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Abstract

In this paperwe proposea techniqueto recursvely estimatestructureand
motion from a sequencef imagesacquiredby an handheld camera. The
algorithmis basedn estimationof instantaneouspticalflow for eachframe
of the sequencandon the useof the differentialepipolarconstrainto com-
putemotion andstructure.An alternative procedureo managescaleambi-
guity acrossframesis alsoproposed.Neitheruserinteractionnor any kind
of scene&knowledgeis requiredandthe algorithm,givenits low complexity,
is adaptableo realtime applications.

1 Introduction

Thedifferentapproacheto the Structurefrom Motion problemcanberoughly classified
into discrete anddifferential schemesin thefirst casesnapshotaretakenfrom different
point of views and, in general,no motion smoothnesss involved. Epipolargeometry
is usedto constrainthe matchingof featuresandrecover the shapeof the scene.In the
secondcasethe cameramoveswhile it capturesa continuousstreamof images. Con-
secutve imagesarevery closeandthe displacemenbf featuresdoesapproximatepretty
well opticalflow: the differentialversionof the epipolarconstraintcanbe usedto com-
pute cameravelocity and depths. The algorithm we proposein this paperbelongsto
the secondcatagyory: we usesequenceacquiredat 30 H z by a handheld moving cam-
era. We track sparseeaturesover the sequencendthenusethe optical flow to recover
sceneshape. The procedurehasa layeredstructure: for eachframe, first egomotionis
estimatedthenthe structureis computed. The structuresrelative to eachframe of the
sequencarerecursvely integratedto provide anoptimal estimaten this framewvork we
proposean alternative approacho handlescaleambiguityacrosshe sequenc@andcom-
pareit to the moreclassicapproactof fixing onefeature. We testedour algorithmboth
on simulateddataandrealsequenceandshaw theresultswe obtained.Thealgorithmis
completelyautomaticand,sinceit is mostly built on linear optimization,it cansuccess-
fully beusedfor realtime applications.Theliteratureavailableis vast,sowe reporthere
the paperghat mostinspiredour work. A descriptionof the qualitative propertiesof the
optical flow canbefoundin [1] while a comparisorof differenttechniqueso compute
it hasbeenreportedby FleetandBarron[2]. For sparseflow estimationwe referto the
TomasiandKanadeclassicaltracker [3]. TomasiandHeegger[4] compareda numberof
the bestknown linear and non linear techniquedor egomotionestimationfrom sparse
flow fields. MacLean[5] proposeda whitening methodto reducethe biasthat applies
in the caseof the Jepson-HegerLinear Subspac¢6] method.Anotherrecentandinter
estingclosedform methodfor egomotionwaspresentedy Ma, SastryandKoseckd7].
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For reconstructioralgorithmsbasedon optical flow we remindthe work of Szeliski [8]
who presenteda non linear leastsquaretechniqueto reconstructsimultaneouslystruc-
ture and motion from animagesequencendBarron Jepsorand Tsotsog9] proposea
Kalmanfilter basedapproacho reconstrucstructurefrom lateraldisplacementsSoatto
and Peronaworked extensively on Kalmanfilter formulationsof this problem[10, 11].
Pentland12] first proposedo handlethe scaleproblemfixing a featureandto estimate
focal lengthsimultaneouslyith structureandmotion. Comparisorbetweendifferential
anddiscreteapproachesanbefoundin [13]; A verycomprehensiereview of multiview
point stereacanbefoundin the bookby ZissermarandHartley [14] andin theD. Nister
Ph.Dthesis[15]. Goodreference$or a generabverview of the problemare[16, 17].

