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Our main result is the following: let be given su
h a data stru
tureand together with this data stru
ture a universal elimination algorithm,say P , solving arbitrary parametri
 polynomial equation systems. Sup-pose that the algorithm P avoids \unne
essary" bran
hings and thatP admits the eÆ
ient 
omputation of 
ertain natural limit obje
ts (ase.g. the Zariski 
losure of a given 
onstru
tible algebrai
 set or theparametri
 greatest 
ommon divisor of two given algebrai
 families ofunivariate polynomials). Then P 
annot be a polynomial time algo-rithm.The paper 
ontains di�erent variants of this result and dis
ussestheir pra
ti
al impli
ations.Keywords. Polynomial equation solving, elimination theory, 
omplexity, 
ontin-uous data stru
ture, holomorphi
 and 
ontinuous en
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orre
t test and identi�
ation sequen
es. 721 Introdu
tion. Basi
 notions.Complexity theory deals with the eÆ
ien
y of answering mathemati
al ques-tions about mathemati
al obje
ts. In this 
ontext, mathemati
al obje
tshappen usually to posses a unique en
oding in a previously �xed data stru
-ture (e.g. integers are en
oded by their bit representation, polynomials bytheir 
oeÆ
ients, et
.). On
e a data stru
ture is �xed, standard 
omplex-ity theory sear
hes for an eÆ
ient algorithm answering the mathemati
alquestions under 
onsideration and tries to 
ertify the optimality of this al-gorithm.However, things be
ome somewhat more 
ompli
ated in the parti
ular
ase of geometri
 elimination theory (polynomial equation solving in alge-brai
ally or real 
losed �elds). Complexity theory for geometri
 eliminationrequires simultaneous optimization of data stru
tures and algorithms. Inorder to illustrate this statement, let us 
onsider the following �rst orderformula, say �, belonging to the language of the elementary theory of alge-brai
ally 
losed �elds of 
hara
teristi
 zero:(9X1) � � � (9Xn)�X1�T�1 = 0^X21�X2 = 0^� � �^X2n�1�Xn = 0^Y = X2n�:The formula � 
ontains two free variables, namely T and Y . Moreover � islogi
ally equivalent to the following quanti�er{free formula, whi
h we denoteby 	: Y � 2nXi=0 �2ni �T i = 0:If we 
hoose as our data stru
ture the standard dense or sparse en
oding ofpolynomials by their 
oeÆ
ients, then � has length O(n), whereas the lengthof 	 ex
eeds 2n. However, if we en
ode polynomials by arithmeti
 
ir
uits(or straight{line programs), then � and 	 happen both to be of lengthO(n), sin
e the polynomial 2nXi=0 �2ni �T i = (1 + T )2n 
an be evaluated inn+ 1 steps, using iterated squaring.For the dense (or sparse) representation of polynomials superexponential(sequential) time is ne
essary (and suÆ
ient) in order to eliminate a singlequanti�er blo
k (see e.g. [13℄, [21℄, [39℄, [47℄, [14℄), whereas the eliminationof an arbitrary number of quanti�er blo
ks requires doubly exponential time3



in this data stru
ture (see [42℄, [89℄, [20℄, [22℄, [23℄, [66℄ for lower and upper
omplexity bounds and [51℄, [48℄, [72℄ for upper 
omplexity bounds only).The existing superexponential (mostly Gr�obner basis) algorithms for theelimination of a single quanti�er blo
k are often asymptoti
ally optimal forthe dense and sparse en
oding of polynomials. Nevertheless their 
omplex-ity makes them infeasible for real world sized problems (however not sofor impressive software demos). Moreover, a simple minded Gr�obner basisapproa
h to the elimination of a single blo
k of quanti�ers may lead to adoubly exponential 
omplexity.This situation suggests that these elimination algorithms require alter-native data stru
tures if one wishes to improve their 
omplexity behavioursubstantially. This observation led in the past to the idea of using arith-meti
 
ir
uits for the representation of the polynomials o

urring in thebasi
 elimination pro
edures of algebrai
 and semialgebrai
 geometry (see[49℄, [50℄ and [54℄ for an early appli
ation of this idea). This 
hange ofdata stru
ture allowed in a �rst attempt to redu
e the 
omplexity of theelimination of a single blo
k of quanti�ers from superexponential to singleexponential time ([30℄, [35℄, [24℄, [56℄, [57℄, [64℄). However, the 
orrespond-ing algorithms required the dense representation of the input polynomialsand returned a 
ir
uit en
oding of the output polynomials. Therefore thesealgorithms were unadapted to su

essive elimination of several quanti�erblo
ks (see [71℄ for more details) and unable to pro�t from a possible spe
ialgeometri
 feature of the input system.In a se
ond attempt ([33℄, [69℄, [32℄, [28℄, [34℄), this problem 
ould besettled by means of a new elimination pro
edure whi
h transforms a given
ir
uit representation of the input polynomials into a 
ir
uit representationof the output polynomials. The time 
omplexity of this new pro
edure isroughly the 
ir
uit size of the input polynomials multiplied by a polynomialfun
tion of a 
ertain geometri
 invariant of the input system, 
alled itsdegree. Let us observe that the degree is always bounded by the B�ezout{number of the input system and happens often to be 
onsiderably smaller.For worst 
ase input systems, the new algorithm be
omes polynomialin the B�ezout{number of the system, and this was the �rst time that this
omplexity goal 
ould be rea
hed without hiding an exponential extra fa
tor(
ompare [67℄, [73℄).Afterwards the new algorithm and its data stru
ture was extended andre�ned in [44℄, [37℄, [40℄, [46℄, [36℄, [76℄, [62℄, and in [5℄, [6℄ it was adaptedto the problem of polynomial equation solving over the reals. A su

essfulimplementation of the full algorithm ([61℄) is based on [36℄. A partial im-plementation of the algorithm (in
luding basi
 subroutines) is des
ribed in[11℄ (see also [15℄). So far the a

ount of su

essive improvements of datastru
tures and algorithms for symboli
 elimination. The 
omplexity aspe
tof numeri
 elimination was treated in a series of papers ([78℄, [79℄, [80℄, [82℄,4



[81℄, [19℄; see also [8℄). In [16℄ and [17℄ the bit 
omplexity aspe
t of theabove mentioned symboli
 and numeri
 algorithms was analyzed and 
om-pared. Taking bit 
omplexity and the bit representation of rational numbersinto a

ount, it turns out that a suitable numeri
al adaptation of the abovementioned new symboli
 elimination algorithm has the best 
omplexity per-forman
e between all known numeri
al elimination algorithms. Therefore weshall limit our attention in this paper to symboli
 elimination pro
edures.Let us now brie
y sket
h the known lower bound results for the 
om-plexity of arithmeti
 
ir
uit based pro
edures for the elimination of a singlequanti�er blo
k. Any su
h elimination algorithm whi
h is geometri
ally ro-bust in the sense of [45℄ requires ne
essarily exponential time on in�nitelymany inputs. Geometri
 robustness is a very mild 
ondition that is satis�edby all known (symboli
) elimination pro
edures.Moreover, suppose that there is given an algorithm for the eliminationof a single quanti�er blo
k and suppose that this algorithm is in a suitablesense \universal", avoiding \unne
essary bran
hings" and able to 
omputeZariski 
losures of 
onstru
tible sets and \parametri
" greatest 
ommondivisors of algebrai
 families of univariate polynomials. Then ne
essarily thisalgorithm has to be robust and hen
e of non{polynomial time 
omplexity[31℄. In parti
ular, any \reasonable" and \suÆ
iently general" pro
edure forthe elimination of a single quanti�er blo
k produ
es geometri
ally robustarithmeti
 
ir
uit representations of suitable elimination polynomials andtherefore outputs of non{polynomial size in worst 
ase.In this paper we are going to argue that the non{polynomial 
omplexity
hara
ter of the known symboli
 geometri
 elimination pro
edures is nota spe
ial feature of a parti
ular data stru
ture (like the dense, sparse orarithmeti
 
ir
uit en
oding of polynomials), but rather a 
onsequen
e ofthe information en
oded by the respe
tive data stru
ture (see Theorem 4below).1.1 Data stru
tures for geometri
 obje
ts.Informally, we understand by a data stru
ture a 
lass, say D, of \simple"mathemati
al obje
ts whi
h en
ode another 
lass, say O, of \
ompli
ated"ones. An element D 2 D whi
h en
odes a mathemati
al obje
t O 2 O is
alled a 
ode of O. The data stru
ture D is supposed to be embedded ina 
ontext, where we may pro
ess its elements, in order to answer a 
ertain
atalogue of well de�ned questions about the mathemati
al obje
ts belongingto O (or about the obje
t 
lass O itself). Of 
ourse, the 
hoi
e of the datastru
ture D depends strongly on the kind of potential questions we are goingto ask and on the time we are willing to wait for the answers.The mathemati
al obje
ts we are going to 
onsider in this paper willalways be polynomial fun
tions or algebrai
 varieties and their 
odes will al-5



ways belong to suitable aÆne ambient spa
es. The size of a 
ode is measuredby the dimension of its ambient spa
e.The (optimal) en
oding of dis
rete (e.g. �nite) sets of mathemati
alobje
ts is a well known subje
t in theoreti
al 
omputer s
ien
e and themain theme of Kolmogorov 
omplexity theory ([63℄; see also [9℄).This paper addresses the problem of optimal en
oding of 
ontinuous
lasses of mathemati
al obje
ts. The 
ontinuous 
ase di�ers in many aspe
tsfrom the dis
rete one and merits parti
ular attention. Any obje
t 
lass Owe are 
onsidering in this paper will possess a natural topology and maybe thought to be embedded in a (huge) aÆne or proje
tive ambient spa
e.The given topology of O be
omes always indu
ed by the Zariski (or strong)topology of its ambient spa
e. In this paper, the 
losure O of the obje
t
lass O in its ambient spa
e will generally have a natural interpretation asa 
lass of obje
ts of the same nature as O. In this sense we shall interpreta given element of O n O as a limit (or degenerate) obje
t of O. We shallalways suppose that data stru
tures, obje
t 
lasses and graphs of en
odingsform 
onstru
tible subsets of their respe
tive ambient spa
es.If O is for example a 
lass of equidimensional 
losed subvarieties of �xeddimension and degree of a suitable proje
tive spa
e, then the topology andthe ambient spa
e of O may be given by the Chow 
oordinates of the obje
tsof O. Or if O is the 
lass of polynomial fun
tions of bounded arithmeti
 
ir-
uit 
omplexity L, then O is 
ontained in a �nite dimensional linear subspa
eof the 
orresponding polynomial ring and has therefore a natural topology.The limit obje
ts of O are then those polynomials whi
h have approximative
omplexity at most L (see [3℄, [12℄ and Se
tion 3.3.2 for details).Let be given a data stru
ture D en
oding an obje
t 
lass O. By as-sumption, D is embedded in a suitable aÆne or proje
tive ambient spa
efrom whi
h D inherits a natural topology. We shall always assume thatD en
odes O 
ontinuously or holomorphi
ally (see Se
tion 3.1 for pre
ise,mathemati
al de�nitions). However, in order to 
apture the important 
aseof the arithmeti
 
ir
uit representation of polynomials, we shall not insist onthe inje
tivity of the given en
oding. More pre
isely, we say that D en
odesO inje
tively or unambiguously if for any obje
t O 2 O the data stru
tureD 
ontains a single element en
oding O (otherwise we 
all the en
odingambiguous).A fundamental problem addressed in this paper is the following:given an \eÆ
ient" (i.e. short) data stru
ture D en
oding the obje
t 
lassO, how may we �nd another data stru
ture D en
oding the obje
t 
lass O?How does the size of D (i.e. the size of its 
odes) depend on the size of D?In Theorem 1, Corollary 3, Corollary 9 and in Se
tion 4 below we shall seethat the solution of this problem depends strongly on the type of questionsabout the obje
t 
lass O whi
h the data stru
ture D allows to answer.6



This leads us to the subje
t of the questions we wish to be answered bya given data stru
ture D en
oding a given obje
t 
lass O. We shall alwaysrequire that any element D 2 D en
oding an obje
t O 2 O 
ontains enoughinformation in order to distinguish O from other elements of the obje
t 
lassO. Thus a typi
al question we wish to be answered by the data stru
ture Dis the following:let D and D0 be two elements of D en
oding two obje
ts O and O0 of O.Are O and O0 identi
al?In other words, we require to be able to dedu
e whether O = O0 holdsby means of pro
essing the 
odes D and D0. We 
all this problem theidentity question asso
iated to the data stru
ture D. A 
ommon way tosolve this identity question 
onsists of the transformation of the (supposedlyambiguous) data stru
ture D in a new one, whi
h en
odes the obje
ts of Oinje
tively.Another typi
al question arises in the following 
ontext:suppose additionally that the obje
t 
lass O 
onsists of (total) fun
tionswhi
h 
an be evaluated on a 
ontinuous (or dis
rete) domain R. Supposefurthermore that we have free a

ess to any element of R. Let O be a givenelement of the obje
t 
lass O and let D 2 D be an arbitrary 
ode of O.The question we wish to be answered by the data stru
ture D about theobje
t O is the following:for any given argument value r 2 R, what is the fun
tion value O(r)?In other words, we require to be able to 
ompute the fun
tion value O(r)by means of pro
essing the 
ode D and the argument value r. We 
all thisproblem the value question asso
iated to the data stru
ture D. Of 
ourse,for a 
lass O of polynomial fun
tions whose number of variables and degreewas previously bounded, the value question for a 
ontinuous domain R 
anbe redu
ed by means of interpolation te
hniques to the value question for adis
rete domain, namely to the task of determining, for any monomial Mand any polynomial fun
tion O 2 O, the 
oeÆ
ient of M in the polynomialO.1.2 The rôle of data stru
tures in elimination theory.In algebrai
 geometry, polynomial equation systems are the \simple" math-emati
al obje
ts whi
h en
ode the real obje
ts of interest: algebrai
 varietiesor s
hemes. Ex
ept for the parti
ular 
ase of hypersurfa
es, there is no apriori privileged 
anoni
al equation system that de�nes a given algebrai
variety. It depends on the questions we are going to ask about the givenvariety, whether we shall feel the need to transform a given equation systeminto a new, better suited one for answering our questions.As far as possible, we wish just to modify the synta
ti
al form of ourequations, without 
hanging their meaning, represented by the underlying7



variety or s
heme. Let us explain this in two di�erent situations.Very often the new equation system we are looking for is uniquely deter-mined by the underlying variety or s
heme and the synta
ti
al requirementsthe new system has to satisfy. We meet this situation in the parti
ular 
aseof the (redu
ed) Gr�obner basis of a given ideal (representing a s
heme) fora previously �xed monomial order. The monomial order we shall 
hoose de-pends on the kind of questions we are going to ask about the given s
heme:we 
hoose an (e.g. lexi
ographi
al) elimination order if we wish to \solve"the given equation system (i.e. un
ouple its variables) or we 
hoose a gradedorder if we wish to 
ompute the Hilbert polynomial (the dimension and thedegree) of the given (proje
tive) s
heme, et
. If we want to analyze a givens
heme or variety by means of deformations, suitable (i.e. 
at) equationsystems, like Gr�obner bases, are even mandatory ([7℄). Although Gr�obnerbases are able to answer all typi
al questions about the variety or s
hemeunder 
onsideration, they are not well suited for the less ambitious task ofpolynomial equation solving (this 
onstitutes the main elimination problemthe paper is fo
using on).Sin
e Gr�obner bases are able to answer too many questions about thes
heme or variety they de�ne, they may be
ome diÆ
ult to en
ode: a 
om-plete interse
tion ideal given by low degree binomial equations, may havea Gr�obner basis of doubly exponential degree for a suitable elimination or-der, whereas it is possible to solve the 
orresponding elimination problem insingly exponential time using only polynomials of singly exponential degree(see [21℄, [57℄, [40℄).Let us 
onsider another 
ase of this general situation:for the parti
ular task of polynomial equation solving it suÆ
es to repla
ethe original algebrai
 variety (whi
h is supposed to be equidimensional) bya birationally equivalent hypersurfa
e in a suitable ambient spa
e. This hy-persurfa
e and its minimal equation may be produ
ed by means of generi
linear proje
tions (see e.g. [58℄, [18℄, [27℄, [14℄, [13℄, [21℄, [29℄, [30℄, [57℄, [32℄,[28℄) or by means of dual varieties (see [26℄ and the referen
es 
ited there).The minimal equation en
odes the ne
essary information about the dimen-sion and degree of the original algebrai
 variety and about a suitable setof independent variables. However, as a 
onsequen
e of B�ezout's Theorem,the degree of the 
anoni
al output equation may in
rease exponentially withrespe
t to the degree of the given input equations if we apply this strategyof elimination. We 
all an elimination pro
edure Krone
ker{like if in termsof suitable data stru
tures, the pro
edure 
omputes from the representationof equations of the given variety a representation of the minimal equationof the 
orresponding hypersurfa
e (see Se
tion 5.1 for more details).In either 
ase of this general situation, we need an input obje
t (a poly-nomial equation system des
ribing an algebrai
 variety or s
heme) and anoutput obje
t that des
ribes the same variety or s
heme (or a birationally8



equivalent one) and satis�es some additional synta
ti
al requirements (al-lowing e.g. the un
oupling of the variables of the original system). The
orresponding elimination problem maps input obje
ts to output obje
ts.Sin
e an output obje
t may have degree exponential in the degree of the
orresponding input obje
t we are led to ask about short en
odings of highdegree polynomials in few variables. In this 
ontext let us mention the mainout
ome of [32℄, namely the observation that using the arithmeti
 
ir
uit rep-resentation, elimination polynomials (i.e. the output obje
ts of Krone
ker{like pro
edures) have always size polynomial in their degree, whereas thesize of their sparse (or dense) representation may be
ome exponential inthis quantity. But unfortunately, elimination polynomials may have expo-nential degrees. This inhibits the elimination pro
edure of [32℄ and [28℄ tobe
ome polynomial in the input length, at least in worst 
ase.We 
onsider therefore in more generality the following task:let be given an elimination problem and a data stru
ture D en
oding theinput obje
ts. Find a data stru
ture D� en
oding the 
orresponding outputobje
ts and an elimination algorithm P whi
h maps input 
odes belonging toD to output 
odes belonging to D� and solves the given elimination problem.In this terminology, the main problem this paper tries to solve 
an beformulated as follows:is it possible to �nd in the given situation a data stru
ture D� and a 
on-tinuous algorithm P (in the sense spe
i�ed in Se
tions 2 and 5) su
h thatthe size of ea
h output 
ode belonging to D� is only polynomial in the sizeof the 
orresponding input 
ode belonging to D? Under whi
h 
ir
umstan
esdo su
h a data stru
ture D� and su
h an algorithm P exist and under whi
h
ir
umstan
es do they not?As mentioned before, the solution of this problem depends strongly onthe questions about the output obje
ts we wish to be answered by the outputdata stru
ture D�.In view of the methodologi
al progress made in [32℄, [28℄, [34℄, [44℄, [36℄and [46℄ (leading to a substantial improvement of previously known 
om-plexity bounds) and motivated by our interest in lower 
omplexity bounds,we limit our attention to basi
 and relatively simple elimination problemsof the following type:(i ) Let be given a zero{dimensional algebrai
 variety V by an input equa-tion system in n variablesX1; : : : ;Xn and let be given a supplementaryinput polynomial F in these n variables and possibly some additionalparameters U1; : : : ; Ur. Let X := (X1; : : : ;Xn) and U := (U1; : : : ; Ur)and let us suppose that the input equation system and F have shorten
odings in a previously �xed input data stru
ture D. The problem isto �nd an output data stru
ture D� and a Krone
ker{like elimination9



pro
edure P su
h that P asso
iates to ea
h input 
ode of D represent-ing a spe
ialization u of the parameters U of F , an output 
ode ofD� representing the 
anoni
al elimination polynomial of F (u;X) withrespe
t to the given variety V (see Se
tions 5.1 and 5.3 for de�nitionsand an example).(ii ) Let be given a 
lass O of mathemati
al obje
ts and a data stru
ture Den
oding the obje
t 
lass O. Suppose that O and D satisfy all generalassumptions we made before on this kind of mathemati
al entities.Find a data stru
ture D� and a pro
edure P su
h that D� en
odesthe topologi
al 
losure O of the obje
t 
lass O and su
h that P mapsany element of D en
oding a given obje
t O of O to an element of D�en
oding the same obje
t O.In 
ase of problems of type (ii ), a typi
al example of su
h a pro
edureP for arithmeti
 
ir
uit represented rational fun
tions of bounded degreed is the \Vermeidung von Divisionen" algorithm of [84℄ (see also [57℄). Inthis 
ase the limit obje
ts are polynomials of degree at most 2d+ 1 (see [3℄for details). Another example of su
h a pro
edure is the transformation (bymeans of \tensoring") of approximative algorithms for matrix multipli
ationinto exa
t ones [12℄.In elimination theory one meets very natural non{
losed input obje
t
lasses with limit obje
ts not en
oded by the given input data stru
ture.However, su
h a limit obje
t may possess a well{de�ned output obje
t. Inthis 
ase one may require that the given output data stru
ture is able toen
ode this output obje
t. This is the typi
al 
ontext where a problem oftype (ii ) arises in elimination theory.Another 
ontext, related to approximation and interpolation theory isthe following:let ! : D ! O be a given en
oding of an obje
t 
lass of t{variate polynomialfun
tions over C having degree bounded by an a priori 
onstant �. ConsiderO as a metri
 spa
e equipped with the 
orresponding (strong) topology.Suppose that the en
oding ! is holomorphi
, allowing for ea
h 
ode D 2 Dand any argument r 2 C t the 
omputation of the value !(D)(r) using a�xed number of arithmeti
 operations in C (see Se
tion 3.1 for details). LetO 2 OnO be a limit obje
t of O, let (Di)i2N be a sequen
e of 
odes of D su
hthat the sequen
e (!(Di))i2N 
onverges to the limit obje
t O and let r 2 C tbe a given argument. As one easily sees, O is again a t{variate polynomialover C of degree at most � and therefore the value O(r) is well de�ned.Moreover, the sequen
e of 
omplex numbers (!(Di)(r))i2N 
onverges to thevalue O(r). However, the 
onvergen
e rate of (!(Di)(r))i2N will typi
allydepend on the argument r. Our goal is to 
ompute the value O(r) usingonly a �xed number of arithmeti
 operations and limit pro
esses in C forsequen
es whi
h do not depend on the argument r. We rea
h this goal if10



we are able to solve in this 
ontext problem (ii) by a data stru
ture whi
hanswers the value question.All known algorithms solving problem (i ) or, limited to the 
ontext of
lassi
al elimination theory, problem (ii ), possess bran
hing{free versions ofthe same order of 
omplexity. We shall therefore 
onsider only bran
hing{free algorithms for the solution of these two elimination problems. In this
ase, we shall always assume that our output 
odes depend holomorphi
ally(or at least 
ontinuously) on our input 
odes (see Se
tion 2.2 for details).An elimination algorithm is 
alled universal if it solves for appropri-ate input and output data stru
tures any standard elimination problem onarbitrary inputs 
onsisting of boolean 
ombinations of parameter dependentpolynomial equations. A universal elimination algorithm is 
alled bran
hing{parsimonious if it avoids bran
hings for the solution of suitable instan
es ofproblems of type (i ) and (ii ).This paper is organized as follows:In Se
tion 2 we introdu
e the language and tools from algebrai
 geometryand algebrai
 
omplexity theory we are going to use in this paper. In Se
tion3 we dis
uss di�erent types of en
odings of obje
t 
lasses: holomorphi
,robust and 
ontinuous ones. We prove our �rst main result, namely Theorem1, saying that any holomorphi
 (ambiguous) en
oding may be repla
ed bya 
ontinuous and unambiguous one of similar size. We retake the subje
t ofthis se
tion in an appendix of this paper, namely in Se
tion A, generalizingTheorem 1 to Corollary 9.In Se
tion 4 we introdu
e the main te
hnique we are going to apply inthis paper in order to prove lower bounds for robust en
odings of spe
i�
obje
t 
lasses. We exemplify this te
hnique by two fundamental examples.In Se
tion 5 we apply the tools developed in the pre
eding se
tions toelimination theory. We introdu
e the notion of a robust elimination pro-
edure for 
at families of zero{dimensional elimination problems and showthat any robust elimination pro
edure requires ne
essarily exponential (se-quential) time on in�nitely many inputs (Theorem 3). This result is thenused in order to prove the se
ond main result of this paper, namely Theorem4, whi
h may be paraphrased as follows:Suppose that there is given a universal, bran
hing{parsimonious eliminationpro
edure P whi
h is also able to solve in the 
ontext of elimination theorysuitable problems of the above type (ii ). In parti
ular, we suppose that thepro
edure P is able to eliminate quanti�ers in parametri
 existential �rst or-der formulas of the language of the elementary theory of algebrai
ally 
losed�elds of 
hara
teristi
 zero and that P is able to 
ompute equations for theZariski 
losure of any given 
onstru
tible set and the generi
ally square{freeparametri
 greatest 
ommon divisor of any given algebrai
 family of uni-variate polynomials (see Se
tions 2.2, 5.2 and 5.4 for pre
ise, mathemati
al11



de�nitions). Then, the elimination pro
edure P 
annot be of polynomial(sequential) time 
omplexity.In 
on
lusion, a universal, bran
hing{parsimonious pro
edure for theelimination of a single existential quanti�er blo
k whi
h is able to solve suit-able problems of type (ii ) 
annot be polynomial. Let us remark that allknown universal elimination pro
edures satisfy this requirement sin
e theyare based on subroutines (in parti
ular greatest 
ommon divisor 
omputa-tions) whi
h behave well under spe
ialization.All these results are formulated in an exa
t 
omputation model whi
hallows to represent all known symboli
 and seminumeri
 elimination pro
e-dures (based on the sparse or dense or the arithmeti
 
