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Abstract

In this papemwe defineandstudyintersectiortypeassignmensystemdor first-orderrewriting extendedwith
application A-abstractionandg-reduction(TRS+3). Oneof themainresultspresenteds that,usinga suitable
notion of approximatiorof terms,ary typeableterm of a TRS+ (3 thatsatisfiesa generalschemeor recursve
definitionshasan approximaniof the sametype. Fromthis resultwe deducefor differentclassef typeable
terms,a head-normalizatioandanormalizatiortheorem.

Intr oduction

LambdaCalculus(LC) andTermRewriting System¢TRS)aretwo computationaparadigmshathave
beenthoroughlyinvestigatedecausef theiradaptnest modelingfundamentahspect®f computing.
In the past.thesefieldswereoftenstudiedseparatelyThis enableda betterunderstandingf particular
featuresf the actualpracticeof computing by isolatingandabstractinghosefrom thewider context
in whichthey areusuallyfound.

Recently a greaterinteresthasdevelopedfor the studyof a combinationof thesetwo formalisms.
This combinationis interestingnot only from the point of view of programminganguagesbut also
from a more theoreticalside. Indeed,sucha combinationallows to investigatethe interactionsof
the different aspectsof computing,and enableseitherto develop nev computationaimethodsand
paradigmsor to betterunderstanéndimprove the actualcomputingpractice.

Variouscombination®f thesetwo formalismshave beenstudiedextensvely in recentyears bothin
typedanduntypedcontets. In the absencef types,thetwo systemslo notinteractin a very smooth
manner For instancejn [21] Klop shavedthat confluencea highly desirablepropertyin practice,is
lostif a surjectie pairing operationis addedto the untypedLC. In [16], Doughertyprovided some
restrictionson terms, thus ensuringthat propertiesthat LC and TRS both possessan be presered
whenthesesystemsarecombined.

Insteadjn the presencef typesthe combinationprovedto be muchsafer Typedisciplinesprovide
an ernvironmentin which rewrite rulesand 3-reductioncan be combinedwithout loss of their useful
propertiegfor example,strongnormalizationandconfluenceare presered underthe combinationof
typed LC andfirst-orderTRS). This is supportedoy a numberof resultsfor a broadrangeof type
systemsandcalculi[12, 13,14,20,23, 9], but still lacksevidencein orderto becompletelyacceptedn
its full generality More specifically all thesystemstudiedin the papersnentionedibore have explicit
typedisciplines(alsocalleda la Church), i.e. type disciplineswheretermscometogethermwith types
and, hence,eachterm hasexactly one type. Whentypesare consideredo be functional properties
of terms, this way of usingtypesforcesto prove a propertyof a term at the sametime thattermis
constructed.



Typedisciplinesala Church however, arenotthe only onesusedwithin the settingof programming
languagesin somelanguagest is possibleto write type-freeprogramsandconstructheir functional
characterizationat a later stage,i.e. to assigntypesto them This sortof type discipline (alsocalled
a la Curry) is fruitfully exploited in several functional programminglanguageslike ML [18] and
Mirandd [26]. So,beforestatingin full generalitythattype disciplinesprovide a goodervironment
for a smoothinteractionof computingmodeledby LC and TRS, alsodisciplinesof type assignment
have to considered.

Typeassignmentlisciplineswerewidely investigatedn contexts of LC, but very little wasdonein
thisdirectionfor TRS.Thesystenpresentedh [8], for example combinesatypeassignmengystenfor
LC with TRSthataretypedala Church. This meanghat[8] did not presenteally a type assignment
ervironmentfor LC and TRS, but rathera way to embedexplicitly typed TRS in a type assignment
disciplinefor LC.

Recently however, new ideasandresultshave comein aid to the searchfor a type assignmenén-
vironmentfor both LC and TRS. For example,in [3] a notion of type assignmenfor TRS hasbeen
developed.In particular thatpaperconsideregystemsn whichit is possibleto make hypotheseabout
the functionalcharacterizatiof the function symbolsin the signatureof the TRS. The soundnessf
thesehypotheseshouldthenbechecled againsthe structureof therewrite rules,and,usingthesehy-
pothesegypescanbederivedfor terms.Thistypeassignmensystemenjoys interestingnormalization
propertied5, 6].

Having now a goodnotion of type assignmenat handfor TRS aswell, in the presenpaperwe are
goingto defineatypeassignmenervironmentfor thecombinatiorof TRSandLC. To ourknowledge,
thisis thefirst presentatiof atypeassignmensystemwherebothformalismsaretreatedn thesame
way. We hopethat the designof suchsystemwill provide evidencefor the claim statedabove, i.e.
thattype disciplinesarea goodsettingfor soundinteractionof computationaparadigms.In fact, we
alreadyhave positive resultsconcerninghe normalizationpropertieof the combinedsystem.

More preciselyin this papemwe presentnintersectiontypeassignmensystenwith w andsorts(i.e.
constantypes)for TRS extendedwith application,\-abstractiorand 3-reduction. This systemis an
extensionof thetypeassignmensystemdor TRSpresentedh [3]. It exploitsthe powerandgenerality
of intersectiortypeswith w (seege.g.,[11, 2, 4]), managingo typebroadandmeaningfulsetsof terms
andrewrite rules. We will shav thatthe normalizationpropertiesof LC andTRSarepreseredin our
system.

