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zAbstra
t. For a �xed 
ountable homogeneous stru
ture � we studythe 
omputational problem whether a given �nite stru
ture of thesame relational signature homomorphi
ally maps to � . This prob-lem is known as the 
onstraint satisfa
tion problem CSP(� ) for� and was intensively studied for �nite � . We show that - as inthe 
ase of �nite � - the 
omputational 
omplexity of CSP(� ) for
ountable homogeneous � is determinded by the 
lone of polymor-phisms of � . To this end we prove the following theorem whi
h isof independent interest: The primitive positive de�nable relationsover an !-
ategori
al stru
ture � are pre
isely the relations thatare invariant under the polymorphisms of � .Constraint satisfa
tion with 
ountable homogeneous templates isa proper generalization of 
onstraint satisfa
tion with �nite tem-plates. If the age of � is �nitely axiomatizable, then CSP(� ) is inNP. If � is a digraph we 
an use the 
lassi�
ation of homogeneousdigraphs by Cherlin to determine the 
omplexity of CSP(� ).1 Introdu
tionFor a �xed relational stru
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alled the template), the 
onstraint sat-isfa
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2a �nite stru
ture S of the same signature as � , is there a homomorphismfrom S to � ?Constraint satisfa
tion problems frequently o

ur in theoreti
al 
om-puter s
ien
e, and have attra
ted mu
h attention for �nite templates � . Itis 
onje
tured that CSP(� ) has a di
hotomy in the sense that every 
on-straint satisfa
tion problem CSP(� ) for �nite stru
ture � is either tra
tableor NP-
omplete. This is true for templates that are undire
ted graphs [20℄,for two element templates [35℄ or three element templates [6℄. It is knownthat every 
onstraint satisfa
tion problem is polynomial time equivalentto a digraph-homomorphism problem [17℄. There are powerful and well-understood 
lasses of algorithms solving the known tra
table 
onstraintsatisfa
tion problems [17℄, namely group theoreti
 algorithms and lo
al-
onsisten
y based algorithms [14,21℄.But many 
onstraint satisfa
tion problems in the literature 
an not beformulated as a 
onstraint satisfa
tion problem with a �nite template. Oneexample is Allen's interval algebra [1℄ that has appli
ations in temporal rea-soning in arti�
ial intelligen
e. The 
lassi�
ation of the tra
table and hardsubalgebras of Allen's algebra was 
ompleted only re
ently [8,29℄, and theyalso exhibit a 
omplexity di
hotomy. Other examples are tree des
riptionlanguages that were introdu
ed in 
omputational linguisti
s [3, 4, 11℄. Evendigraph-a
y
li
ity 
an not be formulated as a 
onstraint satisfa
tion prob-lem with �nite template � . However, arbitrary in�nite templates � mighthave unde
idable 
onstraint satisfa
tion problems.We propose to study 
onstraint satisfa
tion with 
ountable homogeneoustemplates. This 
an be seen as a stri
t generalization of 
onstraint satisfa
-tion with �nite templates, sin
e every 
onstraint satisfa
tion problem witha �nite template is polynomial-time equivalent to a 
onstraint satisfa
tionproblem with a homogeneous template (see Se
tion 3). Moreover, the 
on-straint satisfa
tion problems mentioned above 
an be formulated naturallyin this new framework. To prove tra
tability or hardness of 
onstraint satis-fa
tion problems with homogeneous templates redu
tions to di�erent hardproblems and new algorithms are used, whi
h have not yet been 
onsideredfor CSP(� ) with �nite � . Countable homogeneous stru
tures are intensivelystudied by model theorists, and they have many remarkable properties. For�nite signatures they allow quanti�er elimination and are !-
ategori
al, i.e.their �rst-order theories have only one 
ountable model up to isomorphism.Countable homogeneous stru
tures have been 
lassi�ed for all digraphs [10℄.Adding relations to a template � that are primitive positive de�nableover � does not 
hange the 
omputational 
omplexity of CSP(� ). The 
en-



