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Fig. 2. Kleinberg small-world model. Each node is directly mected to

. . Il neighbors withinh hops, and also tg more distant nodes through so
Random graphs play an important role as mathematlca@%ﬁled shortcuts. In the shown example, whére= ¢ = 1, lightly shaded
tractable models for complex, large-scale networks. Thetmaircles represent the nodes that are directly connectedde (i, j), i.e. the
recent addition to this set of tools is a class of objecfgur direct neighbors ofi, j) and one additional nodgk, !) connected by a

generally designated bgmall world graphs, which exhibit """

high clustering coefficients (i.e. neighboring nodes akelyi  Since their discovery, small-world graphs have been shown
to be connected) and small average path length — the diametetapture fundamental properties of relevant phenomeda an
of a graph withn nodes is in fact bounded by a polynomiaktryctures in sociology, biology, statistical physics anen-
in logn. The term small-world graph itself was coined bynade networks, with examples ranging from Milgram's “six
Watts and Strogatz, who in their seminal paper [1] deﬁnedcﬁgrees of Separation” [2] between any two peop|e in the
class of models which interpolate between regular lattéces United States to such diverse networks [3] as the U.S. elec-
random Erds-Renyi graphs by adding long-range shortcutgic power grid, the nervous system of the nematode worm
with a certain probablllt)p, as illustrated in Flg 1. The mOStCaenorhabditiS e|egamsfood WebS, te|eph0ne call graphsy
salient feature of these models is that for increasing gatfe citation networks of scientists, and, most strikingly, ierld
p the average shortest-path length diminishes sharply,e@iser\yidge Web [4].
the clustering coefficient remains practically constantirdyi |t js therefore not surprising that key attributes of small-
this transition. world networks, such as the degree distribution of the nodes
the clustering coefficient of the graph, the shortest paigtte
between two nodes, or thmtweennessf a node (i.e. the total
number of shortest paths that pass trough it), have becoene th
focus of intense research (see e.g. [5] and referencesripere
The combination of strong local connectivity and long-
range shortcut links renders small-world topologies pixén
attractive in the context of communication networks, eitice
increase capacity or simplify certain tasks. Recent exaspl
include resource discovery in wireless networks [6] andgies
of heterogeneous networks [7], [8]. Another relevant agepli
tion is related to overlay networks for peer-to-peer commu-
OThe authors are with the Laboratory of Artificial Intelligen nications, for which small world properties are deemed to be
and Computer Science (LIACC/UP) and the Department of Conparticularly useful [9].
e meic s o o e vt up. _ Wnen applying smallworld prnciples to commuricaton
fnetworks, we would like not only that short paths exist

ported by the Fund&@p para a @Gncia e Tecnologia (Portuguese Foundatio 4 )
for Science and Technology) under grant POSC/EIA/62198120 between any pairs of nodes, but also that such paths cag easil

Abstract— Small-world graphs, exhibiting high clustering co-
efficients and small average path length, have been shown to
capture fundamental properties of a large number of natural ard
man-made networks. In the context of communication networks,
navigablesmall-world topologies, i.e. those which admit efficient
distributed routing algorithms, are deemed particularly effective,
for example in resource discovery tasks and peer-to-peer appliea
tions. Intrigued by the fundamental limits of communication in
networks that exploit this type of topology, we study two classesfo
navigable small-world networks from the point of view of network
information flow and provide inner and outer bounds for their
max-flow min-cut capacity. Our contribution is in contrast with
the standard approach to small world networks which privileges
parameters pertaining to connectivity.

I. INTRODUCTION

p=0 p=0.1

Fig. 1. Small-World model with added shortcuts for differemiues of the
adding probabilityp.



be found using merely local information. In [10] Kleinbergof the network follows from the well-known Ford-Fulkerson
showed that thisavigability property, which is key to the max-flow min-cutheorem [14], which asserts that the maximal
existence of effective distributed routing algorithmslaisking amount of a flow (provided by the network) is equal to the
in the small-world models of [1] and [11]. The alternativecapacity of a minimal cut, i.e. a nontrivial partition of theaph
navigable model presented in [10] consists of a grid to whiclertex setl” into two parts such that the sum of the capacities
shortcuts are added not uniformly but according to a harmordf the edges connecting the two parts (the cut capacity) is
distribution, such that the number of outgoing links pereaced minimum. In [15] it was shown that network flow methods
fixed and the link probability depends on the distance beatwealso yield the capacity for networks with multipterrelated

the nodes, as illustrated in Fig. 2. For this class of smalildv sources and one sink.