2 3D Motion and Optical Flow

We denotewith X = (X,Y, Z) the positionof a scenepoint with respecto a camera
centeredcoordinatesystem,andwith x = (%, %, 1) the projectionof sucha point on

the focal planeof the camera. The camerarelative positionand orientationis given by
thecouple(R, T) whereR is arotationmatrix and T thetranslationvector The couple

(€2, V) representtherotationalandlinearvelocity of the camera.
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Figurel: (a) Performancef the LLSE depthestimationfor singleframe. Motion is computed
with the 2 stepsprocessas described. Error is in pixels and motion is approximately0.6 pix-
els/frame (b) Globalperformancef thealgorithmasafunctionof thenumberof framesintegrated.
Erroris 0.20pixelsandmotionis approximately0.6 pixels/frame.

Thevelocity of a point X seenfrom amoving cameras givenenby:

X=-QAX-V (1)

We call velocityfield v(z, y, t) thevelocitiesof the projectedpointson thefocal planeat
timet.
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3 Algorithm

The processof reconstructioris divided into threedifferentstages:first sparsefeatures
areextractedandtrackedovertime usingthe K anade — Lucas — Tomasi tracker. Then

egomotionis computedfor eachframeusingthe linear subspacenethod[6] andrefined
by nonlinear optimization. For the reconstructiorof the frameby frame 3D position of

scenepointswe proposea linearleastsquaresoutinethat estimatesiot only the depths
but alsotheirfirsttime derivative. Thisis thebasisfor aprocedurgo automaticallyrescale
all the views to the samescale,resultthat traditionally is achieved using somekind of

knowledgeof the sceneor motion. Finally theinformationretrievedfor eachsingleview

is time integratedinto a 3D model. Resultson both syntheticand real sequencesre
shavn to demonstratéhe performancef this method.

3.1 Simulation Benchmarks

We extensiely testedthe algorithm using syntheticallygeneratedlow fields. For ho-
mogeneityandsimplicity we usedthe sameexperimentalconditionsandbenchmarkas
in [4]. Thefocallengthof thesimulatedcamerds setto 1 andthefocal planedimensions
to 512x512 pixels. The field of view is 90 degrees. Randomcloud of 100 pointsare
generatedn a depthrangeof 2-8focal lengths.The motionis a combinationof rotations
andtranslationsTherotationalspeedmagnitudevasconstantandchoserto be 0.23de-
greegperframe. Themagnitudeof thelinearvelocity waschoserto fixatethepointatthe
centerof the randomcloud. Zero-meargaussiamoisewasaddedto the component®f
thevelocity andthe standardieviation of suchnoisechoserto beconstantSensitvity in
thedepthis measureasthe standardieviation of thedistribution of therelative distance
of thereconstructedepthsfrom their their realvalues.In formula:

oy = E([Z’;iz"]z) @)

Wherethe’ ~’ generallyindicateameasuredjuantitiesandZ thegeneratediepth.The
index i runsoverthefeatures.
Thesensitvity ontranslationis measureas:

L, M
or = Z[cos—1 VV;2 (3)

M—1 4
Jj=1

whereV is theaverageof the reconstructedelocitieswhich waschoserto minimize
Zj]‘il cos™! V;V subjectto || V|| = 1. M is thenumberof trials.

Theaveragerotationmatrix R is computedrom the estimatesandthe rotationsensi-
tivity is computedasthe standardieviation of thedifferenceangle¢ betweertheaverage
rotation R andthe measuredotationsfor eachtrial sampleR. In formulathis reads:

(4)
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3.2 Egomotion Estimation

Egomotionestimationis a 2 stepprocess We first estimatdinear velocity with the sub-
spaceamethodcorrectedor biasreduction5]. Thisalgorithm,evenif notamongthemost
precise(see[4]), hasa closedform solutionwhich is advantageous$or automaticrecon-
struction. A non-linearrefinemenbf the solutionis donein the samefashionasin [18].

