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Abstra
tWe present a new method to obtain lower bounds for the time 
omplexity of polyno-mial evaluation pro
edures. Time, denoted by L, is measured in terms of nons
alararithmeti
 operations. In 
ontrast with known methods for proving lower 
omplex-ity bounds, our method is purely 
ombinatorial and does not require powerful toolsfrom algebrai
 or diophantine geometry.By means of our method we are able to verify the 
omputational hardness of newnatural families of univariate polynomials for whi
h this was impossible up to now.By 
omputational hardness we mean that the 
omplexity fun
tion L2 grows linearlyin the degree of the polynomials of the family we are 
onsidering.Our method 
an also be applied to 
lassi
al questions of trans
enden
e proofs innumber theory and geometry. A list of (old and new) formal power series is givenwhose trans
enden
e 
an be shown easily by our method.Key words: Algebrai
 Complexity; Straight-line program 
omplexity; Complexityof polynomial evaluation; Trans
enden
e 
riterion.Preprint submitted to Elsevier Preprint 10 De
ember 1999



1 Introdu
tionThe study of 
omplexity issues for straight-line programs evaluating univari-ate polynomials is a standard subje
t in theoreti
al 
omputer s
ien
e. One ofthe most fundamental tasks in this domain is the exhibition of expli
it familiesof univariate polynomials whi
h are \hard to 
ompute" in the given 
ontext.Following Motzkin [18℄, Belaga [3℄ and Paterson{Sto
kmeyer [20℄ \almost all"univariate polynomials of degree d need for their evaluation at least 
(d) ad-ditions/subtra
tions, 
(d) s
alar multipli
ations/divisions, and 
(pd) non-s
alar multipli
ations/divisions. A family (Fd)d2N of univariate polynomialsFd satisfying the 
ondition degFd = d is 
alled hard to 
ompute in a given
omplexity model if there exists a positive 
onstant 
 su
h that any straight-line program evaluating the polynomial Fd requires the exe
ution of at least
(d
) arithmeti
 operations in the given model.In the present 
ontribution we shall restri
t ourselves to the nons
alar 
om-plexity model. This model is well suited for lower bound 
onsiderations anddoes not represent any limitation for the generality of our statements.Families of spe
i�
 polynomials whi
h are hard to 
ompute were �rst 
onsid-ered by Strassen in [25℄. The method used by Strassen was later re�ned byS
hnorr [22℄ and Stoss [24℄. In [14℄, Heintz and Sieveking introdu
ed a 
on-siderably more adaptive method whi
h allowed the exhibition of quite larger
lasses of spe
i�
 polynomials whi
h are hard to 
ompute. However in its be-ginning the appli
ation of this new method was restri
ted to polynomials withalgebrai
 
oeÆ
ients. In [13℄, Heintz and Morgenstern adapted the method ofHeintz{Sieveking to polynomials given by their algebrai
 roots and this adap-tation was 
onsiderably simpli�ed in [2℄.Finally the methods of Strassen [25℄ and Heintz{Sieveking [14℄ were uni�edto a 
ommon approa
h by Aldaz et alii in [1℄. This new approa
h was basedon e�e
tive elimination and interse
tion theory with their impli
ations fordiophantine geometry (see e.g. [8,15,21℄). This method allowed for the �rsttime appli
ations to polynomials having only integer roots.The results of the present 
ontribution are based on a new, 
onsiderably sim-? An extended abstra
t of this paper appeared in the Pro
eedings of the 23rd Sym-posium on the Mathemati
al Foundations of Computer S
ien
e, Springer Le
tureNotes in Computer S
ien
e 1450 (1998) pp. 167{175.1 Partially supported by Gobierno de Navarra under proje
t \Complejidad y Es-tru
turas de Datos en C�al
ulo Simb�oli
o", Spain.2 Partially supported by UBA{CYT TW80, PIP CONICET 4571 and ANPCYTPICT 03{00000{01593, Argentina.3 Partially supported by DGCYT PB 96{0671{C02{02, Spain.2



pli�ed version of the uni�ed approa
h mentioned before. Geometri
 
onsidera-tions are repla
ed by simple 
ounting arguments whi
h make our new methodmore 
exible and adaptive (see Lemma 4). The new method is inspired in [23℄and [2℄ and relies on a 
ounting te
hnique developed in [25℄ (see also [22,24℄).Ex
ept for this result (Theorem 2) the method is elementary and requires onlybasi
 knowledge of algebra.Our new method yields a simple 
riterion (Theorem 6) to establish 
omputa-tional hardness results for several new families of polynomials given either bytheir integer 
oeÆ
ients or by their integer roots (see Theorems 10, 11 and 12).The method also implies some known results for polynomials with algebrai