networks agreedyrouting algorithm, in which a message is The case of general multicast networks, in which a single
sent through the outgoing link that takes it closest to theource broadcasts a number of messages to a set of sinks,
destination, was shown to be effective, thus opening the das considered in [16], where it is shown that applying cod-
towards information flow in a distributed fashion. ing operations at intermediate nodes (ireetwork codiny

Motivated by their potential to improve the transfer of dat&s necessary to achieve the max-flow/min-cut bound of the

in networks with multiple parties, we set out to investigdite network. In other words, if: messages are to be sent then the
fundamental limits of network information flow in small wdrl minimum cut between the source and each sink must be of
networks. In [12], we focused on the original (non-navigabl size at least. A converse proof for this problem, known as
models of [1] and [11], and proved a high concentratiothe network information flow problepwas provided by [17],
result that gives upper and lower bounds on the max-flowhereas linear network codes were proposed and discussed
min-cut capacity of said networks. The main goal of thig [18] and [19]. Max-flow min-cut capacity bounds for B
paper is to provide a preliminary characterization of thRényi graphs and random geometric graphs were presented
capacity ofnavigablesmall-world networks, for which highly in [20].

efficient distributed routing algorithms are known to exist Another problem in which network flow techniques have
and distributed network coding strategies (allowing pssteg been found useful is that of finding the maximum stable
at intermediate nodes) are likely to be found. Our maimroughput in certain networks. In this problem, posed by
contributions are as follows: Gupta and Kumar in [21], it is sought to determine the maxi-

« Capacity Bounds for Kleinberg Small-World Networksmum rate at which nodes can inject bits into a network, while
We construct upper and lower bounds for the max-flokeeping the system stable. This problem was reformulated
min-cut capacity of Kleinberg graphs derived from dn [22] as a multicommodity flow problem, for which tight
square lattice and illustrate how the choice of connegtivibounds were obtained using elementary counting techniques
parameters affects communication. Since small world graphs were proposed as models for

« Capacity Bounds for Navigable Small-World Networksomplex networks [1] and [11], most contributions in the
on Ring Lattices:Arguing that the corners present inarea of complex networks focus essentially on connectivity
Kleinberg's models introduced undesirable artefactsén tiparameters such as the degree distribution, the clustering
computation of the capacity, we define a navigable smaipefficient or the shortest path length between two nodes (se
world network based on a ring lattice and derive a higle-g. [23]). In spite of its arguable relevance — particylarl
concentration result for the capacity of this instance, aghere communication networks are concerned —ctygacity
well. of small-world networks has, to the best of our knowledge, no

The rest of the paper is organized as follows. Sec. Il gives ¥At been studied in any depth by the scientific community.
overview of related work pertaining the capacity of commu-
nication networks. Then, Sec. Ill provides precise debinti
for the two small-world models of interest in this work, so We start by preser_lting rigorous definitions for the two small
that the main results can be stated and proved in Sec. Iv. T#grld models used in the rest of the paper. In the following,

1. NAVIGABLE SMALL -WORLD NETWORKS

paper concludes with Sec. V. we also assume that all edges have unitary weight.
Definition 1 (Kleinberg Small-World graph, see Fig. 2):
Il. OTHER RELATED WORK We begin from a two-dimensional grid and a set of nodes that

Although the capacity of networks (described by generate identified with the set of lattice points in anx n square,
graphs with or without edge capacities) supporting multi(z,y) : z € {1,2,...,n},y € {1,2,...,n}}, and we define
ple communicating parties is largely unknown, progress htw lattice distancebetween two node¢z,y) and (w, z) to
recently been reported in several relevant instances af tbe the number oflattice steps(or hops) separating them:
problem. In the case where the network has one or matf(z,y), (w,2)) = |w—z|+ |z —y|. For a constank > 1, the
independent sources of information but only one sink, it isode (u1,u2) is connected to every other node within lattice
known that routing offers an optimal solution for transpugt distanceh (we denote the set of this initial edges &g). For
messages [13] — in this case the transmitted informatiamiversal constantg > 0 andr > 0, we also construct edges
behaves likewater in pipesand the capacity can be obtainedrom (uy,us) to ¢ other nodes using independent random
by classical network flow methods. Specifically, the cagacitrials; the i*"* edge from(u,us) has endpoin{vy, vy) with