3tral theorem [5℄ here is that a relation is primitive positive de�nable overa �nite relational stru
ture � if and only if it is left invariant under thepolymorphisms of � . This was �rst used in the 
ontext of 
onstraint satis-fa
tion by Jeavons et al. [23℄, and initiated the algebrai
 approa
h to 
on-straint satisfa
tion, whi
h has su

essfully been 
arried further e.g. in [13℄.We will generalize this result to !-
ategori
al stru
tures � : A relation isp.p.-de�nable in � if and only if it is invariant under the polymorphisms of� . We 
an determine the 
omplexity of CSP(� ) and prove a di
hotomy if� is a homogeneous graph. Sin
e there are un
ountably many 
ountablehomogeneous digraphs � and un
ountably many 
orresponding 
onstraintsatisfa
tion problems, the 
lass of problems CSP(� ) 
ontains unde
idableproblems. However, if we assume that the 
lass of �nite indu
ed substru
-tures of a 
ountable homogeneous digraph � is �nitely axiomatized, we 
andetermine the 
omplexity of CSP(� ) with only three ex
eptions (S(2), S(3),and P(3); see [10℄; the dis
ussion of their 
onstraint satisfa
tion problemswill appear elsewhere).The paper is organized as follows. We �rst give some ba
kground onrelational homogeneous stru
tures. In the next se
tion on 
ombinatorial
onstraint satisfa
tion problems we explain the rôle of primitive positive de-�nability in 
onstraint satisfa
tion. We give a 
hara
terization of primitivepositive de�nability on homogeneous stru
tures in Se
tion 5 after introdu
-ing the ne
essary tools from universal algebra in Se
tion 4. We end witha 
atalog of homogeneous relational stru
tures and a dis
ussion of their
onstraint satisfa
tion problems.2 Ba
kgroundA relational signature � is a (in this paper always at most 
ountable) set ofrelation symbols Ri, ea
h asso
iated with an arity ki. A (relational) stru
-ture � over relational signature � (also 
alled � -stru
ture) is a set D� (thedomain) together with a relation Ri � Dki� for ea
h relation symbol of arityki. For simpli
ity we denote both a relation symbol and its 
orrespondingrelation with the same symbol. For a � -stru
ture � and R 2 � it will alsobe 
onvenient to say that R(u1; : : : ; uk) holds in � if (u1; : : : ; uk) 2 R. Wesometimes use the shortened notation x for a ve
tor x1; : : : ; xn of any length.



4 A �rst-order formula ' over the signature � is said to be primitive pos-itive (we say ' is a p.p.-formula, for short) if it is of the form9x('1(x) ^ � � � ^ 'k(x)) :where '1; : : : ; 'k are atomi
 formulas. (For an introdu
tion to �rst orderlogi
 and model theory see [22℄.) Let � be a relational stru
ture of signature� . Then a p.p.-formula ' over � with k free variables de�nes a k-ary relationR � Dk� : the relation R is the set of all tuples satisfying the formula ' in� . Equivalently, R is 
ontained in h� ipp if and only if there exists a �niterelational � -stru
ture S 
ontaining k designated verti
es x1; : : : ; xk su
hthat R = ��f(x1); : : : ; f(xk)� �� f : S ! � homomorphism	 :We 
all these relations p.p.-de�nable, and denote the relational stru
turethat 
ontains all su
h relations for a given � by h� ipp. Likewise, the largerset of all �rst order de�nable relations is denoted by h� ifo.A relational stru
ture � is 
alled homogeneous (in the literature also ul-trahomogeneous) if every partial isomorphism between two �nite substru
-tures 
an be extended to an automorphism of � . Prominent examples of
ountable homogeneous stru
tures are the Rado graph R and the denselinear order (Q; <). The Rado graph 
an be de�ned as the unique (up toisomorphism) model of the almost-sure theory of �nite random graphs. Ho-mogeneous stru
tures have been 
lassi�ed for graphs [26℄, for tournaments,for posets [36℄, and �nally digraphs [10℄ (there are 
ontinuum many ho-mogeneous digraphs). For homogeneous stru
tures with arbitrary relationalsignatures a 
lassi�
ation is not yet known.The age Sub(� ) of a relational stru
ture � over � is the set of all �nitestru
tures over � that (isomorphi
ally) embed in � . An important propertyof 
ountable homogeneous stru
tures is their 
hara
terization by amalgama-tion 
lasses. A 
lass of �nite stru
tures C is an amalgamation 
lass if C isnonempty, 
losed under isomorphism and taking indu
ed substru
tures, andhas the amalgamation property. The amalgamation property says that forall A;B1; B2 2 C and embeddings e : A ! B1 and f : A ! B2 there existsC 2 C and embeddings g : B1 ! C and h : B2 ! C su
h that ge = hf .Theorem 1 (Fra��ss�e [18℄). A 
ountable 
lass C of �nite relational stru
-tures with 
ountable signature is the age of a unique (up to isomorphism)
ountable homogeneous stru
ture if and only if C is an amalgamation 
lass.



