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Abstract

In thispaperwedefineandstudyintersectiontypeassignmentsystemsfor first-orderrewriting extendedwith
application, -abstraction,and -reduction( ). Oneof themainresultspresentedis that,usingasuitable
notionof approximationof terms,any typeabletermof a thatsatisfiesa generalschemefor recursive
definitionshasanapproximantof thesametype. From this resultwe deduce,for differentclassesof typeable
terms,a head-normalizationandanormalizationtheorem.

Intr oduction

LambdaCalculus(LC) andTermRewriting Systems(TRS)aretwo computationalparadigmsthathave
beenthoroughlyinvestigatedbecauseof theiradaptnesstomodelingfundamentalaspectsof computing.
In thepast,thesefieldswereoftenstudiedseparately. Thisenabledabetterunderstandingof particular
featuresof theactualpracticeof computing,by isolatingandabstractingthosefrom thewider context
in which they areusuallyfound.

Recently, a greaterinteresthasdevelopedfor the studyof a combinationof thesetwo formalisms.
This combinationis interestingnot only from the point of view of programminglanguages,but also
from a more theoreticalside. Indeed,sucha combinationallows to investigatethe interactionsof
the different aspectsof computing,and enableseither to develop new computationalmethodsand
paradigms,or to betterunderstandandimprove theactualcomputingpractice.

Variouscombinationsof thesetwo formalismshavebeenstudiedextensively in recentyears,bothin
typedanduntypedcontexts. In theabsenceof types,thetwo systemsdo not interactin a very smooth
manner. For instance,in [21] Klop showedthatconfluence,a highly desirablepropertyin practice,is
lost if a surjective pairing operationis addedto the untypedLC. In [16], Doughertyprovided some
restrictionson terms,thusensuringthat propertiesthat LC andTRS both possesscanbe preserved
whenthesesystemsarecombined.

Instead,in thepresenceof typesthecombinationprovedto bemuchsafer. Typedisciplinesprovide
an environmentin which rewrite rulesand -reductioncanbe combinedwithout lossof their useful
properties(for example,strongnormalizationandconfluencearepreservedunderthecombinationof
typedLC and first-orderTRS). This is supportedby a numberof resultsfor a broadrangeof type
systemsandcalculi [12, 13,14,20,23,9], but still lacksevidencein orderto becompletelyacceptedin
its full generality. Morespecifically, all thesystemsstudiedin thepapersmentionedabovehaveexplicit
typedisciplines(alsocalledà la Church), i.e. typedisciplineswheretermscometogetherwith types
and,hence,eachterm hasexactly one type. Whentypesareconsideredto be functionalproperties
of terms,this way of usingtypesforcesto prove a propertyof a term at the sametime that term is
constructed.
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Typedisciplinesà la Church,however, arenot theonly onesusedwithin thesettingof programming
languages.In somelanguagesit is possibleto write type-freeprogramsandconstructtheir functional
characterizationsat a laterstage,i.e. to assigntypesto them. This sortof typediscipline(alsocalled
à la Curry) is fruitfully exploited in several functional programminglanguages,like ML [18] and
Miranda1 [26]. So,beforestatingin full generalitythat typedisciplinesprovide a goodenvironment
for a smoothinteractionof computingmodeledby LC andTRS,alsodisciplinesof type assignment
have to considered.

Typeassignmentdisciplineswerewidely investigatedin contexts of LC, but very little wasdonein
thisdirectionfor TRS.Thesystempresentedin [8], for example,combinesatypeassignmentsystemfor
LC with TRSthataretypedà la Church.This meansthat[8] did not presentreally a typeassignment
environmentfor LC andTRS,but rathera way to embedexplicitly typedTRS in a type assignment
disciplinefor LC.

Recently, however, new ideasandresultshave comein aid to thesearchfor a typeassignmenten-
vironmentfor both LC andTRS.For example,in [3] a notion of type assignmentfor TRS hasbeen
developed.In particular, thatpaperconsideredsystemsin whichit is possibleto makehypothesesabout
thefunctionalcharacterizationof thefunctionsymbolsin thesignatureof theTRS.Thesoundnessof
thesehypothesesshouldthenbecheckedagainstthestructureof therewrite rules,and,usingthesehy-
potheses,typescanbederivedfor terms.Thistypeassignmentsystemenjoys interestingnormalization
properties[5, 6].

