of (1.3) do not satisfy the linear
growth condition except that bothf andg are bounded, so its solutions may explode at a finite time (cf.
Khasminskii,1981;Mao, 1994). It is therefore important to examine the existence and uniqueness of
the global solution of (2.1) without the linear growth condition.

It is well known for stochastic differential equations that linear growth conditions for global solutions
may be replaced by the use of the Lyapunov functions (seeKhasminskii,1981;Mao & Rassias, 2005;
Shenet al.,2006). However, the Lyapunov function method is sometimes not convenient in applications
since the results are dependent on construction of this function. In this paper, we are concerned with the
population dynamic system, so we are not only interested in the global existence of solutions but also
require the solutions to be positive, namely, there exists a global positive solution. We therefore need to
choose the special function to establish the existence of the global positive solution. To show this idea,
we first need the concept of local solutions (seeMao,1994).
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320 F. WU AND Y. HU

DEFINITION 2.1 SetFt = F0 for −τ 6 t 6 0 and letx(t), −τ 6 t 6 τe bea continuousRn-valued
Ft -adaptedprocess. It is called a local strong solution of (2.1) with initial dataξ ∈ C([−τ, 0];Rn) if
x(t) = ξ(t) on−τ 6 t 6 0 and

x(t ∧ τk) = ξ(0) +
∫ t∧τk

0
F(s, xs)ds+

∫ t∧τk

0
G(s, xs)dB(s), ∀ t > 0

for eachk > 1, where{τk}k>1 is a non-decreasing sequence of finite stopping times such thatτk → τe
almostsurely ask → ∞. If moreover, lim supt→τe

|x(t)| = ∞ is satisfied almost everywhere when
τe < ∞, it is called a maximal local strong solution andτe is called the explosion time. A maximal local
strong solutionx(t), −τ 6 t < τe, is said to be unique if for any other maximal local strong solution
x̄(t), −τ 6 t < τ̄e, we haveτe = τ̄e andx(t) = x̄(t) for −τ 6 t < τe almostsurely.

By Mao (1994, Theorem 3.2.2, P95), we have the following theorem.

THEOREM 2.1 Under Assumption2.1, for any initial dataξ ∈ C([−τ, 0];Rn), (2.1) almost surely
admits a unique maximal local strong solution.

By Khasminskii’s idea,Khasminskii(1981),Mao & Rassias(2005) andShenet al. (2006) examine
global existence of solutions of stochastic differential equations. In this paper, our aim is to examine
global existence of the positive solutions of (2.1), so we need to introduce a special Lyapunov function.
For anyp > 0, define aC2-functionU :Rn

++ → R+ by

U (x) =
n∑

i =1

ci u(xi ) for x = (x1, x2, . . . , xn)
> ∈ Rn

++, (2.2)

wherec = (c1, . . . , cn)
> ∈ Rn

++, u(xi ) = xp
i − p logxi , p > 0 is a constant. Clearly, the functionu

holds the following nice properties:

u(t) > 0, u(0+) = u(∞) = ∞. (2.3)

THEOREM 2.2 Under Assumption2.1, if there existc = (c1, . . . , cn)
> ∈ Rn

++, p > 0 K , K j , α j > 0,
andprobability measuresμ j (j = 1, 2, . . . , J) on [−τ, 0] for any integerJ > 1 such that, for anyt > 0
andϕ = (ϕ1, . . . , ϕn)

> ∈ C([−τ, 0];Rn
++),

LU (t, ϕ) : =
n∑

i =1

[ pϕ
p
i (0) − ρ]ci ϕ

−1
i (0)Fi (t, ϕ) +

1

2

n∑

i =1

[ p(p − 1)ϕ
p
i (0) + ρ]ci ϕ

−2
i (0)|Gi (t, ϕ)|2

6 K +
J∑

j =1

K j

[∫ 0

−τ
|ϕ(θ)|α j dμ j (θ) − |ϕ(0)|α j

]

, (2.4)

thenfor any given initial datax0 = ξ ∈ C([−τ, 0];Rn
++), there almost surely exists a unique global

solutionx(t) to (2.1) withτe = ∞, and this solution will remain inRn
++ with probability one, namely,

x(t) ∈ Rn
++ for all t > −τ almost surely.