It is well-known thatintersectiontype systemdor LC areusefulnot only in the study of normal-
ization propertiesput alsoin the studyof the semanticof the LC (see,e.g.,[11, 2]). The notion of
intersectiorntype assignmenfor TRS developedin [3, 5, 6] enableghe studyof the relationbetween
semantic®f reductionandtypeassignmenin theframevork of TRS.In [7] thenotionof approximant
andtherelatedapproximatiormodeldefinedby Thatte[25] areusedto shawv thateverytypethatcanbe
assignedo aterm,canalsobeassignedo oneof its approximantgprovidedthe TRS satisfiescertain
conditions).In this sensethetype assignedo the term givesfinitary informationaboutthe reduction
processThispaperpresentshatresultfor thecombinatiorof LC andTRS,but becaus®f thepresence
of abstractionthe appliedtechniqueliffers significantly

Ontheotherhand,the useof intersectiortypesmodelsin a very elegantway the distribution of the
actualalgumentof a function duringthe computation.Thatmorethanonetype canbe assignedo a
termcorrespondsn this setting,to thefactthatan operands usedmorethanonceduring reduction,
evenatalaterpointthanjust duringthe contractionof theredex athand.

In the presentpaperwe defineapproximantdor the combinationof TRS andLC. This notion of
approximanis a combinationof similar definitionsgivenby Thatte[25] andWadswvorth [27] for TRS
andLC, respectiely. We shav that alsoin the combinationof TRS and LC every typeableterm
hasanapproximanbf thesametype. This AppoximationTheoemwill be provedfor systemshatuse
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recursiorin arestrictedvay: wewill considerewrite rulesthatsatisfyavariantof thegeneal schemes
definedn [6, 7]. Wewill thenusethisresultto prove ahead-normalizatioandanormalizatiortheorem
for differentclasseof typeableterms. Worth noting is that, applyingthe techniqueusedin [8, 5] it
is alsopossibleto prove thatif the type constantv is notin thetype systemthentypeabletermsare
stronglynormalizablewe will not discussthat resultfor the calculuspresentedere,becausef the
greatsimilaritieswith thosetwo papers.

This paperis organizedas follows: In Sectionl we define TRS with application, \-abstraction
andg-reduction(TRS+/3), andin Section2 thetypeassignmensystermfor TRS+ /3. In Section3 we
defineapproximantsindprove theapproximatiortheoremandin Sectiord we provethenormalization
theoremsSection5 containghe conclusions.

1 Term Rewriting Systemswith §-reductionrule

In this sectionwe presenta combinationof untypedLambdaCalculuswith untypedAlgebraicRewrit-
ing, obtainedoy extendingfirst-orderTRSwith notionsof applicatiorandabstractionanda -reduction
rule. We canlook at suchcalculi alsoasextensionsof the CurryfiedTermRewriting SystemgQTRS)
consideredn [3, 5, 6], by adding A\-abstractioranda g-reductionrule. We assumehe readerto be
familiar with LC [10] andreferto [22, 15] for rewrite systems.

Definition 1.1 An alphabetor signatue X consistf:

i) A countablanfinite setX of variablesey, z2, 3,... (Orz, v, z, 2, ¢/, ...).

i) A non-emptysetF of functionsymbolsF, G, ..., eachequippedwvith an‘arity’.
iii) A specialbinaryoperatoycalledapplication(Ap).

Definition 1.2 i) ThesetT (K X') of termsis definedinductiely:
a) X C T(EX).
b) If F € FU{Ap} isann-arysymbol(n > 0), andty, ..., t, € T(F X), thenF(ty,...,t,) €
T(EX).
c) If te T(FX),andz € X, thenAz.te€ T(F X).
We will considettermsmoduloa-corversion.
A contet is atermwith ahole,andit is denotedasusualby C[ ].
i) a) A neutial termis atermnotof theform Az.t.

b) A lambdatermis atermnot containingfunctionsymbols.
Thesetof freevariablesof aterm¢ is definedasusual,anddenotedoy F'V (t).

To denoteaterm-substitutionwe usecapitalcharacterfike ‘R’, insteadof Greekcharactersike ‘o,
which will be usedto denotetypes. Sometimesve usethe notation{z; + t1,...,z, +— t,}. We
write tR for theresultof applyingtheterm-substitutiorR to ¢.

In the next definition, we presenta notion of rewriting on T'( X') thatis definedthroughrewrite
rulestogethemwith a 3-reductionrule.

Definition 1.3 (Reduction) i) A rewrite rule is a pair (I, ) of terms. Often,a rewrite rule will get
a name,e.g.r, andwe write [ —. r. Threeconditionsareimposed:{ is not a variableor an
abstractiomz.t, F'V (r) C FV (l), and Ap doesnotoccurin I.

Thepatternsof arewrite rule F (¢4, . ..,t,) — r arethetermst;, 1 < i <n, suchthateithert; is
notavariable,or ¢; is variableandthereis al <i # j <n suchthatt; = ;.
ii) Ontermswe definetheusualnotionof g-reduction:Ap (Az.t,u) —g tle—ul,

iii) A rewrite rule [ —, r determinesa setof rewrites IR — rR for all term-substitution®. The left
handside!R is calleda rede, theright handsiderR its contractum Likewise, for ary ¢t andw,



Ap (A\z.t,u) —p t1¥74 is alsoarewrite; Ap (\x.t,u) is calledarede, andt{~u} its contrac-
tum.

iv) A rede ¢t may be substituteddy its contractumt’ insidea context C[ ]; this givesrise to rewrite
stepsC[t] — C[¢']. Concatenatingewrite stepswe have rewrite sequencesy —t; —to — - - -.
If tg —--- —t, (n > 0) wealsowrite ty —* t,,, andty — T t,, if to —* t,, in onestepor more.