5If C is an amalgamation 
lass, we 
all the 
orresponding 
ountable homoge-neous stru
ture the Fra��ss�e-limit of C. By de�nition amalgamation 
lasses
an be de�ned by a set of forbidden indu
ed �nite substru
tures. For a set of�nite stru
tures N over � we denote by Forb(N) the set of �nite stru
turesS over � su
h that no stru
ture in N is embeddable in S. We say that a 
lassof �nite stru
tures C over � is �nitely axiomatizable if there exists a �rstorder formula ' over � su
h that for all � -stru
tures A we have A 2 C if andonly if A is a model of '. By 
ompa
tness it follows that an amalgamation
lass C is �nitely axiomatizable if and only if C = Forb(N) for some �niteset of forbidden indu
ed substru
tures N.A homogeneous stru
ture � over a �nite signature is !-
ategorial, i.e.every 
ountable stru
ture satisfying the same �rst order formulas as � isisomorphi
 to � . We will later use that fa
t that a !-
ategori
al stru
turehas for a �xed number k of variables only �nitely many pairwise inequiv-alent formulas '(x1; : : : ; xk). Another important and well-known propertyof homogeneous stru
tures of �nite signature is that they allow for quanti-�er elimination (see [22℄). This means that every �rst-order formula withk free variables is over � equivalent to a quanti�er-free formula with k freevariables.3 Combinatorial Constraint Satisfa
tionLet � be an arbitrary stru
ture with relational signature � - also 
alled thetemplate. Then the 
onstraint satisfa
tion problem CSP(� ) is the following
omputational problem:Given: A �nite � -stru
ture S.Question: Is there some homomorphism from S to � ?Formally, we denote by CSP(� ) the set of all �nite � -stru
tures that homo-morphi
ally map to � . For �nite � we 
an assume without loss of generalitythat � is a 
ore, i.e. all endomorphisms of � are automorphisms. If � is a
ore, adding all the singleton relations to � does not 
hange the 
omplexityof CSP(� ) (as stated in [7℄). In this 
ase � be
omes a homogeneous rela-tional stru
ture. Therefore 
onstraint satisfa
tion with homogeneous tem-plates 
an be seen as a generalization of 
onstraint satisfa
tion with �nitetemplates.All 
onstraint satisfa
tion problems with �nite � are 
learly 
ontainedin NP. If the age of a relational homogeneous stru
ture � of �nite signature



6is �nitely axiomatizable then CSP(� ) is also 
ontained in NP. To see this,suppose we are given an instan
e S of CSP(� ). An algorithm 
an then guessthe image of S under a homomorphism, and verify that the image belongsto the age of � in polynomial time using the �nite axiomatization. Thus wehaveProposition 1. Let � be a 
ountable homogeneous relational stru
ture of�nite signature � with a �nitely axiomatizable age. Then CSP(� ) in in NP.Note that we need the axiomatizability assumption in Proposition 1 as thereexist homogeneous � su
h that CSP(� ) is unde
idable, see Se
tion 6. Inanalogy with the di
hotomy 
onje
ture of Feder and Vardi [17℄, we 
anmake the following 
onje
ture.Conje
ture 1 (Di
hotomy). Let � be a 
ountable homogeneous relationalstru
tures with a �nitely axiomatizable age. Then the 
lass of 
onstraintsatisfa
tion problems CSP(� ) has a di
hotomy.For both �nite and in�nite � , the following simple lemma explains therelevan
e of p.p.-de�nable relations in 
onstraint satisfa
tion. Suppose weextend a relational stru
ture � by a p.p.-de�nable relation R. This does not
hange the 
omputational 
omplexity of the 
orresponding 
onstraint sat-isfa
tion problem, sin
e we 
an repla
e every o

uren
e of R in an instan
eof CSP(� ) by the � -stru
ture that de�nes R.Lemma 1. Let � be a �-stru
ture and let � 0 be the extension of this stru
-ture by a relation R that is p.p.-de�nable over � . Then CSP(� ) is polynomial-time equivalent to CSP(� 0).In the next se
tion we introdu
e the algebrai
 notions that will be neededto 
hara
terize p.p.-de�nability.4 The Clone of PolymorphismsIn this se
tion, D will stand for a 
ountable set and O for the set of �nitaryoperations on D, i.e., fun
tions from Dk to D for �nite k. We say thatf 2 O preserves a k-ary relation R � Dk if R is a subalgebra of (D; f)k.An operation that preserves all relations of a relational stru
ture � is 
alleda polymorphism of � . The set of all k-ary polymorphisms of � is denotedby Pol(k)(� ), and we write Pol(� ) for the set of all �nitary polymorphismsPol(� ) = Si=1 Pol(i)(� ).