Proof. Since bothF andG satisfy the local Lipschitz condition, for any initial dataξ ∈C([−τ, 0];Rn
++),

by Theorem2.1, there exists a unique maximal local strong solutionx(t) on t ∈ [−τ, τe), whereτe is
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STOCHASTIC FUNCTIONAL KOLMOGOROV-TYPE SYSTEM 321

theexplosion time. To show that the solution is global, we only need to prove thatτe = ∞ a.s. Letk0
bea sufficiently large positive number such that

1

k0
< min

−τ6θ60
|ξ(θ)| 6 max

−τ6θ60
|ξ(θ)| < k0.

For each integerk > k0, define the stopping time

τk = inf{t ∈ [−τ, τe): xi (t) 6∈ (1/k, k) for somei = 1,2, . . . ,n} (2.5)

with the traditional setting inf∅ = ∞, where∅ denotes the empty set. Clearly,τk is increasing as
k → ∞ andτk → τ∞ 6 τe a.s.If we can showτ∞ = ∞, thenτe = ∞ a.s., which implies the desired
result. This is also equivalent to proving that, for anyt > 0, P(τk 6 t) → 0 ask → ∞. By condition
(2.4), applying the It̂o formula to the functionU (∙) yields

EU (x(t ∧ τk)) = EU (x(0)) + E
∫ t∧τk

0
LU (s, xs)ds

6 EU (ξ(0)) + E
∫ t∧τk

0





K +

J∑

j =1

K j

[∫ 0

−τ
|x(s + θ)|α j dμ j (θ) − |x(s)|α j

]


ds.

By the Fubini theorem and a substitution technique,

∫ t∧τk

0

∫ 0

−τ
|x(s + θ)|α j dμ j (θ)ds−

∫ t∧τk

0
|x(s)|α j ds

6
∫ 0

−τ
dμ j (θ)

∫ t∧τk

−τ
|x(s)|α j ds−

∫ t∧τk

0
|x(s)|α j ds

=
∫ 0

−τ
|ξ(θ)|α j dθ.

We therefore have

EU (x(t ∧ τk)) 6 EU (ξ(0)) + Kt +
J∑

j =1

K j

∫ 0

−τ
E|ξ(θ)|α j dθ

=: Kt ,

whereKt is independent ofk. By the definition ofτk, xi (τk) is a {k, 1/k}-valued random variable for
some 16 i 6 n. Hence, by conditional expectation, we have

min
16i6n

{ci }P(τk 6 t)(u(k) ∧ u(1/k))6 P(τk 6 t)EU (x(τk))

6 EU (x(t ∧ τk))

6 Kt ,
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322 F. WU AND Y. HU

which implies

lim sup
k→∞

P(τk 6 t) 6 lim
k→∞

Kt

min16i6n{ci }(u(k) ∧ u(1/k))
= 0.

We therefore obtain the desired result. �

3. Stochastic functional Kolmogorov-type systems

This section mainly applies the result of Section2 to examine existence and uniqueness of the global
positive solution to (1.3) as well as (1.4) and (1.5). To apply Theorem2.2, we also impose the following
assumption on bothf andg.

ASSUMPTION3.1 There exist constantsα, β, ζ , κ, η, λ, λ1, σ , σ1 > 0 and probability measuresμ, ν, ν1
on [−τ, 0] such that, for anyϕ ∈ C([−τ, 0];Rn

++),

| f (ϕ)| 6 κ

∫ 0

−τ
|ϕ(θ)|α dμ(θ) + η, (3.1a)

|g(ϕ)| 6 λ

∫ 0

−τ
|ϕ(θ)|β dν(θ) + σ, (3.1b)

g2
i (ϕ) > ζϕ

2β
i (0) − λ1

∫ 0

−τ
ϕ

2β
i (θ)dν1(θ) − σ1, 16 i 6 n. (3.1c)

In this assumption, conditions (3.1a) and (3.1b) show that bothf andg are controlled by polynomial
functions in whichf andg satisfy the linear growth condition whenα = β = 1 (note that this does not
imply that the coefficients of (1.3) satisfy the linear growth condition). Recall thatgi representsthe noise
intensity imposed on thei th population. Condition (3.1c) implies that the noise intensity is dependent
on the population size with the orderβ at least. Then the following theorem follows.