ir
uit representationof polynomials).2 Notions and notations.2.1 Language and tools from algebrai
 geometry.Let k be an in�nite, perfe
t �eld whi
h we think to be \e�e
tive" with respe
tto arithmeti
 operations as addition/subtra
tion, multipli
ation/divisionand extra
tion of p{th roots in 
ase k has positive 
hara
teristi
 p. Letk be an algebrai
ally 
losed �eld 
ontaining k (in the sequel we shall 
allsu
h a �eld an algebrai
 
losure of k.Most of the statements and arguments of this paper will be independentof the 
hara
teristi
 of k. Therefore the reader may assume without loss ofgenerality that k is of 
hara
teristi
 zero. For the sake of simpli
ity we shallassume in this 
ase k := Q and k = C . We denote by N the set of naturalnumbers and by Z�0 the set of nonnegative integers.Fix n 2 Z�0 and let X0; : : : ;Xn be indeterminates over k. We denoteby A n := A n(k) the n{dimensional aÆne spa
e and by Pn := Pn(k) the n{dimensional proje
tive spa
e over k. The spa
es A n and Pn are thoughtto be endowed with their respe
tive Zariski topologies over k and withtheir respe
tive sheaves of k{rational fun
tions with values in k. Thus thepoints of A n are elements (x1; : : : ; xn) of k and the points of Pn are (nonuniquely) represented by nonzero elements (x0; : : : ; xn) of kn+1 and denotedby (x0 : � � � : xn). The indeterminates X1; : : : ;Xn are 
onsidered as the
oordinate fun
tions of the aÆne spa
e A n . The 
oordinate ring (of polyno-mial fun
tions) of A n is identi�ed with the polynomial ring k[X1; : : : ;Xn℄.Similarly we 
onsider the (graded) polynomial ring k[X0; : : : ;Xn℄ as theproje
tive 
oordinate ring of Pn. Consequently we represent rational fun
-tions of Pn as quotients of homogeneous polynomials of equal degree be-longing to k[X0; : : : ;Xn℄. Let F1; : : : ; Fs be polynomials whi
h belong tok[X1; : : : ;Xn℄ or are homogeneous and belong to k[X0; : : : ;Xn℄. We denote12



by fF1 = 0; : : : ; Fs = 0g or V (F1; : : : ; Fs) the algebrai
 set of 
ommon ze-roes of the polynomials F1; : : : ; Fs in A n and Pn respe
tively. We 
onsiderthe set V := fF1 = 0; : : : ; Fs = 0g as (Zariski{)
losed (aÆne or proje
tive)subvariety of its ambient spa
e A n or Pn and 
all V the aÆne or proje
tivevariety de�ned by the polynomials F1; : : : ; Fs. We think the variety V to beequipped with the indu
ed Zariski topology and its sheaf of rational fun
-tions. The irredu
ible 
omponents of V are de�ned with respe
t to its Zariskitopology over k . We 
all V irredu
ible if V 
ontains a single irredu
ible
omponent and equidimensional if all its irredu
ible 
omponents have thesame dimension. The dimension dimV of the variety V is de�ned as themaximal dimension of all its irredu
ible 
omponents. If V is equidimen-sional we de�ne its (geometri
) degree as the number of points arising whenwe interse
t V with dimV many generi
 (aÆne) linear hyperplanes of itsambient spa
e A n or Pn. For an arbitrary 
losed variety V with irredu
ible
omponents C1; : : : ; Ct we de�ne its degree as deg V := deg C1+ � � �+deg Ct.With this de�nition of degree the interse
tion of two 
losed subvarieties Vand W of the same ambient spa
e satis�es the B�ezout inequalitydeg V \W � deg V degW(see [42℄, [25℄, [86℄).We denote by k[V ℄ the aÆne or (graded) proje
tive 
oordinate ring ofthe variety V . If V is irredu
ible we denote by k(V ) its �eld of rationalfun
tions. In 
ase that V is a 
losed subvariety of the aÆne spa
e A n we
onsider the elements of k[V ℄ as k{valued fun
tions mapping V into k. Therestri
tions of the proje
tions X1; : : : ;Xn to V generate the 
oordinate ringk[V ℄ over k and are 
alled the 
oordinate fun
tions of V . The data of n
oordinate fun
tions of V �xes an embedding of V into the aÆne spa
e A n .Morphisms between aÆne and proje
tive varieties are indu
ed by polynomialmaps between their ambient spa
es whi
h are supposed to be homogeneousif the sour
e and target variety is proje
tive.Repla
ing the ground �eld k by its algebrai
 
losure k, we may apply allthis terminology again. In this sense we shall speak about the Zariski topolo-gies and 
oordinate rings over k and sheaves of k{rational fun
tions. In thismore general 
ontext varieties are de�ned by polynomials with 
oeÆ
ients ink. If we want to stress that a parti
ular variety V is de�ned by polynomialswith 
oeÆ
ients in the ground �eld k, we shall say that V is k{de�nableor k{
onstru
tible. The same terminology is applied to any set determinedby a (�nite) boolean 
ombination of k{de�nable 
losed subvarieties of A nor Pn. By a 
onstru
tible set we mean simply a k{
onstru
tible one. Con-stru
tible and k{
onstru
tible sets are always thought to be equipped withtheir 
orresponding Zariski topology. In 
ase of k := Q and k := C we shallsometimes also 
onsider the eu
lidean (i.e. \strong") topology of A n and Pnand their 
onstru
tible subsets. 13



The rest of our terminology and notation of algebrai
 geometry and
ommutative algebra is standard and 
an be found in [59℄, [77℄, [68, ChapterI℄, and in [60℄, [4℄, [65℄.2.2 Algorithmi
 models and 
omplexity measures.The algorithmi
 problems we are going to 
onsider in this paper will dependon 
ontinuous parameters and therefore the 
orresponding input data stru
-tures have to 
ontain entries for these parameters. We 
all them problem orinput parameters.On
e su
h a parametri
 problem is given, the spe
ialization of the pa-rameters representing input obje
ts are 
alled (admissible) problem or inputinstan
es. Thus the problem parameters may in prin
iple be algebrai
allydependent. An algorithm solving the given problem operates on the 
or-responding input data stru
ture and produ
es for ea
h admissible inputinstan
e an output instan
e whi
h belongs to a previously 
hosen outputdata stru
ture. We shall always require that output instan
es depend ratio-nally on the input parameters. Sin
e we limit in this paper our attentionto bran
hing{free algorithms, parti
ular admissible input instan
es may notprodu
e well de�ned output instan
es. In order to surmount this diÆ
ulty,we shall in the sequel admit 
ertain limit pro
esses whi
h we model using thenotion of pla
es from valuation theory. These pla
es will mimi
 the pro
essof limit determination and 
al
ulation by means of de l'Hôpital's rule.The 
hosen output data stru
ture must enable us to answer 
ertain pre-viously �xed questions about the output obje
ts of our algorithmi
 problem.Let us 
onsider the 
ase that these output obje
ts are polynomial fun
-tions and that we wish to answer the value question for these fun
tions (weshall say that we want to \
ompute" or \evaluate" them). For the sakeof de�niteness let us suppose that there is given an algorithmi
 problemdepending on r parameters and that this problem is expressible in the ele-mentary language of algebrai
ally 
losed �elds over the ground �eld k. LetU1; : : : ; Ur be indeterminates representing the input parameters of the givenproblem. Let S � A r be the Zariski 
losure of the set of admissible inputinstan
es and suppose that S is irredu
ible. Sin
e our algorithmi
 prob-lem is elementarily expressible over k, we 
on
lude that S is k{de�nable.Let m be the size of the output data stru
ture we are going to use for thesolution of our problem. In the sense of this paper, a (bran
hing{free) 
on-tinuous algorithm 
omputing for ea
h admissible input instan
e the 
odeof the 
orresponding output obje
t, is given by 
ertain rational fun
tions�1; : : : ; �m of k(S) su
h that the rational map � = (�1; : : : ; �m) is well{de�ned for any admissible input instan
e u 2 S and su
h that � maps u tothe 
orresponding output instan
e �(u) (observe that the admissible inputinstan
es form a Zariski dense subset of S). Suppose now that our out-put obje
ts are polynomial fun
tions in the variables Y1; : : : ; Yt. We 
all14



our algorithm essentially division{free if these polynomial fun
tions belongto the polynomial ring k[�1; : : : ; �m℄[Y1; : : : ; Yt℄. Thus essentially division{free algorithms do not 
ontain divisions whi
h involve any of the argumentsY1; : : : ; Yt of the output obje
ts. Nevertheless su
h an algorithm is allowedto 
ontain divisions involving ex
lusively elements of k(U) whi
h representrational fun
tions of k(S). On
e the value �(u) is determined for an ad-missible input instan
e u 2 S, the output obje
ts may be evaluated in anypoint y 2 A t without using additional divisions. If moreover the param-eter fun
tions �1; : : : ; �m belong to the 
oordinate ring k[S℄, we shall saythat our algorithm if totally division{free. Unfortunately, the limitation tototally division{free algorithms would be too restri
tive for an appropriate
omplexity analysis of geometri
 elimination problems. On the other hand,the notion of essentially division{free algorithm models in a fairly realis-ti
 manner the intuitive meaning of algebrai
 (symboli
) tools in situationswhi
h admit bran
hing{free pro
edures. In parti
ular, it 
aptures all todayknown parametri
 elimination pro
edures for these situations.Suppose now that our algorithmi
 problem is well de�ned for any elementof S. Thus the set of admissible input instan
es is the Zariski 
losed set S.Suppose furthermore that there are given rational fun
tions �1; : : : ; �m 2k(U) and a 
onstru
tible Zariski dense subset S0 of S, su
h that the rationalmap � = (�1; : : : ; �m) is de�ned in any point of S0 and su
h that � representsan essentially division{free algorithm whi
h solves our algorithmi
 problemfor any input instan
e belonging to S0 
orre
tly. We shall say that the givenalgorithm 
an be (uniquely) extended to the limit data stru
ture S of S0(and to the 
orresponding limit input obje
ts) if the following 
ondition issatis�ed:for any input instan
e u 2 S and any pla
e ' : k(S)! k[f1g whose valu-ation ring 
ontains the lo
al ring of the variety S at the point u, the values'(�1); : : : ; '(�m) are �nite and uniquely determined by the input instan
eu.We observe that this 
ondition implies that �1; : : : ; �m belong to the integral
losure of k[S℄ in k(S).Intuitively speaking, we admit 
ertain (algebrai
) limit pro
esses in thespirit of de l'Hôpital's rule in order to extend the given algorithms from S0to the limit data stru
ture S. These limit pro
esses are ne
essary be
ausein elimination theory one often fa
es situations where parameters be
omealgebrai
ally dependent elements of domains whi
h are not fa
torial. Great-est 
ommon divisor 
omputations for polynomials with 
oeÆ
ients in thesedomains lead then to essential divisions of elements of these domains (i.e. todivisions whose results do not anymore belong to the given domain). Thesekind of situations 
an be found in [31℄ and Se
tion 5.4.In the 
ontext of this paper we shall not 
are about the representationof the rational map �. However, in 
on
rete situations, it is reasonable to15



think that the rational fun
tions �1; : : : ; �m are represented by numeratorand denominator polynomials belonging to k[U1; : : : ; Ur℄, and that thesepolynomials are holomorphi
ally en
oded by a suitable data stru
ture (seeSe
tion 3.1 for the notion of holomorphi
 en
oding).Let us �nally exemplify the abstra
t notion of an essentially division{freealgorithm in the 
ontext of arithmeti
 
ir
uits (see [12℄ for details).An essentially division{free arithmeti
 
ir
uit is an algorithmi
 devi
ethat 
an be represented by a labeled dire
ted a
y
li
 graph (dag) as follows:the 
ir
uit depends on 
ertain input nodes, labeled by indeterminates overthe ground �eld k. These indeterminates are thought to be subdividedin two disjoints sets, representing the parameters and the variables of thegiven 
ir
uit. For the sake of de�niteness, let U1; : : : ; Ur be the parametersand Y1; : : : ; Yt the variables of the 
ir
uit. Let K := k(U1; : : : ; Ur). We
all K the parameter �eld of the 
ir
uit. The 
ir
uit nodes of indegreezero whi
h are not inputs are labeled by elements of k, whi
h are 
alledthe s
alars of the 
ir
uit (here \indegree" means the number of in
omingedges of the 
orresponding node). Internal nodes are labeled by arithmeti
operations (addition, subtra
tion, multipli
ation and division). We requirethat the internal nodes of the 
ir
uit represent polynomials in the variablesY1; : : : ; Yt. We 
all these polynomials the intermediate results of the given
ir
uit. The 
oeÆ
ients of these polynomials belong to the parameter �eldK. In order to a
hieve this requirement, we allow in an essentially division-free 
ir
uit only divisions whi
h involve elements of K. Thus essentiallydivision{free 
ir
uits do not 
ontain divisions involving intermediate resultswhi
h depend on the variables Y1; : : : ; Yt. A 
ir
uit whi
h 
ontains onlydivisions by nonzero elements of k is 
alled totally division-free.Finally we suppose that the given 
ir
uit 
ontains one or more nodeswhi
h are labeled as output nodes. The results of these nodes are 
alledoutputs of the 
ir
uit. Output nodes may o

ur labeled additionally by signmarks of the form \= 0" or \6= 0" or may remain unlabeled. Thus thegiven 
ir
uit represents by means of the output nodes whi
h are labeled bysign marks a system of parametri
 polynomial equations and inequations.This system determines in its turn for ea
h admissible parameter instan
ea lo
ally 
losed set (i.e. an embedded aÆne variety) with respe
t to theZariski topology of the aÆne spa
e A t of variable instan
es. The outputnodes of the given 
ir
uit whi
h remain unlabeled by sign marks representa parametri
 polynomial appli
ation (in fa
t a morphism of algebrai
 vari-eties) whi
h maps for ea
h admissible parameter instan
e the 
orrespondinglo
ally 
losed set into a suitable aÆne spa
e. We shall interpret the sys-tem of polynomial equations and inequations represented by the 
ir
uit as aparametri
 family of systems in the variables of the 
ir
uit. The 
orrespond-ing varieties 
onstitute a parametri
 family of varieties. The same point ofview is applied to the morphism determined by the unlabeled output nodes16



of the 
ir
uit. We shall 
onsider this morphism as a parametri
 family ofmorphisms.To a given essentially division{free arithmeti
 
ir
uit we may asso
iatedi�erent 
omplexity measures and models. In this paper we shall be ex-
lusively 
on
erned with sequential 
omputing time, measured by the sizeof the 
ir
uit. Our main 
omplexity model is the non{s
alar one, over theparameter �eld K. Ex
eptionally we will also 
onsider the non{s
alar 
om-plexity model over the ground �eld k. In the non{s
alar 
omplexity modelover K we 
ount only the essential multipli
ations (i.e. multipli
ations be-tween intermediate results whi
h a
tually involve variables and not ex
lu-sively parameters). This means that K{linear operations (i.e. additions andmultipli
ations by arbitrary elements of K) are 
ost free. Similarly, k{linearoperations are not 
ounted in the non-s
alar model over k.Let �1; : : : ; �m be the elements of the parameter �eld K 
omputed bythe given 
ir
uit. Sin
e this 
ir
uit is essentially division{free we 
on
ludethat its outputs belong to k[�1; : : : ; �m℄[Y1; : : : ; Yt℄. Let L be the non{s
alarsize (over K) of the given 
ir
uit and suppose that the 
ir
uit 
ontains qoutput nodes. Then the 
ir
uit may be rearranged (without a�e
ting itsnon{s
alar 
omplexity nor its outputs) in su
h a way that the 
onditionm = L2 + (2t� 1)L+ q(L+ t+ 1) (1)is satis�ed (see [12, Chapter 9, Exer
ise 9.18℄). In the sequel we shallalways assume that we have already performed this rearrangement. LetY := (Y1; : : : ; Yt), � := (�1; : : : ; �m) and let f1; : : : ; fq 2 k[�℄[Y ℄ be the out-puts of the given 
ir
uit. Let Z1; : : : ; Zm be new indeterminates and writeZ := (Z1; : : : ; Zm). Then there exist polynomials F1; : : : ; Fq 2 k[Z; Y ℄ su
hthat f1 = F1(�; Y ); : : : ; fq = Fq(�; Y ) holds. Let us write f := (f1; : : : ; fq)and F := (F1; : : : ; Fq). Consider the obje
t 
lassO := fF (�; Y ) : � 2 A mgwhi
h we think represented by the data stru
ture D := A m by means of theobvious en
oding whi
h maps ea
h 
ode � 2 D to the obje
t F (�; Y ) 2 k[Y ℄q.For the moment, let us 
onsider as input data stru
ture the Zariski opensubset U where the rational map � = (�1; : : : ; �m) is de�ned. Then the givenessentially division{free arithmeti
 
ir
uit represents an algorithm whi
h
omputes for ea
h input 
ode u 2 U an output 
ode �(u) representing theoutput obje
t f(u; Y ) = F ��(u); Y �. This algorithm is in the above senseessentially division{free. From identity (1) we dedu
e that the size m ofthe data stru
ture D is 
losely related to the non{s
alar size L of the given
ir
uit. In parti
ular we have the estimatepm� (t+ q) � L: (2)17



Later we shall meet spe
i�
 situations where we are able to dedu
e from aprevious (mathemati
al) knowledge of the mathemati
al obje
tf = (f1; : : : ; fq) a lower bound for the size of the output data stru
tureof any essentially division{free algorithm whi
h 
omputes for an arbitraryinput 
ode u 2 U the obje
t f(u; Y ). Of 
ourse, in su
h situations we ob-tain by means of (2) a lower bound for the non{s
alar size (over K) of anyessentially division{free arithmeti
 
ir
uit whi
h solves the same task. Inparti
ular we obtain lower bounds for the total size and for the non{s
alarsize over k of all su
h arithmeti
 
ir
uits.3 Holomorphi
, 
ontinuous and robust en
odings.3.1 Holomorphi
 and 
ontinuous en
odings.Let O be an obje
t 
lass of polynomial fun
tions belonging to the polynomialring k[Y1; : : : ; Yt℄. We shall say that O is k{
onstru
tible (or k{de�nable) ifthe following 
onditions are satis�ed:(i) The k{ve
tor spa
e W generated by the elements of O in k[Y1; : : : ; Yt℄is �nite dimensional and there exists a k{basis of W 
onsisting ofpolynomials whi
h belong to k[Y1; : : : ; Yt℄ (we 
all su
h a basis of W
anoni
al).(ii) With respe
t to a given 
anoni
al basis of W , the obje
t 
lass O formsa k{
onstru
tible subset of W (observe that this 
ondition does notdepend on the parti
ular 
anoni
al basis we have 
hosen).Suppose now that the obje
t 
lass O is k{
onstru
tible and �x a 
anon-i
al basis P = (P1; : : : ; PN 0) of W . Without loss of generality we mayassume P1; : : : ; PN 0 2 O. The evaluation map eval : W � A t ! A 1 is de-�ned by eval(F; y) := F (y) for F 2 W and y 2 A t . With respe
t to the
anoni
al basis P , the evaluation map is k{de�nable and linear in its �rstargument. Sin
e P1; : : : ; PN 0 are polynomials of k[Y1; : : : ; Yt℄ one sees easilythat there exists a bound � 2 N with degF � � for any F 2 W . LetN � ��+ tt �. Then we have N 0 � N and there exist suitable (generi
 in-terpolation) points �1; : : : ; �N 2 kt su
h that the map ' :W ! A N de�nedfor F 2W by '(F ) := �eval(F; �1); : : : ; eval(F; �N )� = �F (�1); : : : ; F (�N )�indu
es a k{linear embedding ofW into the aÆne spa
e A N . Observe that 'is k{de�nable with respe
t to the 
anoni
al basis P of W . In parti
ular theimage of ' is a k{de�nable linear subspa
e of A N of dimension N 0. Underthe embedding ', the obje
t 
lass O be
omes a k{
onstru
tible subset of theambient spa
e A N and the evaluation map be
omes a k{de�nable morphismof algebrai
 varieties whi
h is linear in its �rst argument and whose domainof de�nition 
an be extended (not uniquely) to the aÆne spa
e A N � A t .18



This is the point of view we shall adopt in the sequel for k{
onstru
tibleobje
t 
lasses of polynomial fun
tions.In parti
ular we 
onsider O and W as topologi
al spa
es equipped withthe Zariski (or, in 
ase k := Q and k := C , with the strong topology)indu
ed from the ambient spa
e A N . Observe that the Zariski 
losure Oof the obje
t 
lass O is a k{de�nable 
losed subvariety of A N whose degreedoes not depend on the parti
ular k{linear embedding ' we have 
hosen.We denote this degree by degO. Furthermore observe that any upper boundfor the degree of the polynomials of k[Y1; : : : ; Yt℄ 
ontained in O is also anupper bound for the degree of the polynomials in O.We say that O is a 
one if for any � 2 k the set �O := f�f ; f 2 Og is
ontained in O. Suppose that O is a 
one. One immediately veri�es that thek{
losure O of O is a k{de�nable 
one whi
h is 
ontained in W . Thereforethe evaluation map eval : W � A t ! A 1 indu
es a k{de�nable morphismof algebrai
 varieties O � A t ! A 1 whi
h we denote also by eval, whi
h ishomogeneous of degree one in its �rst argument (i.e. for f 2 O, y 2 A t and� 2 k we have eval(�f; y) = � eval(f; y)).Let O be an arbitrary (not ne
essarily k{
onstru
tible) obje
t 
lass ofpolynomial fun
tions belonging to the polynomial ring k[Y1; : : : ; Yt℄. Let
1; : : : ; 
m 2 A t and let 
 := (
1; : : : ; 
m). We say that m is the length of
.De�nition 1 We 
all 
 a 
orre
t test sequen
e for the obje
t 
lass O if forany polynomial F 2 O the following impli
ation holds:F (
1) = � � � = F (
m) = 0) F = 0:We 
all 
 an identi�
ation sequen
e for O if for any two polynomials F1; F2 2O the following impli
ation holdsF1(
1) = F2(
1); : : : ; F1(
m) = F2(
m)) F1 = F2:Now we suppose that there exists a bound � 2 N with degF � � forany F 2 O. Let N � ��+ tt �. We may interpret O as a subset of A N .Suppose now that there is given a k{de�nable data stru
ture D � A L whi
hen
odes the obje
t 
lass O and 
ontains a Zariski{dense set of k{rationalpoints. Let ! : D ! O be this en
oding and suppose that there exists ak{de�nable polynomial map � : A L � A t ! A 1 with �(D; y) = !(D)(y) forany D 2 D and any y 2 A t . In these 
ir
umstan
es we say that � allows toanswer the value question about the obje
t 
lass O holomorphi
ally.Remark 1 Let assumptions and notations be as before. Then O is k{
onstru
tible and ! : D ! O is the restri
tion of a suitable k{de�nablepolynomial map 
 : A L ! A N . 19



Proof.{ Let N 0 � N be the dimension of the k{ve
tor spa
e W generatedin k[Y1; : : : ; Yt℄ by the elements of O. Choose N generi
 interpolation points�1; : : : ; �N 2 kt for the polynomials of k[Y1; : : : ; Yt℄ of degree at most �.Sin
e the k{rational points are Zariski{dense in D we 
on
lude that thereexist D1; : : : ;DN 0 2 D \ kL su
h that for any 
hoi
e of indi
es 1 � k1 <� � � < kN 0 � N the N 0 �N 0{matrix�!(Di)(�kj )�1�i;j�N 0 = ��(Di; �kj )�1�i;j�N 0is regular. Sin
e for any su
h index 
hoi
e this matrix is k{rational we dedu
ethat !(D1); : : : ; !(DN 0) are polynomials whi
h belong to O \ k[Y1; : : : ; Yt℄and form a basis of the k{ve
tor spa
e W . In the same manner as before,using the k{rational interpolation points �1; : : : ; �N , we may 
onstru
t from� a k{de�nable polynomial map 
 : A L ! A N with 
jD = ! (here 
jDdenotes the restri
tion of the map 
 to the set D). In parti
ular we have
(D) = O. Sin
e the polynomial map 
 is k{de�nable we 
on
lude that Ois a k{
onstru
tible subset of A N .The pre
eding 
onsiderations about obje
t 
lasses of polynomial fun
-tions and their en
odings lead us to the following fundamental notions ofthis paper:De�nition 2 Let be given a data stru
ture D � A L , an obje
t 
lass O � A Nand an en
oding ! : D ! O.We 
all ! a k{de�nable en
oding if the graph of ! is a k{
onstru
tiblesubset of the aÆne spa
e A L � A N .Similarly the data stru
ture D and the obje
t 
lass O are 
alled k{
onstru
tible (or k{de�nable) if they form k{
onstru
tible subsets of theaÆne spa
es A L and A N respe
tively.Let ! : D ! O be k{de�nable. We 
all ! a 
ontinuous en
oding if ! isa 
ontinuous map with respe
t to the Zariski topologies of D and O (or, in
ase k := Q and k := C , with respe
t to their strong topologies).We 
all ! a holomorphi
 en
oding if there exists a k{de�nable polynomialmap 
 : A L ! A N with ! = 
 jD.In 
ase that the k{de�nable en
oding ! : D ! O is holomorphi
, weobserve that ! 
an be extended uniquely to a morphism of algebrai
 varietiesmapping D into O. We denote this morphism also by !.Our terminology of \holomorphi
" (instead of e.g. \polynomial") en-
odings follows the intuition of O. Zariski who 
alled morphisms betweenalgebrai
 varieties \holomorphi
 fun
tions" (see e.g. [90℄). On the otherhand this terminology indi
ates also that the 
ore of the argumentation ofthis paper may be transferred mutatis mutandis to the 
ontext of numeri
alanalysis repla
ing aÆne varieties and polynomial maps by analyti
 varietiesand maps. 20