7The notion of a produ
t of relational stru
tures allows an equivalentde�nition of polymorphisms, relating polymorphisms to homomorphisms.The (
ategori
al- or 
ross-) produ
t �1 � �2 of two relational � -stru
tures�1 and �2 is a � -stru
ture on the domain D�1 � D�2 . For all relationsR 2 � the relation R�(x1; y2), . . . , (xk ; yk)� holds in �1��2 i� R(x1; : : : ; xk)holds in �1 and R(y1; : : : ; yk) holds in �2. Comparing the 
orrespondingde�nitions we see that a k-ary polymorphism f of a relational stru
ture isa homomorphism from � k = � � : : :�� to � , i.e., for an m-ary relation Rin � , if R(x1; : : : ; xm) holds in � k then R�f(x1); : : : ; f(xm)� holds in � .An operation � is a proje
tion (or a trivial polymorphism) if for all n-tuples, �(x1; : : : ; xn) = xi for some �xed i 2 f1; : : : ; ng. The 
ompositionof a k-ary operation f and k operations g1; : : : ; gk of arity n is an n-aryoperation de�ned byf(g1; : : : ; gk)(x1; : : : ; xn) = f�g1(x1; : : : ; xn); : : : ; gk(x1; : : : ; xn)� :A 
lone F is a set of operations from O that is 
losed under 
ompositionand that 
ontains all proje
tions. We write DF for the domain D of the
lone F . For a set of operations F from O we write hF i for the smallest
lone 
ontaining all operations in F (the 
lone generated by F ). Observethat Pol(� ) is a 
lone with the domain D� .Moreover, Pol(� ) is also 
losed under interpolation: We say that anoperation f 2 O is an interpolation of a subset F of O if for every �nitesubset B of D there is some operation g 2 hF i su
h that f jB = gjB (frestri
ted to B equals g restri
ted to B, i.e., f(a) = g(a) for every a 2 Bk).The set of interpolations of F is 
alled the lo
al 
losure of F . If the maximalarity of � is bounded, Pol(� ) is also lo
ally 
losed.The 
onverse was proved by Rosenberg and S
hweigert:Proposition 2 (Rosenberg and S
hweigert [33℄). A set F � O ofoperations is lo
ally 
losed if and only if X = Pol(� ) for some relationalstru
ture � of bounded maximal arity.Together with a theorem of Larose and Tardif [27℄ on in�nite graphs this isone of the few known results on in�nite stru
tures and their polymorphisms.Many results on 
lones in general 
an be found in [38℄. Lo
al 
lones onin�nite domains were introdu
ed and studied by Rosenberg and S
hweigertin [33, 34℄, where they studied lo
ally maximal 
lones to 
hara
terize lo
almaximality of a 
lone.Important properties of operations in a 
lone: a k-ary operation f is
onservative i� f(x1; : : : ; xk) 2 fx1; : : : ; xkg for all x1; : : : ; xk 2 D; it is



8idempotent i� f(x; : : : ; x) = x for all x 2 D. An operation f is 
alledessentially unary i� there is a unary operation f0 su
h that f(x1; : : : ; xk) =f0(xi) for some i 2 f1; : : : ; kg. A relational stru
ture � is 
alled proje
tive, i�all idempotent polymorphisms of � are proje
tions, and strongly proje
tive,i� all polymorphisms of � are proje
tions [32℄.Let F be a (lo
al) 
lone with domain D. Then R � Dm is invariantunder F , if every f 2 F preserves R. We denote by Inv(F ) the relationalstru
ture 
ontaining the set of all relations left invariant under F . A fun-damental result of Bodnar�
uk et al. [5℄ (other presentations 
an be foundin [12, 31℄) says that for arbitrary �nite relational stru
tures � the p.p.-de�nable relations 
an be 
hara
terized as the invariants of the polymor-phisms of � .Theorem 2 (Bodnar�
uk et al. [5℄). Let � be a �nite relational stru
ture.Then h� ipp = Inv(Pol(� )) :The proof of Theorem 2 also shows that it is de
idable, whether for a given�nite relational stru
ture � a given relation R is p.p.-de�nable or not. Gen-eralizations of Theorem 2 and the related Galois 
orresponden
e were alsostudied for in�nite domains. For arbitrary relational stru
tures � the setof relations Inv(Pol(� )) was 
hara
terized with lo
al 
losure operators onrelational algebras in [37℄ (see also [30℄, page 32).In the next se
tion we will show that for 
ountable homogeneous stru
-tures � any �rst-order de�nable relation is in h� ipp if and only if it is leftinvariant under all polymorphisms of �nite arity. But �rst we note that thefollowing is well-known for arbitrary 
ardinalities of the domain.Proposition 3 (see e.g. [31℄). Let � be a relational stru
ture. Thenh� ipp � Inv(Pol(� )) :Proof. Let R be a relation in h� ipp. We prove that R 2 Inv(Pol(� )) byindu
tion on the length of a de�ning p.p.-formula '. The 
laim is true for' = R(x1; : : : ; xn). For ' = 9x:'0 we observe that every polymorphismthat is left invariant by '0 also leaves ' invariant. The same holds for ' ='1 ^ '2. utFor a stru
ture with a 
ountable domain the in
lusion of Proposition 3might be stri
t. Consider for instan
e the following relational stru
ture � =