THEOREM 3.1 Under Assumptions1.1and3.1, if one of the following two conditions holds,

α < 2β, ζ > λ1, (3.2a)

0 < α = 2β < 2, ζ > λ1 + 2κ
√

n, (3.2b)

thenfor any initial dataξ ∈ C([−τ, 0];Rn
++), there almost surely exists a unique global positive so-

lution x(t) to (1.3) ont > −τ and the solution will remain inRn
++ with probability one, namely,

x(t) ∈ Rn
++ for all t > −τ almost surely.

REMARK Condition(3.2a) shows that if the noise intensity is strongly dependent on the population size
in the senseα < 2β, then existence and uniqueness of the global positive solution is only determined
by the noise perturbation withζ > λ1 and independent of the parameters in the drift term. If the
noise intensity is dependent on the population size in the senseβ = α/2 ∈ (0,1), then existence and
uniqueness of the global positive solution is determined by both the drift term and the noise intensity
with ζ > λ1 + 2κ

√
n.

Proof. Let F(t, ϕ) = diag(ϕ1(0), . . . , ϕn(0)) f (ϕ) andG(t, ϕ) = diag(ϕ1(0), . . . , ϕn(0))g(ϕ) (This
requiresm = 1 in (2.1)). Clearly, Assumptions1.1and3.1imply thatF andG satisfy the local Lipschitz
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condition. In Theorem2.2, to test the condition (2.4), it is the key to estimateLU (t, ϕ). Choosing
p ∈ (0,1) andci ≡ 1 for all 16 i 6 n in the functionU (x), then we have

LU (t, ϕ) =
n∑

i =1

[ pϕ
p
i (0) − p] fi (ϕ) +

1

2

n∑

i =1

[ p(p − 1)ϕ
p
i (0) + p]g2

i (ϕ)

=
n∑

i =1

pϕ
p
i (0) fi (ϕ) +

p(p − 1)

2

n∑

i =1

ϕ
p
i (0)g2

i (ϕ) +
p

2

n∑

i =1

[−2 fi (ϕ) + g2
i (ϕ)]

=: I1 + I2 + I3. (3.3)

Recallthe following elementary inequalities: for anyx = (x1, . . . , xn) ∈ Rn
++ andl > 0,

|x|l 6
n∑

i =1

xl
i 6 n

2−l
2 |x|l (0 < l 6 2), (3.4a)

n
2−l
2 |x|l 6

n∑

i =1

xl
i 6 |x|l (l > 2). (3.4b)

Thenby condition (3.1a) in Assumption3.1and the Young inequality,

I16 p max
16i6n

{|ϕi (0)|p}
n∑

i =1

| fi (ϕ)|

6 p
√

n| f (ϕ)|

(
n∑

i =1

|ϕi (0)|2
) p

2

6 p
√

n|ϕ(0)|p| f (ϕ)|

6 p
√

n

[

κ

∫ 0

−τ
|ϕ(0)|p|ϕ(θ)|α dμ(θ) + η|ϕ(0)|p

]

6 p
√

n
[ κp

α + p
|ϕ(0)|α+p +

ακ

α + p

∫ 0

−τ
|ϕ(θ)|α+p dμ(θ) + η|ϕ(0)|p

]
. (3.5)

Noting that p ∈ (0,1), by condition (3.1c) in Assumption3.1and the Young inequality,

I26
p(p − 1)

2

n∑

i =1

ϕ
p
i (0)

[

ζϕ
2β
i (0) − λ1

∫ 0

−τ
ϕ

2β
i (θ)dν1(θ) − σ1

]

=
p(p − 1)

2

n∑

i =1

[

ζϕ
2β+p
i (0) − λ1

∫ 0

−τ
ϕ

p
i (0)ϕ

2β
i (θ)dν1(θ) − σ1ϕ

p
i (0)