oeÆ
ients (see Theorems 7 and 8).Our method 
an also be applied to establish trans
enden
e proofs for powerseries. Using Newton's method to approximate algebrai
 fun
tions we obtaina simple 
riterion of trans
enden
e (see Theorem 13 and Criterion 14). Several(old and new) power series are given whose trans
enden
e 
an be shown easilyby our method (see Corollary 15).Let us �nally remark that our method does not apply to polynomials having\small" integer roots su
h as the Po
hhammer{Wilkinson polynomials. Someresult in this dire
tion would be of great interest be
ause of their relationshipwith other subje
ts of theoreti
al 
omputer s
ien
e. Conne
tions with boolean
omplexity problems 
an be found in [13℄ where the 
omplexity of evaluationof the Po
hhammer{Wilkinson polynomials is related with the 
omplexity ofa geometri
 elimination problem, and also in [17℄ where the 
omplexity ofevaluating polynomials with many di�erent rational roots is related with the
omplexity of integer fa
torization. In [4, Chapter 7℄ the hypothesis that themultiples of the Po
hhammer{Wilkinson polynomials are hard to 
ompute isused to show that P 6= NP holds for 
omputations over algebrai
ally 
losed�elds of 
hara
teristi
 zero.2 Straight-line Programs and Representation TheoremLet K be an algebrai
ally 
losed �eld of 
hara
teristi
 zero. By K[X℄ wedenote the ring of univariate polynomials in the indeterminate X over K andby K(X) its fra
tion �eld. Let � be a point of K. By K[[X � �℄℄ we denotethe ring of formal power series in X � � with 
oeÆ
ients in K and by O� thelo
alization of K[X℄ by the maximal ideal generated by the linear polynomialX � �. This means that O� is the subring of K(X) given by the rationalfun
tions F := f=g, with f , g 2 K[X℄ and g(�) 6= 0.Sin
e K has 
hara
teristi
 zero for every � 2 K there exists a natural embed-3



ding i� from O� into K[[X ��℄℄ de�ned as follows: for any F 2 O�, let i�(F )be the Taylor expansion of F at the point �, namelyi�(F ) := Xj2N F (j)(�)j! � (X � �)j :Here we denote by F (j), j 2 N , the j-th derivative of the rational fun
tion F .Let A be one of the following K-algebras: K[X℄, K(X) or O�, where � 2 K.We re
all the following standard notion of algebrai
 
omplexity theory (see[6,10,12,24,26,19℄ and [7, Chapter 4℄).De�nition 1 Let L be a natural number. A straight-line program of nons
alarlength L in A is a sequen
e � of elements of A, namely � := (Q�1; Q0; : : : ; QL),satisfying the following 
onditions:� Q�1 := 1.� Q0 := X.� For any �, 1 � � � L, there exist d� 2 f0; 1g and a�;j, b�;j 2 K, with�1 � j < �, su
h thatQ� := � X�1�j<� a�;j �Qj���(1�d�)�� X�1�j<� b�;j �Qj�+d� �� X�1�j<� b�;j �Qj��1�holds.Let F be an arbitrary element of the K-algebra A. We say that the straight-line program � = (Q�1; Q0; : : : ; QL) 
omputes F if there exist �eld elements
l 2 K, with �1 � l � L, su
h that the following identity holds:F = X�1�l�L 
l �Ql :The nons
alar 
omplexity LA(F ) of an element F of theK-algebra A is de�nedas LA(F ) := minfnons
alar length of � : � in A that 
omputes Fg :Now let F be a rational fun
tion belonging to the K-algebra O�. Suppose thatF is given by a straight-line program � in O�. We are going to analyze howF depends on the parameters of the straight-line program �. To this end weuse an idea going ba
k to [25℄ (see also [22,24℄). The following analysis of therational fun
tion F represents the main te
hni
al tool we use in this paper. Adetailed proof of a similar result 
an be found in [7, Chapter 9, Theorem 9.9,pp. 212{215℄. 4



Let us �rst re
all that the height of a given polynomial with integer 
oeÆ
ientsis the maximum of the absolute values of its 
oeÆ
ients and the weight isthe sum of the absolute values of these 
oeÆ
ients. Note that the weight issubadditive and submultipli
ative.Theorem 2 (Representation theorem for rational fun
tions) Let L bea natural number and N := (L+1)(L+2). Then there exists a family (PL;j)j2Nof polynomials PL;j 2 Z[Z1; : : : ; ZN ℄ withdegPL;j � j(2L� 1) + 2 (1)and weightPL;j � 23((j+1)L�1) (2)su
h that for any � 2 K and any F 2 O� with LO�(F ) � L there exists apoint zF 2 KN satisfying the identityi�(F ) = Xj2N PL;j(zF ) � (X � �)j :Following [14℄ for given natural numbers d and L let�d;L : KN �! Kd+1be the morphism of aÆne spa
es de�ned by �d;L(z) := (PL;0(z); : : : ; PL;d(z))for arbitrary z 2 KN . Let Wd;L := im �d;L � Kd+1 be the Zariski 
losure overQ of the image im �d;L of the morphism �d;L.In the sequel we shall identify any polynomial P0�j�d fjXj 2 K[X℄ of degreed with its 
oeÆ
ient ve
tor (f0; : : : ; fd) whi
h we 
onsider as a point of theaÆne spa
e Kd+1.3 Combinatorial MethodThis Se
tion is devoted to present the main results of this paper. In order tostate our te
hni
al lemma (namely Lemma 4 below) we need the followingnotion and notation.De�nition 3 Let n be a given natural number. For �xed d 2 N we de�ne amap � : Kd+1 �! N5



