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A Low-Complexity Step-by-Step Decoding Algorithm for Binary

BCH Codes
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SUMMARY A low-complexity step-by-step decoding algorithm for
t-error-correcting binary Bose-Chaudhuri-Hocquenghem (BCH) codes is
proposed. Using logical analysis, we obtained a simple rule which can di-
rectly determine whether a bit in the received word is correct. The computa-
tional complexity of this decoder is less than the conventional step-by-step
decoding algorithm, since it reduces at least half of the matrix computations
and the most complex element in the conventional step-by-step decoder is
the “matrix-computing” element.
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1. Introduction

The Bose-Chaudhuri-Hocquenghem (BCH) codes are a
class of powerful multiple-error-correcting cyclic codes [1]—
[3]. One popular error-correcting decoding procedure for bi-
nary BCH codes includes three major steps [1, 2, 4, 5]:

1) Calculate the syndrome values S;, i = 1,2,...,2¢ from
the received word.

2) Determine the error location polynomial o (x).

3) Find the roots of o(x), and then correct errors.

Massey first presented another well-known decoding
method, the step-by-step decoding algorithm, for general
BCH codes [6]. The step-by-step decoding algorithm [6]—
[9] involves changing received symbols one at a time, check-
ing whether the weight of the error pattern has been reduced.
The common procedure of this method for decoding the bi-
nary BCH codes also consists of the following three steps:

a) Calculate the syndrome values S;, i = 1,2,...,2t from
the received word.

b) Temporarily change one received bit and then check
whether the number of errors has been reduced. If so,
the received bit is erroneous and shall be corrected.

¢) Following the same procedure as step (b), check the re-
ceived bits one by one.

The step-by-step decoding method avoids calculating
the coefficients and searching for the roots of the error-
location polynomial, so it is may be less complex than the
standard algebraic method. The conventional step-by-step
decoding algorithm has not been widely employed for BCH
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codes with large error-correcting capability owing to its re-
quirement for calculation of the determinant of the syn-
drome matrix.

To achieve real-time decoding, [9] proposed a step-
by-step decoder for t-error-correcting binary BCH codes in
which a shift-syndrome generator is added and the matrix-
calculation circuit is realized by systolic array so that the av-
erage computation time for the real-time decoder is only two
logic-gate delays. This decoder has adopted the logic con-
cept in the comparison of the number of errors. However, it
has not tried to reduce the number of matrix-calculations.

This paper presents a modified step-by-step decoding
algorithm for r-error-correcting binary BCH codes. By us-
ing logical analysis, the determination whether a received
bit is erroneous in the step-by-step decoding algorithm as
proposed in [9] can be further simplified into general func-
tions. The new decoder requires only approximately half of
the matrix calculations as the decoder in [9]. Thus, the com-
putational complexity of this decoder is much less, since
the most complex element of the step-by-step decoder is the
“matrix-computing” element. Furthermore, the simple and
regular decoding procedure also makes the decoder suitable
in hardware realization.

The remainder of this paper is organized as follows.
Section 2 describes the binary BCH codes and the step-by-
step decoding algorithm proposed in [9]. Section 3 intro-
duces a new step-by-step decoding algorithm and compares
its calculation complexity with previous algorithm. Section
4 presents an example of the new decoder. Finally, Section
5 provides some concluding remarks.

2. Preliminaries

A t-error-correcting binary BCH code is capable of cor-
recting any combination of ¢ or fewer errors in a block of
n = 2" — 1 digits. For any positive integer m (m > 3) and ¢
(t < 2m~1), there exists a binary BCH code with the follow-
ing parameters:

Block length: n = 2™ — 1

Number of information bits: k > n — mt

Minimum distance: dy, > 2t + 1.