Having now a goodnotionof typeassignmentat handfor TRSaswell, in thepresentpaperwe are
goingto defineatypeassignmentenvironmentfor thecombinationof TRSandLC. To ourknowledge,
this is thefirst presentationof a typeassignmentsystemwherebothformalismsaretreatedin thesame
way. We hopethat the designof suchsystemwill provide evidencefor the claim statedabove, i.e.
that typedisciplinesarea goodsettingfor soundinteractionof computationalparadigms.In fact,we
alreadyhave positive resultsconcerningthenormalizationpropertiesof thecombinedsystem.

Moreprecisely, in thispaperwepresentanintersectiontypeassignmentsystemwith andsorts(i.e.
constanttypes)for TRSextendedwith application, -abstractionand -reduction.This systemis an
extensionof thetypeassignmentsystemsfor TRSpresentedin [3]. It exploits thepowerandgenerality
of intersectiontypeswith (see,e.g.,[11, 2, 4]), managingto typebroadandmeaningfulsetsof terms
andrewrite rules.We will show thatthenormalizationpropertiesof LC andTRSarepreserved in our
system.

It is well-known that intersectiontype systemsfor LC areusefulnot only in the studyof normal-
izationproperties,but alsoin thestudyof thesemanticsof theLC (see,e.g.,[11, 2]). The notionof
intersectiontypeassignmentfor TRSdevelopedin [3, 5, 6] enablesthestudyof therelationbetween
semanticsof reductionandtypeassignmentin theframework of TRS.In [7] thenotionof approximant
andtherelatedapproximationmodeldefinedby Thatte[25] areusedto show thateverytypethatcanbe
assignedto a term,canalsobeassignedto oneof its approximants(providedtheTRSsatisfiescertain
conditions).In this sense,thetypeassignedto thetermgivesfinitary informationaboutthereduction
process.Thispaperpresentsthatresultfor thecombinationof LC andTRS,but becauseof thepresence
of abstraction,theappliedtechniquedifferssignificantly.

On theotherhand,theuseof intersectiontypesmodelsin a very elegantway thedistribution of the
actualargumentof a functionduring thecomputation.Thatmorethanonetypecanbeassignedto a
termcorresponds,in this setting,to thefact thatanoperandis usedmorethanonceduringreduction,
evenata laterpoint thanjustduringthecontractionof theredex athand.

In the presentpaperwe defineapproximantsfor the combinationof TRS andLC. This notion of
approximantis a combinationof similardefinitionsgivenby Thatte[25] andWadsworth [27] for TRS
and LC, respectively. We show that also in the combinationof TRS and LC every typeableterm
hasanapproximantof thesametype.ThisApproximationTheoremwill beprovedfor systemsthatuse

1Mirandais a trademarkof ResearchSoftwareLTD.
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recursionin arestrictedway: wewill considerrewrite rulesthatsatisfyavariantof thegeneral schemes
definedin [6, 7]. Wewill thenusethisresultto proveahead-normalizationandanormalizationtheorem
for differentclassesof typeableterms. Worth noting is that, applyingthe techniqueusedin [8, 5] it
is alsopossibleto prove that if the typeconstant is not in the typesystem,thentypeabletermsare
stronglynormalizable;we will not discussthat resultfor the calculuspresentedhere,becauseof the
greatsimilaritieswith thosetwo papers.

This paperis organizedas follows: In Section1 we defineTRS with application, -abstraction
and -reduction( ), andin Section2 thetypeassignmentsystemfor . In Section3 we
defineapproximantsandprovetheapproximationtheorem,andin Section4 weprovethenormalization
theorems.Section5 containstheconclusions.

1 Term Rewriting Systemswith -reductionrule

In this sectionwepresentacombinationof untypedLambdaCalculuswith untypedAlgebraicRewrit-
ing,obtainedbyextendingfirst-orderTRSwith notionsof applicationandabstraction,anda -reduction
rule. We canlook at suchcalculi alsoasextensionsof theCurryfiedTermRewriting Systems(CuTRS)
consideredin [3, 5, 6], by adding -abstractionanda -reductionrule. We assumethe readerto be
familiarwith LC [10] andreferto [22, 15] for rewrite systems.

Definition 1.1 An alphabetor signature consistsof:
i) A countableinfinite set of variables , , , . . . (or , , , , , . . . ).

ii) A non-emptyset of functionsymbols , , . . . , eachequippedwith an‘arity’.

iii) A specialbinaryoperator, calledapplication( ).

Definition 1.2 i) Theset of termsis definedinductively:
a) .

b) If is an -ary symbol( ), and , then
.

c) If , and , then .
Wewill considertermsmodulo -conversion.
A context is a termwith ahole,andit is denotedasusualby C[ ].

ii) a) A neutral termis a termnotof theform .

b) A lambdaterm is a termnotcontainingfunctionsymbols.
Thesetof freevariablesof a term is definedasusual,anddenotedby .

