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Abstract

This reportdiscusseshe focusingin the FODO cellsalongthe linear
acceleratorgn arecirculatingmuonacceleratothatis partof the ongoing
studyof aneutrinofactoryin Europe.Thequadrupoles$or thefocusingin
the FODOcellsalternatewith RF cavities thatacceleratéhe muonbeam.
The reportdervesthe parameter®f the FODO cells that accommodate
themuonbeamwith theassume@mittance Two differentstylesof focus-
ing areconsidered¢onstanbetatrorwavelengthandconstanguadrupole
gradient.
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1 INTRODUCTION

This reportdiscusseghe focusingin FODO cells alongthe linear acceleratorsn a
recirculatingmuonacceleratothatis part of the ongoingstudy of a neutrinofactory
in Europe[l]. The quadrupoledor the focusingin the FODO cells alternatewith
RF cavities that accelerateghe muonbeam. In our designof the recirculatingmuon
acceleratorg2], we give the parametersf the FODO cells that accommodatghe
assumeanuonbeamemittanceput we did not muchdiscusgherelationsbetweerthe
parametersf thequadrupolesgheRF cavities andthemuonbeam.They arediscussed
in Section?2.

2 FODO CELL PARAMETERS

Let usfirst considerthe first FODO cell at the entranceof the linear acceleratgrand
ignorethe acceleration.The muonbeamentersthe cell with a normalisedemittance
e, thatwe assumeo be equalin the horizontalandverticaldirections,andrelativistic

parameters) and~y. Hence,the RMS beamradiusc at a placewherethe trans\erse
amplitudefunctionhasvalue3, becomes:

o 5nﬂJ_
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Notethat(1) impliesmy definitionof &, = 023v/0. .

2.1 FODO Cédl Length and Aperture

The apertureradiusb of the FODO cells mustbe larger thano by a factor V,. We
typically take N, = 3. In thin-lensapproximation.the periodlength L, the phase
advanceyu, assumedo be equalin thehorizontalandverticalplane andthetrans\erse
amplitudefunction 3, in thefocusingquadrupolearerelatedby:

L(1+sin%)
sin g

B = (2)

We chooseu suchthattheratio 5, /L becomes minimum. This happensat j/27 ~
0.212071 whensin £ = (/5 — 1)/2. Here theright handsideis the Goldenratio [3].
Numerically we have 5, /L. ~ 1.6651. Puttingthe piecestogetherandsolvingfor L,

wefind in full generality:
b\’ By sin
L = _— -_—
<Na> en(1+sin %) 3)

With N, = 3, /27 = 0.212071, and3, /L = 1.6651, this becomesumericallyfor
muonswith momentunyp:

L/m < 631.558(b/m)*(p/GeV /c)/(g, /mm) 4)
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We obsene that the period length L is proportionalto the squareof the beamport
radiusb, andhenceto the squareof the RF wavelengthArr, and proportionalto the
ratio p/e,. We usethe < signin (4) to make it clearthatit givesthe upperlimit for
theperiodlength .. We mayverify (4) by insertingthe parametersf therecirculating
linearacceleratocells[2]. With p = 2 GeV/c,e,, = 1.83 mm,andb = 0.09925 m
we retrieve the publishedvalue L = 6.809 m for RLA1, while with p = 8 GeV and
e, = 1.67 mm we againfind the publishedvalue . = 29.793 m for RLA2. At the
periodlengthsneededor the emittance thereis just enoughspacefor one four-cell
LEP cavity betweerthe quadrupole®f RLA1, andfor amoduleof four suchcavities
in RLA2.

Theradiusb of thebeamportsof the RF cavitiesis relatedto thefrequencie®f the
RF systemsn thewhole neutrinofactory The currentlyfavouredsetof harmonically
relatedfrequenciess 44,88, 176 and352MHz, wherethe highestfrequeng is thatof
theLEP RF systemd4, 5]. Thevalueof b aboveis theradiusof the beamportsin the
superconductingLEP cavities, oncethe conicalendpiecesareremoved.

The recirculatingmuon acceleratordor a i 1~ collider must acceleratehe
andthe i~ in oppositedirectionsat the sametime. In this case the spacingof the RF
cavitiesmustbeamultiple of Az /2 asin LEP It probablyis agoodideato imposethe
sameconditionon therecirculatingmuonacceleratofor a neutrinofactory although
it is not strictly necessarysincethe 4+ andu~ areacceleratedt differenttimes,and
possiblybothin the samedirection. In the currentdesign,we have L/2 = 4\gF in
RLAL1 andL/2 = 17.5\gr in RLA2. Fig. 1 shows the optical functionsin the first
cellsof RLA1 andRLAZ2.