probability proportional tdd((u1, u2), (v1,v2))]~". To ensure relevant network scenarios. Motivated by this observates
a valid probability distribution, we consider the set of eed will now use network flow methods and random sampling
that are not connected wittu;, uq) in the initial lattice, i.e. techniques in graphs to derive a set of bounds for the capacit

of the small-world network models presented in the previous
N(Ul,uz) = {(UlaUQ) : d((ul,’u@)v (Uhv?)) > h} section.

and divide[d((u1,u2), (v1,v2))]~" by the appropriate normal- L
izing cons'[ta(n(t ) Ml A. Preliminaries
We start by introducing some notation. L& be an

s(u1,uz) = > [d((u1,u2), (v1,v2))] 7" undirected and unweighted graph and (& be the graph
(v1,92)€N(uy uy) obtained by sampling of¥, such that each edgehas sampling

In the next section, we will see that this model exmbitﬁrobabilityp . From G and G, we obtainG,, by assigning
unexpected effects related to the corners of the choserldtase;, o5ch edge@ the weightp ?.,e. w(e) = p Iée_ We denote

tice. Motivated by this observation, we construct a someéwhgq global minimum cuts ofdy, and G, by ¢, and ¢

. . . . . S w S w
different model, which uses a ring lattice but still keepskBY  ogpectively. It is helpful to view a cut iy, as a sum of
relationship between shortcut probability and node d&tangernqyili experiences, whose outcome determines if an edge
that assures the navigability of the model. Before procegdi, connecting the two sides of the cut belongso or not.

with its definition, we require a precise notion of distanoe i is not difficult to see that the value of a cut @.. is the
arng. i . expected value of the same cutd#y.

Definition 2: Consider a set af nodes connected by dges The pext theorem gives a characterization of how close a
that form a ring (see Fig. 3, left plof). Theng distance ¢ ¢ jn v will be with respect to its expected value.
between two nodes is defined as the minimum number OfTheorém 1 (From [24]):Let ¢ — \/2(d+2) In(n)/c

hops from one node to the other. If we number the nodeg, o, \ith probabilityl — O(1/n%), every cut inG, has value

in clockwise direction, starting from any node, then theg””between(l ~¢)and(1 + ¢) times its expected value

distance between nodésnd; is given byd(i, j) = min{|i - Notice that althought is a free parameter, there is a strict

J|’n.+z _hj’”_ K _fjé}' il al be clear f hrelationship between the value df and the value of. In
Since the type of distance will always be clear from t Gther words, the proximity to the expected value of the cut is

context, using the same notation for ring distance and:mtt'intertwined with how close the probability is to oriheorem 1
yields also the following useful property.

distance does not cause confusion. For simplicity, we refer

Z(i’j) asttge(_jistalmt(:,[_ebetweeni and j. Next, we define a Corollary 1: Lete = \/2(d—|—2)ln(n)/cw. Then, with high
-connected ring fatlice. probability, the value of; lies betweer{l—¢)c,, and(1+-¢)c,,.

B. Capacity Bounds for Navigable Small-World Networks
based on Ring Lattices

We start with the somewhat simpler class of navigable
small-world networks based on ring lattices and prove the
following result.

Theorem 2:With high probability, the capacity of the
navigable small-world network has a value in the interval
[(1 = €)ew, (1 + €)ey), with e = \/2(d + 2) In(n)/c,, and

Fig. 3. lllustration of a k-connected ring lattice: fromtléd rightk = 2,4, 12.