To denoteaterm-substitution,weusecapitalcharacterslike ‘R’, insteadof Greekcharacterslike ‘ ’,
which will be usedto denotetypes. Sometimeswe usethe notation . We
write R for theresultof applyingtheterm-substitutionR to .

In the next definition,we presenta notion of rewriting on that is definedthroughrewrite
rulestogetherwith a -reductionrule.

Definition 1.3 (Reduction) i) A rewrite rule is a pair of terms.Often,a rewrite rule will get
a name,e.g. r , and we write . Threeconditionsare imposed: is not a variableor an
abstraction , , and doesnotoccurin .
Thepatternsof a rewrite rule aretheterms , , suchthateither is
notavariable,or is variableandthereis a suchthat = .

ii) Ontermswedefinetheusualnotionof -reduction: .

iii) A rewrite rule determinesa setof rewrites R R for all term-substitutionsR. The left
handside R is calleda redex, the right handside R its contractum. Likewise, for any and ,
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is alsoa rewrite; is calleda redex, and its contrac-
tum.

iv) A redex maybesubstitutedby its contractum insidea context C[ ]; this givesrise to rewrite
stepsC[ ] C[ ]. Concatenatingrewrite stepswe have rewrite sequences .
If ( ) wealsowrite , and if in onestepor more.

Definition 1.4 A TermRewriting Systemwith -reductionrule ( ) is definedby a pair
of analphabet andasetR of rewrite rules.

Notethatin contrastwith CuTRS,therewrite rulesconsideredin thispapercancontain -abstractions.
We take theview thatin a rewrite rule acertainsymbolis defined.

Definition 1.5 In a rewrite rule , is calledthedefinedsymbolof r , andr is said
to define . is a definedsymbol, if thereis a rewrite rule that defines , and is calleda
constructorif is notadefinedsymbol.(Noticethat is never adefinedsymbol.)

Example1.6 Thefollowing is asetof rewrite rulesthatdefinesthefunctionsappend andmap onlists
andestablishestheassociativity of append. Thefunctionsymbolsnil andcons areconstructors.

Sincevariablesin canbe substitutedby -expressions,we obtainthe usualfunctional
programmingparadigm,extendedwith definitionsof operatorsanddatastructures.

Definition 1.7 Let bea .
i) A termis in normalform if it containsnoredex.

ii) A term is in headnormalform if for all suchthat :
a) is not itself a redex, and

b) if = , then is in headnormalform,

c) if = , then is in headnormalform.
Notethat itself cannotbea redex.

iii) A term is (head)normalizableif it can be reducedto a term in (head)normal form; a term is
stronglynormalizableif all therewrite sequencesstartingwith arefinite.

iv) is stronglynormalizing(normalizing, head-normalizing) if every termis.

v) is confluentif for all suchthat and , thereexists suchthat and
.

Example1.8 Take the

then the term is not a redex. It is not a head-normalform either, sinceit
reducesto which is a redex. This term reducesto that is a head-normal
form (it rewritesonly to itself, soit will never becomea redex). Anothertermin head-normalform is,
for instance, .
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Our definitionof headnormalform is anextensionto rewrite systemswith of thenotionof root
stableform definedin [1]. Notethattheheadof a termof theform is in , sincewe think of

asaninvisiblesymbol.

2 Typeassignmentin TRS

Typeassignmentsystemsareformalsystemsdefinedby specifyingasetof terms,a setof types,anda
setof typeassignmentrules. In this sectionwe definea typeassignmentsystemfor TRS , thatcan
beseenasanextensionof theintersectiontypeassignmentsystempresentedin [3]. TheLC-fragment
of our typeassignmentsystemcorrespondsdirectly to thesystempresentedin [4].

Weassumethereaderto befamiliarwith intersectiontypeassignmentsystems;wereferto [11, 2, 3]
for details.

2.1 Types

As in [6], we will usestrict intersectiontypesover type-variablesand sorts (constanttypes). We
assumethat is thesameasanintersectionoverzeroelements:if , then = ; soin an
intersection , no canbe . Moreover, intersectiontypes(soalso ) occurin strict types
only in theleft-handsideof anarrow type.

Definition 2.1 (Types) i) , the setof strict types, and , the setof strict intersectiontypes, are
definedby mutualinduction:
a) all type-variables , , . . . , andall sorts ,

b) if and , then .

c) If , then .

ii) On , therelation is definedby:
a) ( ) [ ].

b) ( ) [ ] .

c) .

d) & .

iii) On , therelation is definedby: .