9(N; R1; R2; R3) on the natural numbers 
ommuni
ated to the authors byFerdinand B�orner. We show that Inv(Pol(� )) 
ontains relations that arenot p.p.-de�nable.R1 = f(a; b; 
; d) j a = b or 
 = d; a; b; 
; d 2 NgR2 = f(0)gR3 = f(a; a + 1) j a 2 NgEvery fun
tion preserving R1 is essentially unary. If f is unary and preservesR2 then f(0) = 0. Furthermore, if f preserves R3 we have f(a+1) = f(a)+1for all a, and indu
tively follows f(a) = a. Therefore Pol(� ) is the set ofall proje
tions. Every proje
tion preserves all relations, but even the unary�rst-order de�nable relation fx j x = 1 _ x = 3g is not p.p.-de�nable.For !-
ategori
al stru
tures � the situation looks better: It is known thatthe �rst-order de�nable relations are pre
isely the relations that are invari-ant under the automorphisms of � , i.e. h� ifo = Inv(Aut(� )) (see e.g. [22℄).We will prove a 
orresponding theorem for primitive positive de�nability inthe next se
tion.5 A Chara
terization of Primitive PositiveDe�nabilityWe 
hara
terize the primitive positive �rst-order de�nable relations over an!-
ategori
al stru
ture � by the polymorphisms of � of �nite arity.Theorem 3. Let � be an !-
ategori
al stru
ture with relational signature� . Then a relation R on � is invariant under the polymophisms of � if andonly if R is p.p.-de�nable, i.e.,h� ipp = Inv(Pol(� )):Proof. We already stated in Proposition 3 that the p.p.-de�nable relationsover � are invariant under the polymophisms of � .For the 
onverse, let R be a k-ary relation from Inv(Pol(� )). Notethat R is �rst-order de�nable in � : This follows already from !-
ategori
ityof � and the fa
t that � and Inv(Pol(� )) have the same automorphismgroup. The relation R is a union of �nitely many orbits of the automorphismgroup of � (this is a 
onsequen
e of !-
ategori
ity), it 
an be de�ned bya disjun
tion ' of � -formulas that de�ne these orbits. Let M1; : : : ;Mw be



10the (satis�able) monomials in this disjun
tion, and let x1; : : : ; xk be thevariables of the monomials.We have to 
onstru
t a �nite � -stru
ture Q with designated verti
esv1; : : : ; vk su
h thatR = ��f(v1); : : : ; f(vk)� �� f : Q! � homomorphism	:The idea is to �rst 
onsider an in�nite � -stru
ture with this property,namely the 
ategorial produ
t �w, and then to apply K�onig's Lemma toprove the existen
e of a suitable �nite substru
ture (i.e., a 
ompa
tnessargument).For ea
h monomial Mj 2 M1; : : : ;Mw of ' we �nd a substru
tureaj1; : : : ; ajk of � , su
h that aj1; : : : ; ajk satis�es Mj in � . Let b1; b2; : : : bean enumeration of the w-tuples in Dw� , starting with bi = (ai1; : : : ; aiw) for1 � i � k. Sin
e R is invariant under all polymorphisms, all homomorphismsfrom �w to � map b1; : : : ; bk to a tuple satisfying one of the monomialsM1; : : : ;Mw.We 
laim that there is a �nite substru
ture Q of �w with this prop-erty. Assume for 
ontradi
tion that all �nite substru
tures of �w 
ontainingb1; : : : ; bk have a homomorphism mapping b1; : : : ; bk to a tuple not satisfying'. We 
all su
h a homomorphism a bad homomorphism. We now 
onstru
t abad homomorphism from �w to � , i.e. the images of b1; : : : ; bk do not satisfy'. This 
ontradi
ts the fa
t that R is invariant under all polymorphisms.To this end, 
onsider the following in�nite but �nitely bran
hing tree of�nite substru
tures of � . The root of the tree is the empty substru
ture.Now assume indu
tively that on level i � 0 of the tree we have stru
tures Pwith i verti
es, su
h that for every i-type over � (see [22℄) there is pre
iselyone substru
ture of � with verti
es (u1; : : : ; ui) in the tree that have thistype. Su
h verti
es exist sin
e � is !-
ategori
al. Moreover we only �nd a�nite number of stru
tures on level i. We will now show how to extend thistree to the level i+1. Consider some i+1-type over � . We �nd an extensionP 0 of one of the stru
tures P of the tree on level i that realizes that type.Then we make P 0 adja
ent to P , and 
ontinue like this for all i + 1 typesover � .By our assumption we will �nd a bad homomorphism to � for ea
h�nite substru
ture of �w 
ontaining b1; : : : ; bk. The image of every su
h ho-momorphism has the same type as some node in the above tree. By K�onig'sLemma we will �nd an in�nite 
hain in this tree su
h that every substru
-ture of � on this 
hain is the image of a bad homomorphism. Hen
e there