Definition 3: A k-connected ring latticqsee Fig. 3) is a
graphL = (V, E) with nodesV;, and edgesF;, in which

all nodes inVy, are placed on a ring and are connected to all n-an )
ithi i n—a .
the nodes within distancg. _ . o =k + (1+an) - ( meryo Y
Notice that in the definition of &-connected ring lattice, 2 et}

all the nodes have degrée Based on this topology, we can
now present a precise definition of an alternative model. wherea,, = .
Definition 4 (Navigable Small-World NetworkBtarting Proof: Consider the fully connected gragh, = (V, E)
with a k-connected ring lattice, add one edge to eachith weights defined as follows: the weights of edges/)
node i randomly according to the probability distributionFy, is setto one and those ¢f j) ¢ E}, are equal tav(i, j) =
p(i,j) = d(i,j)"", where d(i,j) denotes the distanced(i,j)™ ", i.e. the probability of adding edde, j). Notice that
between nodes andj andr > 0 is a fixed parameter. the ring distance between two nodes does not depend on which
node is numbered first. It is therefore correct to state that a
the nodes have the same number of nodes at distandée
also have that all the edges in the ring lattice unitary wieigh
In Sec. Il, we argued that the max-flow min-cut capacitBased on these two observations and the fact €hatis a
provides the fundamental limit of communication for vasoufully connected graph, it is clear that the global minimun cu

1—(—1)"

IV. MAX-FLOW MIN-CUT BOUNDS IN NAVIGABLE
SMALL -WORLD NETWORKS



1000 ‘ ‘ ‘ forz,y € {1,...n}.. For this purpose, we note that the previous
sum can be written as

stzy) = > (li—al+li—y)”
(1)) #(z,)
2 = (A, ()]
g (61N,

Clearly, the first term can be easily calculated. Thus, the
challenging task is to present an algorithm that deals with
the calculation Oqu,j)gzN(x,y) [d((i,7), (xz,y))]"". The nodes
(i,7) & N,y are the nodes initially connected to node y),
i.e., the nodes at a distanee< h from node (z,y). It is
r ' not difficult to see that the nodes at a distaricekom node
(z,y) are the nodes in the square line formed by the nodes
Fig. 4. Bounds for the capacity of a navigable small-worldwuek forn = (z — ¢,y), (x + t,y), (z,y + t) and (z,y — t). Then, we

1000, k = 20, d = 1, and different values of parameter The dashed line Id i look n in th re form he n
represents the expected value of the capacity and the sudisl lepresent the could Just look at odes the square fo ed by the nodes

bounds. As expected, the capacity decreases sharply vgtiehi, because (% — 1Y), ('?_Fh?_y)' (z,y+h) and(z,y—h) and sum all the
increasingr decreases the probability of adding new edges. corresponding distances to nogde y). A corner effect occurs
when when this square lies outside the base lattice. Assume

in G, denotedc,, is a cut in which one of the partitionSthat we start by calculating the distances to the nodes @& lin
consists of a single node, say notleThus, we may write 4 ; \ith ; > 0.

To avoid calculating extra distances (i.e., distances deso

cw=k+ Y d(1,i)7", that are out of the grid), we must make sure that this line
€A verifiesy +i < n and alsoy + ¢ < h. For this reason; must
with A = {i: (1,0) ¢ Ep} = {i:d(1,i) > k). vary according ta € {0...min{h,n—y}}. Now, in each line

Now, we must distinguish between two different situationg + ¢ We first look at the nodes in the right side @f, y),
evenn and oddn. If n is even, it is not difficult to see that -€., We calculate the distances of the nodest- j,y + i),
the single node that maximizes the distance to nbienode With j = 0. Now, notice that in the ling, we have’ points
o4 1, with d(1,2 + 1) = 2. Notice that, for distances ©O" the right side of(z,y) that are in the square (regardless

inferior to ™. there are two nodes at a distanicéo node1. ©f whether they are in the grid). Because the distance is the
Therefore,Qifn is even, we have minimum number of steps in the grid, we have that in line

y + i there areh — ¢ points at the right side ofx,y) that

n 2 o are inside the square. This way,must be vary according
cw =k+(5)7" +2: > i to j € {0...min{h — i,n — z}}. Now, when looking at the
i=k+1 nodes at the left side (i.e., the nodes-j,y+1), with i > 1),

Whenn is odd, it is also easy to see that there are two nod&¥ idea is the same. The only difference is that, in this case
that maximize the distance to node nodes™;! and =f3, the variation forj is j € {1...min{h — i,z —1}}. Then,

with the maximum distance being;t. Therefore, ifn is odd, W€ proceed analogously for the lines belgw y), i.e., the
linesy — 4, with ¢ € {1...min{h,y — 1}}. This algorithm

n—1

2
— . =T
Cw =k +2 Zz : TABLE |
i=k+1 ALGORITHM FOR COMPUTING NORMALIZING CONSTANTS

1-(—1)"