3.2 Robust en
odings.For data stru
tures, obje
t 
lasses and en
odings whi
h are de�ned overQ and interpreted over C , it may happen that an unbounded sequen
e of
odes produ
es a 
onvergent sequen
e of obje
ts. This is for example atypi
al behaviour of 
ir
uit en
odings of polynomials (see Se
tions 4 and5.3).A 
ontinuous en
oding whi
h does not admit this phenomenon is 
alledrobust. Unfortunately, this notion of robustness is only well de�ned in 
asek := Q and k := C . In order to obtain a more operative notion of robustnesswhi
h is also appli
able to ground �elds of arbitrary 
hara
teristi
, we aregoing to analyze this notion of robustness under the restri
tion that thegiven en
oding is not only 
ontinuous, but also holomorphi
. This will leadus to a new de�nition of robustness whi
h is equivalent to the previous onein 
ase k := Q , k := C and in 
ase that the given en
oding is holomorphi
.Let D � A L(C ) and O � A N (C ) be Q{
onstru
tible sets and let ! : D !O be a Q{de�nable map with !(D) = O. Suppose that ! is 
ontinuous withrespe
t to the strong topologies of D and O. Let us 
onsider D as a datastru
ture, O as an obje
t 
lass and !jD : D ! O as a Q{de�nable 
ontinuousen
oding of the obje
t 
lass O by the data stru
ture D. In order to simplifynotations we denote the map !jD just by ! : D ! O.De�nition 3 (Robustness for 
ontinuous en
odings)Let notations and assumptions be as before. We 
all the 
ontinuous en
oding! : D ! O robust if ! satis�es the following 
ondition:let (Di)i2N be an arbitrary sequen
e of elements of D en
oding a sequen
e(Oi)i2N of obje
ts of O. Let O 2 O be an a

umulation point of (Oi)i2N(with respe
t to the strong topology of A N (C )). Then there exists in D ana

umulation point Q of the sequen
e (Di)i2N with !(Q) = O.Remark 2 Let notations and assumptions be as before. Suppose further-more that the data stru
ture D is a 
losed subvariety of its aÆne ambientspa
e. Then the robustness of the en
oding ! : D ! O is equivalent to the
ondition that ! is a surje
tive and Q{de�nable proper 
ontinuous map oftopologi
al spa
es. If ! is robust, then ! has �nite, non-empty �bers. More-over, if O is a 
losed subvariety of its aÆne ambient spa
e, then !{preimagesof 
ompa
t subsets of O are 
ompa
t.Proof.{ One sees easily that properness of the Q{de�nable, 
ontinuousmap ! implies its robustness.Suppose now that ! is robust. Sin
e D is 
losed, we 
on
lude that !is a 
losed, 
ontinuous map with (sequentially) 
ompa
t �bers. Hen
e ! isproper. 21



From the arguments used at the beginning of the proof of Lemma 2below, one dedu
es easily that ! has �nite �bers.Suppose furthermore that O is a 
losed subvariety of its aÆne ambientspa
e. Then D and O are lo
ally 
ompa
t topologi
al spa
es. Therefore,sin
e ! is a proper 
ontinuous map, we 
on
lude that !{preimages of 
om-pa
t subsets of O are 
ompa
t.We are now going to dis
uss the notion of robustness in terms of alge-brai
 geometry in order to obtain a suitable and well motivated de�nition ofrobustness for k{de�nable holomorphi
 en
odings over any ground �eld k.For the rest of this subse
tion we assume that ! is a holomorphi
 en
oding.We are going to use the following fa
t:Lemma 1 Let S be a lo
ally 
losed subvariety of A n(C ). Suppose dimS >0. Then S is unbounded in A n(C ).Proof.{ Let r := dimS. From Noether's Normalization Lemma we dedu
ethat there exists a linear map ' : A n(C ) ! A r (C ) with '(S) = A r (C ) (see[68, I.7℄). Observe that the C {Zariski 
losure S of S 
oin
ides with the
losure of S in the strong topology of A n(C ) (see [68, I.10, Corollary 1℄).Suppose that S is bounded. Then S is 
ompa
t in the strong topology andtherefore also its image '(S). However '(S) = A r (C ) is not 
ompa
t sin
er is positive.The following key result will lead us to the intended notion of robustnessfor holomorphi
 en
odings de�ned over ground �elds of arbitrary 
hara
ter-isti
:Lemma 2 Let notations and assumptions be as before and suppose that! : D ! O is a holomorphi
 en
oding. Suppose that ! is robust in the senseof De�nition 3. Let V be a 
losed irredu
ible (C {de�nable) subvariety ofA L(C ) and suppose that there exists a nonempty Zariski open subset U of Vsu
h that U is 
ontained in D. Let W := !(U) and let O be a point of !(U).Let m be the maximal ideal of C [W ℄ whi
h de�nes the point O. Then C [V ℄mis a �nite C [W ℄m{module (i.e. the C {algebra extension C [W ℄m ! C [V ℄mindu
ed by ! is integral).Proof.{ Sin
e U Zariski dense in V and U is 
ontained in D, we 
on
ludethat V is 
ontained in D.By assumption ! : D ! O is a Q{de�nable morphism of algebrai
varieties. Therefore there exists a (unique) extension of !jU : U ! Oto a morphism of algebrai
 varieties whi
h maps V into W . We denote22



this morphism by ! : V ! W and observe that it is a dominant mor-phism of irredu
ible aÆne varieties. Thus ! : V ! W indu
es an inje
tiveC {algebra homomorphism C [W ℄ ! C [V ℄ and 
onsequently a �eld extensionC (W ) ! C (V ). Observe that !�1(O) \ U is a lo
ally 
losed algebrai
 sub-variety of A L(C ). From O 2 !(U) we dedu
e that !�1(O)\U is not empty.Therefore r := dim!�1(O) \ U is nonnegative. Suppose r > 0. Then fromLemma 1 we dedu
e that !�1(O) \ U is unbounded. Thus there exists asequen
e (Di)i2N of points of !�1(O) \ U � D whi
h has no a

umulationpoint. On the other hand we have O = !(Di) for any i 2 N. Therefore�!(Di)�i2N is a sequen
e of elements of the obje
t 
lass O whi
h 
onvergesto the point O. Sin
e ! is by assumption a robust en
oding in the sense ofDe�nition 3, we 
on
lude that (Di)i2N must 
ontain an a

umulation pointin D. This 
ontradi
ts the 
hoi
e of the sequen
e (Di)i2N . Thus we 
on
luder = 0.From the Theorem of Fibers we dedu
e now that dimW = dimV holdsand that C (W ) ,! C (V ) is a �nite �eld extension. Following [59, Chapter V℄(see also [77, Chapter II, 5.2℄) we may 
hoose a �nite morphism of irredu
ibleaÆne varieties  : fW !W su
h that the 
oordinate ring C [fW ℄ is isomorphi
to the integral 
losure of C [W ℄ in C [V ℄. Observe that there exists a uniquemorphism of aÆne varieties e! : V ! fW su
h that the diagramfW 
��

V e! 88qqqqqqqqqqqqq !
&&NNNNNNNNNNNNN W
ommutes. Sin
e ! is dominant we 
on
lude that e! is dominant too. Thuse! indu
es an inje
tive C {algebra homomorphism C [fW ℄! C [V ℄ whi
h mapsC [fW ℄ onto a subring of C [V ℄ whi
h is integrally 
losed in C [V ℄. In this sensewe shall say that C [fW ℄ is integrally 
losed in C [V ℄.Let now P 2 fW be an arbitrary point with  (P ) = O (observe thatsu
h a point exists sin
e  is surje
tive). Sin
e e! is dominant, we 
on
ludethat e!(U) 
ontains a nonempty Zariski open subset of fW . Hen
e e!(U) isdense in the strong topology of fW . Therefore we may 
hoose a sequen
e(Di)i2N of elements of U � D su
h that �e!(Di)�i2N 
onverges in the strongtopology of fW to the point P . Thus the sequen
e �!(Di)�i2N is a sequen
eof elements of the obje
t 
lass O whi
h 
onverges to the obje
t O 2 O. Sin
eby assumption the en
oding ! : D ! O is robust in the sense of De�nition 3,we 
on
lude that there exists an a

umulation point D 2 D of the sequen
e(Di)i2N . Without loss of generality we may assume that (Di)i2N 
onvergesto D. This implies D 2 V and e!(D) = P .23



Thus the �ber e!�1(P ) has nonnegative dimension. Suppose now thatthe dimension of e!�1(P ) is positive. Then Lemma 1 implies that e!�1(P )is unbounded. Therefore we may 
hoose a sequen
e (Qn)n2N of points ofe!�1(P ) whi
h has no a

umulation point. Sin
e U is dense in the strongtopology of V there exists a family (D(n)i )n;i2N of elements of U su
h that forany n 2 N the sequen
e (D(n)i )i2N 
onverges to the point Qn. Without loss ofgenerality we may suppose that this 
onvergen
e is uniform in the parametern. Observe that we have !(Qn) =  (P ) = O for any index n 2 N. Thereforewe may assume without loss of generality that the sequen
e (!(D(n)n ))n2N
onverges to the obje
t O. From the robustness of ! we infer now that thesequen
e (D(n)n )n2N has an a

umulation point Q in D. Sin
e for any indexn 2 N the 
onvergen
e of the sequen
e (D(n)i )i2N to Qn is uniform in n, we
on
lude that Q is an a

umulation point of the sequen
e (Qn)n2N . This
ontradi
ts the 
hoi
e of the sequen
e (Qn)n2N .Therefore we have dim e!�1(P ) = 0. Let mP be the maximal ideal ofC [fW ℄ whi
h de�nes the point P and 
onsider C [V ℄ as a C [fW ℄{module. Sin
eC [fW ℄ is integrally 
losed in C [V ℄, we dedu
e now from Zariski's Main The-orem (see e.g. [52, IV.2℄) thatC [V ℄mP = C [fW ℄mP (3)holds. Consider C [V ℄m as a C [fW ℄m{module and observe that the maximalideals of C [fW ℄m 
orrespond bije
tively to the maximal ideals of C [fW ℄ ofthe form mP with P 2 fW and  (P ) = O. From (3) one dedu
es nowC [V ℄m = C [fW ℄m. Sin
e by de�nition of fW the 
oordinate ring C [fW ℄ is a�nite C [W ℄{module, this implies that C [V ℄m is a �nite C [W ℄m{module.Let notations and assumptions be as before. From Lemma 2 and itsproof we infer that the en
oding ! satis�es the following 
onditions:(i) for any obje
t O 2 O there are only �nitely many en
odings D 2 Dwith !(D) = O (in this sense we shall 
all the ambiguity of ! �nite).(ii) for any obje
t O 2 O with maximal de�ning ideal m in C [O ℄, the lo
alring C [D ℄m is a �nite C [O ℄m{module.If the algebrai
 variety D is irredu
ible then O is irredu
ible too and wemay repla
e 
ondition (ii) by the following equivalent one:(iii) Let O be an arbitrary obje
t ofO. Then any pla
e ' : C (D)! C [f1gwhose valuation ring whi
h 
ontains the lo
al ring of the variety O atthe point O, takes only �nite values on C [D ℄.Although somewhat weaker and limited to the 
ase D irredu
ible, 
on-dition (iii) is the genuine algebrai
{geometri
 
ounterpart of the notion of24



robustness given by De�nition 3. This indi
ates that the following de�nitionof robustness for holomorphi
 en
odings (not simply 
ontinuous ones) 
ap-tures the intuitive meaning of the previous De�nition 3 in 
ase of a ground�eld k of arbitrary 
hara
teristi
 with arbitrary algebrai
 
losure k.De�nition 4 (Robustness of holomorphi
 en
odings)Let ! : D ! O be a k{de�nable holomorphi
 en
oding of a k{
onstru
tibleobje
t 
lass O by a k{
onstru
tible data stru
ture D. Then we 
all ! robust iffor any obje
t O 2 O with maximal de�ning ideal m in k[O℄ the lo
alizationring k[D℄m is a �nite k[O℄m{module.In 
ase that a k{de�nable holomorphi
 en
oding ! : D ! O indu
es a�nite morphism of aÆne varieties whi
h maps D onto O, we 
on
lude thatthe en
oding ! is robust in the sense of De�nition 4.We are now going to show that in 
ase k := Q , k := C and ! holomorphi
,De�nition 3 and De�nition 4 represent the same notion of robustness.Lemma 3 Let k := Q , k := C , and let D and O be a Q{
onstru
tibledata stru
ture and obje
t 
lass respe
tively. Let ! : D ! O a Q{de�nable,holomorphi
 en
oding. Then ! is robust in the sense of De�nition 3 (as a
ontinuous en
oding with respe
t to the strong topologies of D and O) if andonly if ! is robust in the sense of De�nition 4 (as a holomorphi
 en
oding).Proof.{ Suppose that ! is robust in the sense of De�nition 3. Then, fromthe statement (ii) above, we dedu
e that ! is a robust en
oding in the senseof De�nition 4.Suppose now that ! is robust in the sense of De�nition 4. Let be givena sequen
e (Di)i2N of elements of the data stru
ture D whi
h en
odes a se-quen
e (Oi)i2N of obje
ts of O. Let be given an a

umulation point O 2 Oof the sequen
e (Oi)i2N with respe
t to the strong topology O. For the sakeof simpli
ity we shall assume that (Oi)i2N 
onverges to O, that all the ele-ments of the sequen
e (Di)i2N belong to the same C {irredu
ible 
omponent,say C, of the aÆne variety D and that !(C) is a C {irredu
ible 
omponent ofO. Observe that, in the sense of De�nition 4, the robustness of ! : D ! Oimplies the robustness of !jC : C ! !(C). Thus we may suppose withoutloss of generality that D and O are irredu
ible aÆne varieties. Let m be themaximal de�ning ideal of O in C [O ℄.Let us 
onsider an arbitrary element f of C [O ℄. In 
ase that f(Oi) = 0holds for in�nitely many indi
es i 2 N, we 
on
lude f(O) = 0. Therefore,if f does not belong to the maximal ideal m, then f vanishes on all but�nitely many entries of the sequen
e (Oi)i2N . Sin
e ! is robust in the senseof De�nition 4, we may now 
on
lude that there exists an element g of C [O ℄with the following properties: 25



(a) g(O) 6= 0 and g(Oi) 6= 0 for all but �nitely many indi
es i 2 N.(b) C [D ℄g is a �nite C [O ℄g{module.For the sake of simpli
ity we shall suppose g(Oi) 6= 0 for any i 2 N. Considernow an arbitrary element h of C [D ℄. Let Y be an indeterminate. Fromproperties (a) and (b) above we dedu
e that there exists a moni
 polynomialP 2 C [O ℄g[Y ℄ with P (h) = 0 and su
h that P 
an be spe
ialized for theobje
t O and any index i 2 N into well{de�ned elements P (O) and P (Oi)of the polynomial ring C [Y ℄. Without loss of generality we may supposethat P is the minimal polynomial of h over C (O). Thus for any i 2 N wehave P (Oi)(h(Di)) = 0. From property (a) we dedu
e that �P (Oi)�i2N is asequen
e of polynomials of C [Y ℄ of �xed degree with bounded 
oeÆ
ients.Therefore the sequen
e (h(Di))i2N is bounded too and has an a

umulationpoint whi
h is a zero of the polynomial P (O) 2 C [Y ℄. Sin
e P is the minimalpolynomial of h over C (O) we dedu
e from property (b) above that thereexists an element Q 2 D with g(Q) 6= 0 and !(Q) = O su
h that h(Q) is ana

umulation point of the sequen
e (h(Di))i2N .Generalizing this argument to a �nite set of generators of the C [O ℄g{module C [D ℄g we 
on
lude that the sequen
e (Di)i2N has an a

umulationpoint in D. Therefore the en
oding ! is robust in the sense of De�nition 3.Remark 3 Let k := Q and k = C . Then, in terms of algebrai
 geometry,Lemma 2 and Remark 2 imply the following folklori
 statement:let V and W be 
losed, equidimensional subvarieties of suitable 
omplexaÆne spa
es and let ' : V !W be a morphism of aÆne varieties mappingV onto W . Suppose that ' is a proper 
ontinuous map with respe
t tothe strong topologies of V and W . Then ' is a �nite morphism of aÆnevarieties.3.3 Corre
t test and identi�
ation sequen
es.3.3.1 Corre
t test and identi�
ation sequen
es for holomorphi
en
odings.We are now going to develop the fundamental te
hni
al tools we shall needin Se
tion 3.4 for the formulation and proof of the �rst main result of thispaper, namely Theorem 1.The following statement generalizes [49, Theorem 4.4℄.Lemma 4 Let O be a k{
onstru
tible obje
t 
lass of polynomial fun
tionsbelonging to k[Y1; : : : ; Yt℄. Let � 2 N be an upper bound for the degree of thepolynomials 
ontained in O. Suppose that there is given a k{
onstru
tible26



data stru
ture D � A L and a k{de�nable holomorphi
 en
oding ! : D ! O.Suppose that there exists a quanti�er{free �rst{order formula whi
h de�nesthe data stru
ture D and whose equations involve only K distin
t polynomialsof degree at most �1 in L indeterminates over k. Moreover, assume thatthe en
oding ! is de�nable by polynomials of degree at most �2 � 1 in Lindeterminates over k. Then the degrees of the algebrai
 varieties D and Osatisfy the estimates degD � (1 +K�1)Land degO � (L+ 1)�L2 degD � (L+ 1)�(1 +K�1)�2�L:For O equidimensional this estimate may be improved todegO � �L2 degD � �(1 +K�1)�2�L:Let M be a �nite subset of k having at least two elements. Suppose#M � �2(degO) 1L (observe that this is the 
ase if#M � �2(1 + L) 1L (1 +K�1)�2holds). Let m � 2L+2. Then there exist points 
1; : : : ; 
m of M t su
h that
 := (
1; : : : ; 
m) is a 
orre
t test sequen
e (in the sense of De�nition 1) forthe obje
t 
lass O (and hen
e for O).Suppose that the points of the �nite set M t are equidistributed. Then theprobability of �nding inMmt by a random 
hoi
e su
h a 
orre
t test sequen
eis at least 1� 1#M � 12 .Proof.{ The proof is subdivided in three parts. Let us start with the�rst one. With the terminology introdu
ed before, suppose that the obje
t
lass O is given as a k{
onstru
tible subset of some aÆne spa
e A N . LetZ1; : : : ; ZL be the 
oordinate fun
tions of the aÆne spa
e A L . By hypothesisthere exists a quanti�er{free de�nition of D whose equations involve onlyK distin
t polynomials G1; : : : ; GK 2 k[Z1; : : : ; ZL℄ of degree at most �1.Observe that for any irredu
ible 
omponent C of D there exists a subsetG of fG1; : : : ; GKg su
h that C is an irredu
ible 
omponent of the 
losedsubvariety fG = 0;G 2 Gg of A L . From [53, Theorem 2℄ (see also [42,Corollary 1℄) one dedu
es now easily the estimatedegD � LXh=0�Kh��h1 � (1 +K�1)L:By assumption there exist polynomials 
1; : : : ;
N 2 k[Z1; : : : ; ZL℄ ofdegree at most �2 su
h that 
 := (
1; : : : ;
N ) de�nes a polynomial map
 : A L ! A N with 
jD = !. Observe that 
 indu
es a morphism of27



(possibly redu
ible) aÆne varieties D ! O whi
h we denote also by !. From!(D) = O we dedu
e that ! is dominant. This implies dimO � dimD � L.Let 0 � h � L and let Eh be the union of the irredu
ible 
omponentsof O of dimension h. Suppose that Eh is nonempty. Let T1; : : : ; TN be the
oordinate fun
tions of A N . Sin
e the morphism ! is dominant, we may
hoose a nonempty, Zariski open subset U of Eh whi
h is 
ontained in theimage !(D) (see e.g. [68, I.8, Theorem 3℄). On the other hand, we may
hoose N � h generi
 aÆne{linear equations H1; : : : ;HN�h 2 k[T1; : : : ; TN ℄su
h that Eh \ fH1 = 0; : : : ;HN�h = 0g 
onsists of degEh points, all
ontained in U and therefore in !(D) (see [42℄, Remark 2). Ea
h of thesepoints is the image of a k{irredu
ible 
omponent of the 
losed subvariety!�1(Eh) = D \ fH1(
) = 0; : : : ;HN�h(
) = 0gof A L . From the B�ezout Inequality (in the variant of [49, Proposition 2.3℄)we 
on
lude nowdegEh � deg!�1(Eh) � degD ��dimD2 � degD ��L2 :Thus, if O is equidimensional of dimension h, we have O = Eh and thereforedegO � degD ��L2 � �(1 +K�1)�2�L:In the general 
ase we obtain the following estimate:degO = LXh=0degEh � (L+ 1)�L2 degD � (L+ 1)�(1 +K�1)�2�L:This proves the �rst statement of the Lemma.In the se
ond part of the proof we 
onsider the 
losed subvarietyV = f(F; y(1); : : : ; y(m));F 2 O; y(1); : : : ; y(m) 2 A t ;F (y(1)) = � � � = F (y(m)) = 0gof the aÆne spa
e A N � A mt and the morphisms of algebrai
 varieties�1 : V ! A N and �2 : V ! A mt indu
ed by the 
anoni
al proje
tionsof A N � A mt onto A N and Amt.Sin
e any polynomial of O has degree at most �, we dedu
e from theB�ezout Inequality the estimatedeg V � degO ��m: (4)Let C1; : : : ; Cs be the irredu
ible 
omponents of V whose �1{image 
on-tains at least one nonzero polynomial of O. Let V � := S1�j�s Cj . Thus�2(V �) = S1�j�s �2(Cj) is the set of all \in
orre
t" test sequen
es of lengthm for the obje
t 
lass O. From (4) we dedu
e the estimatedeg V � � degO ��m: (5)28



Let 1 � j � s. There exists a polynomial F 2 O with F 6= 0 andF 2 �1(Cj). Observe that the �ber ��11 (F ) is isomorphi
 to the equidimen-sional algebrai
 varietyf(y(1); : : : ; y(m)) 2 A mt ; y(1); : : : ; y(m) 2 A t ; F (y(1)) = � � � = F (y(m)) = 0g:Thus F 6= 0 implies dim��11 (F ) = m(t � 1). Applying the Theorem ofFibers (see e.g. [68, I.8, Corollary℄) to the morphism of irredu
ible aÆnevarieties �1jCj : Cj ! �1(Cj)we dedu
e dim Cj � dim�1(Cj) � m(t� 1):Sin
e �1(Cj) is 
ontained in the aÆne variety O we 
on
lude dim�1(Cj) �dimO and therefore dim Cj � dimO � m(t� 1). This impliesdim Cj � m(t� 1) + dimO: (6)By assumption the data stru
ture D en
odes the obje
t 
lass O holo-morphi
ally by means of the en
oding !. This means that the en
odingdetermines a morphism of aÆne varieties D ! O whi
h 
ontains O in its im-age. Therefore this morphism is dominant and this implies dimO � dimD:From (6) we 
on
lude nowdim Cj � m(t� 1) + dimD:Sin
e 1 � j � s was arbitrary, we obtain the estimatedimV � � m(t� 1) + dimD: (7)This implies dim�2(V �) � m(t� 1) + dimD � m(t� 1) + L:Before 
ontinuing with the proof, observe that by assumption m � 2L+2 > L and therefore mt > m(t � 1) + L holds. Hen
e �2(V �) is a proper
losed subset of A mt . Thus any element 
 := (
1; : : : ; 
m) of the Zariskiopen, dense subset U := A mt n �2(V �) of A mt with 
1; : : : ; 
m 2 A t is a
orre
t test sequen
e for the obje
t 
lass O.Let us �nally pass to the third and �nal part of the proof. For1 � k � m and 1 � ` � t let Yk` be a new indeterminate and letHk` := Q�2M (Yk` � �). Thus Hk` is a univariate polynomial of degree#M belonging to the polynomial ring k[Yk`℄. We 
onsider the indetermi-nates Yk` with 1 � k � m, 1 � ` � t as 
oordinate fun
tions of the aÆnespa
e A mt . Observe that Mmt = fHk` = 0; 1 � k � m; 1 � ` � tg holdsand that the set of \in
orre
t" test sequen
es 
ontained in Mmt, namely�2(V �) \ Mmt = �2 (V � \ fHk` = 0; 1 � k �m; 1 � ` � tg), is a �nite k{de�nable (and hen
e Zariski 
losed) subset of A mt .29