whi
h is given in the following way: for any point F := (f0; : : : ; fd) belongingto Kd+1 let�(F ;n) := #� XS�f0;:::;dg �S Yj2S f vjj : 1 � vj � n; 0 � j � d; �S 2 f0; 1g� :For n = 1 we write simply �(F ) := �(F ; 1) :Lemma 4 (Main Lemma) Let d, L and n be given nonzero natural num-bers. Then for any point F belonging to the algebrai
 variety Wd;L � Kd+1 wehave �(F ;n) � 2(n(d+1))20L2 : (3)PROOF. First of all observe that for any given natural numbers d, n and kthe subset nF 2 Kd+1 : �(F ;n) � kois 
losed in the Q -Zariski topology of Kd+1. Hen
e, sin
e the variety Wd;L isthe Q -Zariski 
losure of the image of the morphism �d;L = (PL;0; : : : ; PL;d),it suÆ
es to prove the statement of the lemma for an arbitrary (d + 1)-tupleF := (f0; : : : ; fd) whi
h belongs to im �d;L. Let N := (L+1)(L+2). For �xedd, L and n 2 N let us de�ne the following set of polynomials of Z[Z1; : : : ; ZN ℄:� := � XS�f0;:::;dg �S Yj2S P vjL;j : 1 � vj � n; 0 � j � d; �S 2 f0; 1g� :For any z 2 KN let us write �(z) := fP (z) : P 2 �g � K. Clearly wehave #�(z) � #�. From Theorem 2 and De�nition 3 we 
on
lude that forany (d + 1)-tuple F := (f0; : : : ; fd) belonging to im �d;L there exists a pointzF 2 KN su
h that the following holds:�(F ;n) = #�(zF ) � #� :Therefore, in order to prove (3) it suÆ
es to show that the inequality#� � 2(n(d+1))20L2holds.Let D := maxfdegP : P 2 �g and H := maxfheightP : P 2 �g. Then everypolynomial in � has at most �D+NN � monomials ea
h of them with an integer
oeÆ
ient of absolute value less or equal than H. Therefore#� � (2H + 1)(D+NN ) � (2H + 1)(D+1)N ; (4)6



sin
e the inequality  D +NN ! � (D + 1)Nholds for every pair of natural numbers D and N .From the degree bound (1) we dedu
e the estimate:D + 1 � n X0�j�d(j(2L� 1) + 2) + 1 � n(d+ 1)(Ld+ 2) : (5)Sin
e every polynomial P 2 Z[Z1; : : : ; ZN ℄ veri�es height (P ) � weight (P ),from (2) we infer the following bound for the height of any polynomial in �:H � 2d+1 � Y0�j�d 23n((j+1)L�1) � 23n(d+1)L+1�(3n�1)(d+1) : (6)Now, putting together (4), (5) and (6) we obtain the following estimate:#� � (2H + 1)(D+1)N � 23n(d+1)L+1(n(d+1)(Ld+2))(L+1)(L+2) �� 2n(d+1)L+1(n(d+1)2(L+1))(L+1)(L+2) :By Horner's rule we may suppose without loss of generality that L � d holds.This implies �nally#� � 2n(d+1)L+1(n(d+1)3)(L+1)(L+2) � 2(n(d+1))20L2 : �From Lemma 4 we obtain easily a suÆ
ient 
ondition (Theorem 6) sayingwhen a polynomial with integer 
oeÆ
ients is hard to 
ompute. Let p 2 N bea prime number. For any integer f 2 Z let us denote by �p(f) the multipli
ityof p in the prime fa
tor de
omposition of f .In the proof of Theorem 6 we need the following elementary fa
t.Claim 5 Let a1; : : : ; ab be nonzero natural numbers and let p be a prime num-ber su
h that �p(aj) < �p(aj+1) holds for ea
h j, 1 � j < b. Then#�Xj2S aj : S � f1; : : : ; bg� = 2b :PROOF. It suÆ
es to show that for any pair of di�erent subsets S and S 0of f1; : : : ; bg it holds: Xj2S aj 6= Xj2S0 aj : (7)7



By 
an
elling 
ommon elements in both sides of the former inequality (ifne
essary) we 
on
lude that it is enough to prove that inequality (7) holdsfor any pair of disjoint subsets S and S 0 of f1; : : : ; bg.Now for ea
h j, 1 � j � b, let nj := �p(aj) be the multipli
ity of p in the primefa
tor de
omposition of the natural number aj. We 
an write aj = pnj �~aj with�p(~aj) = 0. By hypothesis for ea
h j, 1 � j � b, we know that nj < nj+1.Consequently, we dedu
e that for any subset S of f1; : : : ; bg the followingequality holds:�p�Xj2S aj� = �p�pnm � �~am +Xj2Sm<j pnj�nm � ~aj�� = nm ; (8)where m 2 f1; : : : ; bg is the minimum of S.From (8) we dedu
e immediatly that for any pair of di�erent subsets S andS 0 of f1; : : : ; bg it holds: �p�Xj2S aj� 6= �p�Xj2S0 aj� ;and this �nishes the prove of Claim 5. �Theorem 6 There exists a positive universal 
onstant 
 with the followingproperty: let d and L be given nonzero natural numbers, d > 1. Let F :=P0�j�d fjXj 2 Z[X℄ be a polynomial of degree at most d with integer 
oeÆ-
ients su
h that F belongs to the algebrai
 variety Wd;L. Then for any primenumber p 2 N we haveL2 � 
 � log2�# nPj2S �p(fj) : S � f0; : : : ; dgo�log2 d :PROOF. Let p 2 N be a prime number and letb := #��p�Yj2S fj� : S � f0; : : : ; dg� :Then from Claim 5 we dedu
e that the following estimate holds:�(F ) = #� XS�f0;:::;dg �S Yj2S fj : �S 2 f0; 1g; S � f0; : : : ; dg� � 2b : (9)8