Using Corollary 1 and observing that, = is equal Algorithm 1:
to 1 if n is odd and equal t® if n is even, we obtain the = [0],xn
desired bounds. ™ fori=0:min{h,n—y}

The result is illustrated in Fig. 4. f OTZ](';E:JFOji Zﬁ”z{)h:’éﬁ;)f}

forj=1:min{h —i,x — 1}

C. Capacity of Kleinberg Small World Networks 2@ =gy +i) = (457"
fori=1:min{h,y— 1}

Before proceeding with the bounds for the capacity of forj=0:min{h—in—az}

i - - i z(e+gy—i) = (+5)""
Kleinberg small-world networks, we require an algorithm to forj =1 min{h —ih— (m1— i),z — 1}

calculate the normalizing constants 2o —jy—i)=(i+4)"
z(z,y) =0
stzy) = D A2 y), (D)), 2 =300 2= (1)

(1) EN o) s(2,9) = iyt i -l +1i—y) ™" ==



is summarized in Table I. The matrix is a buffer for the i=n+j (j =0,...,n — 2), there aren — 1 — j nodes in the

distances, i.e.z(u1,us) = d((z,y), (u1,u2)). We impose " diagonal. Then, there a@:?:lwrl = h(h+3)/2 nodes

z(z,y) = 0, becausel((x,y), (z,y))”" is also calculated in initially connected to nodél, 1) (again, withh < n—1), then

this procedure. there areh(h + 3)/2 edges with weight 1. Therefore, we have
The following quantities will be instrumental towards charthat:

acterizing the capacity: hil  n

h(h+3
— cw = "IN S (@) )
M = max { +4q,(1— e)cw} r=1y=h+2—x
¢ = V2012 nn2) e + 3 Y w((1,1), (2, y)).
h(h + 3) h+1 n r=h+2y=1
Cw = 5 T Y. > fww) We can calculate(1,1) as
r=1y=h+2—x
n n n—1 n—2
+ 0> fxy) Q) s = D (@+1)-iT+) (n—1-d)-(n+i)".
r=h+2y=1 i=h+1 =0
@) = -9y (1) + gy (@,9) Next, we determine the weights;((u1, uz), (v1,v2)). Con-
(v +y—2)"" -1 (xr+y—2)"" sider two nodes that are not connected initialy,, uz)
Yy (ab) = (1- s(a,b) ) T s(a) and (vy,v3), and the edgé(uy, us), (v1,vs)). This edge can
1 be added in two different trials: one for node;,us) and
s(1,1) = Z (i4+1)-i" another one for nodév,,v;). Because we do not consider
imht1 multiple edges, these can be viewed as two mutually exausiv
n—2 trials. Therefore, the weight of this edge is the sum of

+ (n—1—1i) - (n+i)". the probabilities of adding this edge when looking at node
(u1,u2) and when looking at nodév;, vs). Let us focus on

. ) node(uy, uz). The trial “add edgé(u;,uz), (v1,v2))” follows
Recall thats(z, ) can .be calculat_ed usmglgonthm 1 The a Binomial distribution, withg Bernoulli experiences, with
proof of the capacity will rely heavily on the following lenan success probability

Lemma 1:Let G,, be the weighted graph associated with
Kleinberg’s model of a small-world graph, ang, be the

o

1=

[d((u1, u2), (v1,v2))] 7"

a(uhuz)(vh’UQ) =

global minimum cut inG,,. Then, forh < n —1, ¢, is given s(u1, ug)
by (1). _ o (ua —vr| +Jup —wa|) "
Proof: All the edges € E, have weightl (because they - s(u1, ug) :

are never removed), all nodes @, have degree? — 1, and . .
the weights of these edges depend only on the distance bBerefore, the weight of the eddeu., u2), (v1,v2)) is
tween the nodes they connect. Therefore, the global minimum
cut in G,, must be a cut in which one of the partitions consists
of one node. Because the weight of an edgé&:jn decreases
with the distance between the nodes that it connects, thmblo g—1
minimum cut in G,, must be a cut in which one of the = 4 (1= aguy ) (V1,02)) 77 Qg uz) (01, 02)
partitions consists of a single node that maximizes theudcst (1 = Aoy o) (U1, u2)) T Ay ) (U1, u2)).