Definition 1.4 A TermRewriting Systenwith g-reductionrule (TRS+ () is definedby a pair (X, R)
of analphabet andasetR of rewrite rules.

Notethatin contraswith GTRS,therewrite rulesconsideredh this papercancontaini-abstractions.
We take theview thatin arewrite rule a certainsymbolis defined.

Definition 1.5 In arewrite rule F (¢4, ...,t,) —, 7, F is calledthe definedsymbolof r, andr is said
to defineF. F is a definedsymbo] if thereis a rewrite rule thatdefinesF, and @ € F is calleda
constructorf @ is notadefinedsymbol.(Noticethat Ap is never adefinedsymbol.)

Examplel.6 Thefollowing is asetof rewrite rulesthatdefineghefunctionsappend andmap onlists
andestablishetheassociatiity of append. Thefunctionsymbolsnil andcons areconstructors.

append (nil, [) —1

append (cons (z,1),1") — cons (z, append (I,1"))

append (append (,1"),1") — append (I, (append (I',1"))

map (Az.t, nil) — nil

map (Az.t, cons (y, 1)) — cons (Ap (Az.t,y), map (Az.t,1))

Sincevariablesin TRS+ 3 canbe substitutedoy A-expressionswe obtainthe usualfunctional
programmingparadigmextendedwith definitionsof operatorsanddatastructures.

Definition 1.7 Let (X, R) beaTRS+5.
i) A termisin normalformif it containsnorede.
ii) A termtisin headnormalformif for all ¢’ suchthatt —*¢':
a) t’ is notitself arede, and
b) if t' = Ap (v,u), thenv is in headnormalform,
c) if ' = Az.u, thenu isin headnormalform.
Notethatt itself cannotbearede.
iii) A termis (head)normalizableif it canbe reducedto a termin (head)normalform; a termis
stronglynormalizableif all therewrite sequencestartingwith ¢ arefinite.
iv) (X, R) is stronglynormalizing(normalizing head-normalizingif everytermis.
V) (%, R) is confluentf for all ¢ suchthatt —* w andt —* v, thereexists s suchthatu —* s andv
—*s.
Examplel.8 TaketheTRS+3
F(G,z) — A(H)
B(C) -G
H —H

thenthe term F (B (C), A\y.Ap (G,y)) is not arede. It is not a head-normaform either sinceit
reducedo F (G, \y.Ap (G,y)) whichis arede. Thistermreducedo A (H) thatis a head-normal
form (it rewritesonly to itself, soit will neverbecomearede). Anothertermin head-normalorm is,

for instance\y.Ap (y, B (C)).



Our definition of headnormalform is anextensionto rewrite systemswith Ap of the notionof root
stableform definedin [1]. Notethatthe headof atermof theform Ap (v, w) isin v, sincewe think of
Ap asaninvisible symbol.

2 Typeassignmentin TRS+4

Typeassignmensystemsareformal systemalefinedby specifyinga setof terms,a setof types,anda
setof type assignmentules. In this sectionwe definea type assignmensystemfor TRS+-3, thatcan
be seenasan extensionof theintersectiortype assignmensystempresentedn [3]. The LC-fragment
of our type assignmensystemcorrespondslirectly to the systempresentedh [4].

We assumehereadetto befamiliar with intersectiortypeassignmensystemswereferto[11, 2, 3]
for details.

2.1 Types

As in [6], we will usestrict intersectiontypesover type-\ariablesand sorts (constanttypes). We
assumehatw is thesameasanintersectiorover zeroelementsif n = 0, thenoin- - -no, =w; Soin an
intersectionr1n- - -noy,, N0 o; canbew. Moreover, intersectiontypes(soalsow) occurin stricttypes
only in theleft-handsideof anarrow type.

Definition 2.1 (Types) i) Ts, the setof strict types and 7s, the setof strict intersectiontypes are
definedby mutualinduction:

a) all type-variablesyy, ¢1, ... € T, andall sortssg, s1,... €75,
b) if € 7y ando € Tg, theno—7 € T;.
c)Ifoy,...,00€T (n >0),thenoin- - -noy, €Ts.
i) OnTsg, therelation < is definedby:
QA Vi<i<n(n>1)[oin - no, <oy
b)Vi<i<n(n>0)[c<o;] = oc<oin - -nNoy,.
C)o<1t<p = o<p.
d) p<oc&7<p = =1 <p—p.
iif) OnTsg, therelation ~ isdefinedby: o ~7 <= o <7 <o0.

Noticethat7; is a propersubsedf Tg, andthato—(7np) is notatypein 7s, andneitheris o —w.

2.2 Typeassignment

Beforecomingto the definition of type assignmentye first introducethe notionsof basisandopera-
tionsontypes.