The generator polynomial of the code is specified in
terms of its roots over the Galois field GF(2™). Let «
be a primitive element in GF(2™). The generator polyno-
mial g(x) of the code is the lowest degree polynomial over
GF(2), which has «, a2, a3, ..., a* as its roots. Let D (x),
D3(x), ..., Dy1(x) be the distinct minimum polynomials of
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@, a’,...,a* ! respectively. Then, g(x) is given by

g(x) = LCM{®; (x), D3(x), ..., Py (1)} D

n—1 X
Let v(x) = ) v;x' be a systematic codeword and e(x) =
i=0
n—1 . . .
>, e;x' be an error polynomial. Then, the received word can
i=0
be expressed as

n—1

r(x) = ) rixd = o(x) + e(). )

i=0

The weight of the error pattern e(x) is the number of errors
in the received word r(x). The corresponding syndromes
can be calculated by

S; = rd) =vd) +e@)=e@),i=1,2,...,2t. (3)

For 1 < v < t, the v X v syndrome matrix is defined as

S 1 0 - 0
S3 S) Sy - 0
Mv: . .
Sou-1 So-2 Sz-3z - 8,

The relations between the syndrome matrices and the num-
ber of errors in r(x) can be found by theorem 9.11 in [1], or
property 4’ in [6]. The theorem is restated below.

Theorem 1: For any binary BCH code and any v such that
1 < v < t, the syndrome matrix M, is singular if the number
of errors is v — 1 or less, and is nonsingular if the number of
errors is vor v + 1.

According to Theorem 1, the number of errors in r(x)
can be determined from the values of the determinants of the
syndrome matrices det(M,), v = 1, 2,..., t. For example, if
det(M,) # 0, det(M,) # 0, det(M3) # 0, and det(M,) = 0,
forv=4,5, ..., t, then three errors have occurred. Hence, to
acquire the information of the number of errors, the step-by-
step decoding algorithm is concerned whether the values of

det(M,), v =1, 2,..., t, equal to zero, and a decision vector
m composed of decision bits m,, v =1, 2,..., t, is defined as
[9]

m = (ml,m2, e ,mt)’

where m, = 0 if det(M,) = 0 and m, = 1 if det(M,) # O.
The decision vector of a general #-error-correcting bi-
nary BCH code can be expressed as follows:

1) m = (0") if no error has occurred, where 0’ denotes ¢
consecutive identical 0 bits. For example, vector 0% =
0,0, 0).

2) m = (1,0") if one error has occurred.

3) m e {(x*2,1,1,07%)} if u errors, 2 < u < t, have
occurred, where the “X” means a value of either O or 1.

4) m e {(x'2,1, 1)} if ¢ errors have occurred.
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For example, if r = 2, the decision vector can be (0, 0) for

no error, (1, 0) for a single error, or (1, 1) for two errors.
Consequently, the number of errors can be correctly de-

termined by the decision vector m if and only if the weight

n-1 .
of error pattern is ¢ or less. If the received word r(x) = ) r;x'
i=0

is modified by changing temporarily a selected bit at_posi-
tion x”, 0 < p < n — 1, then the modified received word
becomes

rP(x) = r(x) + x7 = v(x) + e(x) + x” = v(x) + ep(x),
“)
where e;(x) = e(x) + xP and the subscript “p” in e;(x) in-
dicates that the magnitude of the x” position of e(x) is tem-

porarily changed.
Then, the modified syndrome matrix becomes

Si, 1 0 - 0
S2-1p S2v.—2,[3 Sw-3p - Sup
WhereSi,ﬁ=e(ai)+(ai)p=S,~+aip,i=1,2,...,2t.

The corresponding decision vector m; can also be de-
fined as

mﬁ = (ml,ﬁ’ m2,ﬁ7 T, mt,ﬁ)’

where m, 5 = 0 if det(M, 5) = 0 and m, ; = 1 if det(M, ) #
0,v=1,2,..,¢t

Hence, m is the decision vector of original syndromes
and m; is the decision vector of temporarily changed syn-
dromes. Whether the bit at position x” of r(x) is erroneous
can be determined from the difference between m and m.
The step-by-step decoding algorithm proposed in [9] is then
described as follows:

1) Determine the original syndromes and the decision
vector m = (my, my, ...m;).