Combining (9) with the inequality (3) for n = 1 and taking logarithms twi
egives L2 � 120 � log2�# nPj2S �p(fj) : S � f0; : : : ; dgo�log2(d+ 1) :Finally, sin
e d > 1, we 
on
ludeL2 � 120 log2 3 � log2�# nPj2S �p(fj) : S � f0; : : : ; dgo�log2 d : �Theorem 6 is the key result to show 
omputational hardness of several newfamilies of polynomials with integer 
oeÆ
ients. From Theorem 6 we 
an alsoobtain simple hardness proofs for some known families of polynomials withinteger 
oeÆ
ients. For example Theorem 6 easily implies that the family ofpolynomials (Fd)d2N de�ned by Fd := P0�j�d 22jXj satis�es the 
omplexitybound L2(Fd) = 
 � dlog2 d� (see [25℄).Lemma 4 implies also some known hardness results for polynomials with al-gebrai
 
oeÆ
ients. This is the 
ontent of the next two theorems.Theorem 7 (Heintz{Sieveking [14℄) There exists a positive universal 
on-stant 
 with the following property: let D a given natural number and letF := P0�j�d fjXj 2 C [X℄ be a polynomial of degree at most d with al-gebrai
 
omplex 
oeÆ
ients. Let N be the dimension of the Q -ve
tor spa
eQ [f0 ; : : : ; fd℄. Suppose that there exist polynomials g1; : : : ; gs 2 Q [X0 ; : : : ; Xd℄of degree at most D, su
h that the lo
us of 
ommon zeroes of these polynomialsin C d+1 , Z(g1; : : : ; gs), is �nite and 
ontains the point (f0; : : : ; fd). Then forany natural number L su
h that F belongs to the algebrai
 variety Wd;L wehave the estimate L2 � 
 � log2Nlog2 d+ log2D :PROOF. For any subset V � Kd+1 let us denote by I(V ) � Q [X0 ; : : : ; Xd℄the ideal of the polynomials of Q [X0 ; : : : ; Xd℄ whi
h vanish on V . From theassumption (f0; : : : ; fd) 2 Z(g1; : : : ; gs) we dedu
e the following in
lusions ofideals: (g1; : : : ; gs) � I(Z(g1; : : : ; gs)) � I(f(f0; : : : ; fd)g) ;where f(f0; : : : ; fd)g is the 
losure in the Q -Zariski topology of C d+1 of the set
ontaining only the point (f0; : : : ; fd). These in
lusions and the fa
t that the Q -ve
tor spa
e Q [f0 ; : : : ; fd℄ and the Q -algebra Q [X0 ; : : : ; Xd℄=I(f(f0; : : : ; fd)g)are isomorphi
 imply that the morphism of Q -algebras� : Q [X0 ; : : : ; Xd℄=(g1; : : : ; gs) �! Q [f0 ; : : : ; fd℄ ;9



de�ned by �(Xj + (g1; : : : ; gs)) := fj for any j, 0 � j � d, is an epimorphism.From the assumption that the polynomials g1; : : : ; gs de�ne a nonempty �nitesubset we dedu
e that the Q -ve
tor spa
e Q [X0 ; : : : ; Xd℄=(g1; : : : ; gs) is �nitedimensional. A

ording to [9℄ it is possible to �nd for Q [X0 ; : : : ;Xd℄=(g1; : : : ; gs)a monomial basis � of the form� := nXv00 � � �Xvdd + (g1; : : : ; gs) : 0 � v0 + � � �+ vd � D(d+ 1)o :The image of the basis � under the epimorphism �,�(�) = nf v00 � � � f vdd : 0 � v0 + � � �+ vd � D(d+ 1)o ;is a set of generators of the Q -ve
tor spa
e Q [f0 ; : : : ; fd℄. Therefore, if N is thedimension of Q [f0 ; : : : ; fd℄ then#�Xf2S f : S � �(�)� � 2N :Taking into a

ount De�nition 3 and the in
lusion�Xf2S f : S � �(�)� � � XS�f0;:::;dg �S Yj2S f vjj : 1 � vj � D(d+ 1); �S 2 f0; 1g�we 
an write 2N � �(F ;D(d+ 1)) : (10)Finally, let L be a natural number su
h that the point F belongs to the varietyWd;L. Then Lemma 4 yields the inequality�(F ;D(d+ 1)) � 2(D(d+1)2)20L2 : (11)The proof �nishes 
ombining (10) and (11) and taking logarithms twi
e. �Theorem 7 implies that the following families of polynomials with algebrai

oeÆ
ients (Fd)d2N satisfy the 
omplexity bound L2(Fd) = 
 � dlog2 d�:� Fd := P1�j�d e 2�ij Xj (see [14℄),� Fd := P1�j�dppjXj, where pj is the j-th prime number (see [11℄).Theorem 8 (Baur [2℄) There exists a positive universal 
onstant 
 with thefollowing property: let D be a natural number and let F := P0�j�d fjXj 2C [X℄ be a polynomial of degree at most d with 
omplex 
oeÆ
ients. Suppose10