Definition 2.2 (StatementandBases) i) A statemenis an expressionof the form t:o, wheret €
T(F X) ando € Ts. t is thesubjectando thepredicateof t:o.

i) A basisis a setof statementsvith only distinctvariablesassubjects.If o1n- - -no,, is a predicate
in abasisthenn > 1.

i) If By,...,B, arebasesthenII{By,...,B,} is the basisdefinedasfollows: z:o1n---nop, €
II{By,...,B,} if andonly if {z:01, ..., zion} is the (non-empty)setof all statementsaboutz
thatoccurin By U--- U B,,.

iv) We extend < and ~ to basesy: B < B’ if andonly if for every z:¢' € B’ thereis anz:c € B
suchthate <¢',andB ~ B' < B < B'<B.



Noticethatif n = 0, thenII{By, ..., B,} = 0. Wewill oftenwrite B, z:o for thebasisII{ B, {z:0}},
whenz doesnotoccurin B.

The notion of type assignmenbf this paperusesthree operationson types. The first is called
substitutionandis the operationthat instantiatesa type (i.e. that replacesype variablesby types).
It is definedasa mappingfrom strict typesto strict types. The operationof expansionreplacedypes
by theintersectiorof a numberof copiesof thattype. Substitutionsandexpansionganbe extendedo
basesn the naturalway. Thelastoperationis thatof lifting, thatreplacesatype by alargertype,and
a basisby a smallerbasis,in the senseof <. (Althoughsoundtype assignmentould be definedwith
less— or lesscomplicated- operationsmoretermsaretypeablewith thesethree,andmoreexpressie
typescanbeassigned.)

The operationf substitutionexpansiomandlifting canbe composedo form chainsof operations.
In otherwords, the setof chainsis the smallestsetcontainingexpansionssubstitutionsaandliftings,
and closedundercomposition. See[3] for the formal definition of chainand of the above opera-
tions on types. We will usethe notationC (o) for the applicationof a chainC of operationgo the
typeo. Givena basis-typepair (B, o) anda chainC of operationon types,we defineC ((B, o)) =
({x:C (1) | @:7 € B}, C (0)).

In thedefinitionof thetypeassignmensystemfor TRS+ 3, we assumehatthereis anervironment
thatassigngdypesto functionsymbols.

Definition 2.3 (Environments) A mapping&: F U{Ap} — 7; is calledanenvionmentif £ (4p) =
(p1—=rp2) =12,

The useof an environmentintroducesa notion of polymorphisminto our type assignmensystem.
Theenvironmentreturnsthe ‘principal type’ for afunctionsymbol;this symbolwill beusedwith types
thatare ‘instances’of its principal type, obtainedby applying operationsof substitution,expansion,
andlifting.

We specifyhow to typetermsandrewrite rulesthroughthe presentatiomf type assignmentules.

Definition 2.4 i) Typeassignmenbn terms(with respecto £) is definedby the following natural
deductionsystem(whereall typesdisplayedarein T, exceptfor o4, ..., o, in rule (—E)). Note
theuseof achainof operationsn rule (—E).

[@:0]

. ti1ior ... tpiop
t:T (—E): . (b)
(=) ——— (@) F(ty,... ta)io
Ax.t:o—T
rzio o<T toy ... tiop
(<)r — ) —— (n=>0)
€T tioN---Noy,

(a)) If z:0 istheonly statemenaboutz onwhich¢:7 depends.
(b)) If F e FU{Ap}, andthereexistsachainC suchthato;—---—o,—0 =C (€ (F)).
i) Wewrite B ¢ t:o if andonlyif ¢:0 is dervablefrom the basisB usingtheabove rules.

Noticethat,by rule (nl), B k¢ t:w for all termst andbasesB. We will call thosetermstypeablethat
canbeassigned typedifferentfrom w.

To ensurethe subjectreductionproperty asin [3], type assignmenon rewrite ruleswill be defined
usingthe notionof principalpair for atypeableterm.

Definition 2.5 A pair (P, 7) is calleda principal pair for ¢t withrespecto &, if P ¢ ¢:7 andfor every
B, o suchthatB ¢ t:o thereis achainC suchthatC ((P, 7)) = (B, o).



We definenow type assignmenbn rewrite rules. The typeability of rulesensuresonsistencevith
respecto theenvironmentusedin thetypeassignmentor terms.

Definition 2.6 i) Wesaythat! — r € R with definedsymbolF’ is typeablewith respecto &, if there
areP, andr € Ts suchthat:

a) (P, ) isaprincipalpairfor [ with respecto £, andP t-¢ r:.
b) In P ¢ I:w andP +¢ r:7, all occurrencesf F' aretypedwith £ (F).
i) We saythat(3, R) is typeablewith respecto &, if allr € R are.

Fromnow on, we will only considerTRS+ 3 thataretypeablewith respecto a givenenvironment
E.

Usinga combinationof thetechniquesisedin [3, 4], it is possibleto shav thatthe threeoperations
(substitutiongxpansionandlifting) aresoundontypedterms.. Thatis, we have:

Theoem?2.7 If B ¢ t:o then,for everyC sud thatC ((B, o)) = (B',0'), B' ¢ t:o'. ]
Thenit is possibleto prove thattype assignmenis closedunderreduction.

Theoem2.8 (SubjectReduction) If B +¢ t:o, andt —t', thenB ¢ t':0o.