2) Change the magnitude of the x” position of r(x) tem-
porarily and determine the modified decision vector
mp = (ml,ﬁ, mp gy, mt,p)-

3) Using m and mp, determine the value of &,(¢), which
is the estimated value at the x” position of the error
pattern e(x) by

ep(1) = mymy p, (5a)
e,(2) = (myiny pymying p V mymy pmoiny 5, (Sb)
and
ep(D) = [ep(l = D))myimy p]
Vg pim - My_ 1 iy, (5¢)
3 < | < t, where ¢ is the error-correcting capability
of the binary BCH code, “Vv” is the logical operator
“OR,” and m; is the complement of m;. (Proof: See the

Appendix.)
4) Send the output bit 7, = r, + &,(1).
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3. Proposed Decoding Algorithm

A new step-by-step decoding algorithm for t-error-
correcting binary BCH codes is proposed as follows. The
algorithm follows the same idea as that proposed in [9], but
further reduces the amount of the determinant-calculation of
syndrome matrices by means of logical analysis. The logical
analysis is based on the fact that only 2¢ + 1 cases are possi-
ble when we want to determine the value at the x” position
(0 < p < n—1) of the error pattern e, e = (eg, ey, ..., €,-1),
for a t-error-correcting binary BCH code. For example, for
a binary (15, 7) BCH code (¢ = 2), all five possible cases of
ep, are expressed in Table 1 and described as below:

1) If no error occurs, then the value of e, must be correct
(i.e. ep =0).

2) If one error occurs, then the value of e, can be erro-
neous or correct (i.e. e, = 1 or e, = 0).

3) If two errors occur, then the value of e, can be erro-
neous or correct (i.e. e, = 1 or e, = 0).

In the following, we assume that the signal-to-noise ra-
tio (SNR) of the communication is large enough such that
the number of errors in a received codeword is ¢ or fewer for
a r-error-correcting binary BCH code.

Theorem 2: For a #-error-correcting binary BCH code, the
estimated error value at position x” of the error pattern, &,(t),
n—k < p<n-1,canbe given by

2p(1) = iy p, (6a)

2,(D) = &,(1 = Vyimy vV mymy 5, for2 <I<rt. (6b)

Proof:

In the case ¢ = 1: Let w(e) be the weight of error pattern e,
and e, (1) be the value of position x” ine,n—k<p <n-1.
Three possible cases apply in the determination of the value
of e, (1), as shown in row 2 of Table 2. Row 4 is the decision
bit m;. If no error occurs [w(e) = 0], det(M) = 0, then
m; = 0. If one error occurs [w(e) = 1], det(M,) # 0, then
m; = 1. w(ep) and m; 5 indicates the weight of the error
pattern and the decision bit for changing the received digit
rp, respectively. It is easy to see that ,(1) = my p.

In the case ¢ > 2: There are 2¢+1 possible cases in deter-
mining the value at position x” [e,(t),n —k < p < n—1] of
the error pattern e, as shown in row 2 of Table 3. As the case
of t = 1, the decision bits my, mo, ..., my_y, my;, my p, My p,
..., my_1 5 and m,; in Table 3 can be determined by Theo-
rem 1. All 2¢+1 possible estimated values of e,(t), as shown
in the bottom row of Table 3, are equal to &,(t—1)m, Vmin, .
Hence, in a similar way, we can get

Table1  The possible various cases of e, for t = 2.
w(e) 0 1 2
e, oj1fo]1]o

Note: w(e) denotes the weight of error pattern e.
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ep(D) = e,(I - Dyimy v myimy
= ([ pi2) V maing p) -+ - iy
\Y m,rh,,ﬁ,for 2<I<t
Q.E.D.

Equations (6a) and (6b) can be further simplified as
shown in the following theorem.

Theorem 3: For a r-error-correcting binary BCH code, the
estimated error value at position x? of the error pattern, &,(t),
n—k < p <n-1,canbe given by

ep(l) = my p, (7a)
ep(2) = mimy,p, (7b)
and
Table2  The logic analysis in Theorem 2 for ¢ = 1.