that there exist polynomials g1; : : : ; gs 2 Q [X0 ; : : : ; Xd℄ of degree at most Dsu
h that the 
omplex numbers g1(f0; : : : ; fd); : : : ; gs(f0; : : : ; fd) are Q -linearlyindependent. Then for any natural number L su
h that F belongs to the alge-brai
 variety Wd;L we have the estimateL2 � 
 � log2 slog2 d+ log2D :PROOF. Let hgi(f0; : : : ; fd) : 1 � i � si be the ve
tor spa
e over Q spannedby the set fg1(f0; : : : ; fd); : : : ; gs(f0; : : : ; fd)g. Similarly, let hf v00 � � �f vdd : 0 �v0+ � � �+vd � Di be the ve
tor spa
e over Q generated by the set ff v00 � � � f vdd :0 � v0 + � � � + vd � Dg. Sin
e for ea
h i, 1 � i � s, there exist 
oeÆ
ientsai;v 2 Q , with v := (v0; : : : ; vd) 2 Nd+1 and 0 � jvj � D, su
h thatgi(f0; : : : ; fd) = Xv:=(v0;:::;vd)2Nd+10�jvj�D ai;v � f v00 � � � f vddholds, we have the following in
lusion between ve
tor spa
es:hgi(f0; : : : ; fd) : 1 � i � si � hf v00 � � � f vdd : 0 � v0 + � � �+ vd � Di :This in
lusion and the linear independen
e in Q of the 
omplex numbersgi(f0; : : : ; fd), 1 � i � s, yield the inequalitydimQ hf v00 � � � f vdd : 0 � v0 + � � �+ vd � Di � s :This inequality implies that there exist at least 2s elements whi
h 
an beexpressed as sums of distin
t elements of the set ff v00 � � � f vdd : 0 � v0+� � �+vd �Dg. From this and by De�nition 3 we dedu
e�((f0; : : : ; fd);D) � 2s : (12)Finally, let L 2 N su
h that F belongs to the variety Wd;L. Then from Lemma4 we dedu
e the inequality�(F ;D) � 2(D(d+1))20L2 : (13)Combining (12) and (13) and taking logarithms twi
e �nishes the proof. �Theorem 8 implies that the family of polynomials with algebrai
 
oeÆ
ients(Fd)d2N de�ned by Fd := Q1�j�d(X�ppj), where pj is the j-th prime number,satis�es the 
omplexity bound L2(Fd) = 
 � dlog2 d� (see [13℄).11



4 Polynomials Whi
h Are Hard to ComputeAs mentioned in the previous se
tion, Theorem 6 yields hardness proofs forseveral new families of polynomials with integer 
oeÆ
ients, whi
h are 
ol-le
ted in Theorems 10, 11 and 12 below.In the proofs of these theorems we need the following elementary fa
t.Claim 9 Let a1; : : : ; ab be natural numbers su
h that P1�k<j ak < aj holds forea
h j, 1 � j � b. Then#�Xj2S aj : S � f1; : : : ; bg� = 2b :PROOF. In order to prove Claim 9 it suÆ
es to show that for any pair ofdi�erent subsets S, S 0 of f1; : : : ; bg the inequality Pj2S aj 6= Pj2S0 aj holds.Without loss of generality we may assume that the 
onditions S \ S 0 = ; andmax(S) < max(S 0) are satis�ed. ThusXj2S aj � X1�j�max(S) aj � X1�j<max(S0) aj < amax(S0) � Xj2S0 ajholds and therefore Xj2S aj 6= Xj2S0 aj : �Theorem 10 Let n be a �xed positive integer number. Let ' be the Eulertotient fun
tion and let �(j) be the number of primes not ex
eeding j. LetF := (Fd)d2N be the family of polynomials de�ned by any of the followingexpressions:(i) Fd := X0�j�d 22'(b npj
)Xj,(ii) Fd := X0�j�d 2'(b npj
)!Xj,(iii) Fd := X0�j�d 22�(b npj
)Xj,(iv) Fd := X0�j�d 2�(b npj
)!Xj.Then the family F satis�es the 
omplexity bound L2(Fd) = 
� n npd(log2 d)2�.PROOF. Let F := (Fd)d2N be the family de�ned by the expression (i) of thestatement of Theorem 10. We are going to show that for any nonzero natural12



number d the following estimate holds:#��2�Yj2S 22'(b npj
)� : S � f0; : : : ; dg� � 2�(b npd
) : (14)Therefore the 
omplexity bound of the statement of Theorem 10 follows imme-diately applying Theorem 6 and the Chebyshev's Theorem (see [7, Chapter 9,Exer
ises 9.19{9.21℄): for any natural number d, d > 1, the following estimateholds 16 � dln d � �(d) � 6 � dln d :For any j � 1, let pj be the j-th prime number. From the in
lusionnpnj : 1 � j � �(b npd
)o � nj : 0 � j � dowe dedu
e the in
lusion:��2�Yj2S 22'(pj )� :S � f1; : : : ; �(b npd
)g����2�Yj2S 22'(b npj
)� :S � f0; : : : ; dg�:Therefore, to show inequality (14) it is suÆ
ient to prove the following equality#��2�Yj2S 22'(pj )� : S � f1; : : : ; �(b npd
)g� = 2�(b npd
) :For this purpose, a