Proof: The caseof a g-reductionfollows from the factthatit is possibleto prove that,for every ¢, u,
B F¢ (\z.t)uio <= B ¢ t1#74}:5. Thecaseof arewriting canbe proved usingthe sametechnique
asin [3]. [ |

3 Approximation results

In this sectionwe define approximantsof the termsof our calculus,and prove the approximation
theorem(ary typeableterm hasan approximantwith the sametype). Our definition of approximants
is inspiredby the onegiven by Wadsworth [27] for the LC, andthe notion of approximantgor Term
Rewriting Systemsgivenby Thatte[25], whichin turnis basedn the definitionof 2-normalforms of
HuetandLévy[19]. As in thosepapersijn the sequelwe will only considerconfluentsystems.

We startby addinga specialsymbol_ L (bottom) to thelanguage.

Definition 3.1 ThesetT (F &, L) of partial termsis definedin the sameway asthesetT' (% X), by
addingto Definition1.1thecase

iv) A specialsymbol L.
andto Definition 1.2-(i) thecase
) d) LeT(FXL).
Noticethat L ¢ F and L ¢ X.

To definetype assignmenbn T' (% X, L), the type assignmentules (Definition 2.4) neednot be
changedit suficesthattermsareallowedto bein T(F X, L). Sincel ¢ F U{Ap}, L canonly be
typedwith w or appeaiin subtermghataretypedwith w (i.e. for which thedervationrule (nl) is used
with n. = 0).

We definethefollowing relationon partialterms.

Definition 3.2 i) ¢ Cw is inductively definedby:
a) Foreveryue T(E X, 1), LCu.
b) Foreveryte T(F X, L), tCt.
C)tCu = Az.tCAz.u.
dVvVi<i<n [tzguz] = F(tl,...,tn)EF(ul,...,un),fOFFG}-U{Ap}.



i) Wewrite ¢t 1« (andsaythatt andu are compatiblg if thereisa s € T (% &, L) suchthatt C s and
uC s. Wewrite ¢t 1T if thereisa s € T suchthatt 1 s.

For thetypeassignmensystenof Section2, extendedo 7' (% X, L), thefollowing propertyholds:
Lemma3.3 Bltetic&tCu = B ¢ uio. [ |

We will now develop the notion of approximanbf atermwith respecto a givenTRS+3 (X, R).
As mentionedabove, this definitionis a combinatiorof the notionof approximanfor termsin LC [27]
andthatfor termsin TRS[25]. A particulardifferencewith thosedefinitionsis thatour definitionis
‘static’, whereadoth othernotionsweredefinedasnormalforms with respecto an extendednotion
of reduction,adding,for example,for LC thereductionrule LM — 1. This approachwould not be
appropriatdor our papey becauseto namejust oneproblem,we would not be ableto prove a subject
reductionresultfor sucha notion of reduction. Instead,we will recursvely replaceredeesby 1.
While doingthis, it canbethatatermis createdhatitself is notarede, but lookslike one,in thesense
thatis compatibleto a left-handsideof a rewrite rule (wherevariablesarereplacedy ). Also such
‘possibleredexes’ will bereplacedy L.

We will usethesymbol_L alsofor the term-substitutiorthatreplacesvariablesby 1: 1 = {z — L |
z € X}. Also, Lhst = {I*+ | Ir [l = r € R]}. Firstwe will definedirectapproximantof termsby
replacingby L potentialredees. The setof approximant®f atermwill thenbe definedby takingthe
downward closureof thedirectapproximant®f all its reducts.

Definition 3.4 DA (t), thedirectapproximantof ¢ is definedby cases:
i)t=z.DA(z) = .
i) t=F(t1,...,ty), FEF,; let,for1<i<n,a; = DA(L;).
DA(t)=L,if F(ay,...,a,)T Lhst; otherwise4 (t) = F (a1, - .., an)-
|||) t= Ap (tl, tg); let a1 =TA (tl), andaz =TA (tg).
DA(t)=1,if ap =1, 0ra; = Az.a’; otherwise4 (t) = Ap (a1, az).
iv) t = Az.t';leta=DA(¢'). DA(t) = L, if a = L; otherwise A4 (¢) = Az.a.
Example3.5 TaketheTRS+ 3 of Examplel.8
F(G,z) — A(H)
B(C) -G
H —H

andconsideragaintheterm 7' (B (C), A\y.Ap (G, y)). SinceB (C) is aredg, in particularit is com-
patiblewith aleft-handside(begin thattermitself), soR4 (B (C)) = L. SinceF (L, A\y.Ap (G,y)) is
compatibleto F' (G, L), wegetthatDA (F (B (C), \y.Ap (G,y))) = L.

Also, DA (Ay.Ap (y, B (C))) = A\y.Ap (y, L), andD4 (A\y.Ap (B (C),y)) = L.

Definition 3.6 i) T4, thesetof approximatenormalformsis definedas
{ac T(FXL)|PA(a) = a}.
i) A(t), thesetof approximantsof ¢, is definedby:
At)={acA|Tut>*u & aCDA(u)]}.
Example3.7 Take againthe TRS+ (3 of Examplel.8. Then
F(B(C),\y.Ap(G,y)) = F (G, \y.Ap(G,y)) = A(H) > A(H) =+
ThenDA (F (B (C), Ay-Ap (G, y))) =DA(F (G, Ay.-Ap (G,y))) = L, DA(A(H)) = A (L), s0A(F (B (C), Ay.Ap (G, y)))

={L A(L)}.
Instead, A (F (H, \y.Ap (G,y))) ={L}.