Table 3  The logic analysis in Theorem 2 for ¢ > 2
w(e) ol 1 2 I 1 t
e,(t) oOj1(og1|0 I 1{0g1]0
W(ez) 1jo|2f1]3 I t2| t flt-1]t+1

- o|l1|1ff1]1

m 5 1{0|1Qf1]x

e,y=m; [of1[ofo]x

m, OOOll><><><><

my 5 ofoft]|o]1

ép @)= ép(DﬁZ

Vi,

m,_, olofolo Rl BEE
My 0ololo]o o1t~
ép(lfl) = é[)([—z) 771,,]
miy O[] rfol ool
m, ololololo||o]o|1]|1
" ololololol-|o]|1]|0]1
e (=6 (-1
P ol oft]oll1lo]1]o
iy

Note: The “x” denotes a value of either O or 1.
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Table4  The logic analysis in Theorem 3 for ¢ is odd.
w(e) ol 123 3] 2] et ] ¢
e,(t) Of1|OQL[OfL|O I Ijoj1r|{ogLrfof1|o0
Wie;) oll1]3]2]4 I 4] t-2] 3 e-1fffe-2] ¢ 1]t
m 5 1{O[1Q1]x]|x]|x i x| x| x| xfx|x|x]|x
ép(l)zml,ﬁ O|1|0ROfx|x]x I x| x| x| x¥ x| x| x x
i, 010]0(1|1(|1]|1 I x| x| x| xWx|x]|x|x
ms 5 0 0[0|1]0]|1 I x| x| x| xlx|x|x]|x
5 =o.(7
e[,() am, 0(1[{0[1]0]|1]|0 x| x| x| x@x|x|x]|x
vmzrﬁw

m,_3 0 1|1 |1l x]x]x]|x
oy 0 O] 1|0 [1Qg1|x|1]x
e, (t-2)=e,(t—4
_"()_p( 0|1]0|1]{0|1]{0[-[1]0]|1|0Offx]|x]|x]| x
my_3Nmy_3my_p 5
m, olofojofojofo|-]ofofo]of1]1|1]]1
m 5 o|ojo|o|o|o|o]-|0o]|0]Oofof0o]|1]|0]1
e, (=e,(1-2
_”()”(_)0101010 L{o|trf{o|1]{o|1]|o0
my_y N my_ 1y 5,

Table 5 The logic analysis in Theorem 3 for 7 is even.
W(e) 0] 1 t-3 t-2 t-1 t
e, (0 0j1{0|1|0 1{o|L|{OgL|O[1]O
w(ez) ol211]3 t-4(t-2 (t-3 |t-1f) t |t-2[t-1 |t+]
m 111(1]1 X| x| x| xfl| x| x|x]| x
my 0 x| x| x| xfllx|x|x]|x
ép Q)= mﬁz,ﬁ x| x| x| <@l x| x]|x]x

m_3 0 LT |1 1f[x]|x]|x]|x

m_, 5 0 O(1]|O|L1LQgL{O|1]|x
e,(1=2)=¢,(t-4)

sy o5 |0 T[O[THO ] 110 1 [ Offx|x|x|x

m,_ 0{0[0[0]|0 ofojojofr|{r|1]1
m 0{0[0]0 -1 0 0j]0(1(0]1
ép ® :ép(t -2
— _ 110(1]0 1jof1{o{1jo0{1r]o
my_y N my_\my

for3<il<t.

ep(h) = e,(I = 2ymy_y vV my_yimy p, (7¢)

The proof of Theorem 3 is similar to that of Theorem
2 and its analysis refers to Table 4 (for ¢ is odd) and Table 5
(for ¢ is even). For example, if t = 3, then ¢,(3) = e, (1), Vv
mpms g, and if 1= 4, then ép(4) = é17(2)77l3 V mzmyp.

According to Theorem 3, the procedure of the proposed
step-by-step decoding algorithm for a 7-error-correcting bi-
nary BCH code can be summarized as follows:
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Table 6

The equations and matrix-calculations of the error correctors for

t-error-correcting binary BCH decoders, t =1,2,3,4,5;n—k<p<n-1.