From [49, Proposition 2.3℄ (i.e. from the B�ezout Inequality) and from(5), (7) we 
on
lude now# ��2(V �) \Mmt� = #�2 (V � \ fHk` = 0; 1 � k � m; 1 � ` � tg)� deg(V � \ fHk` = 0; 1 � k � m; 1 � ` � tg)� deg(V �) (#M)dim V �� deg(O)�m (#M)m(t�1)+dimD� deg(O)�m (#M)m(t�1)+L:Suppose now that the points of the �nite set M t are equidistributed. Byassumption we have m � 2L+ 2, #M � �2(degO) 1L and � � 1. From theestimate # ��2(V �) \Mmt� � deg(O)�m (#M)m(t�1)+L we dedu
e thatthe probability of �nding in Mmt by a random 
hoi
e an \in
orre
t" testsequen
e for the obje
t 
lass O is at mostdeg(O)�m(#M)m�L � deg(O)�m#M ��2(degO) 1L�m�L�1= deg(O)�2(L+1)#M �m (degO) 1L (m�L�1)� deg(O)#M �deg(O)�1+ 1L � 1#M � 12(re
all that by assumption M has at least two elements). Hen
e the proba-bility of �nding in Mmt by a random 
hoi
e a 
orre
t test sequen
e for theobje
t 
lass O is at least 1� 1#M � 12 :Sin
e this probability is positive, we 
on
lude that Mmt really 
ontainsa 
orre
t test sequen
e 
 = (
1; : : : ; 
m) with 
1; : : : ; 
m 2 A t for the obje
t
lass O.Corollary 1 Let notations and assumptions be as in Lemma 4. Let Mbe a �nite subset of k of 
ardinality at least maxf�2(degO) 1L ; 2g and letm � 4L + 2. Then there exist points 
1; : : : ; 
m of M t su
h that 
 :=(
1; : : : ; 
m) is an identi�
ation sequen
e (in the sense of De�nition 1) forthe obje
t 
lass O (and hen
e for O). Suppose that the points of the �nite setM t are equidistributed. Then the probability of �nding in Mmt by a random
hoi
e su
h an identi�
ation sequen
e is at least 1� 1#M � 12 .30



Proof.{ We use the same notations and assumptions as in the proof ofLemma 4. Let ! : D ! O be the given k{de�nable holomorphi
 en
odingof the obje
t 
lass O. Let D� := D � D, O� := fF1 � F2;F1; F2 2 Ogand let !� : D� ! O� be the en
oding of the obje
t 
lass O� de�ned by!�(D1;D2) = !(D1)� !(D2) for (D1;D2) 2 D�.One veri�es immediately that the data stru
ture D� and the obje
t 
lassO� are k{
onstru
tible subsets of A 2L and A N respe
tively and that !� is ak{de�nable holomorphi
 en
oding of the obje
t 
lass O�. In parti
ular O�turns out to be a k{
onstru
tible obje
t 
lass in the sense introdu
ed before.Furthermore � is an upper bound for the degree of the t{variate polynomialsover k 
ontained in the obje
t 
lass O�. From [42℄, Proposition 2 and Lemma2 we dedu
e the estimate degO� � (degO)2. Hen
e #M � �2(degO) 1Limplies #M � �2(degO�) 12L .Suppose now that the points of the �nite set M t are equidistributed.From Lemma 4 we dedu
e that the probability of �nding in Mmt by arandom 
hoi
e a 
orre
t test sequen
e for the obje
t 
lass O� is at least1� 1#M � 12 .Let 
 = (
1; : : : ; 
m) 2 Mmt with 
1; : : : ; 
m 2 M t su
h a 
orre
t testsequen
e and let F1; F2 be given elements of O (thus F1 and F2 are t{variatepolynomials over k). Suppose that F1(
1) = F2(
1); : : : ; F1(
m) = F2(
m)holds. Hen
e, for F := F1 � F2, we have F (
1) = � � � = F (
m) = 0. Sin
eF belongs to the obje
t 
lass O� and 
 is a 
orre
t test sequen
e for O� weinfer F = 0. This implies F1 = F2.In 
on
lusion, we see that 
 is an identi�
ation sequen
e for the obje
t
lass O. Sin
e the probability of �nding su
h identi�
ation sequen
es inMmt is positive, we infer that Mmt 
ontains at least one of them.Let O be k{de�nable obje
t 
lass of polynomial fun
tions and ! : D !O be a k{de�nable holomorphi
 en
oding of O by a k{
onstru
tible datastru
ture of size L. By means of the data stru
ture D we are able to answerthe value question about the obje
t 
lassO holomorphi
ally. In this sense, anidenti�
ation sequen
e 
 of length m allows to answer the identity questionabout the obje
t 
lass O holomorphi
ally. From Corollary 1 we 
on
ludethat there exist always short identi�
ation sequen
es (of length m linear inL) and that they are easy to �nd by means of a suitable random 
hoi
e.This means that the identity question about the obje
t 
lass O 
an alwaysbe answered \eÆ
iently".Finally let us remark that Lemma 4 in 
ombination with the B�ezoutinequality ([42℄) leads to a (�nite) upper bound for the Vapnik{Chervonenkis(VC) dimension of any k{
onstru
tible obje
t 
lass of polynomial fun
tions(see [85, Chapter 3, 3.6℄ and [12, Chapter 3, 3.5℄ for motivations and apre
ise de�nition of the notion of VC{dimension). The proof of this upperbound follows the general lines of the argumentation in [38℄.31



3.3.2 Corre
t test and identi�
ation sequen
es for 
ir
uit en
od-ings.In order to exemplify the ideas behind Lemma 4 and Corollary 1 of Se
tion3.3.1 we are now going to apply the 
on
ept of identi�
ation sequen
e (seeDe�nition 1) to 
ir
uit en
oded obje
t 
lasses of polynomial fun
tions.Let " be a new indeterminate and let us 
onsider " as a parameter andY1; : : : ; Yt as variables. Let F 2 k[Y1; : : : ; Yt℄. We denote by L(F ) theminimal nons
alar size over k of all totally division{free arithmeti
 
ir
uitswith inputs Y1; : : : ; Yt and s
alars in k whi
h evaluate the polynomial F .Moreover we denote by L(F ) the minimal nons
alar size over k(") of allessentially division{free arithmeti
 
ir
uits whi
h evaluate a rational fun
-tion of the form F + "Q with Q belonging to k["; Y1; : : : ; Yt℄". Obviously wehave L(F ) � L(F ). We 
all L(F ) the nons
alar (sequential time) 
omplex-ity of F over k and L(F ) the 
orresponding approximative 
omplexity. LetL 2 N and let WL;t := fF 2 k[Y1; : : : ; Yt℄;L(F ) � Lg. From [12, Chapter 9,Exer
ise 9.18℄ (see also [49, Theorem 3.2℄) we dedu
e that all polynomials
ontained in WL;t have degree bounded by 2L and that WL;t forms a k{
onstru
tible obje
t 
lass whi
h has a k{de�nable holomorphi
 en
oding bythe data stru
ture A (L+t+1)2 . Moreover any polynomial F 2 k[Y1; : : : ; Yt℄with L(F ) � L has degree at most 2L.Let N 2 N with N � 2L. Then WL;t 
an be 
onsidered as a k{
onstru
tible subset of A N . From [3℄, Lemma 2 and Satz 4 one dedu
eseasily the following statement:WL;t := fF 2 k[Y1; : : : ; Yt℄;L(F ) � Lg:In this sense the Zariski 
losure of the obje
t 
lass WL;t has a natural inter-pretation as the set of polynomials of k[Y1; : : : ; Yt℄ whi
h have approximativenons
alar (sequential time) 
omplexity over k at most L.Finally observe that WL;t and WL;t are 
ones and 
ontain the zero poly-nomial. In parti
ular any identi�
ation sequen
e ofWL;t orWL;t is a 
orre
ttest sequen
e.Corollary 2 (
ompare [49, Theorem 4.4℄ and [31, Lemma 3℄) Let notationsbe as before and let L, m, t be natural numbers with m � 4(L+ t+ 1)2 + 2.Let M be a �nite subset of k of 
ardinality at least 24(L+1). Then there existpoints 
1; : : : ; 
m of M t su
h that 
 := (
1; : : : ; 
m) is an identi�
ationsequen
e for the obje
t 
lass WL;t of all polynomials F 2 k[Y1; : : : ; Yt℄ whi
hhave approximative nons
alar (sequential time) 
omplexity over k at mostL. Suppose that the points of the �nite set M t are equidistributed. Thenthe probability of �nding in Mmt by a random 
hoi
e su
h an identi�
ationsequen
e is at least 1� 1#M � 12 . 32



Proof.{ Let N � 2L, r := (L + t + 1)2 and let Z1; : : : ; Zr be newindeterminates. From [12, Chapter 9, Exer
ise 9.18℄ (
ompare also [74,Theorem 2.1℄) we dedu
e that there exist N polynomials of k[Z1; : : : ; Zr℄having degree at most L 2L+1 + 2 whi
h indu
e a k{de�nable holomorphi
en
oding ! : A r ! WL;t of the obje
t 
lass WL;t whi
h we 
onsider as ak{
onstru
tible subset of A N .Taking into a

ount that WL;t = !(A r ) is irredu
ible, we dedu
e fromLemma 4 the estimate degWL;t � (L 2L+1 + 2)r. This implies(degWL;t) 1r � L 2L+1 + 2: (8)Observe that by hypothesis m � 4(L+ t+ 1)2 + 2 = 4r + 2 holds and thatany polynomial 
ontained in WL;t has degree at most � := 2L. From theassumption #M � 24(L+1) and (8) we dedu
e #M � �2(degWL;t) 1r . Thestatement to prove follows now immediately from Corollary 1.3.4 En
odings of polynomial fun
tions by values.In this subse
tion we are going to prove the �rst main result of this paper.Let O be a k{
onstru
tible obje
t 
lass of polynomial fun
tions, D ak{
onstru
tible data stru
ture and ! : D ! O a k{de�nable holomorphi
en
oding. Our �rst main result (Theorem 1 below) may be stated su

in
tlyas follows:assume that O is a 
lass of polynomial fun
tions and that its en
oding byD is holomorphi
. Suppose furthermore that the ambient spa
e of O isaÆne and 
ontains O as a 
one (i.e. we assume that O is 
losed undermultipli
ation by s
alars). Then there exists a k{de�nable data stru
tureD whi
h en
odes the 
losure 
lass O of O 
ontinuously (with respe
t to theZariski topologies of D and O) and unambiguously. In parti
ular, O andD are homeomorphi
 topologi
al spa
es. Moreover the size of D (i.e. thedimension of its ambient spa
e) is linear in the size of D.In other words, we may always repla
e eÆ
iently the given data stru
tureD by an unambiguous one, say D, if we are only interested in a topologi
al
hara
terization of the obje
t 
lass O (or O). By means of D we are ableto answer eÆ
iently the identity question about O, but not ne
essarily thevalue question. The assumption that the obje
t 
lass forms a 
one in 
asethat O has aÆne ambient spa
e is not restri
tive in the 
ontext of this paper,sin
e O will be typi
ally a 
lass of fun
tions 
losed under multipli
ation bys
alars. On the other hand, this assumption guarantees that the en
odingof the obje
t 
lass O by the data stru
ture D is not only 
ontinuous, butalso a 
losed map with respe
t to the Zariski topologies of D and O.In the Appendix of this paper (Se
tion A) we shall formulate a slightgeneralization of Theorem 1 below. 33



First we synthesize the essen
e of the te
hni
al Lemma 4 and its Corol-lary 1 of Se
tion 3.3.1 in terms of 
ontinuous en
odings.Let O � k[Y1; : : : ; Yt℄ be a k{
onstru
tible obje
t 
lass of polynomialfun
tions and let 
 = (
1; : : : ; 
m) 2 kmt with 
1; : : : ; 
m 2 kt and m � 1be an identi�
ation sequen
e for O (from Corollary 1 one dedu
es easily thatfor m 2 N suÆ
iently large su
h an identi�
ation sequen
e always exists).Suppose now that O is a 
one in k[Y1; : : : ; Yt℄. Then O is a 
one too. Let� : O ! A m be the map de�ned by �(F ) := �F (
1); : : : ; F (
m)� for F 2 O.Observe that � is the restri
tion of a k{de�nable linear map A N ! A m ,where A N with N � 1 is a suitable aÆne ambient spa
e whi
h 
ontainsO and O as 
ones. Thus � is homogeneous of degree one and representsan inje
tive, k{de�nable morphism of aÆne varieties. Therefore �(O) is ak{de�nable subset of A m . Sin
e � is homogeneous of degree one and O is a
one, the image �(O) is a 
one too. Hen
e the Zariski 
losure D� of �(O)in A m is a k{de�nable 
one of A m and � indu
es a dominant morphism ofaÆne varieties whi
h maps O into D� and is again homogeneous of degreeone. We denote this morphism by � : O ! D�.Lemma 5 Let notations and assumptions be as before. Then � : O ! D�is a �nite, bije
tive, k{de�nable morphism of aÆne varieties. Let C be anarbitrary k{de�nable irredu
ible 
omponent of O. Then �jC is a birational,k{de�nable (�nite and bije
tive) morphism of C onto the Zariski 
losed set�(C).Proof.{ Let Z1; : : : ; ZN be the 
oordinate fun
tions of A N . There existlinear polynomials S1; : : : ; Sm 2 k[Z1; : : : ; ZN ℄ su
h that � is the restri
tionof the linear map (S1; : : : ; Sm) to the 
losed subvariety O of A N . Sin
eO and D� are k{de�nable Zariski 
losed 
ones of the aÆne spa
es A N andA m respe
tively, they are de�nable by homogeneous polynomials over k.Moreover O and D� 
ontain the origins of the aÆne spa
es A N and A mrespe
tively. From the inje
tivity of � : O ! D� we dedu
e therefore thatO \ fS1 = 0; : : : ; Sm = 0g 
ontains only the origin of A N . This impliesthat the homogeneous map � indu
es a �nite morphism between the 
losedproje
tive subvarieties of PN�1 and Pm�1 asso
iated to the 
ones O andD� respe
tively. In fa
t, the standard proof of this 
lassi
al result impliessomething more, namely that also the morphism � : O ! D� is �nite(see [77℄, I.5.3, Theorem 8 and proof of Theorem 7). In parti
ular, � isa surje
tive 
losed map. Sin
e � is also inje
tive we 
on
lude that � isbije
tive.Let C be an arbitrary k{de�nable irredu
ible 
omponent of O. Sin
e� is a 
losed map we 
on
lude that �(C) is a 
losed irredu
ible subvarietyof D�. Sin
e � is inje
tive we infer that �jC : C ! �(C) is a bije
tive, k{de�nable morphism of aÆne varieties. Sin
e for any point y 2 �(C) we have34



#���1(y) \ C� = 1 we dedu
e from [68, Proposition 3.17℄ that k��(C)� =k(C) holds. Hen
e �jC is a birational morphism.From Lemma 5 we dedu
e that with respe
t to the Zariski topologiesof O and D�, the morphism � : O ! D� is a homeomorphism and thatD� = �(O) holds. Consider now D� � A m as a data stru
ture. Then!� := ��1 : D� ! O is an unambiguous en
oding of the obje
t 
lass Owhi
h is 
ontinuous with respe
t to the Zariski topologies of D� and O.Suppose that !� allows to answer the value question about the obje
t 
lassO holomorphi
ally. Then from Remark 1 we dedu
e that !� : D� ! O isa k{de�nable morphism of algebrai
 varieties and therefore !� is an unam-biguous, k{de�nable and (bi{)holomorphi
 en
oding of the obje
t 
lass Oby the data stru
ture D�. We shall see later that in general this will not bethe 
ase (see Corollary 5 and Theorem 2). Suppose for the moment k := Qand k := C . Sin
e �, the inverse map of the unambiguous en
oding !�, is amorphism of algebrai
 varieties, we 
on
lude that � is 
ontinuous with re-spe
t to the strong topologies of O and D�. If !� is 
ontinuous with respe
tto the strong topology, this implies that !� is a robust en
oding in the senseof De�nition 3.However, !� may be not 
ontinuous with respe
t to the strong topologiesof O and D�. On the other hand, !� indu
es a map 
 between the proje
tivesubvarieties of Pm�1(C ) and PN�1(C ) asso
iated to the 
ones D� and O.The map 
 en
odes the proje
tive variety asso
iated to the 
one O by theproje
tive variety asso
iated to the 
one D� and is 
ontinuous with respe
tto the 
orresponding strong topologies.We may summarize the main results of this se
tion by the followingstatement:Theorem 1 Let O be a k{
onstru
tible obje
t 
lass of polynomial fun
tionsbelonging to k[Y1; : : : ; Yt℄. Let � be an upper bound for the degree of thepolynomials 
ontained in O. Suppose that O is a 
one in k[Y1; : : : ; Yt℄.Assume that there is given a k{
onstru
tible data stru
ture D � A L and ak{de�nable holomorphi
 en
oding D ! O. Let m � 4L + 2 and let M bea �nite subset of k of 
ardinality at least maxf�2(degO) 1L ; 2g. Then thereexist a k{de�nable, Zariski 
losed 
one D� of A m and a 
ontinuous en
oding!� : D� ! O of the obje
t 
lass O by the data stru
ture D� whi
h satis�esthe following 
onditions:(i) !� is a homeomorphism between the data stru
ture D� and the obje
t
lass O,(ii) there exist a point 
 := (
1; : : : ; 
m) 2 Mmt with 
1; : : : ; 
m 2 M tsu
h that for any F 2 O the identity (!�)�1(F ) = �F (
1); : : : ; F (
m)�holds, 35



(iii) (!�)�1 : O ! D� is a k{de�nable, bije
tive and �nite morphism ofaÆne varieties. The morphism (!�)�1 is homogeneous of degree one,(iv) for any k{de�nable irredu
ible 
omponent C of O the restri
tion map(!�)�1jC : C ! (!�)�1(C) is a birational k{de�nable (�nite and surje
-tive) morphism of C onto the irredu
ible Zariski 
losed set (!�)�1(C).In parti
ular !� is an unambiguous 
ontinuous en
oding of the obje
t 
lassO by the data stru
ture D�. The en
oding !� is holomorphi
 if and onlyif !� allows to answer holomorphi
ally the value question about the obje
t
lass O.In 
ase k := Q , k := C and !� 
ontinuous with respe
t to the strongtopology, the en
oding !� is robust (in the sense of De�nition 3).Suppose that the elements of the �nite set M t are equidistributed. Thenthe probability of �nding by a random 
hoi
e a point 
 := (
1; : : : ; 
m) 2Mmt with 
1; : : : ; 
m 2 M t su
h that the map �
 : O ! A m de�ned by�
(F ) := �F (
1); : : : ; F (
m)� for F 2 O indu
es a k{de�nable, bije
tivemorphism of O onto a Zariski 
losed 
one D�
 of A m is at least 1 � 1#M �12 . Any su
h morphism �
 : O ! D�
 de�nes by !�
 := ��1
 a 
ontinuousunambiguous en
oding of the obje
t 
lass O by the data stru
ture D�
. Thisen
oding satis�es 
onditions (i){(iv).The proof of Theorem 1 is an immediate 
onsequen
e of Corollary 1,Lemma 5 and the subsequent 
onsiderations.The following statement represents a version of Theorem 1 for obje
t
lasses of arithmeti
{
ir
uit{represented polynomials.Corollary 3 [31, Lemma 4℄ Let notions and notations be as in Corollary2. Let L, m, t be natural numbers with m � 4(L + t + 1)2 + 2. Let M bea �nite subset of 
ardinality at least 24(L+1). Let WL;t be the obje
t 
lass ofall polynomials F 2 k[Y1; : : : ; Yt℄ whi
h have approximative nons
alar (se-quential) 
omplexity over k at most L. Then WL;t is a 
one and there existsa k{de�nable, Zariski 
losed 
one D�L;t of A m and a 
ontinuous en
oding!� : D�L;t ! WL;t of the obje
t 
lass WL;t by the data stru
ture D�L;t whi
hsatis�es the 
onditions (i){(iv) of Theorem 1. The en
oding !� is holomor-phi
 if and only if !� allows to answer holomorphi
ally the value questionabout the obje
t 
lass WL;t.In 
ase k := Q , k := C and !� 
ontinuous with respe
t to the strongtopology, the en
oding !� is robust (in the sense of De�nition 3).Suppose that the elements of the �nite set M t are equidistributed. Thenwe may �nd by a random 
hoi
e with probability of su

ess at least 1� 1#Ma point 
 = (
1; : : : ; 
m) 2 Mmt with 
1; : : : ; 
m 2 M t su
h that the map�
 : WL;t ! A m de�ned by �
(F ) := �F (
1); : : : ; F (
m)� for F 2 WL;tprodu
es as in Theorem 1 a k{de�nable, Zariski 
losed 
one D�L;t;
 of A mand a 
ontinuous en
oding !�
 : D�L;t;
 !WL;t.36



Proof.{ Sin
e in the nons
alar 
omplexity model k{linear operations arefree, we 
on
lude that WL;t = fF 2 k[Y1; : : : ; Yt℄;L(F ) � Lg is a 
one ofk[Y1; : : : ; Yt℄. Therefore its 
losure WL;t is a 
one too. The statement ofCorollary 3 follows now immediately from Corollary 2 and Lemma 5.We 
all a 
ontinuous en
oding of an obje
t 
lass of polynomial fun
tionsas in Theorem 1 and Corollary 3 of this se
tion and Corollary 9 of Se
tionA an en
oding by an identi�
ation sequen
e or simply an en
oding by values.An en
oding by an identi�
ation sequen
e allows us to answer the identityquestion about the obje
t 
lass O. However, the 
orresponding value ques-tion requires a holomorphi
 en
oding. In the next se
tion we shall exhibitan example of a Q{
onstru
tible obje
t 
lass O of univariate polynomialswhi
h has a Q{de�nable, holomorphi
, robust but ambiguous en
oding bya data stru
ture of small size. However we shall show that any holomor-phi
 en
oding of O by an identi�
ation sequen
e requires a data stru
tureof (exponentially) big size.A given obje
t 
lass of polynomial fun
tions has many, mostly arti�
ialen
odings. However, en
odings by values seem parti
ularly natural. Thisbe
omes evident in the situation of Corollary 3. En
odings of obje
t 
lassesof polynomial fun
tions by arithmeti
 
ir
uits are typi
ally ambiguous. InCorollary 3 a given en
oding of an obje
t 
lass of polynomial fun
tions byarithmeti
 
ir
uits is repla
ed by an unambiguous 
ontinuous and robusten
oding by means of an identi�
ation sequen
e (observe that evaluation isparti
ularly well{adapted to 
ir
uit en
oding).3.5 Unirational en
odings.Let O be a k{
onstru
tible obje
t 
lass and let D be a k{
onstru
tible datastru
ture of size L, 
ontained in the ambient spa
e A L or PL. Let ! : D ! Obe a k{de�nable holomorphi
 en
oding of the obje
t 
lass O by the datastru
ture D. We 
all ! unirational if D 
ontains a nonempty, Zariski openset of its ambient spa
e. Suppose that ! is unirational. Then D equalsits ambient spa
e A L or PL and O is an irredu
ible k{Zariski 
losed set insome suitable aÆne or proje
tive spa
e. We 
all the en
oding ! rational ifit de�nes a birational map between the ambient spa
e and O.Let L and t be natural numbers. Then the generi
 
omputation s
hemeof length L in the nons
alar sequential 
omplexity model (see [12℄, Chapter 9,Theorem 9.9 and Exer
ise 9.18, or [43℄) de�nes a unirational en
oding of theobje
t 
lassesWL;t andWL;t of polynomial fun
tions of k[Y1; : : : ; Yt℄ havingexa
t or approximative (sequential) nons
alar 
omplexity over k at most L.Analogously, the standard representation of polynomials of k[Y1; : : : ; Yt℄ ofdegree at most d by their 
oeÆ
ients is a rational en
oding of size �d+ tt �.Similarly the L{sparse polynomials of k[Y1; : : : ; Yt℄ 
ontaining only a previ-37



ously �xed set of L monomials are rationally en
oded by the data stru
tureA L .One may ask why we do not limit our attention ex
lusively to unirationalen
odings of obje
t 
lasses. A te
hni
al reason for this is that su
h en
od-ings represent only a limited range of obje
t 
lasses. In order to exemplifythis, let us observe that a limitation to unirational data stru
tures wouldautomati
ally ex
lude from our 
onsiderations important obje
t 
lasses ase.g. the set of all k{de�nable equidimensional proje
tive varieties of dimen-sion r and degree d 
ontained in a proje
tive spa
e Pn with n � r. Thetraditional data stru
tures for these obje
t 
lasses are the Chow varietieswhi
h en
ode (unambiguously) a given obje
t by its Chow 
oordinates.Similarly the Hilbert varieties are data stru
tures whi
h en
ode unam-biguously the (redu
ed) proje
tive subvarieties of a given proje
tive spa
ewith previously �xed Hilbert polynomial. The natural topology of Chowand Hilbert varieties indu
es a topology on the obje
t 
lasses they representand hen
e a notion of limit obje
t. Typi
al Chow varieties, en
oding 
om-plete interse
tion varieties, are unirational and it is not 
lear whether they
ould be also rational. In general, Hilbert varieties 
annot be expe
ted tobe unirational.4 Two paradigmati
 obje
t 
lasses.In this se
tion we are going to exhibit two paradigmati
 obje
t 
lassesof polynomial fun
tions and to dis
uss di�erent holomorphi
 en
odings ofthem. We shall always assume k := Q and k := C .4.1 First paradigm.Let d be a natural number, let U and Y be indeterminates over Q andlet Fd := Pdj=0(Ud � 1)U jY j 2 Q [U; Y ℄. We are going to interpret U asparameter and Y as variable. Let us 
onsider the obje
t 
lass of univariatepolynomials Od := fFd(u; Y );u 2 A 1g and the en
oding !d : A 1 ! Odde�ned for u 2 C by !d(u) := Fd(u; Y ). Representing the polynomialsbelonging to Od by their 
oeÆ
ients, we identify the obje
t 
lass Od withthe 
orresponding subset of A d+1 . With this interpretation !d be
omes apolynomial map whi
h is de�ned for u 2 A 1 by!d(u) := �ud � 1; (ud � 1)u; : : : ; (ud � 1)ud�:Therefore !d is a �nite morphism of algebrai
 varieties whi
h maps the aÆnespa
e A 1 onto its image, namely Od. Hen
e Od is a 
losed, rational (andhen
e irredu
ible), Q{de�nable 
urve 
ontained in the aÆne ambient spa
eA d+1 . The 
oordinate ring of the 
urve Od is 
anoni
ally isomorphi
 to theQ{algebra Q [Ud � 1; (Ud � 1)U; : : : ; (Ud � 1)Ud℄. Therefore, the en
oding!d : A 1 ! Od of the obje
t 
lass Od is Q{de�nable, holomorphi
 and robust.38