Lemma3.8 i) If tisirreduciblethent € TA4.
ii) tisin head-normaformif andonlyif there existsa € D4 sud thata # L, anda C ¢. ]

The approximationtheoremdoesnot hold for arbitrarytypeableTRS+3: let ¢t be atermtypeable
by o, thentherewrite rule t — ¢ is typeable but the only approximanof ¢ is L, which hasonly type
w. Therefore,asin [5, 8, 6], we will control the useof recursionin the rewrite rulesby imposing
syntacticarestrictionsnspiredby thegenerakchemenf JouannaudndOkada[20].

The recursve schemedlefinedin [5, 8] ensurestrongnormalizationof typeabletermswhenthe
constantv is notincludedin the type assignmensystem.But in a type systemwith w therearetwo
kinds of typeablerecursion:the oneexplicitly presenin the syntax,andthe oneobtainedby the so-
calledfixed-pointcombinatos. Hence,furtherrestrictionshave to be imposed. Take for instancethe
rewrite system:

F(C(x)) = F(x),

A(z,y) —Ap(y,Ap(4Ap(z,2),9)),
thatsatisfiegthe schemeof [5], andis typeablewith respecto

E(F) =w—o,

E(C) =w—o,

£(4) = ((a—=p—B)na)—=((B—p)Np)—p-
Let Ay = Azy.A(z,y), thenB ¢ F (A (Ag, A\x.C (z))):0, but

F(A(Ap, A\z.C (z))) =" F (C(A(Ap, \z.C (z)))) = F (A (Ag, Az.C (2))).
The underlyingproblemis that Ap (A4y, A¢) is actingas a fixed-pointcombinator:for every G that
hastype w—o, theterm A (4y, Gy) hastype o, and A (4y, Go) —r G (4 (4o, Gy)) (takingfor Gy
of coursetheterm \z.G (x)). Thesolutionfor this particularproblemwill beto demandpatternsthat
cannotbetypedusingthetypeconstanty.

Therecursve schemehatwewill usein thispapemwasintroducedn [7], to prove the Approximation
Theoremfor CTRS. It is a generalizatiorof the schemedefinedin [6] to prove thatall typeableterms
in typeable@TRS arehead-normalizableln fact, the head-normalizatiopropertyof typeableterms
in typeableTRS+ 3 follows directly from the ApproximationTheoremfor TRS+ 3, aswe will see
below.

Definition 3.9 (Safesystems)A typeableéT'RS+ 3 over asignaturawith a setof functionsymbolsF,
=CU{Ap}U{F1, ..., F"},whereF!, ..., F" arethedefinedsymbolsandC is thesetof constructors,
is calledsafeif it fulfills thefollowing conditions:
) F', ..., F™ aredefinedin anincrementaway (i.e. thereis no mutualrecursion)by rulesthat
satisfythegenerl scheme
Fi (C[z),7) » C'[F (Ci[),7),. .., F (T [2),7), 7).
whereZ, 7 aresequencesf variablesandz C 7; 6[ 1, CT1, C_f[ 1, andC_W:[] aresequences
of contets in T'(F; 1, X); and,for 1 <j <m, a[f] D> mul (T;[f’], where< is the strict subterm
ordering(sor> denotesupertermandmul denotesnultisetextension,
andmorewer, in every rewrite rule
ii) a) patternscannotbe typedwith w (i.e. no variabletypedwith w occurstwice in F* (8[3], 7),
andno subtermof 6[3—:’] canbetypedwith w), and
b) t@hetypederwationsfor C_f[f’] (1 <j <m) intheright-handsidearesubdenationsof thoseof
[Z].

Notethattherewrite systemof the exampleabove is not safe:the patternC () in thefirst rule must
betypedwith w in atypederivationof F (C (z)):0. However, the systemcontainingonly the second
ruleis safe.



The rewrite systemof Examplel.6 is not safebecausehe rule statingthe associatiity of append
doesnot satisfythe generalscheme.If we do not considerthat rule, thenit is possibleto definean
ervironmentwherethe systemis safe. For example,assumingwve areworking with lists of natural
numbersve canusethefollowing ervironment:

& (nil) = natlist,

£(cons) =nat—natlist>natlist,

& (append) = natlist— natlist—natlist,
E(map) = (nat—nat)—natlist—natlist

Notethatthe definitionof safesystemgivenin [6] is a particularcaseof the onegivenabove, soall
thesystemghataresafein thatsensearealsosafeaccordingo the previousdefinition.

The restof this sectionwill be devotedto the proof of the theoremstatingthat B ¢ t:o implies
Approz (B, t, o) (Whichstandgor 3a € A (t) [B ¢ aio)), for all typeableTRS+ 3 thataresafe.To
prove this, we will usethe well-knovn methodof ComputabilityPredicate$24] (seealso[17]). The
proof will have two parts;in thefirst onewe give the definition of a predicateCompon basesterms,
andtypes,andprove somepropertiesof Comp Themostimportantonestateghatif for atermt there
area basisB andtype o suchthat Comp (B, t, o) holds,then Approz (B,t, o). In the secondpart
Compis shavn to hold for eachtypeableterm.

Definition 3.10 i) Let B beabasis,t € T'(F X), ando atypesuchthat B ¢ t:o0. We definethe
ComputabilityPredicateComp (B, t, o) recursvely on o by:
a) o =¢p,0rcg=s. Comp (B,t,0) < Approz (B,t, o).
b) o = p—71. Comp (B,t, p—7) <=
Vue T(EX)[ Comp (B',u,p) = Comp (II{B, B'}, Ap (t,u), ) ].
C) o =o1N: - -Noy.
Comp (B, t,o1n---Noy) (n > 0) <= V1<i<n[Comp (B,t,o;)l.
i) We saythataterm-substitutiorR is computablen a basis B if thereis a basisB’ suchthatfor
everyz:o € B, Comp (B',zR o) holds.