Conventional step-by-step

Proposed Algorithm

Algorithm in [9]. in Theorem 3.
ep (1) mlrﬁl; ﬁl)p
t=1 matrix det(M;)
calculations det(M, 5) det(M, 5)
6 (”11’”1,,7)’”_2’"2,17 v myiny 5
mymy My
=2
matrix | 4et(M)) , det(My) . det(M,)
caleulations| gey(vs, -y det(My5) . | det(M, ;)
[(myim, 5 )imy i, 5 v my 5y N Mgl G
ép 3) NN TN
mlﬁnlzmzv;,nzj,rﬁ;_;
=3 det(M,), det(M,),
(My), det(M3) dety)
matrix | det(M3) .
calculations | det(M, 5) , det(M, 5) , det(Mu—,)
det(M; 5) . det(M; 5)
UGy, 5)mym, 5 v (myy Y
5 @) mymy sy, 5 msn 5 myiy
e
» ml_[—ymzmz_;m;ﬁ}_;,}n_urﬁw
v mzA;mrgmll—,mJEA;
t=4
det(M,) , det(M,), det(M,)
matrix | 4UM3) 5 det(M,). det(M5)
calculations det(M, ) , det(M, 5), det(M, ;)
det(M;5) , det(My5). | det(M,5)
{{[(merzl,ﬁ)EZmZ_ﬁ Vv (’Thﬁ’wz v mz’T’,lﬁ)
”llml.E”’z'Tzz.i]’T’z’T??.ﬁ v niy N m s ;
ép 5) ml.Emzmz.Emzﬁsﬁ}’74’74.5 Vv
mz.,’amz”’z.ﬁmﬂ?{i }’75’715.5
v m3.5m4m4.;m5ﬁ5ﬁ
=5 det(M,) , det(M,), det(M,)
det(M5) , det(M,), det(M,)
. det(Ms5) .
matrix .
calculations| det(M, 5) , det(M, ;) , det(M, 5)
det(M; 5) , det(My5), | det(M; )
det(Ms5) . det(M ;)

1) Calculate the original syndromes S; (i =

21).

1,2, 3,...,

2) Determine initial decision vector m = (my, my, - -+ , M;_1)

if tis odd, or m = (my,ms, - - -

3) Letp=n-—1.
4) Change the magnitude of the x” position of r(x) tem-
porarily and determine the modified decision vector

m; = (myp,msp,--
(mz,[_)’ m4,ﬁ7 o

- ,myp) for t is even.

,m;_1) for t is even.

-,myp) if tis odd, or mp =
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5) Using m and mj, determine the value of 2,(¢), which
is the estimated value at the x” position of the error
pattern e(x) by Eqgs. (7a), (7b), and (7c).

6) Send the output bit #, = r, + &,(1).

7) Let p = p—1. If p = n— k — 1, then this decoding
algorithm is completed. Otherwise, go to step 4.

Table 6 compares the equations and the matrix calcula-
tions required in the proposed decoders with those required
in [9]. Obviously, the proposed algorithm reduces the num-
ber of matrix computations by half at least.

4. Illustrative Example

Consider the (31, 11) binary BCH code with error correcting
capability r = 5 as an example. Let @ denote a primitive
element of GF (2°) and a® + @®> + 1 = 0. The generator
polynomial of the (31,11) binary BCH code is defined as
the least common multiple of the minimal polynomials of
1, a, @2, ..., and a'%. Assume there are three errors in the
received polynomial r(x) and e(x) = x7 + x?° + x%.
The initial syndrome values are

Si=1,8=1,83=0a%85,=1,55=a",5¢ = a5,
7

S =a'.
Since
S, 1 0 0
det(My) = gz gj g; Slz =0 and
S; Se¢ Ss S4
det(M5) = gl 312 =a” %0,

somy =0and m, = 1.
From Eq. (7), the estimated error value of e,(5) is
e,(5) = (my pimy V maing j)ing NV myins
(ﬁllgﬁ'OV 1 '1’713@)' 1 VO'I’T’lif)
= m3p 3)

For 20 < p < 30 the temporarily changed syndrome values
are

i
Si,ﬁZS,'+CZp,

Then,

i=1,2,3,4,5.