Noticethat is a propersubsetof , andthat ( ) is nota typein , andneitheris .

2.2 Typeassignment

Beforecomingto thedefinitionof typeassignment,we first introducethenotionsof basisandopera-
tionson types.

Definition 2.2 (StatementsandBases) i) A statementis an expressionof the form : , where
and . is thesubjectand thepredicateof : .

ii) A basisis a setof statementswith only distinctvariablesassubjects.If is a predicate
in a basis,then .

iii) If arebases,then is the basisdefinedas follows: :
if andonly if : , . . . , : is the(non-empty)setof all statementsabout

thatoccurin .

iv) We extend and to basesby: if andonly if for every thereis an
suchthat , and .
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Noticethatif , then = . Wewill oftenwrite : for thebasis ,
when doesnotoccurin .

The notion of type assignmentof this paperusesthreeoperationson types. The first is called
substitutionand is the operationthat instantiatesa type (i.e. that replacestype variablesby types).
It is definedasa mappingfrom strict typesto strict types.Theoperationof expansionreplacestypes
by theintersectionof anumberof copiesof thattype.Substitutionsandexpansionscanbeextendedto
basesin thenaturalway. Thelastoperationis thatof lifting, thatreplacesa typeby a larger type,and
a basisby a smallerbasis,in thesenseof . (Althoughsoundtypeassignmentcouldbedefinedwith
less– or lesscomplicated– operations,moretermsaretypeablewith thesethree,andmoreexpressive
typescanbeassigned.)

Theoperationsof substitution,expansionandlifting canbecomposedto form chainsof operations.
In otherwords,the setof chainsis the smallestsetcontainingexpansions,substitutionsandliftings,
and closedundercomposition. See[3] for the formal definition of chain and of the above opera-
tions on types. We will usethe notation for the applicationof a chain of operationsto the
type . Given a basis-typepair anda chain of operationon types,we define =

.
In thedefinitionof thetypeassignmentsystemfor , weassumethatthereis anenvironment

thatassignstypesto functionsymbols.

Definition 2.3 (Environments) A mapping : is calledanenvironmentif ( ) =
( ) .

The useof anenvironmentintroducesa notionof polymorphisminto our typeassignmentsystem.
Theenvironmentreturnsthe‘principal type’ for afunctionsymbol;thissymbolwill beusedwith types
that are ‘instances’of its principal type, obtainedby applyingoperationsof substitution,expansion,
andlifting.

Wespecifyhow to typetermsandrewrite rulesthroughthepresentationof typeassignmentrules.

Definition 2.4 i) Typeassignmenton terms(with respectto ) is definedby the following natural
deductionsystem(whereall typesdisplayedarein , exceptfor in rule ( E)). Note
theuseof achainof operationsin rule ( E).

( I): (a)

: . . . :
( E): (b)

:

( ):
: . . . :

( I): ( )
:

(a)) If is theonly statementabout onwhich depends.

(b)) If , andthereexistsachainC suchthat = C .

ii) Wewrite : if andonly if : is derivablefrom thebasis usingtheabove rules.

Noticethat,by rule ( I), : for all terms andbases . We will call thosetermstypeablethat
canbeassigneda typedifferentfrom .

To ensurethesubjectreductionproperty, asin [3], typeassignmenton rewrite ruleswill bedefined
usingthenotionof principalpair for a typeableterm.

Definition 2.5 A pair is calleda principal pair for with respectto , if : andfor every
, suchthat : thereis achainC suchthatC ( ) = .
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We definenow typeassignmenton rewrite rules. The typeabilityof rulesensuresconsistencewith
respectto theenvironmentusedin thetypeassignmentfor terms.

Definition 2.6 i) Wesaythat R with definedsymbol is typeablewith respectto , if there
are , and suchthat:
a) is aprincipalpair for with respectto , and : .

b) In : and : , all occurrencesof aretypedwith ( ).

ii) Wesaythat is typeablewith respectto , if all r R are.

Fromnow on,we will only consider thataretypeablewith respectto a givenenvironment
.
Usinga combinationof thetechniquesusedin [3, 4], it is possibleto show thatthethreeoperations

(substitution,expansion,andlifting) aresoundon typedterms.. Thatis, wehave:

Theorem2.7 If : then,for everyC such thatC( ) = , : .

Thenit is possibleto prove thattypeassignmentis closedunderreduction.

