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All graphs will be finite and undirected, without loops and multiple edges. If GG is a
graph, V(G) denotes the set of vertices in G. Let N(z) denote the neighborhood of a
vertex x. Alsolet N(X) = UzexN(z) and N[X] = N(X)UX. Aset X C V(G) is called
a dominating set of G if N[ X| = V(G). The independent domination number i(G) is the
cardinality of a minimum independent dominating set of G, and the domination number
v(G) is the cardinality of a minimum dominating set of G. A set X is irredundant if
for every vertex = € X,

Nlz] — N[X — {z}] £ 0.

The minimum cardinality taken over all maximal irredundant sets of GG is the irredun-
dance number ir(G).
It is well known that for any graph G,

ir(G) < 7(G) <i(@).

A graph G is called domination perfect if v(H) = i(H), for every induced subgraph H
of G, and G is called irredundance perfect if ir(H) = ~(H), for every induced subgraph
H of G. Also, a graph G is called k-irredundance perfect (k > 1) if ir(H) = v(H), for
every induced subgraph H of G with ir(H) < k.
Denote by Z'Py. the class of k-irredundance perfect graphs. Obviously, Z'P; is exactly
the class of all graphs and
IP, 2IPy DIP32 ..

Moreover, if ZP is the class of irredundance perfect graphs, then

(e}
IP = ﬂ IP;.
i=1
There are a lot of interesting results on irredundance perfect graphs [1]-[8]. The
related classes of graphs such as domination perfect graphs, upper domination perfect
graphs and upper irredundance perfect graphs are studied as well. For a short survey on
domination perfect graphs, see [9], and for a short survey on upper domination perfect
graphs and upper irredundance perfect graphs, see [10].
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The first result on irredundance perfect graphs is due to Bollobas and Cockayne.

Theorem 1 (Bollobas and Cockayne [1]) If a graph G does not have two induced
subgraphs isomorphic to Py with vertex sequences (a;, b;, ¢;,d;), 1 = 1,2, where by, by, c1,
Co,dy, dy are distinct and a; & {c1,co,dy,da} for i = 1,2, then G is an irredundance
perfect graph.

The following result of Favaron improves Theorem 1, since the graphs forbidden in
Theorem 2 belong to the family of forbidden graphs of Theorem 1.

Theorem 2 (Favaron [3]) If a graph G does not contain the graphs Ps, Cs, 2P, and
G1— G3 in Figure 1 as induced subgraphs, then G is irredundance perfect.

Favaron conjectured that only three graphs from six forbidden graphs described in
Theorem 2 are needed as forbidden subgraphs for an irredundance perfect graph.

Conjecture 1 (Favaron [3, 2]) If a graph G does not contain the graphs Ps and
G1, Gy in Figure 1 as induced subgraphs, then G s irredundance perfect.
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Figure 1. Graphs G| — Gy.

Henning proved that if GG satisfies the conditions of Conjecture 1, then G belongs
to Z'P4, a superclass of irredundance perfect graphs.

Theorem 3 (Henning [5]) If a graph G does not contain the graphs Ps and Gy, G
in Figure 1 as induced subgraphs, then G is a 4-irredundance perfect graph.

The next theorem implies Conjecture 1, since the graph G5 in Figure 1 is an induced
subgraph of the graph G4 in Figure 1. Moreover, Theorem 4 implies Theorems 1-3.
The proof of Theorem 4 can be found in [8].

Theorem 4 If a graph G does not contain the graphs Ps and Gy, G4 in Figure 1 as
induced subgraphs, then G is an irredundance perfect graph.

Henning posed the conjecture that the class of irredundance perfect graphs coincides
with the class ZP,.

Conjecture 2 (Henning [5, 2]) A graph G is irredundance perfect if and only if G
18 4-1rredundance perfect.



Figure 2. Counterexample F* to Conjecture 2.
The graph F* of Figure 2 is a counterexample to Conjecture 2, since F* is 4-
irredundance perfect but it is not irredundance perfect.

Theorem 5 The graph F* of Figure 2 is a 4-irredundance perfect graph and ir(F*) =5,
v(F*) = 6.

Although the graph F* has a simple structure, it is not easy to prove that F™* is
4-irredundance perfect, since no characterization of 4-irredundance perfect graphs is

known. Using a computer search, we discovered that F* is a minimal ir-imperfect
graph, i.e., ir(H) = vy(H) for every proper induced subgraph H of F™.
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