Let M := fe 2�id k; 0 � k < dg and denote by 0 := (0; : : : ; 0) the originof the aÆne spa
e A d+1 . Observe that the point 0 2 A d+1 belongs to the
urve Od, be
ause !d maps any point ofM onto the origin of A d+1 . Thus !drepresents an ambiguous robust en
oding of the obje
t 
lass Od. One veri�eseasily that the point 0 is the only (ordinary) singularity of the rational 
urveOd and that this singularity 
an be resolved by a single blowing up. Moreover!d indu
es an isomorphism between the aÆne 
urves A 1 nM and Od n f0g.Suppose now that there is given a Q{de�nable data stru
ture Dd anda Q{de�nable holomorphi
 en
oding �d : Dd ! Od. Let us denote thesize of Dd by md. Suppose furthermore that there is given a Q{de�nablepolynomial map �d : A 1 ! A md with �d(A 1 ) � Dd and �d Æ �d = !d.We interpret the polynomial map �d as a bran
hing{free algorithm whi
htransforms the en
oding !d into the unambiguous en
oding �d (see Se
tion4.3 for a motivation of this notion of algorithm).Although the obje
t 
lass Od admits an (ambiguous) robust en
odingby a data stru
ture of size one, namely !d, any unambiguous holomorphi
en
oding �d of Od, obtained by an algorithmi
 transformation of !d, requiresa data stru
ture of large size (of approximately the dimension of the ambientspa
e of the obje
t 
lass Od). This is the 
ontent of the following result:Proposition 1 Let notations and assumptions be as before. Suppose that�d : Dd ! Od is an unambiguous holomorphi
 en
oding of the obje
t 
lassOd. Then the size md of the data stru
ture Dd satis�es the estimatemd � d:Proof.{ Let 0 � k1 < k2 < d. Sin
e �d : Dd ! Od is inje
tive wededu
e from !d(e 2�id k1) = !d(e 2�id k2) = 0 and from �d Æ �d = !d that�d(e 2�id k1) = �d(e 2�id k2) holds. Therefore there exists a 
ode � 2 Dd sat-isfying the 
ondition � = �d(e 2�id k) for any 0 � k < d. The en
oding�d : Dd ! Od is indu
ed by a polynomial map A md ! A d+1 whi
h we alsodenote by �d.Let 0 � k < d. Denote by (D�d)� the derivative of this polynomial mapin the point � 2 A md and by �0d(e 2�id k) 2 A md and !0d(e 2�id k) 2 A d+1 thederivatives of the polynomial maps �d and !d in the point e 2�id k 2 A 1 . Ob-serve that the en
oding !d is represented by the (d+ 1){tuple of univariatepolynomials �Ud� 1; (Ud � 1)U; : : : ; (Ud � 1)Ud�. Deriving this representa-tion with respe
t to the parameter U and evaluating the result in the pointe 2�id k 2 A 1 , we 
on
lude that(de 2�id kj;�1 � j < d) = !0d(e 2�id k) = (D�d)���0d(e 2�id k)�holds. 39



One sees easily that the matrix A := �d(e 2�id kj)�0�k<d;�1�j<d has maxi-mal rank d. Indeed, the d � d submatrix of the matrix A 
onsisting of thelast d 
olumns of the matrix A is nonsingular, be
ause it is the produ
t ofa d � d nonsingular diagonal matrix by a d � d nonsingular Vandermondematrix. Therefore the d tangent ve
tors !0d(e 2�id k), 0 � k < d, of the 
urveOd at the point 0 are C {linearly independent. Sin
e (D�d)� : A md ! A d+1is a C {linear map, we 
on
lude that the d points �0d(e 2�id k), 0 � k < d of theC {linear spa
e A md are linearly independent too. This implies md � d.We observe that the proof of Proposition 1 implies that the lo
al em-bedding dimension of the 
urve Od at the point 0 (and hen
e the globalembedding dimension of Od) is at least d. We are now going to apply the
on
lusion of Proposition 1 to the arithmeti
 
ir
uit 
omplexity model.Let A := Q [U ℄ and Bd := Q [Ud �1; (Ud�1)U; : : : ; (Ud�1)Ud℄. Assumed � 3. Observe that Fd =P0�j�d(Ud � 1)U jY j belongs to the polynomialrings A[Y ℄ and Bd[Y ℄ and that Bd is isomorphi
 to the 
oordinate ring ofthe 
urve Od.For R 2 fA;Bdg denote by LR(Fd) the minimal non{s
alar size of thetotally division{free arithmeti
 
ir
uits with single input Y whi
h evaluatethe polynomial Fd using only s
alars from R. In 
ase d = 2r+1 � 1 for somer 2 N, one infers from the representationFd = (Ud � 1) Y0�k�r �1 + (UY )2k�the estimate LA(Fd) = 2r = log(d+ 1)(here by log we denote the logarithm to the base 2).In a similar way one sees easily that LA(Fd) = O(log d) holds for arbi-trary d 2 N. From the trivial lower bound LA(Fd) � log d (see [12, Chapter8, 8.1℄) one dedu
es �nally that the fun
tions LA(Fd) and log d have thesame asymptoti
 growth (in symbols: LA(Fd) = �(log d)).Let us now analyze LBd(Fd). Sin
e Fd is a polynomial of degree d inthe variable Y we dedu
e from [12, Chapter 9, Proposition 9.1℄ the estimateLBd(Fd) � 2pd. Let Ld := LBd(Fd). Then there exists a totally division{free 
ir
uit �d of non{s
alar size Ld with single input Y whi
h evaluates thepolynomial Fd using only s
alars from Bd. From [12, Chapter 9, Theorem9.9℄ we dedu
e that without loss of generality the 
ir
uit �d may be supposedto use only md := L2d + 2Ld + 2 s
alars �(d)1 ; : : : ; �(d)md from Bd := Q [Ud �1; (Ud � 1)U; : : : ; (Ud � 1)Ud℄. Let �d : A 1 ! A md be the polynomial mapde�ned by �d := (�(d)1 ; : : : ; �(d)md) and let Dd be the image of �d. Observe thatDd is a Q{
onstru
tible subset of A md . Again from [12, Chapter 9, Theorem40



9.9℄ we infer that there exists a polynomial map �d : A md ! A d+1 whi
hsatis�es the 
ondition�d(�(d)1 ; : : : ; �(d)md) = �Ud � 1; (Ud � 1)U; : : : ; (Ud � 1)Ud�:Thus we have �d Æ �d = !d and �d(Dd) = Od. Let us denote the restri
tionof the polynomial map �d : A md ! A d+1 to Dd by �d : Dd ! Od. Sin
e�(d)1 ; : : : ; �(d)md are polynomials in the 
oeÆ
ients Ud�1; (Ud�1)U; : : : ; (Ud�1)Ud of Fd 2 Bd[Y ℄ we 
on
lude that �d : Dd ! Od is an unambiguousholomorphi
 en
oding of the obje
t 
lass Od. From Proposition 1 we dedu
enow L2d+2Ld +2 = md � d. This implies the lower bound LBd(Fd) = Ld �pd� 2. In summary, we obtain the following 
omplexity result:Corollary 4 Let notations be as before. Then we have LA(Fd) = �(log d)and LBd(Fd) = �(pd).In terms of [43℄ this result means that the sequen
e of polynomials F :=(Fd)d2N is easy to evaluate in A[Y ℄, whereas F be
omes diÆ
ult to evaluateif we require that for any d 2 N the univariate polynomial Fd 2 Bd[Y ℄ hasto be 
omputed by a totally division{free arithmeti
 
ir
uit whose s
alarsbelong to Bd. In 
on
lusion, the evaluation 
omplexity of a polynomialdepends strongly on the ring of s
alars admitted.We are now going to des
ribe another appli
ation of Proposition 1.Let md be a natural number and let 
d := (
(d)1 ; : : : ; 
(d)md) 2 Qmd bean identi�
ation sequen
e of length md for the Zariski 
losure Cd of the
one generated by the obje
t 
lass Od in the (d + 1){dimensional C {linearsubspa
e of polynomials of C [X℄ having degree at most d. Observe thatCd is a Q{de�nable, 
losed, irredu
ible subvariety of A d+1 . Let Dd :=f�G(
(d)1 ); : : : ; G(
(d)md)�;G 2 Odg and let �d : Od ! Dd be the bije
tivemap de�ned for G 2 Od by �d(G) := �G(
(d)1 ); : : : ; G(
(d)md)�. One sees easilythat �d : Od ! Dd is indu
ed by a Q{de�nable linear map from A d+1 toA md . On the other hand, this linear map indu
es an inje
tive, homogeneousmorphism from the 
one Cd into the aÆne spa
e A md . From Lemma 5 we de-du
e now that this morphism is 
losed with respe
t to the Zariski topologiesof Cd and A md . Therefore Dd = �d(Od) is a 
losed, Q{de�nable, irredu
ible
urve 
ontained in A md and �d : Od ! Dd is a bije
tive, birational morphismof Q{de�nable, irredu
ible 
urves. Let �d : Dd ! Od be the inverse map of�d. We 
onsider Dd as a Q{
onstru
tible data stru
ture of size md and �d asan en
oding by values of the obje
t 
lass Od in the sense of Se
tion 3.4. Inparti
ular �d is a Q{de�nable, 
ontinuous en
oding. With these notationswe are able to state the following result:Corollary 5 Suppose that the en
oding by values �d : Dd ! Od is holomor-phi
. Then the size md of the data stru
ture Dd satis�es the estimatemd � d:41



Proof.{ Sin
e �d and �d are inverse morphisms of Q{de�nable, irredu
ible
urves, there exists a polynomial map �d : A 1 ! A md with �d(u) = �d�!d(u)�for any u 2 A 1 . This implies �d(A 1) � Dd. Moreover we have �d Æ �d =�d Æ (�d Æ !d) = !d. Sin
e �d : Dd ! Od is an unambiguous Q{de�nableholomorphi
 en
oding of the obje
t 
lass Od, we dedu
e from Proposition 1that md � d holds.Corollary 5 says that there exists a family of obje
t 
lasses, namely(Od)d2N , en
oded by a single data stru
ture of size one, namely A 1 , su
hthat any holomorphi
 en
oding of these obje
t 
lasses by values be
omesne
essarily large, namely of size at least d for any obje
t 
lass Od. Never-theless in view of Theorem 1, the obje
t 
lass Od admits a 
ontinuous robusten
oding of 
onstant length (in fa
t of length 2).From Corollary 5 we infer the following general result:Theorem 2 Let L;m be natural numbers and let 
 = (
1; : : : ; 
m) 2 Qmbe an identi�
ation sequen
e for the obje
t 
lass WL;1 of all univariate poly-nomials over C whi
h have approximative non{s
alar sequential time 
om-plexity at most L. Let D� := f�F (
1); : : : ; F (
m)�;F 2 WL;1g and let� : WL;1 ! D� be the bije
tive map de�ned by �(F ) := �F (
1); : : : ; F (
m)�.Then D� is a Q{de�nable 
losed 
one of A m and � : WL;1 ! D� is a Q{de�nable, bije
tive, �nite morphism of algebrai
 varieties. Let � : D� !WL;1 be the inverse map of � . Consider D� as a Q{de�nable data stru
tureof size m and suppose that � : D� ! WL;1 is a Q{de�nable, holomorphi
en
oding by values of the obje
t 
lass WL;1. Then the size m of the datastru
ture D� satis�es the estimate m � 2
L for a suitable universal 
onstant
 > 0.Proof.{ There exists a 
onstant 
0 > 0 su
h that L(G) � 
0 log d holds forany d 2 N and any univariate polynomial G belonging to the obje
t 
lassOd.Let d := b2 L
0 
. Then we have G 2 WL;1 for any G 2 Od. Therefore
 is an identi�
ation sequen
e for the obje
t 
lass Od. From Corollary 5we dedu
e now m � d � 2 L
0 � 1. Choose now any 
onstant 
 > 0 with2 1
0 � 1 � 2
. Then we have m � 2
L.One proves easily a similar 
omplexity result for multivariate polynomi-als. This question will be re
onsidered in a forth
oming paper.4.2 Se
ond paradigm.Let n be a �xed natural number and let T , U1; : : : ; Un and Y be inde-terminates over Q . Let U := (U1; : : : ; Un). We are going to 
onsider T ,U1; : : : ; Un as parameters and Y as variable. In the sequel we shall use the42



following notation: for arbitrary natural numbers i and j we shall denote by[j℄i the ith digit of the binary representation of j. Let Pn be the followingpolynomial of Q [T;U; Y ℄:Pn(T;U; Y ) := 2n�1Yj=0 �Y � (j + T nYi=1U [j℄ii )�: (9)We observe that the dense representation of Pn with respe
t to the vari-able Y takes the formPn(T;U; Y ) = Y 2n +B(n)1 Y 2n�1 + � � �+B(n)2n ;where B(n)1 ; : : : ; B(n)2n are suitable polynomials of Q [T;U ℄.Let 1 � k � 2n. In order to determine the polynomial B(n)k , we observe,by expanding the right hand side of (9), that B(n)k 
olle
ts the 
ontributionof all terms of the form kYh=1 �� (jh + T nYi=1U [jh℄ii )�with 0 � j1 < � � � < jk � 2n � 1. Therefore the polynomial B(n)k 
an beexpressed as follows:B(n)k = X0�j1<���<jk<2n kYh=1 �� (jh + T nYi=1U [jh℄ii )�= X0�j1<���<jk<2n (�1)k kYh=1 �jh + T nYi=1U [jh℄ii �:Observe that for 0 � j1 < � � � < jk < 2n the expressionkYh=1 �jh + T nYi=1U [jh℄ii �
an be rewritten as:j1 � � � jk + T � kXh=1 j1 � � � bjh � � � jk nYi=1U [jh℄ii �+ terms of higher degree in T:Therefore, we 
on
lude that B(n)k has the form:B(n)k = (�1)k X0�j1<���<jk<2n j1 � � � jk+(�1)kT 0� X0�j1<���<jk<2n kXh=1 j1 � � � bjh � � � jk nYi=1U [jh℄ii 1A+ terms of higher degree in T: (10)
43



Let us denote by L(n)k the 
oeÆ
ient of T in the representation (10),namely: L(n)k := (�1)k X0�j1<���<jk<2n kXh=1 j1 � � � bjh � � � jk nYi=1U [jh℄ii :We shall need the following te
hni
al result of [31℄. In order to maintainthis paper self{
ontained we are going to reprodu
e its proof here.Lemma 6 The polynomials L(n)1 ; : : : ; L(n)2n are Q-linearly independent inQ [U ℄.Proof.{ Let us abbreviate N := 2n�1 and L1 := L(n)1 ; : : : ; LN+1 := L(n)2n .We observe that for 1 � k � N + 1 and 0 � j � N the 
oeÆ
ient `k;j of themonomial Qni=1 U [j℄ii o

uring in the polynomial Lk 
an be represented as`k;j = (�1)k X0�j1<���<jk�1�Njr 6=j for r=1;::: ;k�1 j1 � � � jk�1:Claim: For �xed N and k, the 
oeÆ
ient `k;j 
an be written as a polynomialexpression of degree exa
tly k� 1 in the index j. Moreover, this polynomialexpression for `k;j has integer 
oeÆ
ients.Proof of the Claim. We pro
eed by indu
tion on the index parameter k.For k = 1 we have `1;j = 1 for any 0 � j � N and therefore `1;j is apolynomial of degree k � 1 = 0 in the index j.Let 1 � k � N + 1. Assume indu
tively that `k;j is a polynomial ofdegree exa
tly k�1 in the index j and that the 
oeÆ
ients of this polynomialare integers. We are now going to show that `k+1;j is a polynomial of degreeexa
tly k in j and that the 
oeÆ
ients of this polynomial are integers too.Observe that`k+1;j = (�1)k+1 X0�j1<���<jk�Njr 6=j for r=1;::: ;k j1 � � � jk= (�1)k+1 X0�j1<���<jk�N j1 � � � jk++j (�1)k X0�j1<���<jk�1�Njr 6=j for r=1;::: ;k�1 j1 � � � jk�1!:holds. Sin
e the term (�1)k+1 X0�j1<���<jk�N j1 � � � jk44



does not depend on j and sin
e by indu
tion hypothesis`k;j = (�1)k X0�j1<���<jk�1�Njr 6=j for r=1;::: ;k�1 j1 � � � jk�1is a polynomial of degree exa
tly k � 1 in j, we 
on
lude that `k+1;j isa polynomial of degree exa
tly k in j. Moreover, the 
oeÆ
ients of thispolynomial are integers. This proves our 
laim.It is now easy to �nish the proof of Lemma 6. By our 
laim there existfor arbitrary 1 � k � N + 1 integers 
(k)0 ; � � � ; 
(k)k�1 with 
(k)k�1 6= 0 su
h thatfor any 0 � j � N the identity `k;j = 
(k)0 + � � � + 
(k)k�1jk�1 holds. Hen
efor arbitrary 0 � k � N there exist rational numbers �(k)1 ; : : : ; �(k)k+1 (notdepending on j) su
h for any 0 � j � N the 
onditionjk = �(k)1 `1;j + � � �+ �(k)k+1`k+1;jis satis�ed (here we use the 
onvention 00 := 1). This implies for any index0 � k � N the polynomial identity�(k)1 L1 + � � �+ �(k)k+1Lk+1 = X0�j�N jk nYi=1U [j℄ii :Hen
e for any 0 � k � N the polynomial Qk := P0�j�N jkQni=1 U [j℄iibelongs to the Q{ve
tor spa
e generated by L1; : : : ; LN+1. On the otherhand, we dedu
e from the nonsingularity of the Vandermonde matrix�jk�0�k;j�N that the polynomials Q0; : : : ; QN are Q-linearly independent.Therefore the Q{ve
tor spa
e generated by L1; : : : ; LN+1 in Q [U ℄ has di-mension N + 1 = 2n. This implies that L1; : : : ; LN+1 are Q-linearly inde-pendent.Let us now 
onsider the obje
t 
lass of univariate polynomials O(n) :=fPn(t; u; Y ); t 2 A 1 ; u 2 A ng and the en
oding !(n) : A 1�A n ! O(n) de�nedfor t 2 A 1 , u 2 A n by !(n)(t; u) := Pn(t; u; Y ). We are going to analyze theobje
t 
lass O(n) and its en
oding !(n) in the same way as in Se
tion 4.1.Representing the univariate polynomials belonging to O(n) by their 
o-eÆ
ients, we identify the obje
t 
lass O(n) with the 
orresponding subsetof the ambient spa
e A 2n . With this interpretation !(n) be
omes a poly-nomial map over Q whi
h is de�ned for t 2 A 1 , u 2 A n by !(n)(t; u) :=�B(n)1 (t; u); : : : ; B(n)2n (t; u)�. Thus !(n) : A 1 � A n ! O(n) is a Q{de�nableholomorphi
 en
oding of the obje
t 
lass O(n). Let �(n) := (�(n)1 ; : : : ; �(n)2n )with �(n)k := (�1)kP0�j1<���<jk<2n j1 � � � jk for 1 � k � 2n. From (10)one dedu
es immediately that �(n) belongs to O(n) and that Pn(0; u; Y ) =45



Y 2n + �(n)1 Y 2n�1+ � � �+ �(n)2n holds for any u 2 A n (observe that Pn(0; u; Y )is the well{known Po
hhammer{Wilkinson polynomial whose zeros are theintegers between 0 and 2n � 1). Hen
e the �ber (!(n))�1(�(n)) 
ontains thehyperplane f0g � A n of the aÆne spa
e A 1 � A n . This implies that theen
oding !(n) is ambiguous and not robust.Suppose now that there is given a Q{de�nable, holomorphi
 en
oding�(n) : D(n) ! O(n). Let us denote the size of D(n) by m(n). Suppose further-more that there is given a Q{de�nable polynomial map �(n) : A 1 � A n !A m(n) with �(n)(A 1 � A n) � D(n) and �(n) Æ �(n) = !(n). As before, we in-terpret the polynomial map �(n) as a bran
hing{free algorithm whi
h trans-forms the en
oding !(n) into the en
oding �(n). Although the obje
t 
lassO(n) admits a (non{robust) en
oding of small size (i.e. small in 
omparisonwith the embedding dimension of the obje
t 
lass O(n)), the requirement ofrobustness for the en
oding �(n) entails that the size of the data stru
tureD(n) must be ne
essarily large. This is the 
ontent of the following result.Proposition 2 Let notations and assumptions be as before. Suppose that�(n) : D(n) ! O(n) is a robust, holomorphi
 en
oding of the obje
t 
lassO(n). Then the size of the data stru
ture D(n) satis�es the estimatem(n) � 2n:Proof.{ Sin
e �(n) is a robust en
oding we 
on
lude that (�(n))�1(�(n))is a nonempty �nite subset of D(n). From f0g � A n � (!(n))�1(�(n)) and!(n) = �(n)Æ�(n) we infer �(n)(f0g�A n) � (�(n))�1(�(n)). Sin
e (�(n))�1(�(n))is �nite and f0g�A n irredu
ible there exists a point � 2 (�(n))�1(�(n)) with�(n)(f0g�A n) = f�g. Let u be arbitrary point of A n and let 
u : A 1 ! A m(n)and Æu : A 1 ! A 2n be the polynomial maps de�ned for t 2 A 1 by 
u(t) :=�(n)(t; u) and Æu(t) := !(n)(t; u). Then we have 
u(0) = �, Æu(0) = �(n) and�(n) Æ 
u = Æu. From (10) we dedu
e now�L(n)1 (u); : : : ; L(n)2n (u)� = ��t!(n)(0; u) = Æ0u(0) = (D�(n))��
0u(0)�:Lemma 6 implies that there exist points u1; : : : ; u2n 2 A n su
h that the (2n�2n){matrix �L(n)i (uj)�1�i;j�2n is nonsingular. Therefore Æ0u1(0); : : : ; Æ0u2n (0)are linearly independent elements of the C {ve
tor spa
e A 2n . Sin
e (D�(n))� :A m(n) ! A 2n is a C {linear map, we 
on
lude that 
0u1(0); : : : ; 
0u2n (0) arelinearly independent elements of the C {linear spa
e A m(n) . This impliesm(n) � 2n.We observe that the proof of Proposition 2 implies that the lo
al em-bedding dimension of the 
losed algebrai
 variety O at the point �(n) (andhen
e the global embedding dimension of O(n)) is exa
tly 2n.46