]
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324 F. WU AND Y. HU

6
p(p − 1)

2

n∑

i =1

[

ζϕ
2β+p
i (0) − σ1ϕ

p
i (0) −

λ1

2β + p

∫ 0

−τ
(pϕ

2β+p
i (0) + 2βϕ

2β+p
i (θ))dν1(θ)

]

=
p(p − 1)

2

n∑

i =1

[(
ζ −

pλ1

2β + p

)
ϕ

2β+p
i (0) − σ1ϕ

p
i (0) −

2βλ1

2β + p

∫ 0

−τ
ϕ

2β+p
i (θ)dν1(θ)

]

. (3.6)

By condition (3.1b) in Assumption3.1, applying the Ḧolder inequality gives

|g(ϕ)|2 6 2λ2
∫ 0

−τ
|ϕ(θ)|2βdν(θ) + 2σ2. (3.7)

It therefore follows that

I36 const[|f (ϕ)| + |g(ϕ)|2]

6 const

[

1 +
∫ 0

−τ
|ϕ(θ)|α dμ(θ) +

∫ 0

−τ
|ϕ(θ)|2β dν(θ)

]

. (3.8)

Substituting (3.5), (3.6) and (3.8) into (3.3) yields

LU (t, ϕ)6
βλ1 p(1 − p)

2β + p

n∑

i =1

[∫ 0

−τ
ϕ

2β+p
i (θ)dν1(θ) − ϕ

2β+p
i (0)

]

+
ακp

√
n

α + p

[∫ 0

−τ
|ϕ(θ)|α+p dμ(θ) − |ϕ(0)|α+p

]

+ const

[∫ 0

−τ
|ϕ(θ)|α dμ(θ) − |ϕ(0)|α

]

+ const

[∫ 0

−τ
|ϕ(θ)|2β dν(θ) − |ϕ(0)|2β

]

+ I (ϕ(0)), (3.9)

where

I (x) =
p(p − 1)

2

(
ζ −

pλ1

2β + p
−

2βλ1

2β + p

) n∑

i =1

x2β+p
i + κp

√
n|x|α+p

+ const[1+ |x|p + |x|α + |x|2β]

= −
p(1 − p)(ζ − λ1)

2

n∑

i =1

x2β+p
i + κp

√
n|x|α+p + const[1+ |x|p + |x|α + |x|2β].

By (3.4a) and (3.4b), for anyx = (x1, . . . , xn)
> ∈ Rn

++ andl > 0, there exist constants̄k1, k̄2 > 0 such
that

k̄1|x|l 6
n∑

i =1

xl
i 6 k̄2|x|l . (3.10)

If condition (3.2a) holds, we therefore have

I (x) 6 −
pk̄1(1 − p)(ζ − λ1)

2
|x|2β+p + κp

√
n|x|α+p + const[1+ |x|p + |x|α + |x|2β].
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STOCHASTIC FUNCTIONAL KOLMOGOROV-TYPE SYSTEM 325

By the bounded property of polynomial functions, there exists a constantH1 suchthat I (x) 6 H1. If
condition (3.2b) holds, which implies thatα < 2 andζ > λ1 + 2κ

√
n, choosingp sufficient small such

thatα + p = 2β + p < 2 and(1 − p)(ζ − λ1) − 2κ
√

n > 0, by (3.4a), we have

I (x) 6 −
p

2
[(1 − p)(ζ − λ1) − 2κ

√
n]|ϕ(0)|α+p + const[1+ |x|p + |x|α + |x|2β].

Similarly, there exists a constantH2 suchthat I (x) 6 H2. (3.9) therefore implies that the condition (2.4)
holds, so applying Theorem2.2gives the desired result. �

Similarly, we may also examine the global positive solution of (1.4). But we need to replace As-
sumption3.1by the following assumption:

ASSUMPTION 3.2 There exist constantsα, β, ζ , κ, η, σ1 > 0 and the probability measureμ such that,
for anyϕ ∈ C([−τ, 0];Rn

++) andx ∈ Rn
++, (3.1a) and

lim sup
|x|→∞

|x|β |g(x)| < ∞, (3.11a)

g2
i (x) > ζ x2β

i − σ1, 16 i 6 n (3.11b)

hold.