ording to Claim 9, we only need to demonstrate that forany j, 1 � j � �(b npd
), the following inequality holds:�2� Y1�k<j 22'(pk)� = X1�k<j �2�22'(pk)� = X1�k<j 2'(pk) < 2'(pj) = �2�22'(pj )� ;whi
h follows from the estimateX1�k<j 2'(pk) = X1�k<j 2pk�1 � X0�k<pj�1 2k = 2pj�1 � 1 < 2pj�1 < 2pj�1 = 2'(pj) :Similarly the lower bounds for the nons
alar 
omplexity of the families ofpolynomials de�ned by the expressions (ii), (iii) and (iv) of the statement ofTheorem 10 
an be obtained respe
tively using the following estimations:� X1�k<j'(pk)! = X1�k<j(pk � 1)! � X0�k<pj�1 k! � pj�1! < (pj � 1)! = '(pj)!,� X1�k<j 2�(pk) = X1�k<j 2k = 2j � 2 < 2j = 2�(pj),� X1�k<j �(pk)! = X1�k<j k! � j!� 1 < j! = �(pj)! �13



Theorem 11 Let n � 1 be a �xed natural number. Let F := (Fd)d2N be thefamily of polynomials de�ned by any of the following expressions:(i) Fd := X0�j�d 22b npj
Xj,(ii) Fd := Y1�j�d(X � 22b npj
),(iii) Fd := X0�j�d 2b npj
!Xj,(iv) Fd := Y1�j�d(X � 2b npj
!).Then the family F satis�es the 
omplexity bound L2(Fd) = 
� npdlog2 d�.PROOF. Let F := (Fd)d2N be any of the families of polynomials de�nedby any of the expressions (i) or (iii). Let us write Fd := P0�j�d fjXj wheref0; : : : ; fd are suitable integers. We are going to show that for any nonzeronatural number d the following estimate holds:#��2�Yj2S fj� : S � f0; : : : ; dg� � 2b npd
 : (15)Therefore the 
omplexity bound of the statement of Theorem 11 for the fa-milies of polynomials de�ned by any of the expressions (i) or (iii) followsimmediately from the appli
ation of Theorem 6 and the estimate (15).In order to obtain the estimate (15) we observe that for any j, 1 � j � b npd
,the following estimations holds:� X1�k<j �2�22k� = X1�k<j 2k = 2j � 2 < 2j = �2�22j�,� X1�k<j �2�2k!� = X1�k<j k! � j!� 1 < j! = �2(2j!).Applying Claim 9 we dedu
e that the equality#�Xj2S �2(fjn) : S � f1; : : : ; b npd
g� = 2b npd
holds for the sets 
onstru
ted employing only the 
oeÆ
ients of the form fjn,1 � j � b npd
, of the polynomials de�ned by the expressions (i) or (iii).Taking into a

ount the in
lusion�Xj2S �2(fjn) : S � f1; : : : ; b npd
g� � �Xj2S �2(fj) : S � f0; : : : ; dg� ;14



we dedu
e that estimate (15) holds for the family of polynomials de�ned eitherby the expression (i) or by the expression (iii).Now, let F := (Fd)d2N be any of the families of polynomials de�ned either bythe expression (ii) or by the expression (iv). Let us write Fd := P0�j�d fd�jXjwhere f0; : : : ; fd are suitable integers. We are going to show that for any j,1 � j < b npd
, we have:X1�k<j �2(f(k+1)n�1) < �2(f(j+1)n�1) :For this purpose, we observe that the multipli
ity of the roots 22j and 2j!,1 � j < b npd
, in the polynomials Fd de�ned by the expressions (ii) or (iv) isexa
tly (j + 1)n � jn.From this last remark, we dedu
e the following estimations:� X1�k<j �2(f(k+1)n�1) = X1�k<j X1�l�k((l + 1)n � ln)2l �� X1�k<j((k + 1)n � kn)� X1�l�k 2l� == X1�k<j((k + 1)n � kn)(2k+1 � 2) << X1�k�j((k + 1)n � kn)2k = �2(f(j+1)n�1) ;� X1�k<j �2(f(k+1)n�1) = X1�k<j X1�l�k((l + 1)n � ln)l! �� X1�k<j((k + 1)n � kn)� X1�l�k l!� �� X1�k<j((k + 1)n � kn)((k + 1)!� 1) << X1�k�j((k + 1)n � kn)k! = �2(f(j+1)n�1) :Now applying Claim 9 we dedu
e that the equality#�Xj2S �2(f(j+1)n�1) : S � f1; : : : ; b npd
 � 1g� = 2b npd
�1holds for the sets 
onstru
ted employing only the 
oeÆ
ients of the formf(j+1)n�1, 1 � j < b npd=2
, of the polynomials de�ned by expressions (ii)or (iv). Sin
e the following in
lusion holds�Xj2S �2(f(j+1)n�1) : S � f1; : : : ; b npd
 � 1g� � �Xj2S �2(fj) : S � f0; : : : ; dg� ;15