Let B(n) := Q [B(n)1 ; : : : ; B(n)2n ℄ and let us denote by LB(n)(Pn) the mini-mal non{s
alar size of the totally division{free arithmeti
 
ir
uit with singleinput Y whi
h evaluates the polynomial Pn using only s
alars belonging tothe Q{algebra B(n). In the same way as in Se
tion 4.1 we may dedu
e fromProposition 2 and [70℄ the following result:Corollary 6 With the notations introdu
ed before we haveLB(n)(Pn) = �(2n2 ):Corollary 6 says that the sequen
e of polynomials (Pn)n2N be
omes hardto evaluate, if we require that for any n 2 N the univariate polynomialPn 2 B(n)[Y ℄ has to be evaluated by a totally division{free arithmeti
 
ir
uitwhose s
alars belong only to the Q{algebra B(n).4.3 Rationality 
onsiderations.In this se
tion we motivate the algorithmi
 model used in Se
tions 4.1 and4.2 for the algorithmi
 transformation of en
odings of a given obje
t 
lass.For this purpose we are going to dis
uss the e�e
t of 
ertain rationality
onditions on the en
oding of an obje
t 
lass. Our �rst rationality 
onditionrequires to �x not only the ground �eld, namely Q , but also its algebrai

losure, namely C .Let be given a data stru
ture D and an obje
t 
lass O and supposethat D and O are Q{
onstru
tible subsets of the ambient spa
es A L andA N respe
tively. Let be given an en
oding ! : D ! O and suppose that! is Q{de�nable and holomorphi
. Let us denote by m the maximal lo
alembedding dimension of the Q{Zariski 
losure O of the obje
t 
lass O at anypoint of O (i.e. m is the maximal C {ve
tor spa
e dimension of the Zariskitangent spa
e of the algebrai
 variety O at any point).The �rst rationality 
ondition we are going to 
onsider is the following:for any obje
t � = (�1; : : : ; �N ) 2 O there exists a 
ode � = (�1; : : : ; �L) 2!�1(�) with �1; : : : ; �L 2 Q [�℄.Suppose now that ! satis�es this rationality 
ondition, that D and O areQ{de�nable 
losed subvarieties of A L and A N and that O is Q{irredu
ible.Sin
e the trans
enden
e degree of C over Q is in�nite, there exists a generi
element b = (b1; : : : ; bN ) of O su
h that the 
anoni
al spe
ialization ofthe 
oordinate ring Q [O℄ of the irredu
ible algebrai
 variety O onto Q [b℄ isinje
tive. Therefore we have Q [O℄ �= Q [b℄. By hypothesis there exists a 
odea = (a1; : : : ; aL) 2 !�1(b) with a1; : : : ; aL 2 Q [b℄. Denote by Y1; : : : ; YN the
oordinate fun
tions of the aÆne spa
e A N . Then there exist polynomials 1; : : : ;  L 2 Q [Y1 ; : : : ; YN ℄ with ak =  k(b1; : : : ; bN ) for 1 � k � L.Sin
e O and D are 
losed subvarieties of A N and A L respe
tively, thisimplies that  := ( 1; : : : ;  L) indu
es a Q{de�nable morphism of algebrai
47



varieties whi
h mapsO intoD and whi
h we denote by  : O ! D. Moreoverwe have ! Æ  = idO. Therefore for any � 2 O the C {linear map T (�)(!) :T (�)(D)! T�(O) is surje
tive (here T (�)(D) and T�(O) denote the Zariskitangent spa
es of the algebrai
 varieties D and O at the points  (�) and� respe
tively and T (�)(!) denotes the tangent map indu
ed by ! at thepoint  (�)).Sin
e the obje
t 
lass O is irredu
ible and Zariski 
losed in A N , we may
hoose a point �0 2 O with dimC T�0(O) = m (here dimC T�0(O) denotesthe C {ve
tor spa
e dimension of the Zariski tangent spa
e T�0(O)). Sin
eT (�0)(!) : T (�0)(D) ! T�0(O) is a surje
tive C {linear map, we 
on
ludeL � dimC T (�0)(D) � m. Therefore any en
oding of the data stru
ture Odof Se
tion 4.1 or of the data stru
ture O(n) of Se
tion 4.2 whi
h satis�es therationality 
ondition above has at least size d or size 2n respe
tively.Now we are going to dis
uss a se
ond rationality 
ondition whi
h 
omesmu
h 
loser to the usual requirements in the design of pra
ti
al algorithms.For the sake of su

in
tness of exposition we shall omit proofs (they arebased on Hilbert's Irredu
ibility Theorem and L�uroth's Theorem and willbe published in forth
oming paper).Informally, we may state our se
ond rationality requirement as follows:suppose that the obje
t 
lass O 
ontains \many" integer obje
ts (i.e. pointswhi
h belong to ZN). Then there exist \suÆ
iently many" integer obje
tsof O su
h that for ea
h su
h obje
t O 2 O \ ZN there exists an integer
ode D 2 D \ ZL with !(D) = O. In order to guarantee the existen
eof suÆ
iently many integer obje
ts in O we require that there is given anen
oding !� : A L� ! O of the obje
t 
lass O su
h that !� is de�nable bypolynomials with integer 
oeÆ
ients. Thus !� maps integer 
odes of A L�onto integer obje
ts of O.For te
hni
al reasons we shall need the following additional assumptions:we suppose that D is a Q{de�nable, Q{irredu
ible subvariety of A L andthat the given en
oding ! : D ! O is de�nable by polynomials with integer
oeÆ
ients. This implies that the 
losed subvariety O of A N is Q{de�nableand Q{irredu
ible too. Moreover we suppose dimD = dimO. Thereforethere exists a Zariski open subset of O whi
h is 
ontained in O = !(D),su
h that ea
h point of this subset has a nonempty, �nite !{�ber. Withthese notations and assumptions we are able to state the following result:Proposition 3 Suppose that there exists a nonempty Q{de�nable, Zariskiopen subset U of A L� with the following property: for any 
ode D� 2 U \ZL�there exists a 
ode D 2 D \ ZL with !�(D�) = !(D).Then there exists a Q{de�nable morphism � : A L� ! D and a subset U0of U \ ZL� su
h that the following 
onditions are satis�ed:(i) U0 is Zariski{dense in A L� . 48



(ii) ! Æ � = !�.(iii) �(D�) 2 D \ ZL for any D� 2 U0.Suppose additionally L� := 1 and that the leading 
oeÆ
ients of all non
on-stant polynomials o

urring in the de�nition of !� have greatest 
ommondivisor one. Suppose furthermore that for any integer obje
t O 2 O \ ZNthere exists an integer 
ode D 2 D\ZL with O = !(D). Then ! is a robusten
oding.We may paraphrase the �rst part of Proposition 3 as follows:if the en
oding ! : D ! O admits for any obje
t of O, whi
h allows aninteger en
oding by !�, an integer en
oding by !, then the en
oding !�may be transformed into the en
oding ! by means of an algorithm in thesense of Se
tions 4.1 and 4.2. This motivates the notion of (bran
hing{free)algorithm whi
h we introdu
ed before and whi
h we shall 
ontinue to use inthe remaining part of this paper.The se
ond part of Proposition 3 says roughly the following: if a given Q{de�nable holomorphi
 en
oding of an in�nite obje
t 
lass by a data stru
tureof size one satis�es our se
ond rationality 
ondition, then this en
oding isne
essarily robust. Therefore the paradigm of Se
tion 4.1 is representativefor this type of en
odings.5 The 
omplexity of elimination algorithms.5.1 Flat families of zero{dimensional elimination problems.Let, as before, k be an in�nite and perfe
t �eld with algebrai
 
losure �k andlet U1; : : : ; Ur;X1; : : : ;Xn; Y be indeterminates over k. In the sequel weshall 
onsider X1; : : : ;Xn and Y as variables and U1; : : : ; Ur as parameters.Let U := (U1; : : : ; Ur) and X := (X1; : : : ;Xn) and let G1; : : : ; Gn and F bepolynomials belonging to the k-algebra k[U;X℄ := k[U1; : : : ; Ur;X1; : : : ;Xn℄.Suppose that the polynomialsG1; : : : ; Gn form a regular sequen
e in k[U;X℄de�ning thus an equidimensional subvariety V := fG1 = 0; : : : ; Gn = 0g ofthe (r + n){dimensional aÆne spa
e A r � A n . The algebrai
 variety V hasdimension r. Let Æ be the (geometri
) degree of V (observe that this de-gree does not take into a

ount multipli
ities or 
omponents at in�nity).Suppose furthermore that the morphism of aÆne varieties � : V ! A r ,indu
ed by the 
anoni
al proje
tion of A r � A n onto A r , is �nite and gener-i
ally unrami�ed (this implies that � is 
at and that the ideal generatedby G1; : : : ; Gn in k[U;X℄ is radi
al). Let ~� : V ! A r+1 be the morphismde�ned by ~�(z) := (�(z); F (z)) for any point z of the variety V . The imageof ~� is a hypersurfa
e of A r+1 whose minimal equation is a polynomial ofk[U; Y ℄ := k[U1; : : : ; Ur; Y ℄ whi
h we denote by P . Let us write degP forthe total degree of the polynomial P and degY P for its partial degree in the49



variable Y . Observe that P is moni
 in Y and that degP � Æ degF holds.Furthermore, for a Zariski dense set of points u of A r , we have that degY Pis the 
ardinality of the image of the restri
tion of F to the �nite set ��1(u).The polynomial P (U;F ) vanishes on the variety V .Let us 
onsider an arbitrary point u := (u1; : : : ; ur) of A r . For arbitrarypolynomials A 2 k[U;X℄ and B 2 k[U; Y ℄ we denote by A(u) and B(u) thepolynomials A(u1; : : : ; ur;X1; : : : ;Xn) and B(u1; : : : ; ur; Y ) whi
h belongto k(u)[X℄ := k(u1; : : : ; ur)[X1; : : : ;Xn℄ and k(u)[Y ℄ := k(u1; : : : ; ur)[Y ℄respe
tively. Similarly we denote for an arbitrary polynomial C 2 k[U ℄ byC(u) the value C(u1; : : : ; ur) whi
h belongs to the �eld k(u) := k(u1; : : : ; ur).The polynomialsG(u)1 ; : : : ; G(u)n de�ne a zero dimensional subvariety V (u) :=fG(u)1 = 0; : : : ; G(u)n = 0g = ��1(u) of the aÆne spa
e A n . The degree (i.e.the 
ardinality) of V (u) is bounded by Æ. Denote by ~�(u) : V (u) ! A 1 themorphism indu
ed by the polynomial F (u) on the variety V (u). Observethat the polynomial P (u) vanishes on the (�nite) image of the morphism~�(u). Observe also that the polynomial P (u) is not ne
essarily the minimalequation of the image of ~�(u).We 
all the equation system G1 = 0; : : : ; Gn = 0 and the polynomialF a 
at family of zero{dimensional elimination problems depending on theparameters U1; : : : ; Ur and we 
all P the asso
iated elimination polynomial.An element u 2 A r is 
onsidered as a parameter point whi
h determinesa parti
ular problem instan
e. The equation system G1 = 0; : : : ; Gn = 0together with the polynomial F is 
alled the general instan
e of the given 
atfamily of elimination problems and the elimination polynomial P is 
alledthe general solution of this 
at family. A bran
hing{free algorithm whi
hin terms of suitable data stru
tures 
omputes from a given representationof the general problem instan
e G1 = 0; : : : ; Gn = 0; F a representation ofits general solution P is 
alled a Krone
ker{like elimination pro
edure (seeSe
tion 1.2).The parti
ular problem instan
e determined by the parameter point u 2A r is given by the equations G(u)1 = 0; : : : ; G(u)n = 0 and the polynomial F (u).The polynomial P (u) is 
alled a solution of this parti
ular problem instan
e.We 
all two parameter points u; u0 2 A r equivalent (in symbols: u � u0) ifG(u)1 = G(u0)1 ; : : : ; G(u)n = G(u0)n and F (u) = F (u0) holds. Observe that u � u0implies P (u) = P (u0). We 
all polynomials A 2 k[U;X℄, B 2 k[U; Y ℄ andC 2 k[U ℄ invariant (with respe
t to �) if for any two parameter points u; u0of A r with u � u0 the respe
tive identities A(u) = A(u0), B(u) = B(u0) andC(u) = C(u0) hold.Let us 
onsider the set of parameter points of A r as data stru
turewhi
h en
odes the obje
t 
lass O := f(G(u)1 ; : : : ; G(u)n ; F (u));u 2 A rg. The
orresponding en
oding ! : A r ! O is de�ned for u 2 A r by !(u) :=50



(G(u)1 ; : : : ; G(u)n ; F (u)). Observe that ! is k{de�nable and holomorphi
. LetD� be a k{
onstru
tible data stru
ture of size L� whi
h en
odes the ob-je
t 
lass O� := fP (u);u 2 A rg by means of a given k{de�nable, holo-morphi
 en
oding !� : D� ! O�. Let us 
onsider O as input and O�as output obje
t 
lass of a given bran
hing{free Krone
ker{like eliminationpro
edure. Suppose that this elimination pro
edure is determined by poly-nomials �1; : : : ; �L� 2 k[U ℄ su
h that � := (�1; : : : ; �L�) indu
es a k{de�nablemap from A r into D� whi
h we denote by � : A r ! D�. This means that forany parameter point u 2 A r , the given elimination pro
edure, whi
h we de-note also by �, satis�es the 
ondition !���(u)� = P (u). Suppose furthermorethat the elimination pro
edure � is totally division{free (this means that thegeneral solution P of the given elimination problem belongs to k[�℄[Y ℄; seeSe
tion 2.2). We 
all � invariant (with respe
t to the equivalen
e relation�) if �1; : : : ; �L� are invariant polynomials. The invarian
e of the elimina-tion pro
edure � means that for any input 
ode u 2 A r the 
ode �(u) 2 D�of the 
orresponding output obje
t P (u) depends only on the input obje
t,namely (G(u)1 ; : : : ; G(u)n ; F (u)) 2 �k(u)[X℄�n+1 and not on its parti
ular rep-resentation u. Said otherwise, an invariant elimination pro
edure produ
esthe solution of a parti
ular problem instan
e in a way whi
h is independentof the possibly di�erent representations of the given problem instan
e.Sin
e all known Krone
ker{like elimination pro
edures produ
e for 
atfamilies of zero{dimensional elimination problems a bran
hing and totallydivision{free representation of the output polynomial, and sin
e they arebased on the manipulation of the input obje
ts (and not on their parti
u-lar representations) by means of linear algebra or 
omprehensive Gr�obnerbasis te
hniques, we 
on
lude that these algorithms are in fa
t invariantelimination pro
edures.Typi
al examples of su
h pro
edures are furnished by bla
k{box algo-rithms. With the notations introdu
ed before, we 
all the elimination pro-
edure � a bla
k{box algorithm if for any input 
ode u 2 A r , the pro
edure� 
alls only for evaluations of the input obje
t (G(u)1 ; : : : ; G(u)n ; F (u)) on spe-
ializations of the variables X1; : : : ;Xn to assignment values whi
h belongto suitable 
ommutative k[u℄{algebras.A (bran
hing{parsimonious) 
omputer program for elimination taskswhi
h 
alls its input polynomials only by their spe
i�
ation as evaluationpro
edures, represents ne
essarily a bla
k{box algorithm.We are now going to introdu
e a slight generalization of the notion ofinvarian
e of the elimination pro
edure �.Let D� := ��!(u); �(u)�;u 2 A r	 and let !� : D� ! O be the 
anoni
al�rst proje
tion of D� onto the obje
t 
lass O. One veri�es immediately thatD� is a Q{de�nable data stru
ture and that !� is a Q{de�nable holomorphi
en
oding of the obje
t 
lass O. Observe that D� and O are irredu
ible 
losedsubvarieties of their 
orresponding aÆne ambient spa
es.51



De�nition 5 Let notations and assumptions be as before. We 
all the elim-ination pro
edure � robust if the following 
ondition is satis�ed:let u 2 A r be a given parameter point determining the input obje
t(G(u)1 ; : : : ; G(u)n ; F (u)) 2 O and let mu be the maximal de�ning ideal of thisinput obje
t in C [O ℄. Then the lo
al ring C [D�℄mu is a �nite C [O ℄mu{module.In other words, the elimination pro
edure � is robust if and only if !� isa robust holomorphi
 en
oding.Observe that an invariant elimination pro
edure is robust.If � is a robust elimination pro
edure, then one sees easily that thefollowing 
ondition is satis�ed:(i) for any parameter point u 2 A r , the setf�(v); v 2 A r ; G(v)1 = G(u)1 ; : : : ; G(v)n = G(u)n ; F (v) = F (u)gis �nite.In 
ase k := Q and k := C , one dedu
es easily from Lemma 3 thatDe�nition 5 is equivalent to the following 
ondition:(ii) let (ui)i2N be a sequen
e of parameter points of A r en
oding a sequen
eof input obje
ts �(G(ui)1 ; : : : ; G(ui)n ; F (ui))�i2N. Suppose that there existsa parameter point u 2 A r su
h that (G(u)1 ; : : : ; G(u)n ; F (u)) 2 O is anlimit point of the sequen
e of input obje
ts �(G(ui)1 ; : : : ; G(ui)n ; F (ui))�i2N(with respe
t to the strong topology). Then the sequen
e (�(ui))i2N hasan a

umulation point.Observe that 
ondition (ii) gives an intuitive meaning to the te
hni
alDe�nition 5.5.2 Parametri
 greatest 
ommon divisors and their 
ompu-tation.Let us now introdu
e the notion of parametri
 greatest 
ommon divisor of agiven algebrai
 family of polynomials and let us 
onsider the 
orrespondingalgorithmi
 problem. We are going to use the same notations as in Se
tions2.2 and 5.1.Suppose that there is given a positive number s of nonzero polynomials,say B1; : : : ; Bs 2 k[U1; : : : ; Ur; Y ℄. Let V := fB1 = 0; : : : ; Bs = 0g. Sup-pose that V is nonempty. We 
onsider now the morphism of aÆne varieties� : V �! A r , indu
ed by the 
anoni
al proje
tion of A r � A 1 onto A r . LetS be the Zariski 
losure of �(V ) and suppose that S is an irredu
ible 
losedsubvariety of A r . Let us denote by k[S℄ the 
oordinate ring of S. Sin
e S is52



irredu
ible we 
on
lude that k[S℄ is a domain with a well de�ned fun
tion�eld whi
h we denote by k(S).Let b1; : : : ; bs 2 k[S℄[Y ℄ be the polynomials in the variable Y with 
oef-�
ients in k[S℄, indu
ed by B1; : : : ; Bs. Suppose that there exists an index1 � k � s with bk 6= 0. Without loss of generality we may suppose that forsome index 1 � q � s the polynomials b1; : : : ; bq are exa
tly the non{zeroelements of b1; : : : ; bs. Observe that ea
h polynomial b1; : : : ; bq has positivedegree (in the variable Y ).We 
onsider b1; : : : ; bq as an algebrai
 family of polynomials (in the vari-able Y ) and B1; : : : ; Bq as their representatives. The polynomials b1; : : : ; bqhave in k(S)[Y ℄ a well de�ned normalized (i.e. moni
) greatest 
ommondivisor, whi
h we denote by h. Let D be the degree of h (with respe
t tothe variable Y ).We are now going to des
ribe 
ertain geometri
 requirements whi
h willallow us to 
onsider h as a parametri
 greatest 
ommon divisor of the alge-brai
 family of polynomials b1; : : : ; bq.Our �rst requirement is D � 1. Moreover we require that for any pointu 2 S and any pla
e ' : k(S) ! k [ f1g, whose valuation ring 
ontainsthe lo
al ring of the variety S at the point u, the values of the 
oeÆ
ientsof the polynomial h 2 k(S)[Y ℄ under ' are �nite and uniquely determinedby the point u. In this way the pla
e ' maps the polynomial h to a moni
polynomial of degree D in Y with 
oeÆ
ients in k. This polynomial de-pends only on the point u 2 S and we denote it therefore by h(u)(Y ). Inanalogy with this notation we write bk(u)(Y ) := Bk(u)(Y ) for 1 � k � q.Sin
e h is moni
 one 
on
ludes easily that h(u)(Y ) divides the polynomialsb1(u)(Y ); : : : ; bq(u)(Y ) (and hen
e their greatest 
ommon divisor if not allof them are zero).We say that a polynomialH of k(U1; : : : ; Ur)[Y ℄ with degYH = D repre-sents the greatest 
ommon divisor h 2 k(S)[Y ℄ if the 
oeÆ
ients of H withrespe
t to the variable Y indu
e well{de�ned rational fun
tions of the vari-ety S and if these rational fun
tions are exa
tly the 
oeÆ
ients of h (withrespe
t to the variable Y ).Suppose now that the polynomials B1; : : : ; Bs 2 k[U1; : : : ; Ur; Y ℄ satisfyall our requirements for any point u 2 S. Then we say that for the algebrai
family of polynomials b1; : : : ; bq 2 k(S)[Y ℄ a parametri
 
ommon divisorexists and we 
all h 2 k(S)[Y ℄ the parametri
 greatest 
ommon divisor ofb1; : : : ; bq. Any polynomial H 2 k(U1; : : : ; Ur)[Y ℄ whi
h represents h issaid to represent the parametri
 greatest 
ommon divisor asso
iated to thepolynomials B1; : : : ; Bs.A moni
 squarefree polynomial bh 2 k(S)[Y ℄ with the same zeroes as h inan algebrai
 
losure of k(S), is 
alled the generi
ally squarefree parametri
greatest 
ommon divisor of the algebrai
 family b1; : : : ; bq 2 k[S℄[Y ℄ if bh sat-53



is�es the requirements imposed above on h. In this 
ase we say that for thealgebrai
 family of polynomials b1; : : : ; bq 2 k[S℄[Y ℄ a generi
ally squarefreeparametri
 greatest 
ommon divisor exists. The notion of a representativeof bh is de�ned in the same way as for h.Let us 
onsider A r as input data stru
ture of size r with S the set ofadmissible input instan
es and let us 
onsider the problem of 
omputing theparametri
 greatest 
ommon divisor h by means of an essentially division{free algorithm for any admissible input instan
e u 2 S.Su
h an algorithm, with output data stru
ture of size m, is representedby m rational fun
tions �1; : : : ; �m 2 k(S) su
h that the parametri
 greatest
ommon divisor h belongs to the k{algebra k[�1; : : : ; �m℄[Y ℄. Re
all that ourassumptions on h imply that for any input instan
e u 2 S the polynomialh(u)(Y ) 2 k[Y ℄ is well de�ned. Consequently we shall require that for anyinput instan
e u 2 S and any pla
e ' : k(S) ! k [ f1g, whose valua-tion ring 
ontains the lo
al ring of the variety S at the point u, the values'(�1); : : : ; '(�m) are �nite and uniquely determined by the input instan
eu. If this requirement is satis�ed we shall say that our algorithm 
omputesthe parametri
 greatest 
ommon divisor h of the algebrai
 family of poly-nomials b1; : : : ; bq for any admissible input instan
e u 2 S. Observe that inthis 
ase the rational fun
tions �1; : : : ; �m belong to the integral 
losure ofk[S℄ in k(S).In 
on
rete situations it is reasonable, however not required by the math-emati
al arguments we will apply in this paper, to in
lude the followingitems in the notion of an algorithm whi
h 
omputes the parametri
 greatest
ommon divisor h of the algebrai
 family of polynomials b1; : : : ; bq:� an expli
it representation of the rational fun
tions �1; : : : ; �m by nu-merator and denominator polynomials belonging to k[U1; : : : ; Ur℄,� an expli
it de�nition of the 
losed subvariety S of A r by polynomialsbelonging to k[U1; : : : ; Ur℄.The numerator and denominator polynomials representing the rational fun
-tions �1; : : : ; �m and the polynomials of k[U1; : : : ; Ur℄ de�ning the 
losedvariety S should then be holomorphi
ally en
oded by a suitable data stru
-ture.If there exists for the algebrai
 family of polynomials b1; : : : ; bq a gener-i
ally squarefree parametri
 greatest 
ommon divisor bh, we shall apply thesame terminology to any essentially division{free algorithm whi
h 
omputesbh.
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5.3 A parti
ular 
at elimination problem.Changing slightly the notations of Se
tion 5.1 put now r := n+1, T := Un+1,U := (U1; : : : ; Un). Let us 
onsider the following polynomials of Q [T;U;X℄:G1 := X21 �X1; : : : ; Gn := X2n �Xn;Fn := nXi=1 2i�1Xi + T nYi=1 �1 + (Ui � 1)Xi�: (11)We may interpret the polynomial equation system G1 = 0; : : : ; Gn = 0; Y =Fn as a \deformation" of the parti
ular (zero{dimensional) knapsa
k systemX21 �X1 = 0; : : : ;X2n �Xn = 0; Y = nXi=1 2i�1Xi: (12)System (12) en
odes for any spe
ialization of the variable Y into an integer0 � y � 2n � 1 the bit representation of y. The elimination of the variablesX1; : : : ;Xn in (12) leads to the Po
hhammer{Wilkinson polynomial whosezeros are the integers between 0 and 2n � 1.It is 
lear from their de�nition that the polynomials G1; : : : ; Gn and Fn
an be evaluated by a totally division{free arithmeti
 
ir
uit � of size O(n)in Q [T;U;X ℄. Observe that the polynomials G1; : : : ; Gn do not depend onthe parameters T;U1; : : : ; Un and that their degree is two. The polynomialFn is of degree 2n+ 1. More pre
isely, we have degX Fn = n, degU Fn = n,and degT Fn = 1. Although the polynomial Fn may be evaluated by atotally division{free 
ir
uit of size O(n), the sparse representation of Fn, asa polynomial over Q in the variables T;U1; : : : ; Un;X1; : : : ;Xn, 
ontains 3nnonzero monomial terms and, as a polynomial over Q [T;U1 ; : : : ; Un℄ in thevariables X1; : : : ;Xn, it 
ontains 2n nonzero terms.Let us now verify that the polynomials G1; : : : ; Gn and Fn form a 
atfamily of elimination problems depending on the parameters T;U1; : : : ; Un.The variety V := fG1 = 0; : : : ; Gn = 0g is nothing but the union of 2naÆne linear subspa
es of A n+1 � A n , ea
h of them of the form A n+1 � f�g,where � is a point of the hyper
ube f0; 1gn. The 
anoni
al proje
tion A n+1�A n ! A n+1 indu
es a morphism � : V ! A n+1 whi
h glues together the
anoni
al proje
tions A n+1 � f�g ! A n+1 for any � in f0; 1gn. Obviouslythe morphism � is �nite and unrami�ed. In parti
ular � has 
onstant �breswhi
h are all 
anoni
ally isomorphi
 to the hyper
ube f0; 1gn.Let (j1; : : : ; jn) be an arbitrary point of f0; 1gn and let j :=P1�i�n ji2i�1be the integer 0 � j < 2n whose bit representation is jnjn�1 : : : j1. One ver-i�es immediately the identityFn(T;U1; : : : ; Un; j1; : : : ; jn) = j + T nYi=1U jii :55



Therefore for any point (t; u1; : : : ; un; j1; : : : ; jn) 2 V with j :=Pni=1 ji2i�1we have Fn(t; u1; : : : ; un; j1; : : : ; jn) = j + t nYi=1 ujii :From this observation we dedu
e easily that the elimination polynomialasso
iated with the 
at family of zero{dimensional elimination problemsdetermined by the polynomials G1; : : : ; Gn and F is in fa
t the polynomialPn = 2n�1Yj=0 (Y � (j + T nYi=1Ui[j℄i))of Se
tion 4.2. With the notations of Se
tion 4.2, this polynomial has theform Pn = Y 2n +P1�k�2n B(n)k Y 2n�k� Y 2n +P1�k�2n(�(n)k + TL(n)k )Y 2n�k modulo T 2; (13)with �(n)k := (�1)kP1�j1<���<jk<2n j1 � � � jk for 1 � k � 2n.Let us 
onsiderOn := nF (t;u)n ; t 2 A 1 ; u := (u1; : : : ; un) 2 A n ;F (t;u)n :=Pni=1 2i�1Xi + tQni=1 �1 + (ui � 1)Xi�oas input obje
t 
lass of our 
at family of zero{dimensional eliminationproblems, the aÆne spa
e A 1 � A n as input data stru
ture and the map!n : A 1 � A n ! On de�ned for (t; u) 2 A 1 � A n by !n(t; u) := F (t;u)n as aQ{de�nable holomorphi
 en
oding of the input obje
t 
lass On.Let us 
onsider the set of univariate polynomialsO�n := nP (t;u)n ; t 2 A 1 ; u := (u1; : : : ; un) 2 A n ;P (t;u)n :=Q2n�1j=0 �Y � (j + tQni=1 ui[j℄i)�oas output obje
t 
lass and let be given a Q{
onstru
tible output data stru
-ture D�n of size m�n and a Q{de�nable, holomorphi
 en
oding !�n : D�n ! O�n.Finally let be given a totally division{free elimination pro
edure �n : A 1 �A n ! D�n (in the sense of Se
tion 5.1) whi
h solves the zero{dimensionalelimination problem determined by the polynomialsG1; : : : ; Gn and Fn. Ob-serve that the size of our input data stru
ture is n+ 1. With this notationswe have the following result:Theorem 3 Assume that the elimination pro
edure �n is robust in the senseof De�nition 5. Then the size m�n of the output data stru
ture D�n satis�esthe estimate m�n � 2n:56