Thenthe following theorem follows:

THEOREM 3.2 Under Assumptions1.1and3.2, if one of the two conditions

α < 2β, ζ > 0, (3.12a)

0 < α = 2β < 2, ζ > 2κ
√

n (3.12b)

holds,then for any initial dataξ ∈ C([−τ, 0];Rn
++), there almost surely exists a unique global positive

solutionx(t) to (1.4) ont > −τ , and the solution will remain inRn
++ with probability one, namely,

x(t) ∈ Rn
++ for all t > −τ almost surely.

This proof is similar to Theorem3.1, so we omit it. By the same method, we may also examine the
existence and uniqueness of the global solution of (1.5) except that condition (3.1a) in Assumption3.1
is replaced by

lim sup
|x|→∞

|x|−α| f (x)| < ∞. (3.13)

Here,we leave this result and its proof to the reader.
In Theorems3.1and3.2, conditions (3.1c) and (3.11b) are very important. This shows that the noise

plays an important role to guarantee the global positive solution, in the case where the noise intensity is
strongly dependent on the population size in the senseα 6 2β. In the following, we examine existence
and uniqueness of the global positive solution of (1.3) when the noise intensity is weakly dependent on
the population size in the senseα > 2β. To show this idea, we impose another condition onf . We
describe them as the following assumption.

ASSUMPTION 3.3 There existc = (c1, . . . , cn)
> ∈ Rn

++, p > 0, α, β, ζ , κ, κ1, η, η1, λ, σ > 0, and
probability measuresμ, μ1, ν on [−τ, 0] such that for anyϕ ∈ C([−τ, 0];Rn

++), (3.1a), (3.1b) and the

 at Pennsylvania State U
niversity on Septem

ber 16, 2016
http://im

am
at.oxfordjournals.org/

D
ow

nloaded from
 

http://imamat.oxfordjournals.org/
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following condition:

n∑

i =1

ci ϕ
p
i (0) fi (ϕ) 6 −ζ |ϕ(0)|α+p + κ1

∫ 0

−τ
|ϕ(θ)|α+p dμ1(θ) + η1 (3.14)

hold.

Thenthe following theorem follows.

THEOREM 3.3 Under Assumptions1.1and3.3, if

α > 2β, ζ > κ1, (3.15)

thenfor any initial dataξ ∈ C([−τ, 0];Rn
++), there almost surely exists a unique global positive so-

lution x(t) to (1.3) ont > −τ , and this solution will remain inRn
++ with probability one, namely,

x(t) ∈ Rn
++ for all t > −τ almost surely.

REMARK Condition(3.15) shows that if the noise intensity is weakly dependent on the population size
in the senseα > 2β, then existence and uniqueness of the global positive solution is only determined
by the drift term withζ > κ1 andindependent of the parameters in the noise intensity.

Proof. Similar to the proof of Theorem3.1, we also need to estimateLU (t, ϕ). It is easy to compute

LU (t, ϕ) =
n∑

i =1

ci pϕ
p
i (0) fi (ϕ) +

p(p − 1)

2

n∑

i =1

ci ϕ
p
i (0)g2

i (ϕ) +
p

2

n∑

i =1

ci [−2 fi (ϕ) + g2
i (ϕ)]

=: Ī1 + Ī2 + Ī3. (3.16)

By condition (3.14) in Assumption (3.3),

Ī1 6 −ζ p|ϕ(0)|α+p + κ1 p
∫ 0

−τ
|ϕ(θ)|α+p dμ1(θ) + η1p. (3.17)

By condition (3.1b), (3.7), the Young inequality and the elementary inequality (3.10),

Ī26
p(p − 1)+

2

n∑

i =1

ci ϕ
p
i (0)|g(ϕ)|2

6 p(p − 1)+k̄|ϕ(0)|p

[

λ2
∫ 0

−τ
|ϕ(θ)|2β dν(θ) + σ 2

]