to other nodes. Therefore,, must be a cut in which one of

the partitions consists of a corner nodg; 1), (1,n), (n,1) or ohy2 . ) s(1,1)

(n,n). S and using expression (1) fer,, the _result follows._l _
Now, let w((uy,us), (v1,v2)) be the weight of the edge We are now ready to state our main result, which is
connecting the nodesus,us) and (vy,vs). Assume, with- illustrated in Fig. 5.. . _

out loss of generalization, that, is the cut in which one ~ Theorem 3:For h < n — 1 the capacity of a Kleinberg

w((u1,uz), (v1,v2))

Now, observing thati; 1y(z,y) = 22 anda, ,(1,1) =

of the partitions consists of nodgl,1). This way, ¢, = _small-world network graph lies, with high probability, inet
> (s (1) W((L 1), (1, u2)). Now, we must count how interval [M, (1 + e)c,].
many edges connecting nodg,1) are in E;, therefore, Proof: Using Lemma 1 and Corollary 1, we have that,

having weight1. For this, we define an auxiliary way toWith high probability,

numerate diagonalqi(1,1)} is the diagonab, {(1,2),(2,1)} cs € [(1 = cw, (14 €)cu].

is diagonal 1, and so on.
It is not difficult to see that the nodes in tli& diagonal A tighter lower bound can be obtained far as follows. Each

have a distancéto node(1,1) (i = 1,...,2(n—1)). Now, for node has a number of initial edges, determinedhbyand ¢

i < n — 1, there arei + 1 nodes in thei*” diagonal and, for additional shortcut edges. The nodes with less initial sdge



80r .
...
70t °® [1]
’.
60} ..0 [2]
[ )
250 ..o 3]
[}
S 40 o*
S L] OOO [4]
300 e o0
. 0097 e [5]
20 O .0.....
Oooo....
10t * °®
o [6]
% 5 10 15 20

(7]

Parameter q

Fig. 5. Bounds for the capacity of a navigable small-worldvoek for n = 80
(i.e. 1600 nodes), = 2, r = 2 ed = 1, and different values of the shortcut
parameter. The white dots represent the expected value of the capacity
the dark dots represent the bounds computed accordifi@p¢orem 3

(8]

9]
are obviously the corner nodes, which exhiBﬁf";—‘Q’) initial

connections. Therefore, we have that [10]
o> Mpt3) [11]
- 2
and the result follows. m [12]
V. CONCLUDING REMARKS
[13]

We studied the max-flow min-cut capacity of two classes
of navigable small world networks. In both cases, we derived
upper and lower bounds and illustrated their dependency [951]
the parameters of the chosen topology.

In [10], Kleinberg explains that, in order to obtain a probd25]
bility distribution, d((u1, u2), (v1,v2))~" should be divided by
2 (0r09) £ (unum (U1, u2), (v1,02))] 7" As we have shown, [16]
the previous expression is not an accurate normalizing con-
stant, because the candidates for new connections from n
(u1,us) arenot all the nodes of the base lattice, lmrtly those
nodes that are initially not connected to nqadg, u.). For the
goals of [10], this aspect is not very important, becauséén
cases of interest for that particular work (very small valoé
h relatively to the total number of nodes’) the difference
between the two quantities is irrelevant in the constructbd (20]
the model. However, as our work shows, using the correct
normalizing factor is crucial towards bounding the capacit
The main reason is that this normalizing constant dif“fe@1
from node to node. In order to calculate the weights of the
edges connecting a single node, we need to compute th&
normalizing constant for every node in the base lattice.sThu
the accumulation of errors affects the calculatiorcgf often
leading to erroneous bounds. [23]

Possible directions for future work include tighter capaci o4
results, extensions to other classes of small-world nédsvor
(e.g. weighted models and other navigable topologies used
in peer-to-peer networks [9]), and understanding if and how
small-world topologies can be exploited in the design of
capacity-attaining network codes and distributed netvemrtt-
ing algorithms.

t[18l
(19]
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