Theorem2.8 (SubjectReduction) If : , and , then : .

Proof: Thecaseof a -reductionfollows from thefact that it is possibleto prove that,for every ,
: : . Thecaseof a rewriting canbeprovedusingthesametechnique

asin [3].

3 Approximation results

In this sectionwe defineapproximantsof the termsof our calculus,and prove the approximation
theorem(any typeabletermhasanapproximantwith thesametype). Our definitionof approximants
is inspiredby theonegivenby Wadsworth [27] for theLC, andthenotionof approximantsfor Term
Rewriting Systemsgivenby Thatte[25], which in turn is basedon thedefinitionof -normalformsof
HuetandLévy [19]. As in thosepapers,in thesequelwewill only considerconfluentsystems.

Westartby addingaspecialsymbol (bottom) to thelanguage.

Definition 3.1 Theset of partial termsis definedin thesameway astheset , by
addingto Definition1.1 thecase
iv) A specialsymbol .

andto Definition1.2-(i) thecase
i) d) .

Noticethat and .

To definetype assignmenton , the type assignmentrules (Definition 2.4) neednot be
changed,it sufficesthat termsareallowed to be in . Since , canonly be
typedwith or appearin subtermsthataretypedwith (i.e. for which thederivationrule ( I) is used
with ).

Wedefinethefollowing relationonpartialterms.

Definition 3.2 i) is inductively definedby:
a) For every , .

b) For every , .

c) .

d) , for .
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ii) Wewrite (andsaythat and arecompatible) if thereis a suchthat and
. Wewrite if thereis a suchthat .

For thetypeassignmentsystemof Section2, extendedto , thefollowing propertyholds:

Lemma3.3 & .

We will now develop thenotionof approximantof a termwith respectto a given .
As mentionedabove, thisdefinitionis acombinationof thenotionof approximantfor termsin LC [27]
andthat for termsin TRS[25]. A particulardifferencewith thosedefinitionsis thatour definition is
‘static’, whereasbothothernotionsweredefinedasnormalformswith respectto anextendednotion
of reduction,adding,for example,for LC thereductionrule . This approachwould not be
appropriatefor our paper, because,to namejust oneproblem,we would not beableto prove a subject
reductionresult for sucha notion of reduction. Instead,we will recursively replaceredexes by .
While doingthis,it canbethatatermis createdthatitself is notaredex, but lookslikeone,in thesense
that is compatibleto a left-handsideof a rewrite rule (wherevariablesarereplacedby ). Also such
‘possibleredexes’ will bereplacedby .

We will usethesymbol alsofor theterm-substitutionthatreplacesvariablesby : =
. Also, = . First we will definedirectapproximantsof termsby

replacingby potentialredexes.Thesetof approximantsof a termwill thenbedefinedby takingthe
downwardclosureof thedirectapproximantsof all its reducts.

Definition 3.4 , thedirectapproximantof is definedby cases:
i) = . = .

ii) = , ; let, for , = .
= , if ( , . . . , ) ; otherwise, = ( , . . . , ).

iii) = ; let = , and = .
= , if = , or = ; otherwise, = .

iv) = ; let = . = , if = ; otherwise, = .

Example3.5 Take the of Example1.8

andconsideragaintheterm . Since is a redex, in particularit is com-
patiblewith a left-handside(begin thattermitself), so = . Since is
compatibleto , wegetthat = .

Also, = , and = .

Definition 3.6 i) , thesetof approximatenormalformsis definedas
= .

ii) , thesetof approximantsof , is definedby:
= [ & ] .

Example3.7 Take againthe of Example1.8. Then

.

Then = = , = , so
= , .

Instead, = .
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Lemma3.8 i) If is irreducible, then .

ii) is in head-normalform if andonly if there exists such that , and .

Theapproximationtheoremdoesnot hold for arbitrarytypeable : let bea termtypeable
by , thentherewrite rule is typeable,but theonly approximantof is , which hasonly type

. Therefore,as in [5, 8, 6], we will control the useof recursionin the rewrite rulesby imposing
syntacticalrestrictionsinspiredby thegeneralschemeof JouannaudandOkada[20].

The recursive schemesdefinedin [5, 8] ensurestrongnormalizationof typeabletermswhen the
constant is not includedin the typeassignmentsystem.But in a typesystemwith therearetwo
kindsof typeablerecursion:theoneexplicitly presentin thesyntax,andtheoneobtainedby theso-
calledfixed-pointcombinators. Hence,further restrictionshave to be imposed.Take for instancethe
rewrite system:

,
,

thatsatisfiestheschemeof [5], andis typeablewith respectto

( ) = ,
( ) = ,
( ) = (( ) ) (( ) ) .