11also exists an homomorphism from �w to this stru
ture su
h that the imageof b1; : : : ; bk do not satisfy '.We proved by 
ontradi
tion that there must be a �nite substru
ture Q
ontaining the verti
es b1; : : : ; bk of � k su
h that all homomorphisms fromQ to � map b1; : : : ; bk to a tuple satisfying '. Conversely, every mappingf : Q! � su
h that the tuple (f(b1); : : : ; f(bk)) satis�es in � the monomialMj 
an be extended to a homomorphism f : � k ! � . To see this notethat both aj1; : : : ; ajk and (f(b1); : : : ; f(bk)) satisfy Mj and that both lie inthe same orbit of Aut(� ). Thus we 
an 
hoose f to be the jth proje
tion
ombined with the automorphism sending (aj1; : : : ; ajk) to (f(b1); : : : ; f(bk)).This 
ompletes the proof. utThe 
lone of polymorphisms of an in�nite stru
ture is usually a very
ompli
ated obje
t. However for homogeneous stru
tures of �nite signaturewe have the following:Proposition 4. Let � be a homogeneous stru
ture with �nite relationalsignature. Then the polymorphisms of � are lo
ally generated by 
ountablymany polymorphisms of � and the automorphism group Aut(� ).Proof. Let u1; u2; : : : ; uk be m-tuples from � , and let vi = g(ui) for somem-ary polymorphism g of � . Depending on m and k there are only �nitelymany isomorphism types of the substru
ture of � indu
ed by the elements ofu1; u2; : : : ; uk and the elements v1; : : : ; vk. Let F be a set of polymorphismsof arity k 
ontaining a polymorphism g for ea
h of these isomorphism typesin � .Now let f be an m-ary polymorphism of � . We show that f is lo
allygenerated by F [Aut(� ). Let B � D� a set of 
ardinality k. By the de�ni-tion of F , the restri
tion f jB is isomorphi
 to the restri
tion of one of theoperations g 2 F . Let � be the isomorphism. By homogenity of � , � 
an beextended to an automorphism �0 of � . The identity f jB = �0(g)jB impliesthat f is in the lo
al 
losure of Aut(� ) [ F . ut6 A Catalog of Homogeneous TemplatesWe 
onsider various homogeneous stru
tures, some of their polymorphismsand their 
orresponding 
onstraint satisfa
tion problems. In parti
ular welook at the binary stru
tures from the 
lassi�
ation proje
t for 
ountablehomogeneous stru
tures. We end with a brief dis
ussion of two appli
ationswith larger signatures.