6
λ2 p2(p − 1)+k̄

2β + p
|ϕ(0)|2β+p + pk̄σ 2(p − 1)+|ϕ(0)|p

+
2βλ2p(p − 1)+k̄

2β + p

∫ 0

−τ
|ϕ(θ)|2β+p dν(θ), (3.18)

wherek̄: = max16i6n{ci }k̄2. By the same calculation as forI3 in Theorem3.1,

Ī3 6 const

[

1 +
∫ 0

−τ
|ϕ(θ)|α dμ(θ) +

∫ 0

−τ
|ϕ(θ)|2β dν(θ)

]

. (3.19)
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Substituting(3.17), (3.18) and (3.19) into (3.16) gives

LU (t, ϕ)6 κ1p

[∫ 0

−τ
|ϕ(θ)|α+p dμ1(θ) − |ϕ(0)|α+p

]

+
2βλ2p(p − 1)+k̄

2β + p

[∫ 0

−τ
|ϕ(θ)|2β+pdν(θ) − |ϕ(0)|2β+p

]

+ const

[∫ 0

−τ
|ϕ(θ)|αdμ(θ) − |ϕ(0)|α

]

+ const

[∫ 0

−τ
|ϕ(θ)|2βdν(θ) − |ϕ(0)|2β

]

+ Ī (ϕ(0)), (3.20)

where

Ī (x) := −p(ζ − κ1)|x|α+p + const[1+ |x|p + |x|α + |x|2β + |x|2β+p].

By condition (3.15), the bounded property of polynomial functions implies that there exists a constant
H̄ such thatĪ (x) 6 H̄ , so (3.20) implies condition (2.4). Theorem2.2 therefore gives the desired
assertion. �

By the similar method, we may also examine existence and uniqueness of the solution of (1.5). But
we need to replace Assumption3.3by the following assumption.

ASSUMPTION 3.4 Assume that there existc = (c1, . . . , cn)
> ∈ Rn

++, p > 0, α, β, ζ , η1, λ, σ > 0,
andthe probability measureν on [−τ, 0] such that for anyϕ ∈ C([−τ, 0];Rn

++) andx ∈ Rn
++, (3.13),

(3.1b) and the following condition:
n∑

i =1

ci x
p
i fi (x) 6 −ζ |x|α+p + η1 (3.21)

hold.

Thefollowing theorem therefore follows.

THEOREM 3.4 Under Assumptions1.1and3.4, if

α > 2β, ζ > 0, (3.22)

then for any initial dataξ ∈ C([−τ, 0];Rn
++), there almost surely exists a unique global positive so-

lution x(t) to (1.5) ont > −τ , and this solution will remain inRn
++ with probability one, namely,

x(t) ∈ Rn
++ for all t > −τ almost surely.

Applying the same method to (1.4) may produce the similar result except that condition (3.1b) is
replaced by condition (3.11a) in Assumption3.3. We also leave this result and its proof to the reader.

4. Some special equations

In this section, as applications of the previous results, we examine some stochastic Lotka–Volterra
systems as the special cases. First, repeating the process of Theorems3.1 and3.3, we may obtain the
global positive solution to (1.6).
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328 F. WU AND Y. HU

THEOREM 4.1 Let f and g satisfy the local Lipschitz condition. Assume that there existα, β > 0
such that conditions (3.11a) and (3.13) hold. Assume also that there existc = (c1, . . . , cn)

> ∈ Rn
++, η,

σ > 0 andζ > 0. For anyx = (x1, . . . , xn)
> ∈ Rn

++, if one of the two following conditions holds,

α < 2β, g2
i (x) > ζ x2β

i − σ, ζ > 0, (4.1a)

α > 2β,

n∑

i =1

ci x
p
i fi (x) 6 −ζ |x|α+p + σ, ζ > 0 for p > 0, (4.1b)

then for any initial valuex(0) ∈ Rn
++, there almost surely exists a unique global positive solutionx(t)

to (1.6) ont > −τ , namely,x(t) ∈ Rn
++ for all t > −τ almost surely.