Let = , then : , but

.

The underlyingproblemis that is actingasa fixed-pointcombinator:for every that
hastype , the term hastype , and (taking for
of coursetheterm ). Thesolutionfor this particularproblemwill beto demandpatternsthat
cannotbetypedusingthetypeconstant .

Therecursiveschemethatwewill usein thispaperwasintroducedin [7], to provetheApproximation
Theoremfor CuTRS.It is a generalizationof theschemedefinedin [6] to prove thatall typeableterms
in typeableCuTRS arehead-normalizable.In fact, thehead-normalizationpropertyof typeableterms
in typeable follows directly from the ApproximationTheoremfor , aswe will see
below.

Definition 3.9 (Safesystems)A typeable overasignaturewith asetof functionsymbols
= , . . . , , where , . . . , arethedefinedsymbolsand is thesetof constructors,
is calledsafeif it fulfills thefollowing conditions:

i) , . . . , aredefinedin an incrementalway (i.e. thereis no mutual recursion)by rulesthat
satisfythegeneral scheme:

,
where , aresequencesof variablesand ; [ ], C [ ], [ ], and [ ] aresequences
of contexts in ; and,for , [ ] [ ], where is thestrict subterm
ordering(so denotessuperterm)andmul denotesmultisetextension,

andmoreover, in every rewrite rule
ii) a) patternscannotbe typedwith (i.e. no variabletypedwith occurstwice in ,

andnosubtermof canbetypedwith ), and

b) thetypederivationsfor ( ) in theright-handsidearesubderivationsof thoseof
.

Notethattherewrite systemof theexampleabove is notsafe:thepattern in thefirst rulemust
betypedwith in a typederivationof . However, thesystemcontainingonly thesecond
rule is safe.
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The rewrite systemof Example1.6 is not safebecausethe rule statingthe associativity of append
doesnot satisfythe generalscheme.If we do not considerthat rule, thenit is possibleto definean
environmentwherethe systemis safe. For example,assumingwe areworking with lists of natural
numberswecanusethefollowing environment:

(nil) = natlist,
(cons) = nat natlist natlist,
(append) = natlist natlist natlist,
(map) = (nat nat) natlist natlist.

Notethatthedefinitionof safesystemgivenin [6] is a particularcaseof theonegivenabove,soall
thesystemsthataresafein thatsense,arealsosafeaccordingto thepreviousdefinition.

The restof this sectionwill be devoted to the proof of the theoremstatingthat : implies
(whichstandsfor [ : ]), for all typeable thataresafe.To

prove this, we will usethewell-known methodof ComputabilityPredicates[24] (seealso[17]). The
proof will have two parts;in thefirst onewe give thedefinitionof a predicateCompon bases,terms,
andtypes,andprove somepropertiesof Comp. Themostimportantonestatesthatif for a term there
area basis andtype suchthat holds,then . In the secondpart
Compis shown to hold for eachtypeableterm.

Definition 3.10 i) Let bea basis, , and a typesuchthat : . We definethe
ComputabilityPredicate recursively on by:
a) = , or = . .

b) = .
[ ].

c) = .
( ) [ ].

ii) We saythat a term-substitutionR is computablein a basis if thereis a basis suchthat for
every : , R holds.

Noticethat holdsasspecialcaseof part(i.c).

Lemma3.11 Let . Then implies .

CompsatisfiesthestandardpropertiesC1 andC3 of computabilitypredicates(see[17]). C1 states
that computabletermshave the desiredproperty(approximationin this case). C3 concernsneutral
terms,andwill be divided in two partsto gain readability. In general,computabilitypredicatesare
closedunderreduction(propertyC2). With thenotionof computabilityweareusing,C2 is notneeded.

Property3.12 C1. implies .
C3. Let beneutral. If : and there exists such that and , then

.
C3’. Let beneutral. If : andthere exists such that , , and : ,

then .

In order to prove the ApproximationTheoremit would be enoughto prove that for every term ,
basis andtype , if , then . As usualin proofsby computability, we need
to prove a strongerproperty:if hastype in a basis andR is computablein , thenthereexistsa

suchthat R . Wewill prove thispropertyby noetherianinduction,for whichwewill
needthefollowing:

Definition 3.13 i) Let bea termsuchthat : . Wewrite if
a) ,
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b) thereis no suchthat and : ,

c) thereexists suchthat and : .

ii) Let be termssuchthat : and : . We write if , and thereexist
and suchthat , , : , : , and .