12The 
ountable homogeneous tournaments. We start with the homogeneoustournaments, whi
h have been 
lassi�ed by La
hlan [25℄. There are a fewtypes only: The oriented 
y
le C3, the dense linear order (Q; <), the denselo
al order S(2), and the generi
 tournament for the set of all �nite tourna-ments.The problem CSP(C3) is known to be tra
table. The 
onstraint satis-fa
tion problem of the dense linear order (Q; <) is 
omputationally equiv-alent to the problem whether a given digraph D is a
y
li
. This tra
tableproblem 
an not be formulated as a 
onstraint satisfa
tion problem with a�nite template. Note that the relational stru
ture (Q; <) is not proje
tive,e.g. x; y 7! max(x; y) is a polymorphism. The homogeneous tournamentwhi
h is the Fra��ss�e-limit of all �nite tournaments has a trivial 
onstraint-satisfa
tion problem: Every �nite tournamant homomorphi
ally maps to it.Thus the only interesting remaining 
ase is the dense linear order S(2);see [10℄).The 
ountable homogeneous graphs. La
hlan and Woodrow [26℄ showed thatevery in�nite su
h graph is either the Rado-graph, the generi
 Kn-freegraph, a homogeneous equivalen
e relation, or a 
omplement of these.The Rado graph R is the Fra��ss�e-limit of the 
lass of all graphs, thereforethe 
onstraint satisfa
tion problem for the Rado graph is trivial: Every graph
an be homomorphi
ally mapped to it. The automorphism group of R has ari
h stru
ture (see e.g. [9℄ for an overview).  Lu
zak and Ne�set�ril [28℄ showedthat the Rado graph as well as the generi
 Kn-free graphs are proje
tive.This is in interesting opposition to the �nite 
ase, where proje
tivity of a
ore of 
ardinality at least three implies NP-hardness for the 
orresponding
onstraint satisfa
tion problem, whi
h 
an be seen using Theorem 2 by re-du
tion of k-
olorability. Again the 
onstraint satisfa
tion problem is easy,sin
e every graph whi
h does not 
ontain the Kn as a subgraph embedsinto the generi
 Kn-free graph. The only interesting remaining 
ase are theequivalen
e relations with n equivalen
e 
lasses. Here we �nd a homomor-phism to a graph of size n, in whi
h 
ase the problem redu
es to a 
onstraintsatisfa
tion problem with a �nite template, whi
h is NP-hard for n � 3.Remark: It is perhaps interesting to note that we 
an use the sameresults to give a new and short proof that almost all 
onstraint satisfa
tionproblems are NP-
omplete, if the template is a �nite undire
ted graph. Thefa
t that almost all graphs are strongly proje
tive (Ne�set�ril and  Lu
zak [28℄)
ombined with Theorem 2 shows that almost all graphs 
an simulate theinequality-relation. This implies NP-hardness of the 
onstraint satisfa
tion



13problem on a domain of size at least three. Note that we did not use theinvolved proof of the di
hotomy for graphs in [20℄.Countable Homogeneous Digraphs. The 
ountable homogeneous digraphshave been 
lassi�ed by Cherlin [10℄, and there are un
ountably many. Butthe 
lassi�
ation shows that the age of all but a 
ountable well-uderstood
lass of homogeneous digraphs has the strong free amalgamation property.Therefore it is easy to see that CSP(� ) is the set of all (weak) subgraphs of� , and that the set of 
onstraint satisfa
tion problems is also un
ountable.Thus there are homogeneous digraphs with an unde
idable 
onstraint sat-isfa
tion problem. However, restri
ting to the homogeneous stru
tures thathave a �nitely axiomatizable age, it is easy to determine the 
omplexityof their 
onstraint satisfa
tion problems, with the ex
eption of CSP(S(2),CSP(S(3)) and CSP(P(3)) (see [10℄).Tree Des
riptions. The following 
onstraint satisfa
tion problem was stud-ied in [11℄. Given: a �nite stru
ture S over the signature � = f�!;?g
ontaining two binary relation symbols. Question: 
an we �nd a rooted for-est F on the verti
es of S su
h that every edge from �! lies in the transitive
losure of F , and every edge ? does not? Let us 
all su
h � -stru
tures Ssolvable.Using the notion of dense trees (see [15℄) we 
an formulate this problem(and related problems) as a 
onstraint satisfa
tion problem CSP(� ) for ap-propriate � . This means, it is possible to �nd an !-
ategori
al stru
ture �su
h that CSP(� ) 
ontains pre
isely the solvable � -stru
tures. The problem
an be de
ided by a polynomial time algorithm [4℄. The graph algorithmpresented there 
an be generalized to various 
onstraint satisfa
tion prob-lems for tree-like stru
tures. Note that every !-
ategori
al stru
ture � 
anbe made homogeneous by expanding the signature and � by some �rst-orderde�nable relations. In the 
ase of 
ountable dense trees this is possible bytwo additional ternary relations [16℄.Allen's Interval Algebra and its Fragments. Consider as a base set D theopen intervals on the rational numbers, and the following binary relationson these intervals: Let x = (x�; x+) and y = (y�; y+) be open intervals. Wede�ne{ The interval x pre
edes y, x p y, i� x+ < y�.{ The interval x overlaps y, x o y, i� x� < y� < x+ and x+ < y+.