Proof.{ Sin
e the arguments of this proof are similar to those used inSe
tion 4.2, we shall be 
on
ise in our presentation.Representing the univariate polynomials belonging to O�n by their 
oef-�
ients we may identify the output obje
t 
lass O� with the 
orrespondingsubset of the ambient spa
e A 2n . With this interpretation the en
oding!�n : D� ! O� be
omes indu
ed by a polynomial map from the aÆne spa
eA m�n to the aÆne spa
e A 2n . Therefore !�nÆ�n : A n+1 ! A 2n is a polynomialmap too.Let fn :=Pni=1 2i�1Xi, let�n := (�(n)1 ; : : : ; �(n)2n ) = 0�(�1)k X1�j1�����jk<2n j1 � � � jk1A1�k�2nand let u be an arbitrary point of A n . From (11) and (13) we dedu
eF (0;u)n = fn and P (0;u)n = Y 2n + �(n)1 Y 2n�1 + � � � + �(n)2n . In parti
ular wehave �n = !�n��n(0; u)�. This implies that the �ber (!�n Æ �n)�1(�n) 
ontainsthe hypersurfa
e f0g � A n of the aÆne spa
e A 1 � A n . Moreover, sin
e theelimination algorithm �n is robust, we dedu
e from 
ondition (i) of Se
tion5.1 and from F (0;u)n = fn that there are only �nitely many possible values for�n(0; u). More pre
isely, the set f�n(0; v); v 2 A ng is �nite. Sin
e f0g � A nis irredu
ible we 
on
lude now that there exists an output 
ode � 2 D�with �n(f0g � A n) = f�g. From f0g � A n � (!�n Æ �n)�1(�n) we dedu
e!�n(�) = �n.Let 
u : A 1 ! A m�n and Æu : A 1 ! A 2n be the polynomial maps de�nedfor t 2 A 1 by 
u(t) := �n(t; u) and Æu(t) := !�n��n(t; u)�. We have 
u(0) := �,Æu(0) = �n and !�n Æ 
u = Æu.The following argumentation is exa
tly the same as in the proof of Propo-sition 2 of Se
tion 4.2. First we dedu
e from (13) that�L(n)1 (u); : : : ; L(n)2n (u)� = Æ0u(0) = (D!�n)��
0u(0)�holds. Then we infer from Lemma 6 that there exist points u1; : : : ; u2n 2 A nsu
h that the (2n � 2n){matrix �L(n)i (uj)�1�i;j�2n is nonsingular. This im-plies that Æ0u1(0); : : : ; Æ0u2n (0) are linearly independent elements of the C {ve
tor spa
e A 2n . Sin
e (D!�n)� : A m�n ! A 2n is a C {linear map, we
on
lude that 
0u1(0); : : : ; 
0u2n (0) are linearly independent elements of theC {linear spa
e A m�n and �nally that m�n � 2n holds.Suppose that there is given a pro
edure P whi
h �nds for suitable en-
odings of input and output obje
ts the solution for ea
h instan
e of any 
atfamily of zero{dimensional elimination problems. Suppose furthermore thatthe pro
edure P, applied to any 
at family of zero{dimensional eliminationproblems produ
es a robust (e.g. bla
k box) algorithm in the sense of Se
-tion 5.1 and that P 
an be applied to the en
oding ! : A 1 � A n ! On of the57



input obje
t 
lass of the 
at family of zero{dimensional elimination prob-lems (11). Then Theorem 3 implies that P requires exponential sequentialtime on in�nitely many inputs. On the other hand one sees easily that theredo exist single exponential time pro
edures of this kind (see [31, Se
tion 3.4℄and the referen
es 
ited there). Therefore the sequential time 
omplexity ofzero{dimensional (parametri
) elimination performed by this kind of pro
e-dures is intrinsi
ally exponential. Observe in parti
ular that this 
on
lusionis valid for suitable 
ir
uit en
odings of input and output obje
ts (see [45,Theorem 1℄ and [31, Theorem 2℄).The sparse en
oding of the obje
t 
lass On, de�ned by the polynomialFn =Pni=1 2i�1Xi + T Qni=1 �1 + (Ui � 1)Xi�, is of size 3n. Therefore, fromthe point of view of \
lassi
al" parametri
 (i.e. bran
hing{free) eliminationpro
edures (based on the sparse or dense en
oding of polynomials by their
oeÆ
ients), it is not surprising that the sequential time be
omes exponen-tial in n for the 
omputation of the solution of the general problem instan
e(11), even if we 
hange the data stru
ture representing the output obje
ts(see e.g. [30℄ and [56℄, [57℄ for this type of 
hange of data stru
tures).Let us therefore look at the following 
at family of zero{dimensionalelimination problems eG1; : : : ; eG3n�1; eF 2 Q [T;U1 ; : : : ; Un;X1; : : : ;X3n�1℄in the parameters T;U1; : : : ; Un and the variables X1; : : : ;X3n�1. This fam-ily 
ontains only sparse polynomials of at most four monomial terms:eG1 := X21 �X1; : : : ; eGn := X2n �Xn;eGn+1 := Xn+1 � 21X2 �X1;eGn+2 := Xn+2 �Xn+1 � 22X3;...eG2n�1 := X2n�1 �X2n�2 � 2n�1XneG2n := X2n � U1X1 +X1 � 1 = X2n � �1 + (U1 � 1)X1�;eG2n+1 := X2n+1 � U2X2nX2 +X2nX2 �X2n= X2n+1 �X2n�1 + (U2 � 1)X2�;...eG3n�1 := X3n�1 � UnX3n�2Xn +X3n�2Xn �X3n�2= X3n�1 �X3n�2�1 + (Un � 1)Xn�eFn := X2n�1 + TX3n�1:One sees easily that the solution of the general problem instan
eeG1 = 0; : : : ; eG3n�1 = 0; eFn is again the polynomial Pn 2 Q [T;U; Y ℄ of Se
-tion 4.2. The polynomials eG1; : : : ; eG3n�1; eFn determine, with the notations58



of Se
tion 5.1, the input obje
t 
lasseOn := n� eG(t;u)1 ; : : : ; eG(t;u)3n�1; eF (t;u)n �; (t; u) 2 A 1 � A noand the en
oding e!n : A 1 � A n ! eOn whi
h for t 2 A 1 , u 2 A n is de�nedby e!n(t; u) := � eG(t;u)1 ; : : : ; eG(t;u)3n�1; eF (t;u)n �. Sin
e these polynomials 
ontainaltogether exa
tly 9n�3 monomials in the variables X1; : : : ;X3n�1, we may
onsider the input obje
t 
lass eOn as a Q{
onstru
tible subset of the aÆnespa
e A 9n�3 . With this interpretation, the en
oding e!n : A 1 � A n ! eOnbe
omes Q{de�nable and holomorphi
. Applying to this situation the sameargumentation as in the proof of Theorem 3 we 
on
lude again that anybran
hing{ and totally division{free, robust elimination pro
edure, whi
h�nds from any input 
ode (t; u) 2 A 1 � A n the 
ode of the output obje
tP (t;u)n in a given data stru
ture, requires an output data stru
ture of size atleast 2n.Let us turn ba
k to the polynomial Fn =Pni=1 2i�1Xi+T Qni=1 �1+(Ui�1)Xi� of (11), to the obje
t 
lass On := �F (t;u)n ; t 2 A 1 ; u := (u1; : : : ; un) 2A n	 de�ned by Fn and to its en
oding !n := A 1�A n ! On. Sin
e the poly-nomial Fn 
ontains in the variablesX1; : : : ;Xn exa
tly 2n nonzero monomialterms we may 
onsider On as a Q{
onstru
tible subset of the aÆne spa
eA 2n and !n := A 1 � A n ! On as Q{de�nable, holomorphi
 en
oding ofthe obje
t 
lass On. One sees easily that On is a 
losed, irredu
ible andQ{de�nable subvariety of A 2n and that !n indu
es a robust en
oding of theobje
t 
lass On nfPni=1 2i�1Xig by the data stru
ture A 1 � A n n �f0g� A n�.On the other hand f0g� A n is an ex
eptional �ber of the morphism of alge-brai
 varieties !n : A 1 � A n ! On. Therefore the en
oding !n of the obje
t
lass On is not robust. On the other hand, by similar arguments as in Se
-tion 4.2, we may show that any robust en
oding of On has size at least 2n.Therefore Theorem 3 says only that any bran
hing{ and totally division{free robust elimination pro
edure ne
essarily transfers a 
ertain obstru
tionhidden in the given en
oding of the input obje
t Fn to the en
oding of theoutput obje
t Pn.However, Theorem 3 does not say that the pro
ess of elimination 
reatesa genuine 
omplexity problem for the en
oding of the output obje
t. Inparti
ular we are not able to dedu
e from Theorem 3 that the sequen
e ofpolynomials (Pn)n2N is hard to evaluate. In fa
t, for n 2 N the polynomialPn admits a short, Q{de�nable, holomorphi
 en
oding by the data stru
tureA 1 � A n and the sequen
e of polynomials (Pn)n2N may in prin
iple be easyto evaluate. However, in the latter 
ase, no bran
hing{ and totally division{free, robust elimination pro
edure will be able to dis
over this fa
t.
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5.4 The hardness of universal elimination.In this se
tion we are going to show the se
ond main result of this pa-per, namely Theorem 4 below, whi
h says that there exists no universalpolynomial sequential time elimination algorithm P satisfying the following
ondition:P is able to 
ompute equations for the Zariski 
losure of any given 
on-stru
tible set and the generi
ally square{free parametri
 greatest 
ommondivisor of any given algebrai
 family of univariate polynomials (see Se
tions2.2 and 5.1 for the 
omputational model).The following 
onsiderations are devoted to the pre
ise statement andthe proof of Theorem 4 below.We shall fo
us our attention to a parti
ular elimination problem, de�nedby a sequen
e of prenex existential input formulas, to whi
h we asso
iatesuitable 
anoni
al output obje
ts. In this 
ontext, we shall introdu
e ouralgorithmi
 model of elimination pro
edures. Finally we shall show thatthese pro
edures are not able to solve the given elimination problem inpolynomial time.Input formulas and output obje
ts. Let us suppose again k := Q andk := C . Let n be a �xed natural number, let m(n) := 4n + 10 and letT;U1; : : : ; Un;X1; : : : ;Xn and S1; : : : ; Sm(n); Y be indeterminates over Q .Let U := (U1; : : : ; Un), X := (X1; : : : ;Xn), S := (S1; : : : ; Sm(n)) and letRn := Z  nXi=1 2i�1Xi + T nYi=1 �1 + (Ui � 1)Xi�! 2 Q [Z; T; U;X ℄:One sees easily that the polynomial Rn may be evaluated by a totallydivision{free arithmeti
 
ir
uit of size O(n). Observe that Rn = ZFn holds,where Fn := Pni=1 2i�1Xi + T Qni=1 �1 + (Ui � 1)Xi� is the polynomial in-trodu
ed in Se
tion 5.3.Let bOn be the Zariski 
losure of the set(R(z;t;u)n ; (z; t) 2 A 2 ; u = (u1; : : : ; un) 2 A n ;R(z;t;u)n := z nXi=1 2i�1Xi + t nYi=1 �1 + (ui � 1)Xi�!)in a suitable �nite dimensional C {linear subspa
e of C [X ℄ and let 
n :=(
(n)1 ; : : : ; 
(n)m(n)) 2 Zm(n)�n be an identi�
ation sequen
e for bOn. FromCorollary 1 we dedu
e that su
h an identi�
ation sequen
e exists and thatwe may assume without loss of generality that the absolute values of theentries of the �m(n)� n�{matrix 
n are bounded by 3n3. Observe that bOn60



is a Q{de�nable, irredu
ible, 
losed 
one of dimension at most n + 2. Weshall 
onsider bOn as obje
t 
lass of n{variate polynomial fun
tions.Let us now 
onsider the following prenex existential formula �n(S; Y ) inthe free variables S1; : : : ; Sm(n); Y and the bounded variablesX1; : : : ;Xn; Z;T; U1; : : : ; Un:(9X1) � � � (9Xn)(9Z)(9T )(9U1) � � � (9Un)� n̂i=1X2i �Xi = 0 ^ m(n)k̂=1 Sk = Rn(Z; T; U1; : : : ; Un; 
(n)k ) ^^ Y = Rn(Z; T; U1; : : : ; Un;X1; : : : ;Xn)�:Using the previously mentioned arithmeti
 
ir
uit en
oding of the poly-nomial Rn and the bit en
oding for integers, we see that the length j�nj ofthe formula �n(S; Y ) is O(n2).Observe that the quanti�er free formulaY = Rn(Z; T; U1; : : : ; Un;X1; : : : ;Xn)is equivalent to the following formula�n(Z; T; U1; : : : ; Un;X1; : : : ;Xn; Y )in the free variables Z; T; U1; : : : ; Un;X1; : : : ;Xn; Y and the bounded vari-ables Xn+1; : : : ;X3n�1, i.e. both formulas de�ne the same subset of A 2n+3(
ompare Se
tion 5.3):(9Xn+1) � � � (9X3n�1)�Xn+1 � 2X2 �X1 = 0 ^^ 2n�1^j=n+2Xj �Xj�1 � 2j�nXj�n+1 = 0 ^X2n � U1X1 +X1 � 1 = 0 ^^ 3n�1^k=2n+1Xk � Uk�2n+1Xk�1Xk�2n+1 +Xk�1Xk�2n+1 �Xk�1 = 0 ^^ Y = ZX2n�1 + ZTX3n�1�:Repla
ing now in the formula �n(S; Y ) for 1 � k � m(n) the o

urren-
ies of the subformulas Sk = Rn(Z; T; U1; : : : ; Un; 
(n)k ) by �n(Z; T; U; 
(n)k ;Sk) and the o

urren
y of Y = Rn(Z; T; U1; : : : ; Un;X1; : : : ;Xn) by�n(Z; T; U;X; Y ), we obtain another prenex existential formula e�n(S; Y ) inthe free variables S1; : : : ; Sm(n); Y and 8n2+20n�9 bounded variables. Theformula e�n(S; Y ) has length je�nj = O(n2) for the sparse en
oding of poly-nomials and the bit representation of integers. Observe that the formulas61



�n(S; Y ) and e�n(S; Y ) are equivalent and asymptoti
ally of the same lengthO(n2). Thus the formulas �n and e�n are logi
al expressions of asymptot-i
ally the same length whi
h des
ribe the same 
onstru
tible subset of theaÆne spa
e A m(n)�A 1 . The polynomials o

urring in �n(X;Y ) are given inarithmeti
 
ir
uit en
oding, whereas the polynomials o

urring in e�n(X;Y )are given in sparse en
oding. The formulas �n(X;Y ) and e�n(X;Y ) will bethe inputs for an elimination problem whi
h we are now going to des
ribein detail.In the sequel we shall restri
t our attention to the formula �n(S; Y ).Our 
onsiderations will be identi
ally valid for the formula e�n(S; Y ).Let b�n : bOn ! A m(n) be the map de�ned for R 2 bOn by b�n(R) :=�R(
(n)1 ); : : : ; R(
(n)m(n))� and let bDn be the image of b�n. From Lemma 5 wededu
e that bDn is a Q{de�nable, irredu
ible, 
losed 
one of A m(n) and thatb�n indu
es a �nite, bije
tive morphism of algebrai
 varieties b�n : bOn ! bDnwhi
h is therefore a homeomorphism with respe
t to the Zariski topologies ofbOn and bDn. In parti
ular b�n : bOn ! bDn is a homogeneous, birational map.We 
onsider bDn as a Q{de�nable data stru
ture and (b�n)�1 : bDn ! bOn asa Q{de�nable, 
ontinuous en
oding of the obje
t 
lass bOn. From a similarargument as in the proof of Proposition 2 we dedu
e that b�n : bOn ! bDnis not an isomorphism of aÆne varieties. Thus b��1n : bDn ! bOn is not aholomorphi
 en
oding of the obje
t 
lass bOn by the data stru
ture bDn, butonly a 
ontinuous one (
ompare Theorem 1). This 
ir
umstan
e 
ontributesto a 
ertain te
hni
al intri
ateness of the argumentation whi
h now follows.Observe �rst that the prenex existential formula (9Y )�n(S; Y ) des
ribesa Q{
onstru
tible subset of A m(n) whose Zariski 
losure is bDn. Observe thenthat dim bDn � dim bOn � n + 2 < 4n + 10 = m(n) holds. Therefore bDn isstri
tly 
ontained in the aÆne spa
e A m(n) . Thus the formula �n(S; Y )introdu
es an impli
it semanti
al dependen
e between the indeterminatesS1; : : : ; Sm(n). In the sequel we shall 
onsider the indeterminates S1; : : : ;Sm(n) as parameters and Y as variable.Let us now 
onsider an arbitrary point s = (s1; : : : ; sm(n)) 2 A m(n) whi
hsatis�es the formula (9Y )�n(S; Y ). Then there exist points (z; t) 2 A 2 andu = (u1; : : : ; un) 2 A n su
h that the n{variate polynomialR(z;t;u)n = z nXi=1 2i�1Xi + t nYi=1 (1 + (ui � 1)Xi)!satis�es the 
onditions1 = R(z;t;u)n (
(n)1 ); : : : ; sm(n) = R(z;t;u)n (
(n)m(n)):Sin
e 
n = (
(n)1 ; : : : ; 
(n)m(n)) 2 Zm(n)�n is an identi�
ation sequen
e forthe obje
t 
lassOn, we 
on
lude that the polynomialR(z;t;u)n 2 C [X1 ; : : : ;Xn℄62



depends only on the point s 2 A m(n) and not on its parti
ular en
od-ing (z; t; u) belonging to the data stru
ture A 2 � A n . We write thereforeR(s)n := R(z;t;u)n . LetbP (s)n := Y("1;::: ;"n)2f0;1gn �Y �R(s)n ("1; : : : ; "n)�and let us write �n(s; Y ) for the formula of the elementary language ofalgebrai
ally 
losed �elds of 
hara
teristi
 zero with 
onstants in C whi
h isobtained by spe
ializing in the formula �n(S; Y ) the variables S1; : : : ; Sm(n)into the values s1; : : : ; sm(n) 2 C . Observe that the polynomial bP (s)n is moni
of degree 2n and �n(s; Y ) 
ontains a single free variable, namely Y . One seeseasily that the formula �n(s; Y ) is equivalent to the quanti�er{free formulabP (s)n (Y ) = 0.Observe that for a suitable point s = (s1; : : : ; sm(n)) of A m(n) satisfyingthe formula (9Y )�n(S; Y ) (e.g. 
hoosing s su
h that for fn :=Pni=1 2i�1Xithe 
ondition s1 = fn(
(n)1 ); : : : ; sm(n) = fn(
(n)m(n)) is satis�ed) we obtain aunivariate separable polynomial bP (s)n of degree 2n. This implies that thereexists a nonempty Zariski open subset U of the 
losed, Q{de�nable, irre-du
ible subvariety bDn of the aÆne spa
e A m(n) su
h that U is 
ontained inthe Q{
onstru
tible subset of A m(n) de�ned by the formula (9Y )�n(S; Y )and su
h that for any point s 2 U the polynomial bP (s)n 2 C [Y ℄ is moni
 andseparable of degree 2n. Sin
e the Q{de�nable morphism b�n : bOn ! bDn is�nite, bije
tive and birational, there exists a polynomial bRn 2 Q( bDn)[X℄satisfying the following two 
onditions:� for any point s 2 bDn, any 
oeÆ
ient � of bRn and any pla
e' : C ( bDn) ! C [ f1g whose valuation ring 
ontains the lo
al ringof bDn at the point s, the value '(�) is �nite and uniquely determinedby s.� if additionally the point s satis�es the formula (9Y )�n(S; Y ), then thepolynomial '( bRn) 2 C [X ℄, obtained by spe
ializing the 
oeÆ
ients ofbRn by means of the pla
e ', satis�es the equation '( bRn) = R(s)n .With these notations, we shall write R(s)n := '( bRn) also if s does notsatisfy the formula (9Y )�n(S; Y ). LetbPn := Y("1;::: ;"n)2f0;1gn �Y � bRn("1; : : : ; "n)� 2 Q( bDn)[Y ℄:One sees easily that bPn satis�es mutatis mutandis the above two 
onditions(note that in the se
ond 
ondition '( bRn) = R(s)n has to be repla
ed by'( bPn) = P (s)n ). 63



In parti
ular the 
oeÆ
ients of bPn belong to the integral 
losure of thedomain Q [ bDn ℄ in its fun
tion �eld Q( bDn).Sin
e for any s 2 U the polynomial bP (s)n is separable of degree 2n, we 
on-
lude that bPn is a moni
, separable polynomial of degree 2n in the variableY . Let us denote by Vn the Zariski 
losure of the Q{
onstru
tible subset ofA m(n)�A 1 de�ned by the formula �n(S; Y ) and by �n : A m(n)�A 1 ! A m(n)the 
anoni
al proje
tion whi
h maps ea
h point of A m(n) � A 1 on its �rstm(n) 
oordinates. Observe that Vn is nonempty and that the Q{de�nable,irredu
ible variety bDn is the Zariski 
losure of �n(Vn) in A m(n) . Let Cbe any irredu
ible 
omponent of Vn satisfying the 
ondition �n(C) = bDn(observe that su
h an irredu
ible 
omponent exists). Let us now �x a points 2 bDn whi
h we think 
hosen generi
ally between the points of bDn. Fromthis 
hoi
e we infer immediately that the set ��1n (s) \ C is not empty andthat its elements satisfy the formula �n(S; Y ). One now sees easily that��1n (s) \ C is a nonempty and �nite set. This implies dimC = dim bDn.Observe that for any point s 2 A m(n) satisfying (9Y )�n(S; Y ), the for-mula �n(s; Y ) is equivalent to the quanti�er free formula bP (s)n (Y ) = 0.Therefore we shall 
onsider from now on bPn as the 
anoni
al output ob-je
t asso
iated to the elimination problem given by the formula �n(S; Y ) inthe parameters S1; : : : ; Sm(n) and the single variable Y . More pre
isely,our elimination task will 
onsists in the 
omputation of the polynomialbP (s)n 2 C [Y ℄ for any input instan
e s 2 bDn. In this sense, we are look-ing for output data stru
tures whi
h solve problem (ii) of Se
tion 1.2 forthe obje
t 
lass de�ned by the polynomial bPn in the parameter instan
esde�ned by the formula (9Y )�n(S; Y ).The algorithmi
 model. Suppose now that there is given an eliminationpro
edure P whi
h is universal and bran
hing{parsimonious in the sense ofSe
tion 1.2. Suppose furthermore that P a

epts as inputs prenex existen-tial input formulas of the elementary theory of algebrai
ally 
losed �elds of
hara
teristi
 zero, whose terms are polynomials in arithmeti
 
ir
uit rep-resentation (or alternatively polynomials in sparse representation). Assumethat P is asso
iated with a suitable output data stru
ture whi
h allows theholomorphi
 en
oding of polynomials and with a monotone sequential timemeasure T , and suppose that P and T satisfy the following 
onditions:(1) Let � be a given prenex existential formula of the elementary languageL of algebrai
ally 
losed �elds of 
hara
teristi
 zero with 
onstants 0,1. Suppose that the polynomial terms o

urring in the formula � areen
oded by the input data stru
ture asso
iated with the eliminationpro
edure P. Then the elimination pro
edure P produ
es a quanti�er{free formula 	 whose polynomial terms are (holomorphi
ally) en
oded64



by the output data stru
ture asso
iated with P, su
h that � and 	 areequivalent formulas. The length j	j of the output formula 	 satis�esthe estimate j	j � T (j�j).(2) Let � 2 L be a quanti�er{free formula whose polynomial terms areen
oded by the output data stru
ture asso
iated with P. Then thepro
edure P produ
es from the input � a system of polynomial equa-tions F , en
oded by the output data stru
ture asso
iated with P, su
hthat F de�nes the Zariski 
losure of the Q{
onstru
tible set de�nedby �. The size jFj of the system of polynomial equations F satis�esthe estimate jFj � T (j�j).(3) Let B be a system of polynomials en
oded by the output data stru
-ture asso
iated with the elimination pro
edure P. Suppose that Brepresents an algebrai
 family of univariate polynomials, for whi
h ageneri
ally square{free parametri
 greatest 
ommon divisor bh in thesense of Se
tion 2 exists. Then the pro
edure P produ
es from theinput B an algorithm in the sense of Se
tion 5.2 whi
h 
omputes forany admissible input instan
e of B the generi
ally square{free greatest
ommon divisor bh of the algebrai
 family of univariate polynomialsrepresented by B. Here we assume impli
itly that bh is represented bya polynomial H whi
h is en
oded by the output data stru
ture asso-
iated with the pro
edure P. With respe
t to this data stru
ture thesize jHj of the polynomial H satis�es the estimate jHj � T (jBj).Let us remark that 
ondition (1) above 
hara
terizes P as a universalelimination pro
edure in the usual sense, whereas 
onditions (2) and (3)state that P solves suitable elimination problems of type (ii) of Se
tion 1.2.In prin
iple, input and output formulas mentioned in 
ondition (1) maybe represented by algorithms whi
h admit bran
hings. If for example Puses as input and output data stru
tures for the en
oding of polynomialsarithmeti
 
ir
uits, quanti�er{free (sub{)formulas in 
ondition (1) may berepresented by arithmeti
 networks (arithmeti
{boolean 
ir
uits, see [87℄,[88℄). Nevertheless we require that the outputs mentioned in 
onditions (2)and (3) represent bran
hing{free evaluation pro
edures. All known universalelimination pro
edures satisfy with respe
t to a suitably de�ned sequentialtime 
omplexity measure 
onditions (1), (2), (3) above.End of the argumentation and 
omplexity analysis. Let us now ap-ply the given elimination pro
edure P to the input formula �n(S; Y ). Sin
eP satis�es 
ondition (1), the output is a quanti�er{free formula 	n(S; Y ) ofthe elementary language L, su
h that 	n(S; Y ) is equivalent to �n(S; Y ).Moreover, the polynomial terms o

urring in the formula 	(S; Y ) are rep-resented by the output data stru
ture asso
iated with P.65