Intuitively, if is a reductof for which thereis anapproximantwith thesameform and
thesametype.Therelation is astrictsubtermorderingthatpreservesthepreviousproperty.

Definition 3.14 Let standfor the well-foundedencompassmentordering, i.e. if
modulorenamingof variables,and = R for someposition andsubstitutionR. Let denote
thestandardorderingonnaturalnumbers,andlex, mul denoterespectively thelexicographic (from left
to right) andmultisetextensionof anordering.

Let bea . We definetheordering on triples– a naturalnumber, a term,anda
multisetof termsthataretypeablein abasis with types –astheobject .

Property3.15 Let be such that : , and R be computablein (i.e. for every : in ,
R holds).Then R holds.

Proof: Wewill interpreta term R by thetriple , where is themaximalsuper-index of the
functionsymbols(seeDefinition3.9) belongingto , and R is themultisetof typeableterms R

. Thesetriplesarecomparedin theordering .
SinceR is computablein , is well-foundedon theimageof R. Theunionof and

is alsowell-founded.Hence, is a well-foundedordering.Theproof of thepropertygoesby
noetherianinductionon andcaseanalysis.

With this resultweareableto prove themaintheoremof thissection.

Theorem3.16 (ApproximationTheorem) If is typeablein and safe, thenfor every term
such that : , there is an such that : .

Proof: Thetheoremfollows from Properties3.15andC1, takingR suchthat R = .

4 Normalization results

In this sectionwe will usetheApproximationTheoremto prove theoremsof head-normalizationand
normalization.Wewill alsostateastrong-normalizationtheoremfor a restrictedsystem.

Theorem4.1 Let betypeablein andsafe. If : , and , then hasa head-normal
form.

Proof: If : , thenby Theorem3.16, thereis an suchthat : . Since ,
, and,since , thereis a suchthat and . Then,by Lemma3.8-(ii) , is

in head-normalform, so,in particular, hasahead-normalform.

In the intersectiontype assignmentsystemfor LC, termsthat are typeablewith a type from a
basis suchthat doesnot occur in and , arenormalizable[11]. In the framework of CuTRS
this propertyholdsfor non-Curryfiedterms(i.e. termswithout andCurryfiedfunctions),provided
the rewrite rulessatisfycertainconditions: the function definitionshave to be sufficiently complete
(see[6] for moredetails). In thecaseof , Curryfiedversionsof the functionsymbolsof the
signatureareobtainedthroughtheuseof -abstraction(we do not needrulesto definethemsincewe
have -reduction).Theonly termsthatwe have to excludearethosecontainingsubtermsof theform

, where with arity and arearbitraryterms.This is because
a termof this form canhave a typewithout even if is usedwith a typecontaining . To exclude
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theseterms,we will assumethat theenvironment is suchthat cannothave anarrow
type if hasarity . The definition of complete is similar to the definition of complete
CuTRS[6, 7].

Definition 4.2 Let beanenvironmentsuchthatfor any of arity , cannothave
anarrow type. A is completein theenvironment if whenever a typeableterm , of which
thetypedoesnotcontain , is reducibleat a position suchthat canbeassigneda typecontaining

, thereexists suchthat hasa typewithout and (where is a freshvariable)is not
in headnormalform.

Intuitively, in acomplete a term thathasan -freetype,andwherethereis a
redex thatcanbeassigneda typecontaining , will bereducibleeitherat therootor in some with
an -freetype. This meansthat therulesdefining cannothave patternsthathave typeswith , and
alsothatconstructorscannotacceptargumentshaving a typewhichcontains . Moreover, if adefined
functionacceptsargumentshaving typeswith thenits definitionmustbeexhaustive.

Definedfunctionsof safesystemssatisfythefirst condition.So,asafesystemis completewhenever
constructorshave groundtypesandfor all definedfunction that acceptargumentswith typesthat
contain , therulesdefining cover all possiblecases.

Thefollowing lemmais easyto prove for complete .

Lemma4.3 Let bea complete in . Let . If , and doesnotoccurin
and , then containsno .

With thehelpof this lemmaandtheApproximationTheorem,wecanshow thefollowing:

Theorem4.4 Let betypeablein , safeandcomplete. If : , and doesnot occurin
and , then is normalizable.

Proof: If : , thenby Theorem3.16, thereis an suchthat : . So thereis a
suchthat and . Thenby theabove lemma, is freeof , soin particular , so
hasanormalform.