By applyingdifferentalgebraicmanipulationthe differential epipolarconstraintcan be
written asfollows:

VIix xv(x, 1)+ (Vxx)T(xxQ)=0 (5)

Fromtheconstraintleastsquareestimateof therotationalvelocity canbeobtainedas
afunctionof V. Substitutingthis rotationbacka non-linearconstrainton 'V is obtained.
Non-linearoptimizationis thenusedto obtainthe linear velocity. If no corvergenceis
reachedvithin a certainnumberof stepsthe estimatefor the linearvelocity we got from
linearsubspaces used.The performancef this 2 stepstechniquehasbeenextensiely
tested. For differentmotionswe found corvergencerate of the non-linearrefinemento
be approximatelyl00%andthatusually with exceptionof a few casesthe corvergence
is to theglobalminima. Local minimacanbeeasilydetectedincethey lie approximately
at 90 degreesrespecto therealvalueof thelinearvelocity [4].

3.3 LLSE Structurefrom Motion

Structureandlinearvelocity canbe estimatedip to ascale.Let { = aZ andy¥ = «|| V]|
we canwrite:

_SAY Xy Py
Fromeg. (1) we get:
(x+ (k= —((QAX) =V (7)
(8)

Given N featurepointswe canrewrite theequation(8) in matrixform wherethescale
quantitiesaretheunknovn ¢ = (¢4, (1., (N, CN, 9):

S¢C=0 (9)
wherethe structurematrix S is:
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andfind thedepthssolvingthe LLSE problem:

min/|SC]|* (10)
<l =1

This is known to be the eigervectorof M T M correspondindo the smallesteigen-
value.We did extensive testsof the performancef the L LS E estimateof featuredepths.
In figure (1) (b) we reportthe sensitvity on Z asa function of the error on the optical
flow. It canbenoticedthat,evenif goingquickly over 100%,theerroris smallfor limited
amountof noise.Usually, asshavn in figure(3), usingjusttwo frames goodreconstruc-
tions canalreadybe achieved. A major pointis thattime integrationreducesrastically
theinitial error. Thisargumentis discussedh thefinal simulationspresentedater.
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Figure2: (a) Opticalflow anddisplacementflow. Depthfrom point to point vary randomlybe-
tween2 and8 focallengths.The FOV is 90 degreesandthemotionis arotationof 0.23degreeper
frameanda translationof 0.01focal lengthsperframe. (b) Angularerrordueto the displacement
approximationdashedine) anddueto displacemenapproximatiorandtrackingerror(continuous
line). Camerainternalparametersirethe sameasin theleft figure. Translationalelocity is 0.02
focallengthsperframein thedirectionz. Resultsaresimilar for differentmotions.

3.4 Automatic Rescaling

The LLSE algorithm returnsdepthof featureswith respectto the the currentcamera
positionup to a scalefactor:

Gi(t) = a(t) Zi(t) (11)

wherethetime dependencexpresseshefactthatdepthsaremeasureavith respecto
differentcoordinatesystemsateachtime¢. Timeintegrationrequireshea to beidentical
atall thetimes. Suchrescalingusuallyrequiressomekind of sceneor motionknowledge:
for examplethe modulusof the linearvelocity, the distanceof somepoint to the camera
or therelative distanceof two pointscanbeusedfor this purposeln theframework of the
LLSE algorithmrescalingcanbe achiezedwithout the useof arny externalinformation.
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We obsenethattheratio f(t) = % is scaleindependentif we write f(t) = ‘”Z—,EC) andlet
u = In(¢) we get:

w = f(t) (12)
u(to) = In(¢(to)) (13)

This ODE canbesolvedto rescaleall the views to thety scale.We usethe notation
¢ (t) for therescaledepths(noticethat(" (o) = ((to)). We get

C"(1) = C(to)e™® = afte) Z(0)elio U = a(to) Z (1) (14)

Approximatingthe integral by a discretesumwe canwrite theintegral equation(14)
as:

J j-1
¢(t) = C(to) [T /™% = (Clta) [T /2020 = ¢7(8y-0)e % (15)
=1 =1

This is the basicequationto recursvely rescaleall the views to the samescaling
constantateachtimet theratio f (t) = % canbeestimatedcandusingeq.(14)theup-to-a-
scaledepth((t) canbeupdated Notethatthe globalscaleis still unknovn andthatsuch
indeterminang canberesohedjust by sceneor motionknowledge.