we dedu
e the following inequality#�Xj2S �2(fj) : S � f0; : : : ; dg� � 2b npd
�1for any of the families of polynomials de�ned either by the expression (ii) orby the expression (iv), and therefore the 
omplexity bound of the statementof Theorem 11 for these families follows immediately applying Theorem 6. �Theorem 12 Let n be a �xed positive integer number. Let F := (Fd)d2N bethe family of polynomials de�ned by any of the following expressions:(i) Fd := X0�j�d 2Fb npj
Xj,(ii) Fd := Y1�j�d(X � 2Fb npj
).where Fj is the j-th Fibona

i number. Then the family F satis�es the 
om-plexity bound L2(Fd) = 
� npdlog2 d�.PROOF. Let F := (Fd)d2N be the family de�ned by the expression (i). Letus write P0�j�d fjXj := P0�j�d 2Fb npj
Xj where fj, 0 � j � d, are suitableintegers. Sin
e for j � 1 it holdsX1�k<j F2k = F2j�1 � 1 < F2j ;we dedu
e from Claim 9 the following equality#��2�Yj2S f(2j)n� : S � f1; : : : ; b npd=2
g� == #�Xj2S F2j : S � f1; : : : ; b npd=2
g� = 2j npd2 k :From this last equality we dedu
e the estimate#��2�Yj2S fj� : S � f0; : : : ; dg� � 2j npd2 k : (16)Finally the 
omplexity bound for the family F de�ned by the expression (i)follows from Theorem 6 and the estimate (16).Let F := (Fd)d2N be the family of polynomials de�ned by expression (ii).Let us write P0�j�d fd�jXj := Q1�j�d(X � 2Fb npj
) where fj, 0 � j � d are16



suitable integers. We are going to show that the inequalityX1�k<j �2(f(2k+1)n�1) < �2(f(2j+1)n�1)holds for any j satisfying 1 � j < b npd=2
. For this purpose we observe thatthe multipli
ity of the root 2Fj , 1 � j < b npd
, in the polynomial Fd de�nedby the expression (ii) is exa
tly (j + 1)n � jn.From this observation we dedu
e that for any j, 1 � j < b npd=2
, it holds:X1�k<j �2(f(2k+1)n�1)= X1�k<j X1�l�2k((l + 1)n � ln)Fl �� X1�k<j((2k + 1)n � (2k)n)� X1�l�2k Fl� == X1�k<j((2k + 1)n � (2k)n)(F2k+2 � 1) << X1�k<j((2k + 1)n � (2k)n)F2k+2 << X1�k�2j((k + 1)n � kn)Fk = �2(f(2j+1)n�1) :Therefore, applying Claim 9 we dedu
e the following inequality#��2�Yj2S fj� : S � f0; : : : ; dg� � 2j npd2 k�1 : (17)The 
omplexity bound for the family F := (Fd)d2N follows now from Theorem6 and the estimate (17). �5 Appli
ations to Trans
endental Fun
tion TheoryOur algebrai
 
omplexity method 
an be applied to 
lassi
al questions of trans-
enden
e in number theory and geometry. Using Newton's method to approx-imate algebrai
 fun
tions we obtain a suÆ
ient 
ondition (Theorem 13) forthe trans
enden
e of formal power series.Theorem 13 Let K be an algebrai
ally 
losed �eld of 
hara
teristi
 zero andlet � := Pj2N fjXj 2 K[[X℄℄ be a given formal power series. Suppose thatfor any positive integer 
 there exists a natural number k su
h that the open
ondition (f0; : : : ; f2k�1) 62 W2k�1;
kholds. Then the power series � is trans
endental over K(X).17



PROOF. Let us suppose that � is algebrai
 over K(X). Then by Bo
hnak etalii ([5, Chapter 8℄) the power series series � de�nes a holomorphi
 fun
tionaround the origin. Now using the Newton's method we are able to approximatethe holomorphi
 funtion �. More pre
isely, using the 
onstru
tion given in [16℄we 
on
lude that there exist a positive integer 
 and a Zariski open subsetU � K with the following property: for any point � 2 U belonging to thedomain of � and for any natural number k there exists a rational fun
tion �ksu
h that the initial segment of degree 2k � 1 of the Taylor expansion around� of �k agrees with the initial segment of degree 2k�1 of the Taylor expansionaround � of the holomorphi
 fun
tion �, namelyX0�j�2k�1 �(j)k (�)j! � (X � �)j = X0�j�2k�1 �(j)(�)j! � (X � �)j :Moreover, in the 
onstru
tion of the rational fun
tion �k we employ 
 � k non-s
alar operations, that is LO�(�k) � 
 � k.Now using Theorem 2, the previous property 
an be paraphrased as follows:there exist a positive integer number 
 and a Zariski open subset U � Ksu
h that for any point � 2 U belonging to the domain of � and for anynatural number k the point given by the 
oeÆ
ients of the Taylor polynomialof (formal) degree 2k � 1 in � of the holomorphi
 fun
tion � belongs to thevariety W2k�1;
k, that is,��(j)(�)=j! : 0 � j � 2k � 1� 2 W2k�1;
k : (18)On the other hand, for the given 
, a

ording to the hypothesis of the theorem,there must exists a natural number k su
h that(f0; : : : ; f2k�1) 62 W2k�1;
k :Sin
e the power series � is holomorphi
 so is any derivative �(j) of �, j 2 N .Then any 
oeÆ
ient fj of �, j 2 N , veri�esfj = �(j)(0)j! ;and 
onsequently (�(j)(0)=j! : 0 � j � 2k � 1) 62 W2k�1;
k :By the 
ontinuity of �(j) we dedu
e that there exists a neighbourhood of zeroV � K su
h that for any � 2 V the following open 
ondition holds:��(j)(�)=j! : 0 � j � 2k � 1� 62 W2k�1;
k :18