We apply now the pro
edure P to the quanti�er{free formula 	n(S; Y ).Sin
e P satis�es 
ondition (2), the output is a �nite set Bn of polynomialsof Q [S; Y ℄ whi
h de�ne the algebrai
 variety Vn. Again, the polynomials
ontained in Bn are represented by the output data stru
ture asso
iatedwith P.Re
all that Vn is the Zariski 
losure of the Q{
onstru
tible subset ofA m(n) � A 1 de�ned by the formula �n(S; Y ) (and hen
e by the formula	n(S; Y )), that Vn is nonempty, that bDn is the Zariski 
losure of the imageof Vn under the 
anoni
al proje
tion �n : A m(n) � A 1 ! A m(n) and thatany irredu
ible 
omponent C of Vn with �n(C) = bDn satis�es the 
onditiondimC = dim bDn. Let B(n)1 ; : : : ; B(n)qn be the elements of Bn whi
h do notvanish identi
ally on the algebrai
 variety bDn� A 1 . Let b(n)1 ; : : : ; b(n)qn be theunivariate polynomials of Q [ bDn ℄[Y ℄ indu
ed by B(n)1 ; : : : ; B(n)qn on bDn � A 1 .Observe that b(n)1 6= 0; : : : ; b(n)qn 6= 0 holds. Sin
e any irredu
ible 
omponentC of Vn with �n(C) = bDn satis�es the 
ondition dimC = dim bDn andsin
e su
h an irredu
ible 
omponent exists, we 
on
lude qn � 1. Thereforeb(n)1 ; : : : ; b(n)qn is an algebrai
 family of univariate polynomials in the sense ofSe
tion 5.2.Let h 2 Q( bDn)[Y ℄ be the greatest 
ommon divisor of the polynomialsb(n)1 ; : : : ; b(n)qn in Q( bDn)[Y ℄. Sin
e for any point s 2 U the formula �n(s; Y )(and hen
e the formula 	n(s; Y )) is equivalent to the formula bP (s)n (Y ) = 0and sin
e U is a nonempty Zariski open subset of bDn, we 
on
lude thatthe moni
 polynomials h and bPn of Q( bDn)[Y ℄ have the same roots in anyalgebrai
 
losure of the �eld Q( bDn).Therefore we have deg h � deg bPn = 2n. Thus the degree of h in thevariable Y is positive.Sin
e the univariate polynomial bPn is separable, we 
on
lude, from ourprevious 
onsiderations 
on
erning the de�nition of P (s)n for arbitrary s 2bDn, that there exists a generi
ally square{free greatest 
ommon divisor forthe algebrai
 family of univariate polynomials b(n)1 ; : : : ; b(n)qn and that thisgreatest 
ommon divisor is bPn.Finally we apply the pro
edure P to the �nite set of polynomials Bn.Sin
e P satis�es 
ondition (3), the output are rational fun
tions b�(n)1 ; : : : ; b�(n)bmnof Q( bDn), su
h that b�n := (b�(n)1 ; : : : ; b�(n)bmn) represents an algorithm in thesense of Se
tion 2.2 whi
h 
omputes the generi
ally square{free parametri
greatest 
ommon divisor bPn of the algebrai
 family of univariate polynomialsb(n)1 ; : : : ; b(n)qn for any admissible input instan
e (whi
h ne
essarily belongs tobDn). Let us make this statement more pre
ise:let D�n be the Q{
onstru
tible output data stru
ture asso
iated with thepro
edure P, when P is applied to the input Bn. Then the size of D�n is bmnand we may suppose without loss of generality that D�n is a 
losed subvariety66



of the aÆne spa
e A bmn . Then the 
losure of the image of b�n is 
ontained inD�n and therefore we may interpret b�n as a dominant rational map from bDnto D�n.The output data stru
ture D�n en
odes a suitable output obje
t 
lass O�nof univariate polynomials by means of a Q{de�nable, holomorphi
 en
oding!�n : D�n ! O�n. The obje
t 
lassO�n 
ontains the set f bP (s)n ; s 2 bDng. Sin
e b�nis a dominant rational map, the 
omposition !�nÆb�n is well de�ned and !�nÆb�nis a rational map from bDn to the Zariski 
losure of the obje
t 
lass O�n in asuitable aÆne ambient spa
e. By assumption the algorithm b�n 
omputes thegeneri
ally square{free parametri
 greatest 
ommon divisor bPn 2 Q(Dn)[Y ℄of the algebrai
 family of univariate polynomials b(n)1 ; : : : ; b(n)qn for any ad-missible input instan
e. Thus for any input instan
e s 2 bDn and any pla
e' : C ( bDn)! C [ f1g whose valuation ring 
ontains the lo
al ring of bDn ats, the values '(b�(n)1 ); : : : ; '(b�(n)bmn) are �nite and uniquely determined by theinput instan
e s. With these notations we may therefore 
onsistently writeb�(n)1 (s) := '(b�(n)1 ); : : : ; b�(n)bmn(s) := '(b�(n)bmn) and b�n(s) := (b�(n)1 (s); : : : ; b�(n)bmn(s)).Sin
e D�n is a 
losed subvariety of A bmn we have b�n(s) 2 D�n for any s 2 bDn.We may therefore interpret b�n as a total map from bDn to D�n whose value isde�ned for any argument from bDn. With this interpretation !�nÆb�n is a totalmap from bDn to O�n satisfying the 
ondition !�n Æ b�n(s) = !�n�b�n(s)� = bP (s)nfor any s 2 bDn.The above 
onsiderations imply that the rational fun
tions b�(n)1 ; : : : ; b�(n)bmnbelong to the integral 
losure of the domain Q [ bDn ℄ in its fra
tion �eld Q( bDn).Moreover they imply that the rational fun
tion b�n, whi
h we may supposewell{de�ned for the Zariski open subset U of bDn, represents an essentiallydivision{free algorithm in the sense Se
tion 5.2 whi
h 
omputes for ea
hinput instan
e s 2 U a 
ode b�n(s) for the output obje
t bP (s)n and whi
h 
anbe uniquely extended to the limit data stru
ture bDn of U .Observe now, that spe
ializing in the polynomialRn = Z  nXi=1 2i�1Xi + T nYi=1 �1 + (Ui � 1)Xi�! 2 Q [Z; T; U;X ℄the variable Z into the value one, we obtain the polynomialFn = nXi=1 2i�1Xi + T nYi=1 �1 + (Ui � 1)Xi� 2 Q [T;U;X℄introdu
ed in Se
tion 5.3. Therefore the obje
t 
lass On := fF (t;u)n ; t 2A 1 ; u 2 A ng is 
ontained in the obje
t 
lass bOn. Sin
e bOn is Zariski 
losedin its ambient spa
e we have On � bOn. Let Dn := b�n(On). Sin
e On is a67



Q{de�nable, 
losed, irredu
ible subvariety of bOn and b�n : bOn ! bDn is a Q{de�nable, �nite, bije
tive morphism of algebrai
 varieties, we 
on
lude thatDn is a (nonempty) Q{de�nable, 
losed, irredu
ible subvariety of bDn. Forany point s 2 Dn and any pla
e ' : C ( bDn)! C [f1g whose valuation ring
ontains the lo
al ring of bDn at s, and any 
oeÆ
ient � of bPn 2 Q( bDn)[Y ℄, thevalues of '(�) and of '(b�(n)1 ); : : : ; '(b�(n)bmn) are �nite and uniquely determinedby s. Therefore there exists a moni
 polynomial �Pn 2 Q(Dn)[Y ℄ of degree2n, rational fun
tions ��(n)1 ; : : : ; ��(n)bmn and a nonempty Zariski open subset U0of Dn su
h that �Pn and ��n := (��(n)1 ; : : : ; ��(n)bmn) are well de�ned in any point sof U0 and su
h that the 
onditions �P (s)n = bP (s)n and ��(s)n = b�(s)n are satis�ed.Sin
e Q [Dn ℄ is a holomorphi
 image of Q [ bDn ℄ and sin
e the 
oeÆ
ientsof bPn and b�(n)1 ; : : : ; b�(n)bmn belong to the integral 
losure of Q [ bDn ℄ in Q( bDn),we 
on
lude that ��(n)1 ; : : : ; ��(n)bmn and the 
oeÆ
ients of �Pn belong to the in-tegral 
losure of the domain Q [Dn ℄ in its fra
tion �eld Q(Dn). In the sameway one sees that ��n represents an essentially division{free algorithm whi
h
omputes the polynomial �Pn and whi
h 
an be uniquely extended to thelimit data stru
ture Dn of U0. For any s 2 Dn we infer therefore that��n(s) := (��(n)1 ; : : : ; ��(n)bmn) is a well de�ned point of D�n and that �P (s)n is a wellde�ned, moni
, univariate polynomial of degree 2n satisfying the 
onditions��n(s) = b�n(s) and �P (s)n = bP (s)n .Consider now the Q{de�nable, holomorphi
 en
oding !n : A 1�A n ! Onof the obje
t 
lass On by the data stru
ture A 1 � A n , de�ned for (t; u) 2A 1 � A n by !n(t; u) := F (t;u)n (see Se
tion 5.3).Observe that b�n Æ !n : A 1 � A n ! Dn is a dominant morphism of Q{de�nable, irredu
ible varieties. Therefore �(n)1 := ��(n)1 Æ b�n Æ !n; : : : ; �(n)bmn :=��(n)bmn Æ b�n Æ !n are well{de�ned rational fun
tions belonging to Q(T;U). Ob-serve that b�n Æ !n indu
es a Q{algebra isomorphism whi
h maps the 
oor-dinate ring Q [Dn ℄ onto the subdomainAn := Q [Fn(T;U; 
(n)1 ); : : : ; Fn(T;U; 
(n)m(n))℄of the polynomial ring Q [T;U ℄.Sin
e the rational fun
tions ��(n)1 ; : : : ; ��(n)bmn belong to the integral 
losureof Q [Dn ℄ in Q(Dn), we 
on
lude that �(n)1 ; : : : ; �(n)bmn belong to the integral
losure of An in Q(T;U). But Q [T;U ℄ is integrally 
losed in its fra
tion�eld. This implies that �(n)1 ; : : : ; �(n)bmn are polynomials belonging to Q [T;U ℄.Thus �n := (�(n)1 ; : : : ; �(n)bmn) de�nes a morphism of algebrai
 varieties �n :
68



A 1 � A n ! D�n whi
h satis�es for any point (t; u) 2 A 1 � A n the identities!�n��n(t; u)� = !�n���n�b�n�!n(t; u)���= !�n�b�n�
�n�!n(t; u)���= bP (b�nÆ!n)(t;u)n= Y("1;::: ;"n)2f0;1gn �Y �R(b�nÆ!n)(t;u)n ("1; : : : ; "n)� :Let t 2 A 1 and u = (u1; : : : ; un) 2 A n be �xed for the moment. Observethat R(b�nÆ!n)(t;u)n is the unique polynomial of the obje
t 
lass bOn whi
hsatis�es the 
ondition�R(b�nÆ!n)(t;u)n (
(n)1 ); : : : ; R(b�nÆ!n)(t;u)n (
(n)m(n))� = b�n Æ !n(t; u):On the other hand we haveb�n Æ !n(t; u) = �F (t;u)n (
(n)1 ); : : : ; F (t;u)n (
nm(n))�and F (t;u)n 2 bOn. This implies R(b�nÆ!n)(t;u)n = F (t;u)n and therefore we have!�n (�n(t; u)) = Y("1;::: ;"n)2f0;1gn �Y �R(b�nÆ!n)(t;u)n ("1; : : : ; "n)�= Y("1;::: ;"n)2f0;1gn �Y � F (t;u)n ("1; : : : ; "n)�= 2n�1Yj=1  Y � (j + t nYi=1 u[j℄ii )! :Let Pn := Q2n�1j=1 �Y � (j + T Qni=1 U [j℄ii )� 2 Q [T;U; Y ℄ be the elimina-tion polynomial introdu
ed in Se
tions 4.2 and 5.3. Then we have!�n��n(t; u)� = P (t;u)n for any point (t; u) 2 A 1 � A n . Taking now A 1 � A n asinput data stru
ture, �n(A 1 � A n) as output data stru
ture,fP (t;u)n ; t 2 A 1 ; u 2 A ng as output obje
t 
lass en
oded by the restri
tionof !�n to the Q{de�nable subset �n(A 1 � A n) of D�n, we see now that thesedata stru
tures are Q{
onstru
tible, that the en
oding is Q{de�nable andholomorphi
 and that �n represents a totally division{free algorithm whi
h
omputes for ea
h input 
ode (t; u) of A 1 � A n an output 
ode �n(t; u)69



whi
h en
odes the output obje
t P (t;u)n . Thus �n is a totally division{freeelimination pro
edure whi
h 
omputes the general solution Pn of the 
atfamily of zero{dimensional elimination problems given by the equationsX21 �X1 = 0; : : : ;X2n �Xn = 0 and the polynomial Fn (see Se
tion 5.3).Re
all that the polynomials �(n)1 ; : : : ; �(n)bmn belong to the integral 
losureof An = Q [Fn(T;U; 
(n)1 ); : : : ; Fn(T;U; 
(n)m(n))℄ in Q [T;U ℄ and that the Q{algebra An is 
anoni
ally isomorphi
 to the 
oordinate ring Q [On℄ of theZariski 
losure of the obje
t 
lass On. Therefore �n is a robust eliminationpro
edure in the sense of De�nition 5. From Theorem 3 we dedu
e now theestimate bmn � 2n.Sin
e by assumption the sequential time 
omplexity measure T is mono-tone, we 
on
lude now that2n � bmn = j bPnj � T (jBnj) � T 2(j	nj) � T 3(j�nj) � T 3(
n2)holds for a suitable universal 
onstant 
 > 0.Therefore T 
annot be a polynomial fun
tion. Finally we remark thatthe same 
on
lusion is valid if we repla
e in our argumentation the formula�n by the formula e�n. We may now summarize these 
onsiderations by thefollowing general result:Theorem 4 Let P be a universal elimination pro
edure for the theory ofalgebrai
ally 
losed �elds of 
hara
teristi
 zero with 
onstants 0, 1 and let Ta sequential time 
omplexity measure for P. Suppose that P a

epts as inputsprenex existential formulas whose polynomial terms are given in arithmeti

ir
uit or sparse representation. Suppose that P and T satisfy 
onditions(1), (2), (3) above. Then T is not a polynomial fun
tion.6 Con
lusions.There exists a general opinion between 
omputer s
ientists that provinglower 
omplexity bounds for spe
i�
 problems de�ned by existential prenexformulas (see [10℄) is an extremely diÆ
ult task whi
h requires tri
ky meth-ods or deep mathemati
al insight. Simple minded algorithmi
 models andthe absen
e of operative notions of uniformity make in our opinion ex
es-sively intri
ate or impossible to prove striking 
omplexity results for manyfundamental algorithmi
 problems of pra
ti
al interest. A way out of thisdilemma 
onsists in the restri
tion of the 
omputational model under 
on-sideration. Thus one may for example think to 
onsider only unboundedfan{in and fan{out arithmeti
 
ir
uits of bounded depth for the 
omputationof polynomials of interest, as e.g. the resultant of two generi
 univariatepolynomials or more generally, the general solution of a 
at family of zero{dimensional elimination problems. 70



Asymptoti
ally optimal lower sequential time 
omplexity bounds be
omethen easy to prove. However the restri
tion to bounded depth 
ir
uits repre-sents a highly arti�
ial limitation of the 
omputational model (this restri
-tion ex
ludes for example the evaluation of monomials of high degree bymeans of iterated squaring) and the 
omplexity result obtained in this waybe
omes irrelevant as a guide for future software developers.The ultimate aim of this paper was not a theoreti
al but a pra
ti
al one.We tried to give a partial answer to the following fundamental question:what has to be 
hanged in elimination theory in order to obtain pra
ti
allyeÆ
ient algorithms?We established a list of impli
it or expli
it requirements satis�ed by allknown (symboli
 or seminumeri
) elimination algorithms. These require-ments are: universality, no bran
hings and robustness for 
ertain simpleelimination problems, 
apa
ity of 
omputing 
ertain 
losures (as e.g. equa-tions for the Zariski 
losure of a given 
onstru
tible set or the greatest 
om-mon divisor of two polynomials). Moreover, by means of a suitable prepa-ration of the input equation, all known universal elimination pro
eduresmay be transformed easily into Krone
ker{like pro
edures whi
h are able toevaluate the 
orresponding 
anoni
al elimination polynomial in any givenargument or to 
ompute its 
oeÆ
ients. In this sense the known eliminationpro
edures are all able to \
ompute 
anoni
al elimination polynomials".The ful�llment of these requirements and the 
apa
ity of 
omputing
anoni
al elimination polynomials implies the experimentally 
erti�ed non{polynomial 
omplexity 
hara
ter of these elimination pro
edures and ex-plains their pra
ti
al ineÆ
ien
y. The results of this paper demonstratethat the 
omplexity problem we fo
us on is not a question of optimizationof algorithms and data stru
tures. There is no way out of the dilemma by
hanging for example from dense to sparse elimination or to fewnomial the-ory. Hybridization of symboli
 and numeri
 algorithms leads us again ba
kto the same 
omplexity problems we started from.In this sense the paper is devoted to the elaboration and dis
ussion of aseries of \uniformity" notions whi
h restri
t the (mostly impli
it) 
omputa-tional models relevant for the present (and probably also the future) designof implementable elimination pro
edures in algebrai
 geometry. Emphasiswas put on the motivation of these algorithmi
 restri
tions and not on themathemati
al depth of the te
hniques used in this paper in order to provelower 
omplexity bounds. In fa
t, it turns out that elementary methods of
lassi
al algebrai
 geometry are suÆ
ient to answer the 
omplexity ques-tions addressed in this paper. It is not the �rst time that a re�ned analysisof the 
omplexity model produ
es not only elementary and simpler proofsof lower bound results in algebrai
 
omplexity theory, but also stronger
omplexity statements. Examples are the \elementarizations" of Strassen'sdegree method [83℄, due to S
h�onhage [75℄ and Baur [12, Theorem 8.5℄, and71



the 
ombinatorial method of Aldaz and Monta~na for the 
erti�
ation of thehardness of univariate polynomials (
ompare [12, Chapter 9℄ with [1℄ and[2℄).Nevertheless there are two points addressed in this paper, whi
h 
all forthe development of deep new tools in mathemati
s and 
omputer s
ien
e:the problem of algorithmi
 modeling addressed in Se
tion 4.3 
alls for thesear
h of mathemati
al statements whi
h generalize Hilbert's Irredu
ibil-ity Theorem to (not ne
essarily unirational) algebrai
 varieties 
ontaining\many" integer or rational points and to the 
hara
terization of unirationalvarieties (in the sense of [55℄) by means of arithmeti
 properties.On the other hand our dis
ussion of the notion of robustness of elim-ination pro
edures in Se
tion 5.1 leads to the question in whi
h sense the
on
ept of programmable fun
tion 
an be distinguished from the notion ofelementarily re
ursive fun
tion (here the 
on
epts of spe
i�
ation and datatype make the main di�eren
e). A programmable fun
tion appears alwaystogether with a 
erti�
ate (\
orre
tness proof") that it meets its spe
i�
a-tion. The existen
e of su
h a proof ne
essarily restri
ts the synta
ti
al formof the underlying program and hen
e the 
omplexity model in whi
h therunning time of the program is measured.A Universal 
orre
t test and identi�
ation sequen
es.In this se
tion we are going to formulate a slight generalization of the mainresults of Se
tion 3.3 and 3.3.2 namely Lemma 4, Corollary 1 and Theorem 1.These generalizations are based on Baire's Theorem and lead to the 
on
eptof universal 
orre
t test and identi�
ation sequen
e.Corollary 7 Let k := Q , k := C and let L, m, t be given natural numberswith m > L. Then there exists a subset S � Rmt satisfying the following
onditions:(i) S is dense in the strong topology of Rmt .(ii) any element 
 = (
1; : : : ; 
m) 2 S with 
1; : : : ; 
m 2 Rt is a 
orre
ttest sequen
e for the Q{Zariski 
losure of any Q{
onstru
tible obje
t
lass O of t{variate polynomial fun
tions over C su
h that for O thereexists a Q{de�nable holomorphi
 en
oding by a data stru
ture of sizeL.A 
orre
t test sequen
e as in Corollary 7, (ii) is 
alled universal for the
orresponding set of obje
t 
lasses.Proof.{ Observe that there are only 
ountably many Q{de�nable holo-morphi
 en
odings of Q{
onstru
tible obje
t 
lasses of polynomial fun
tions72



in t variables over C by data stru
tures of size L. Therefore we may thinkthese en
odings enumerated as !1; !2; : : : . From the se
ond part of the proofof Lemma 4 of Se
tion 3.3.1 we 
on
lude that there exists for any i 2 N aQ{de�nable, Zariski open, dense subset Ui � Cmt su
h that any element
 = (
1; : : : ; 
m) of Ui with 
1; : : : ; 
m 2 C t is a 
orre
t test sequen
e forthe Q{Zariski 
losure of the obje
t 
lass of t{variate polynomial fun
tionsover C en
oded by !i. Observe now that U�i := Ui \ Rmt is open and densein the strong topology of Rmt . Let S := \i2NU�i . From Baire's Theorem wededu
e that the set S is still dense in the strong topology of Rmt .Let 
 = (
1; : : : ; 
m) be an arbitrary element of S with 
1; : : : ; 
m 2 Rtand let O be an arbitrary Q{
onstru
tible obje
t 
lass of t{variate polynomi-als over C su
h that for O there exists a Q{de�nable holomorphi
 en
odingby a data stru
ture of size L. Then there exist an index i 2 N su
h that !ien
odes O. From S � Ui we dedu
e that 
 is a 
orre
t test sequen
e for theobje
t 
lass O. In 
on
lusion 
 is a universal 
orre
t test sequen
e of lengthm for the set of obje
t 
lasses under 
onsideration.Corollary 8 Let k := Q , k := C and let L, m, t be given natural numberswith m > 2L. Then there exists a subset S � Rmt satisfying the following
onditions:(i) S is dense in the strong topology of Rmt .(ii) Any element 
 = (
1; : : : ; 
m) 2 S with 
1; : : : ; 
m 2 Rt is an identi�-
ation sequen
e for the Q{Zariski 
losure of any Q{
onstru
tible obje
t
lass O of t{variate polynomial fun
tions over C su
h that for O thereexists a Q{de�nable holomorphi
 en
oding by a data stru
ture of sizeL.An identi�
ation sequen
e as in Corollary 8, (ii) is 
alled universal forthe 
orresponding set of obje
t 
lasses.The proof of Corollary 8 
ombines the statement of Corollary 7 with thesame arguments employed in the proof of Corollary 1 of Se
tion 3.3.1 andis omitted here.In a similar way one may 
ombine Corollary 8 and Lemma 5 of Se
tion3.4 in order to prove the following statement:Corollary 9 Let k := Q , k := C and let L, m, t be given natural numberswith m > 2L. Then there exists a subset S � Rmt satisfying the following
onditions:(i) S is dense in the strong topology of Rmt ,73



(ii) any element 
 = (
1; : : : ; 
m) 2 S with 
1; : : : ; 
m 2 Rt has the fol-lowing property:let O be an arbitrary Q{
onstru
tible obje
t 
lass of t{variate poly-nomial fun
tions over C su
h that for O there exists a Q{de�nableholomorphi
 en
oding by a data stru
ture of size L and suppose thatO is a 
one. Let � : O ! A m(C ) be the map de�ned by �(F ) :=�F (
1); : : : ; F (
m)� for F 2 O and let D� := �(O). Then D� is a
one of A m(C ) whi
h is 
losed in the C {Zariski topology of A m(C )(and hen
e also in the strong topology) and � de�nes a bije
tive �-nite morphism of O onto D�. For any C {irredu
ible 
omponent C ofO the restri
tion map � : C ! �(C) is a birational (�nite and bije
-tive) morphism of C onto the C {irredu
ible Zariski 
losed set �(C).The en
oding of the obje
t 
lass O by the data stru
ture D� de�nedby !� := ��1 is 
ontinuous with respe
t to the C {Zariski topologiesof O and D�. Moreover !� is holomorphi
 if and only if !� allowsto answer holomorphi
ally the value question about the obje
t 
lass O.Finally !� indu
es an en
oding of the proje
tive variety asso
iated tothe 
one O by the proje
tive variety asso
iated to the 
one D� whi
his 
ontinuous with respe
t to the strong topology.A
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