1T ¢ _ 3o _ 2% o _

Si=a@ S m=a,8 x=a".55=1
% e e 15 q _ _ 12

Sizg=a,S55=a .S 3=a",5575=a",

7o _ _ 25« _ _ 8.
1m=a,S 5 =a, S 5 =a;

—_

_ 3 e _ 6¢ _ _ 21 ¢ _ _
230 = @>S8,55 =@, 8,55 =@, 8,55 =

S

S

Sz,% — CL/25,SLE — aZl,SLﬂ — a,IS’SLﬁ — a24’
S2,ﬁ — 014’32,5 — al9,S2’2_0 — a,lﬁ;

SS,% = 016,53’E = 0’7,53’§ = 0’21,53,ﬁ = a/27,
S

Mo _ o d o _ 6o _ 25
356 =@ S35 =@ S35 =, S5 =a”,
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4o _ 2o _ _ 2,
33 =@ S35 =a, S35 =a;

S

S,m=0"S,m=aS,m=0""5,5=1
Sim=a".8,z=0"58,53=0"8,5=a",
Sym = (128,54’5 = a27,S4E =a';

Ssx =", S5z = ™, Ss5g=0a", S5 =1,
S B

_ 20
526 - @

_— 2 _ 19 N v/
Ssy=aSsy=a . Ssn=a,

2o _ 3o _ 30
Ssm=a".Ss57 =, Ss55=a.

By calculating the value of

S I,P 1 O
det(M3p) =| S3p Sap Sip |
Ssp Sap S3p

we can determine

m3ﬁ = 1,m3’2*9 = l,m3ﬁ = l,m3ﬁ = l,m3’2*6 = 1,
mS’g = 0, mlﬁ = 1,m3!2*3 = l,m3ﬂ = 1,m3j = l,
miﬁ = O

Hence,

830(5) =335 =0, @29(5) =m;55 =0,

e3(5) =355 =0, &x(5) =my5 =0,
86(5) =335 =0, &5(5) =my5 =1,
84(5) =353 =0, @x3(5) =m;53 =0,
en(5) =my5 =0, e(5) =my57 =0,

and é20(5) = 1’713,% = 1.

Therefore, the estimated error pattern of the message part of
the received vector is

(820, 821, €22, €23, €24, 825, €26, €27, €23, €29, €30)
=(1,0,0,0,0,1,0,0,0,0,0).

5. Conclusions

A novel step-by-step decoding algorithm for z-error-
correcting primitive binary BCH codes is proposed in this
paper. A simple equation to estimate the error value of the
error pattern is obtained by logical analysis. The computa-
tional complexity of this decoder is much lower than of the
step-by-step decoding algorithm proposed in [9], since the
most complex elements in the step-by-step decoder are the
“matrix-computing” elements and the proposed algorithm at
least reduces half of the matrix computations. Furthermore,
as [9] the simple structure also makes it suitable for hard-
ware realization.
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Appendix: Proof of Egs. (5a), (5b), and (5¢)

Let w(e) be the weight of error pattern e, é,(t) be the es-
timated value of position x” ine, n —k < p < n— 1.
m = (my,my, - ,my) is the decision vector of original syn-
dromes and m; = (my 3, map, -+ ,my;p) is the decision vec-
tor of temporarily changed syndromes.

In the case ¢ = 1: Three possible cases apply in the de-
termination of the value of e, (1), as shown in column 2 of
Table A- 1. The analysis of Table A-: 1 as follows:

1) If no error occurs [w(e) = 0, m = (m;) = (0)], then the
value of e, must be correct (i.e. e, =0). Temporarily
change a received bit at position x’, n—k < p <n-1,
then one error occurs [w(ep) = 1, mp = (my ) = (1)].
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e, = 0). Temporarily change a received bit at position
xP, then no or two errors occur [w(ep) = 0 or 2, m; =
(my13) = (0) or (1)]. It is easy to see that the estimated
error value of ej(1) is

ép(l) = mymyp.