Partial trackscan be easily managedn this framevork. Supposehat new feature,
indicatedby N + 1, is tracked at time ¢ = ¢ andits unrescaleddepth measuredas
(n+1(t) = a(t)Zn+1(t). Rescalingcannotbe doneusingequation(15) sincethe previ-
oushistory of thetrackis notknown. Anyway theratio % andtherescaleddepthcan
beestimateds:

- E[%n#m = G = pCyaa (D (16)

At timet > % rescalingcanbe donealsofor this track usingequation(15). Notethat
theintegrationof thedifferentialequatiorproduces furthererrorof theordero((At)~1).
For 30 H z sequencethis erroris pretty small comparedo the measuremengrrorsand
canbetrascuratedA moreclassicabutorescalingprocedureonsistof fixing oneof the
pointsin the initial frameandusingit to rescaleall the otherpoints[12]. The position
of thefixed pointin thefollowing framescanbe estimatedy transformingaccordingto
the estimatednter-framemotion. The main dravbackcommonto boththesetechniques
is erroraccumulation.A big advantageof the autorescalingve proposeis the fact that
featuresarerescaledndependentlyof eachother Fixing a particularlynoisyfeaturecan
drasticallyreducethe effectivenessf the algorithm. Moreover the rescalingfeaturecan
belost duringthenmotiondueto trackinginefficienciesor occlusions.

3.5 Timelntegration

Theeasiestvay is to integratethe differentstructureobsenationsis to transformthemin
theinitial frameof referencelike:
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X}, (to) = R" (t;,t0)X'(t;) + T(t;, t0) (17)

Wherei andj aretherespectiely featureandframeindexes. Thebestspatialposition
of afeatureis estimatedrom the M obsenationstakingthemedian of these:

Xi = median (Xﬁj(to))

18

y (18)
T andR aredefinedby compoundinghe partialmotions:

T(tn,to) = Y T(tj,t0) ; Rltn,to) = H (t;, t0) (19)

J=0

Theoverallperformancef thealgorithmwastestedon simulateddataasshavn in figures
(1) (b) and(c). Figure(1) (b) reportsthesensitvity for reconstructiorirom asingleframe

andshaws thatfor enoughprecisemeasurementsf the optical flow the error on depth

estimationcanbekeptsmall. In figure (3) we showv thatreasonableeconstructionsanbe

obtainedusingasingleflow field. Figure(1) (c) shavs how time integrationimprovesthe

estimatesTheslopeof thecurveis smalldueto thecorrelationbetweermeasuremenist

differenttimesproducedy rescaling Anyway, dueto the high acquisitionrate,hundreds
of framescan be integratedreachingvery high precisions. In figure (3) we shav the

improvementwe gettime integrating10 consecutie framesof the sequence.

3.6 Instantaneous Approximation

Figure 3: Reconstructednodelof the calibrationgrid using2 frames(left) and 10 frames(right).
Themodelis basedn 237 featuresandthe averagedisparitybetweerframesis aboutl pixel

Opticalflow is approximatedwith the displacemenof featureshetweertwo consec-
utive frames. It is interestingto seehow suchapproximatioris goodfor humanmotion

andwhenotherwiseit doesleadto seriouserrors. The displacementield is generatedby
the discretemotionequation:

X(t+1) = —R(QAHX(t) = T (20)
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WhereR(QAt) = A%, For small At this canberewritten as:

X(t+1) = -1+ QA)X(t) — VAL (21)
Thedisplacementield is easilyfoundto be:
x(t+1) —x(t) v(z,y,t) (22)
At T 1+ Z7Y(QY - Q,X)At + Z-1V, At