Now, let us discuss some stochastic Lotka–Volterra systems as examples to show the applications of
our results. Firstly, consider then-dimensional stochastic functional Lotka–Volterra equation

dx(t) = diag(x1(t), . . . , xn(t))

[(

b +
∫ 0

−τ
Ax(t + θ)dμ(θ)

)

dt + g(x(t))dw(t)

]

, (4.2)

whereb ∈ Rn, A = [ai j ] ∈ Rn×n, μ is the probability measure on [−τ, 0], g = (g1, . . . , gn)
> and

gi (x) =
∑n

j =1 qi j x
β
j satisfying

qi j > 0, qi i > 0, 16 i, j 6 n. (4.3)

This equation may be regarded as the stochastically perturbed equation of the deterministic functional
Lotka–Volterra system

ẋ(t) = diag(x1(t), . . . , xn(t))

(

b +
∫ 0

−τ
Ax(t + θ)dμ(θ)

)

, (4.4)

which is discussed byTang & Kuang(1996). Definef (ϕ) = b +
∫ 0
−τ Aϕ(θ)dμ(θ). Then (4.2) may be

rewritten as (1.4). Since

| f (ϕ)| 6 |b| + |A|
∫ 0

−τ
|ϕ(θ)|dμ(θ),

the condition (3.1a) holds withα = 1 andη = |b|. Clearly, by (3.10), for anyx = (x1, . . . , xn)
> ∈ Rn

++,

lim sup
|x|→∞

|x|−β |g(x)| = lim sup
|x|→∞

|x|−β

(
n∑

i =1

g2
i (x)

) 1
2

6 lim sup
|x|→∞

max
16i, j6n

{qi j }|x|−β
(
nk̄2

2|x|2β
) 1

2

= max
16i, j6n

{qi j }
√

nk̄2,

g2
i (x) =




n∑

j =1

qi j x
β
j





2

> q2
i i x

2β
i ,
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soboth (3.11a) and (3.11b) hold withζ = q2
i i andσ = 0. Applying Theorem3.2 gives the following

theorem.

THEOREM 4.2 Let condition (4.3) hold. If one of the two conditions

β >
1

2
, (4.5a)

β =
1

2
, q2

i i > 2|A|
√

n, (4.5b)

for any initial dataξ ∈ C([−τ, 0];Rn
++), there almost surely exists a unique global positive solution to

(4.2) ont > −τ , namely,x(t) ∈ Rn
++ for all t > −τ almost surely.

Let μ be the Dirac measure on the point−τ andβ = 1.Equation (4.2) may be rewritten as the
stochastic delay Lotka–Volterra system (seeBahar & Mao,2004a)

dx(t) = diag(x1(t), . . . , xn(t))[(b + Ax(t − τ))dt + Qx(t)dw(t)], (4.6)

whereQ = [qi j ] ∈ Rn×n. By Theorem4.2, under condition (4.3), for any initial dataξ ∈ C([−τ, 0];
Rn

++), there almost surely exists a unique global positive solutionx(t) to this equation on allt > −τ
(also see Theorem 2.1 inBahar & Mao,2004a).

Let μ be the Dirac measure on the zero andβ = 1. Equation (4.2) becomes the following stochastic
ordinary Lotka–Volterra system (also seeMaoet al.,2002):

dx(t) = diag(x1(t), . . . , xn(t))[(b + Ax(t))dt + Qx(t)dw(t)]. (4.7)

Similarly, by Theorem4.2, under condition (4.3), for any initial valuex(0) ∈ Rn
++, there almost surely

exists a unique global positive solutionx(t) to this equation on allt > 0 (also see Theorem 2.1 inMao
et al.,2002).

To show that the environmental noise may suppress the potential explosion of the population, we
consider the following deterministic scalar logistic equation:

ẋ(t) = x(t)(b + ax(t)) (4.8)

on t > 0 with initial valuex(0) = x0 > 0. Since herex(t) represents population size, only positive
solutions are of interest. It is obvious that ifa > 0 andb > 0, (4.8) has only the local solution

x(t) =
b

−a + e−bt (b + ax0)/x0
for 06 t < τe,

whichexplodes to infinity at the finite time

τe = −
1

b
log

(
ax0

b + ax0

)
.