14{ The interval x is during y, x d y, i� y� < x� and x+ < y+.{ The interval x starts y, x s y, i� x� = z� and x+ > y�.{ The interval x �nishes y, x f y, i� x+ = y+ and x� > y�.{ The interval x meets y, x m y, i� x+ = y�.{ The interval x equals y, x � y, i� x� = y� and x+ = y+.Proposition 5. For any set of relations derived from p; o; d; s;m; f and �by union and 
omplementation that 
ontains the base relations p; o; d; s;m; fand �, the 
orresponding 
lass of all �nite interval stru
tures with theserelations is an amalgamation 
lass.Proof. It suÆ
es to verify the amalgamation property. Let B1 and B2 betwo sets of intervals on the rational number, and suppose a set of intervalsA embeds via e1 and e2 into B1 and B2. The partial isomorphism betweene1(A) and e2(A) 
orresponds to a partial isomorphism of the respe
tiverational numbers of the intervals. By homogenity of the rational numbers, we
an extend this isomorphism to an automorphism f of the rational numbersand hen
e an automorphism of the set of all intervals. Then f and theidentity are the solution of our amalgamation problem: They are embedingsof B1 and B2 into the set of intervals f(B1) [ B2 su
h that fe1 = e2. utThe 
onstraint satisfa
tion problems for the respe
tive 
ountable ho-mogeneous relational stru
tures have a di
hotomy [8℄. Whereas for �nitetemplates all known hard 
onstraint satisfa
tion problems are hard be-
ause they 
an express the relation one-in-three-sat, here the problem ofbetweennness [19℄ is used to prove hardness.7 Related WorkWe want to relate our work to previous unifying approa
hes to 
onstraintsatisfa
tion. The literature on 
ombining 
onstraint solving [2, 24℄ has abroader view on 
onstraint satisfa
tion, and also uses tools from universalalgebra. However they are 
on
erned mainly with de
idability questions ofmore expressive 
onstraint languages.Various logi
al formalisms have been proposed to formulate 
onstraintsatisfa
tion problems as the model-
he
king problems of 
ertain higher-orderlogi
s [17℄. On of them is the 
lass SNP, the 
lass of existential se
ond-orderformulas � with a universal �rst-order part, whi
h is using the relationsymbols of some given signature � and the existentially quanti�ed relation



15symbols. One of the results in [17℄ says that every problem in NP is equiv-alent to a problem in SNP, even if the relation symbols from � o

ur onlynegatively in � (in whi
h 
ase the 
lass is 
alled monotone SNP). To answerthe question whether the model 
he
king problem of a given monotone SNPformula 
an be des
ribed as a 
onstraint satisfa
tion problem with a 
ount-able homogeneous stru
ture, the following problem posed by Cherlin [10℄ isof importan
e:Problem 1. Let � be a relational signature and N a �nite set of �nite � -stru
tures. Give a good 
riterion for Forb(N) to be an amalgamation 
lass.8 Con
lusionConstraint satisfa
tion problems with 
ountable homogeneous templates
over several 
lasses of 
onstraint satisfa
tion problems that were inves-tigated in the literature. Examples are tree des
ription languages and sub-algebras of Allen's interval algebra. Using the 
lassi�
ation of homogeneousdigraphs we 
an determine the 
omplexity of the 
onstraint satisfa
tionproblems for homogeneous graphs and tournaments. The 
omplexity ofthe 
onstraint satisfa
tion problems where the homogeneous digraph hasa �nitely axiomatizable age will appear in the full version of this paper.For larger signatures the 
lassi�
ation of homogeneous stru
tures is avery diÆ
ult task. To study the 
omplexity of a 
onstraint satisfa
tionproblem CSP(� ) it is useful to know whether a given �rst-order relationis p.p.-de�nable over � . In parti
ular for large signatures this 
an be diÆ-
ult. In Se
tion 5 on page 9 we show that p.p.-de�nability of a relation is
hara
terized by a 
ountable set of polymorphisms and the automorphismsof � . We ask the following question:Problem 2. Let N be a �nite set of relational stru
tures over signature �su
h that Forb(N) is the age of a homogeneous stru
ture � . Given a �rst-order formula ' over � , is it de
idable whether ' is on � equivalent to aprimitive positive formula?The te
hniques to des
ribe p.p.-de�nability might be applied to simplify thete
hni
al and intri
ate proofs in the 
lassi�
ation of the tra
table fragmentsof Allen's interval algebra.
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