Noticethat Comp (B, t,w) holdsasspecialcaseof part(i.c).
Lemma3.11 Leto <7. ThenComp (B,t,o) impliesComp (B, t, 7).

Compsatisfieghe standardpropertiesC1 andC3 of computabilitypredicategsee[17]). C1 states
that computableiermshave the desiredproperty (approximationin this case). C3 concernseutral
terms,andwill be dividedin two partsto gainreadability In general,computabilitypredicatesare
closedunderreduction(propertyC2). With thennotionof computabilitywe areusing,C2 is notneeded.

Property3.12 C1. Comp (B,t,o) impliesApproz (B,t,o).

C3. Lett beneutal. If B k¢ t:o andther existsv sud thatt —* v and Comp (B, v, o), then
Comp (B, t,0).

C3'. Lett beneutal. If B ¢ t:o andthere existsa sud thata € A(t),aCt, and B ¢ aio,
thenComp (B, t,0).

In orderto prove the ApproximationTheoremit would be enoughto prove that for every termt,
basisB andtypeo, if B ¢ t:o, thenComp (B, t,c). As usualin proofsby computability we need
to prove a strongemproperty:if ¢ hastypeo in abasisB andR is computablén B, thenthereexistsa
B’ suchthat Comp (B',tR, o). Wewill prove this propertyby noetheriarinduction,for which we will
needthefollowing:

Definition 3.13 i) Lett beatermsuchthatB ¢ t:o. Wewritet —%_ u if
a)t—Tu,

10



b) thereisnoa € A (t) suchthata Tt andB F¢ alo,
c) thereexistsa € A (u) suchthata Cu andB t¢ aio.

i) Lett,u betermssuchthat B t-¢ t:o and B F¢ uio. We write t>% u if t>u, andthereexist
a; € A(t)anday € A(u) suchthata; Ct, a3 Cu, B F¢ a1:0,B F¢ asio, andai>as.

Intuitively, t =%, v if u is areductof ¢ for which thereis anapproximanwith the sameform and
thesametype. Therelation>$%, . is a strict subtermorderingthatpreseresthe previousproperty

Definition 3.14 Let > standfor the well-foundedencompassmerdrdering,i.e. u > v if u#v
modulorenamingof variablesandu|, = vR for somepositionp € u andsubstitutionR. Let >y denote
thestandardrderingon naturalnumbersandlex, mul denoterespectiely thelexicographic (from left
to right) andmultisetextensionof anordering.

Let (3, R) beaTRS+ 3. We definethe ordering>> on triples— a naturalnumbey aterm,anda
multisetof termsthataretypeablan abasisB’ with types{ p; } —astheobject(>x,> ,( = % i UBBi,, Yl )lex -

Property3.15 Let ¢ be sud that B ¢ t:o, and R be computablein B (i.e. for every z:p; in B,
Comp (B', 2R, p;) holds).ThenComp (B’ tR ) holds.

Proof: Wewill interpretatermuR by thetriple (i, u, { R}), wherei is the maximalsupefindex of the
function symbols(seeDefinition 3.9) belongingto u, and{R} is the multisetof typeableterms{zR |
z € FV (u)}. Theseriplesarecomparedn theordering>>.

SinceR is computablén B, — %, is well-foundedon theimageof R. The unionof %, , and
— Brp; is alsowell-founded.Hence,>> is a well-foundedordering. The proof of the propertygoesby
noetherianinductionon > andcaseanalysis. [ |

With this resultwe areableto prove the maintheoremof this section.

Theoem3.16 (ApproximationTheorem) If (X, R) is typeablein £ and safe thenfor everytermt
suhthat B ¢ t:o, thereisana € A(t) suh thatB ¢ alo.

Proof: Thetheorenfollows from PropertieS.15andC1, takingR suchthatzR = z. [ |

4 Normalization results

In this sectionwe will usethe ApproximationTheoremto prove theoremof head-normalizatioand
normalization We will alsostatea strong-normalizatiotheorentor arestrictedsystem.

Theoem4.1 Let(X, R) betypeablein £ andsafe If B t-¢ t:o, ando # w, thent hasa head-normal
form.

Proof: If B ¢ t:o, thenby Theorem3.16 thereis ana € A (t) suchthat B ¢ a:o. Sinceo #w,
a# 1,and,sincea € A (t), thereis av suchthatt —* v anda C T4 (v). Then,by Lemma3.8-(ii), v is
in head-normalorm, so,in particular t hasa head-normatorm. [ |

In the intersectiontype assignmensystemfor LC, termsthat are typeablewith a type o from a
basisB suchthatw doesnot occurin B ando, arenormalizable[11]. In the framevork of GTRS
this propertyholdsfor non-Curryfiederms(i.e. termswithout Ap andCurryfiedfunctions),provided
the rewrite rules satisfy certainconditions: the function definitionshave to be suficiently complete
(see[6] for moredetails). In the caseof TRS+ 3, Curryfiedversionsof the function symbolsof the
signatureareobtainedthroughthe useof A-abstractior(we do not needrulesto definethemsincewe
have B-reduction).The only termsthatwe have to excludearethosecontainingsubtermsof theform
Ap (F (t1,...,tn),u), whereF € F with arity n andty, .. . , t,,, u arearbitraryterms.Thisis because
atermof this form canhave atype without w evenif F' is usedwith atype containingw. To exclude
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theseterms,we will assumehatthe ervironment€ is suchthat F' (¢4, .. ., t,) cannothave anarrow
typeif F hasarity n. The definition of completeTRS+ £ is similar to the definition of complete
Q@TRS[6, 7].