However, if we stochastically perturb the system (4.8) into the following stochastic scalar logistic
equation:

ẋ(t) = x(t)[(b + ax(t))dt + σ xβ(t)dw(t)] (4.9)
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330 F. WU AND Y. HU

by Theorem4.2, for any initial valuex(0) ∈ Rn
++, there almost surely exists a unique global positive

solutionx(t) to this system on allt > 0 whenβ > 1/2 andσ > 0. Clearly, this existence and uniqueness
is independent of the parametersa andb.

We also consider the following deterministic delay logistic equation:

ẋ(t) = x(t)
(
b +

a

2
x(t) +

a

2
x(t − τ)

)
(4.10)

on t > 0 with initial dataξ ∈ C([−τ, 0];Rn
++). Whena, b > 0, by the comparison theorem and the

solution of (4.8), the solution of this equation will also explode to infinity at a finite time. Now letμ1
andμ2 be the Dirac measures on the points zero and−τ . Let μ = (μ1 + μ2)/2. Thenμ is also a
probability measure and (4.10) may be rewritten as

ẋ(t) = x(t)

(

b + a
∫ 0

−τ
x(t + θ)dμ(θ)

)

. (4.11)

If we stochastically perturb this system into the following stochastic scalar delay logistic equation:

ẋ(t) = x(t)

[(

b + a
∫ 0

−τ
x(t + θ)dμ(θ)

)

dt + σ xβ(t)dw(t)

]

, (4.12)

by Theorem4.2, for any initial dataξ ∈ C([−τ, 0];Rn
++), there almost surely exists a unique global

positive solutionx(t) to this system on allt > −τ whenβ > 1/2 andσ > 0. These results all show
that the environmental noise may suppress the explosion of the population size.

Whenβ < 1/2, we consider the followingn-dimensional Lotka–Volterra equation:

dx(t) = diag(x1(t), . . . , xn(t))[(b + Ax(t))dt + g(x(t))dw(t)], (4.13)

whereb, A andg have the same definitions in (4.2). Definef (x) = b + Ax. We may compute that

n∑

i =1

ci xi fi (x) =
n∑

i =1

bi ci xi +
n∑

i =1

n∑

j =1

ci ai j xi x j

=
n∑

i =1

bi ci xi + x>
(

C̄A + A>C̄

2

)
x

6
n∑

i =1

bi ci xi + λ̌|x|2,

whereC̄ = diag(c1, . . . , cn), λ̌ = λ+
max((C̄A + A>C̄)/2). Here, we give the definition ofλ+

max(A) as
follows:

λ+
max(A) = sup

x∈Rn
+,|x|=1

x> Ax for a symmetricn × n matrix A ∈ Rn×n,

which was introduced byBahar & Mao(2004b). Let us emphasize that this is different from the largest
eigenvalueλmax(A) of the matrixA. Recall the nice property of the largest eigenvalue:

λmax(A) = sup
x∈Rn,|x|=1

x> Ax.
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Clearly, λ+
max(A) 6 λmax(A). If

λ̌ = λ+
max

(
C̄A + A>C̄

2

)
< 0, (4.14)

choosingε ∈ (0,−λ̌) sufficiently small, then there exists a constantσ such that

n∑

i =1

ci xi fi (x)6
n∑

i =1

bi ci xi − ε|x|2 + (λ̌ + ε)|x|2

6 (λ̌ + ε)|x|2 + σ.

Chooseζ = −(λ̌+ε), α = 1. Clearly, condition (4.1b) holds withp = 1, so by Theorem4.1and noting
an arbitrary property ofε, we may obtain the following result.

THEOREM 4.3 Under condition (4.14), ifβ < 1/2 and there is a positive vectorc ∈ Rn
++ suchthat

λ+
max(C̄A + A>C̄) < 0,

whereC̄ = diag(c1, . . . , cn), then for any given initial valuex(0) ∈ Rn
++, there almost surely exists a

unique global positive solutionx(t) to (4.13) ont > 0, namely,x(t) ∈ Rn
++ onall t > 0 almost surely.
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