Equation(22) statesthat evenin the caseof smoothmotion the displacemenfield
can be quite differentfrom the optical flow. To have a satishctory approximationwe
must imposethat the denominatorof eq.(22)is closeto 1. Note that the two terms
Z71(Q,Y — Q,X)At andZ~'V, At representhe motion of the cameraalongthe opti-
cal axis, generatedespectiely by rotationandtranslation relative to the distanceof the
scendrom the cameraWe finally getthefollowing setof conditionsto be satisfied:

QA% < QAL; VA%t < VAL (23)
LXAM L Z; QYA KL Z; VALK Z (24)

Thefirst two impliesthatthe motion mustbe smooth,sorapid changesn theveloci-
tiesarenotallowed. ThelastthreeexpresghefactthatthemotionalongZ mustbesmall
comparedo thedistanceof the objectfrom thecameraFigure(2) shovs how egomotion
estimationbehaeswhentheinstantaneouapproximatiorbreaksdown. Syntheticfields
weregenerateéndlinearandrotationalvelocitiesestimatedvith thetechniquedescribed
above. Both the caseof noise-freeandnoisytrackingareshavn. Clearly, whennoiseis
presentatoo densetime samplingproduceshugeerrorsdueto thefactthatthe features
displacemenbecomesmallerwhile thetrackingerrorin generais lower bounded.Ob-
sene thata rotationof 90 degreesper second(pretty fastfor a video amateurexploring
somenew ervironment!) correspondsat 30H z, to QAt = 5%. Sowe canconcludethat
approximatingthe optical flow with the displacementield is safein the caseof human
motion.

4 Experiments

We performedextensive testsoverrealsequenceacquiredby ahandhelddigital camera.
The camerawas previously calibratedusing differentviews of a planargrid (oneof the
planesin figure (3) was used). Sparsefeatureswere tracked using the Kanade-Lucas-
Tomasitracker [3] andopticalflow approximatedvith featuresdisplacementin figures
(3),(4)and(5) we shav examplesof thereconstructiongbtainedwith thealgorithmpre-
sentedn the paper We would lik e to stresghatprecisecalibrationscanbe obtainedwith
the techniguewe usedevenwith a small numberof imagesandthatif the focal length
is not changedcalibrationis well presered over time: we usedthe camerafor about
one monthrecalibratingregularly and checled that the cameraparametersvere always
consistenwith theinitial calibration. This is animportantobsenationsince,in the dif-
ferentialframework, full autocalibrationof the cameracannotbe performed,so at least
partialinitial knowledgeof the camergparameterss necessary7].
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Figure4: Reconstructednodelof a Linux box basedon 11 framesand220tracks. The average
disparityis about0.9 pixels perframe

Figureb: Reconstructechodelof ateaboxbasedn 7 framesand250tracks. Theaveragedisparity
is aboutl.1pixelsperframe.

5 Conclusions and Future Wor k

In this papera recursve algorithmto estimatethe structureof a scenefrom a calibrated
video sequencavaspresented.The algorithmis basedon the extractionof optical flow
for eachframe and the sequentiakcomputationof motion and structure. Moreover an
alternate new way to automaticallyrescalethe 3D informationfrom differentviews is
presentedandtested. The two stagesof egomotionand structurecomputationare ap-
proachedwith linear procedures this makesour algorithmfastenoughto berunin real
time. Resultsonsimulateddataandrealimagesarepresentedo validatethe effectiveness
of theapproach.

A majorweaknessf thealgorithmis thetime integrationthatatthemoments performed
with very roughprocedure.For the nearfuture we intendto embedthe one-viev struc-
ture algorithmin a Kalmanfiltering framework. Constraintsover non consecutie views
areanothelissueto be exploredto reducedrift andgeta betteroverall consistencef the
reconstruction.
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