In the case ¢ = 2: Five possible cases apply in the deter-
mination of the value of e,(2), as shown in column 2 of
Table A-2. As the case of ¢t = 1, the decision bits m, m,,
my; and my; in Table A-2 can be determined. Then, the
estimated error value of e,(2) is

ép(2)

m]ﬁlzﬁ’l]’[’,ﬁlz,[j \Y% m]mzm]’[’,ﬁlz,[j

(myimy p)imaing p V mymymy ping
{=(me mlyﬁ)mlﬁ’lzyﬁ, Fig. 13 of [9].
In [9], define that
m, = 1if det(tM,) =0, v=1,2,---,t1.}
In the case ¢t > 3:

For the case r = 3: Seven possible cases apply in the de-
termination of the value of e,(2), as shown in column 2 of

Table A-2  The logic analysis of Eq. (5b) for 7 = 2.
w(e) ep(2) w(ez) m m, m 5 my

0 0 1 0 0 1 0
| 1 0 1 0 0 0

0 2 1 0 1 1

1 1 1 1 1 0
2

0 3 1 1 X 1

Note: The “x” denotes a value of either 0 or 1.

Table A- The logi lysis of Eq. for ¢t = 3.
2) If one error occurs [w(e) = 1, m = (m;) = (1)], then the able A-3 ¢ logic analysis of Eq. (5¢) for 7 =3
value of e, can be erroneous or correct (i.e. ¢, = 1 or WO e, (3) | Wlep) | my | my | ms | myg | my5 | m;p
0 0 1 01010 1 0 0
Table A-1  The logic analysis of Eq. (5a) for 7 = 1. 1 ! 0 rtjojojo 0 0
0 2 110]0 1 1 0
w(e)| ep() | wieg) | my |mp 1 T [t[tjof T [0]o0
0] 0 Lpogt 2o 3 [t lol 11
| ! o prpo NE 2 | x[1[1 o
0 2 gt 0 | 4 x| 11| x| x |1
Table A-4  The logic analysis of Eq. (5c) for r > 3.
W) | e, () | wep) | my | my | my my_y | my_y | my | my |y gl ms g m_yp | My p | My
0 0 1 0]10]0 0 0 0 1 0 0 0 0 0
1 1 0 1({0]0 0 0 0 O 0 0 0 0 0
0 2 1101]0 0 0 0 1 1 0 0 0 0
) 1 1 111]0 0 0 0 1 0 0 0 0 0
0 3 1{1]0 0 0 0 1 1 0 0 0 0
3 1 2 x| 1]1 0 0 0 1 1 0 0 0 0
0 4 x | 1 ]1 0 0 0] x X 1 0 0 0
ol 1 t-2 x | x| x 1 1 0| x X X 1 0 0
) 0 t x | x| x 1 1 0] x X X X 1 1
. 1 t-1 x | x| x X 1 1 X X X 1 1 0
0 t+1 x | x| x X 1 1 X X X X X 1
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Table A- 3. As the case of t = 1, the decision bits m, my, m3,
my 5, My p and mj3 ; in Table A-3 can be determined. Then,
the estimated error value of e,(3) is

ép(3) = mymamamy iy sims 5 NV mimymsmy iy 5ms p
V momsmy iy ims
= [(mimy p)inoing 5 V mymamy ping plmaims p V
momsmy my M3
= ép(Z)ﬁ’l3I’7’l3!1-, \% n’lzmgml,ﬁmzyi,ﬁ’llﬁ
{= (m2 ® my p)mimaing pinz ; V mamamy pms pinz p,
Fig. 14 of [9].}

For the case t > 3: All 2t + 1 possible values of e,(t), as
shown in the column 2 of Table A-4. As the case of t = 1,
the decision bits my, mo, ..., m_1, my, my p, Mo, ..., My_1
and m, ; in Table A- 4 can be determined. Hence, in a similar
way, we can get

é'p(t) = ép(t - l)ﬁ’ltﬁ%,ﬁ V Py 5y 51T

Q.E.D.
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