Whenthetypeconstant is removedfrom thesystem,all typeabletermsarestronglynormalizable.
Thetechniquerequiredto prove this propertyis very similar to theoneusedin [2, 5], sowe will not
give thedetailsof theproof.

Theorem4.5 Let denotethenotionof typeassignmentobtainedfrom by removing the type
constant , andlet bea termin a that satisfiesthegeneral scheme. Then implies
that is stronglynormalizable.

5 Conclusions

Wehaveextendedfirst-ordertermrewriting systemswith application,abstractionand -reduction,and
have proposeda type assignmentsystemfor this language.Term rewriting systemswith abstraction
andapplicationcombinetheadvantagesof algebraicrewrite systems,whichmodelalgebraicoperations
on datastructures,with thepower of LC. Thetypeassignmentsystemthatwe definedis a trueexten-
sionof the intersectionsystemfor LC, so the pureLC-fragmentof the languagehasthewell-known
normalizationproperties:

i) thesetof termstypeablewithout is thesetof stronglynormalizableterms,

ii) thesetof termstypeablewith type from abasis , suchthat doesnotoccurin and , is the
setof normalizableterms,and
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iii) thesetof termstypeablewith type is thesetof termshaving aheadnormalform.

If we do not allow abstractionsin right-handsidesof rewrite rules,andconsiderthealgebraicfrag-
mentof our language,weobtainaCuTRS,for which thefollowing propertieshold [7]:

i) termstypeablewithout arestronglynormalizable,

ii) non-Curryfiedtermstypeablewith type from a basis , suchthat doesnot occurin and
arenormalizable,and

iii) termstypeablewith type have aheadnormalform.

Noticethattheconversesof thepreviouspropertiesdonothold,becausetheenvironmentis given(and
fixed).

In [7], thesepropertieswereproved directly from thestrongnormalizationpropertyof “derivation
reduction,” a rewrite relationon derivationsthat is stronglynormalizingeven in typesystemswith .
TheApproximationTheoremis alsoaconsequenceof thisproperty. Sinceit is at thismomentnotclear
if that techniqueextendsto systemswith abstraction,in this paperwe have givena directproof of the
ApproximationTheoremfrom which we caneasilydeducethehead-normalizationandnormalization
properties(at theexpenseof amorecomplicatedstrongnormalizationproof).

Wehaveshown thatthenormalizationpropertiesthatareenjoyedbybothlanguageswhenconsidered
separately, areinheritedby thecombinedlanguage.Thissupportsour initial claimthattypeassignment
systemsprovide a soundenvironmentfor the combinationof the programmingparadigmsbasedon
TRSandLC. But in orderto provide moreevidencefor thisclaim,otherimportantproperties(suchas
confluence,preservationof normalizingstrategies)have to bestudied.This will bea subjectof future
work.
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[9] F. Barbanera,M. Ferńandez,andH. Geuvers. Modularity of StrongNormalizationandConfluencein the
-algebraic-cube.In Proceedingsof LICS’94, 1994.

[10] H. Barendregt. The LambdaCalculus: its Syntaxand Semantics. North-Holland,Amsterdam,revised
edition,1984.

[11] H. Barendregt,M. Coppo,andM. Dezani-Ciancaglini.A filter lambdamodelandthecompletenessof type
assignment.Journalof SymbolicLogic, 48(4):931–940,1983.

[12] V. Breazu-Tannen.Combiningalgebraandhigher-ordertypes. In Proceedingsof LICS’88, pages82–90,
1988.

[13] V. Breazu-Tannenand J. Gallier. Polymorphic rewriting conserves algebraicstrong normalization.
TheoreticalComputerScience, 83(1):3–28,1991.

[14] V. Breazu-TannenandJ. Gallier. Polymorphicrewriting conservesalgebraicconfluence.Informationand
Computation, 82:3–28,1992.

[15] N. Dershowitz andJ.P. Jouannaud.Rewrite systems.In J. vanLeeuwen,editor, Handbookof Theoretical
ComputerScience, volumeB, chapter6, pages245–320.North-Holland,1990.

[16] D. J. Dougherty. Adding AlgebraicRewriting to the UntypedLambdaCalculus. In Proceedingsof RTA
’91, volume488of LNCS, pages37–48.1991.

[17] J.-Y. Girard,Y. Lafont,andP. Taylor. ProofsandTypes. CambridgeTractsin TheoreticalComputerScience.
CambridgeUniversityPress,1989.

[18] M. Gordon,R. Milner, andC. Wadsworth. Edinburgh LCF. Lecture Notesin ComputerScience, volume
78,1979.
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