But this 
ontradi
ts the 
ondition (18) whi
h is satis�ed for any point � ofthe Zariski open subset U if we suppose that the power series � is algebrai
.Hen
e � must be trans
endental. �From Lemma 4 and Theorem 13 we dedu
e the following 
riterion of trans-
enden
e.Criterion 14 Let K be an algebrai
ally 
losed �eld of 
hara
teristi
 zero andlet � := Pj2N fjXj 2 K[[X℄℄ be a given power series. Suppose that for anypositive real number 
 there exists a natural number k su
h that the followinginequality holds �((f0; : : : ; f2k�1)) > 22
k3 : (19)Then the power series � is trans
endental over K(X).PROOF. Let 
 be an arbitrary positive real number and let k be a naturalnumber for whi
h, a

ording to the hypothesis, the inequality (19) holds.Fixed 
 and k, let L be a natural number su
h that the point (f0; : : : ; f2k�1)belongs to the variety W2k�1;L. Then from Lemma 4 we have�((f0; : : : ; f2k�1)) � 2220kL2 : (20)Combining (20) with (19) and taking logarithms twi
e we obtainL > r 
20 � k ;and from this inequality we dedu
e that the point (f0; : : : ; f2k�1) does notbelong to the variety W2k�1;
0k, where 
0 := jq 
20k. Sin
e 
 is arbitrary, thetrans
enden
e of � follows from Theorem 13. �From Criterion 14 we obtain the following trans
enden
e results.Corollary 15 Let n be a given nonzero natural number. The following powerseries whi
h belong to Q [[X℄℄ are trans
endental over the fun
tion �eld C (X):(i) Xj2N 122'(b npj
)Xj and Xj2N 12'(b npj
)!Xj, where ' is the Euler to-tient fun
tion. 19



(ii) Xj2N 122�(b npj
)Xj and Xj2N 12�(b npj
)!Xj, where �(j) is the numberof primes not ex
eeding j.(iii) Xj2N 122b npj
Xj and Xj2N 12b npj
!Xj.(iv) Xj2N 12Fb npj
Xj, where Fj denotes the j-th Fibona

i number.(v) Xj2N 122b(log2(j+1))n
Xj, for n � 4.PROOF. First of all we observe that, a

ording to De�nition 3, the equality�((a�11 ; : : : ; a�1b )) = �((a1; : : : ; ab)) (21)holds for any nonzero elements aj, 1 � j � b, of the �eld K.Let � := Pj2N f�1j Xj be any of the power series of (i) or (ii). For any naturalnumber k the estimate (14) and Claim 5 imply�((fj : 0 � j � 2k � 1)) � 22�(b np2k�1
) :Then from (21), the inequality�((f�1j : 0 � j � 2k � 1)) � 22�(b np2k�1
)holds for any natural number k and therefore the trans
enden
e of the series� follows from Criterion 14 and Chebyshev's Theorem.Employing estimations (15) and (16) in a similar way we dedu
e from Criterion14 the trans
enden
e of the power series of (iii) and (iv).In order to prove the trans
enden
e of the power series of (v) we are going todemonstrate that the inequality#��2�Yj2S 22b(log2 j)n
� : S � f1; : : : ; 2kg� � 2kn��(n)+1 ; (22)holds for any natural number k, where �(n) := l12 � (2n)!(ln 2)2n � 1�m. From Claim5 we dedu
e that to prove the estimate (22) it is suÆ
ient to show that theestimate # nb(log2 j)n
 : 1 � j � 2ko � kn � �(n) + 120



holds for any natural number k. Fixed k, this estimate is satis�ed if for anynatural number l su
h that �(n) � l � kn there exists a natural number j,1 � j � 2k, su
h that the inequalities2 npl � j < 2 npl+1 (23)hold. To prove (23), we 
onsider 2 npl+1 and 2 npl as fun
tions in l. Expandingthem in power series and retaining only the (2n)-th term in the expansionswe obtain the following inequality:2 npl+1 � 2 npl=Xi2N ((l + 1) 1n ln 2)ii! �Xi2N (l 1n ln 2)ii! �� (ln 2)2n(2n)! � (l + 1)2 � (ln 2)2n(2n)! � l2 = (ln 2)2n(2n)! � (2l + 1) :Now taking l su
h that l � 12 � (2n)!(ln 2)2n � 1� we dedu
e the inequality2 npl+1 � 2 npl � 1and this is suÆ
ient to guarantee the existen
e of a natural number j su
hthat (23) holds.For any natural number k, the estimate (22) and Claim 5 yield the inequality�((22b(log2 j)n
 : 1 � j � 2k)) � 22kn��(n)+1 :From this inequality and (21), we �nally dedu
e that the inequality�((2�2b(log2 j)n
 : 1 � j � 2k)) � 22kn��(n)+1holds for any natural number k. The trans
enden
e of power series of (v) nowfollows from Criterion 14. �Referen
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