Definition 4.2 Let& beanervironmentsuchthatfor ary F' € F of arityn, F (¢4, ..., t,) cannothave
anarrov type. A TRS+ g is completen the ervironment€ if wheneer a typeableterm¢, of which
thetype doesnot containw, is reducibleat a positionp suchthatt|, canbe assignea type containing
w, thereexistsq < p suchthatt|, hasatypewithoutw andt|,[z], (Wherez is afreshvariable)is not
in headnormalform.

Intuitively, in acompleteTRS+ 3 aterm F' (¢4, . . ., t,,) thathasanw-freetype,andwherethereis a
rede ¢; thatcanbeassignedtypecontainingw, will bereducibleeitherattherootorin somet; with
anw-freetype. This meanghattherulesdefining /' cannothave patternghathave typeswith w, and
alsothatconstructorgannotacceptargumentshaving atypewhich containsv. Moreover, if adefined
functionacceptamgumentshaving typeswith w thenits definitionmustbe exhaustve.

Definedfunctionsof safesystemssatisfythefirst condition.So,a safesystemis completewvhenaer
constructordhave groundtypesandfor all definedfunction F' that acceptagumentswith typesthat
containw, therulesdefining F' cover all possiblecases.

Thefollowing lemmais easyto prove for completeTRS+ 3.

Lemmad.3 Let(X, R) beacompleteTRS+3in €. Leta € TA. If B ¢ a:0, andw doesnotoccurin
B ando, thena containsno L.

With the helpof thislemmaandthe ApproximationTheoremwe canshaw thefollowing:

Theoem4.4 Let(X, R) betypeablen &£, safeandcompletelf B ¢ t:o, andw doesnotoccurin B
andeo, thent is normalizable

Proof: If B ¢ t:o, thenby Theorem3.16 thereis ana € A (t) suchthatB ¢ a:o. Sothereis av
suchthatt —* v anda C 74 (v). Thenby theabore lemma,a is freeof L, soin particulara = v, sot
hasanormalform. ]

Whenthetype constantv is removedfrom the systemall typeabletermsarestronglynormalizable.
Thetechniquerequiredto prove this propertyis very similar to the oneusedin [2, 5], sowe will not
give the detailsof the proof.

Theoem4.5 Let =7 denotethe notion of typeassignmenbbtainedfrom ¢ by remaing thetype
constant, andlett beatermin a TRS+ 4 that satisfiegthe geneal scheme ThenB ¢ t:o implies
thatt is stronglynormalizable

5 Conclusions

We have extendedirst-ordertermrewriting systemawith applicationabstractiorandg-reductionand
have proposeda type assignmensystemfor this language.Term rewriting systemsawith abstraction
andapplicationcombinetheadwantage®f algebraiaewrite systemswhichmodelalgebraicoperations
on datastructureswith the power of LC. Thetype assignmensystemthatwe definedis a true exten-
sion of the intersectiorsystemfor LC, sothe pureLC-fragmentof the languagéehasthe well-known
normalizationproperties:

I) thesetof termstypeablewithoutw is the setof stronglynormalizablegerms,

i) thesetof termstypeablewith typeos from abasisB, suchthatw doesnotoccurin B ando, is the
setof normalizablegerms,and
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ii) thesetof termstypeablewith typeo # w is the setof termshaving aheadnormalform.

If we do notallow abstractionsn right-handsidesof rewrite rules,andconsiderthe algebraidrag-
mentof ourlanguagewe obtaina CTRS, for which the following propertieshold [7]:

i) termstypeablewithoutw arestronglynormalizable,

i) non-Curryfiedtermstypeablewith type o from abasisB, suchthatw doesnotoccurin B ando
arenormalizableand

iii) termstypeablewith typeo # w have aheadnormalform.

Noticethatthe cornversesf the previouspropertiesdo not hold, becausé¢he ervironmentis given (and
fixed).

In [7], thesepropertieswere proved directly from the strongnormalizationpropertyof “derivation
reductiort, arewrite relationon derivationsthatis stronglynormalizingevenin type systemswith w.
The ApproximationTheoremis alsoa consequencef this property Sinceit is atthismomentotclear
if thattechniqueextendsto systemswith abstractionin this paperwe have givena directproof of the
ApproximationTheoremfrom which we caneasilydeducethe head-normalizatioandnormalization
propertieqat the expenseof a morecomplicatedstrongnormalizationproof).

We have shavn thatthenormalizatiorpropertieshatareenjoyed by bothlanguagesvhenconsidered
separatelyareinheritedby thecombinedanguageThis supportourinitial claimthattypeassignment
systemsprovide a soundervironmentfor the combinationof the programmingparadigmsbhasedon
TRSandLC. Butin orderto provide moreevidencefor this claim, otherimportantpropertiegsuchas
confluencepreseration of normalizingstratgjies)have to be studied. This will bea subjectof future
work.
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