Thesuperconducting_EP cavities areonly afirm basisfor the designstudyof the
recirculatingmuonacceleratorssincemuchis known aboutthem. Thetotal RF volt-
agein therecirculatingmuonacceleratorss aboutl12 GV, muchmorethanthatin LEP.
Hence the constructiorof aneutrinofactorywill useRF cavities with frequenciesand
beamport radii thatareoptimisedfor the purposeof acceleratingnuonbeamswith a
large emittanceIf the shapeof the cavities is independentf their frequeng, thenthe
ratio betweerb andthe RF wavelength gy is constant.In the LEP cavities, b/ Agrr is
about0.117,in the200MHz single-cellcavity understudy[6] it is about0.133.

Sofar, we have discussedanly the focusingin thefirst linear acceleratqrpaying
muchattentionto theRMS beamradii andthe muonmomentunatits entranceAt the
entranceof the secondinear acceleratqrthe muonmomentumis a factor3/2 higher
[2]. Accordingto (3) and(4), theperiodlength L therecouldalsobeafactor3/2larger
thanin thefirst linearacceleratqrif thisis convenient.

2.2 Quadrupole Length

Thefocallength f of the quadrupolesn a FODO lattice with equalphaseadvances:
in the horizontalandverticalplaness in thin-lensapproximation:

R (5)
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Figurel: Amplitudefunctions./3, and\/ﬁ: andphaseg., /27 andy,, /27 in thefirst
cell of thefirst linearacceleratorsf RLAL (left) andRLA2 (right)

We may useit to calculatethe lengthof the quadrupoled, in the first FODO cell at
the entranceof the linear acceleratgrassuminghatit hasafield B, at the aperture
radiusb, i.e. agradientB, /b, andfind:

2 .
lo = 2m, Nze, 1 +sin §
becBg  cosh

(6)

Herem, /e ~ 0.105658389 GV is the restvoltageof the muon,andc is the speed
of light.Usingthe radiusof the beamportsof the RF cavities alsofor the quadrupole
aperture is slightly pessimistic Notethat(6) is independendf themuonmomentum.
With p/27 = 0.212071 and N,, = 3, wefind numerically:

lo/m = 0.013057(¢,,/mm)
N (Bo/T)(b/m)

We may verify (7) by insertingthe parameter®f the recirculatinglinear accelerator
cells[2]. With By, = 0.5 T, b = 0.09925 m, ande,, = 1.83 mm we retrieve the

publishedvalue /, = 0.481 m for RLAL, andwith ¢, = 2.09 mm /g = 0.549 m

for RLA2. The lengthsof the quadrupolesalong the linear acceleratorglependon

the assumptioraboutthe variation of the focusingthere,which will be discussedn

Section3.

(7)

3 FOCUSING ALONG THE LINEAR ACCELERATORS

Therearetwo extremepossibilitiesfor the focusingalongthelinearacceleratoonthe
first pass:

Constant betatron wavelength: ThequadrupolestrengthsB,/(, arevariedalongthe
linearacceleratom proportionto theincreasingnuonmomentumsuchthatthe
betatronwavelengthis constant.



Constant strength: ThequadrupolestrengthsB, /¢, areconstantlongthelinearac-
celerator Thebetatrorwavelengthincreasesoughlyin proportionto theincreas-
ing muonmomentum.

Hybrid schemesvith constanstrengthsn sectionsof a linearacceleratocanalsobe
ervisaged.

3.1 Constant Wavelength L attice

We have chosema linear acceleratofattice with constantetatronwavelengthon the
first pasg2]. In thefirst linearacceleratgrthe muonmomentumincreasesrom 2 to
3 GeV/c.Hence theproduct/q B, mustalsoincreasedy afactor3/2 betweerthefirst
andthe last quadrupoleghere. Similarly, in the secondinear acceleratqrthe muon
momentumincreasedrom 3 to 4 GeV/c,and/, B, increasedy afactor4/3. Fig. 2
shawvs the opticalfunctionsthroughthefirst linearacceleratoof RLA1 andRLA2 on
thefirst pass.Becausef the constanbetatronwavelength the graphsareratherdull.
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Figure2: Amplitude functions./3, and\/ﬂj andphases,/2r and ., /27 through
thefirstlinearacceleratorsf RLAL (left) andRLA2 (right) onthefirst passn thecase
of constanbetatronwavelength

Onthesecondthird andfourth pasghroughthelinearacceleratorehemuonbeam
is lessfocused becausehe muonmomentaare higherthanon the first pass.Hence,
thebetatrorfunctionsg, andg, attheentranceo thelinearacceleratorsncreasdrom
passto pass. Furthermore the relative increaseof the muon momentumalongthe
linear acceleratorss lessthanthe relative increaseof the product/, B,. Hence,the
betatronfunctions3, andg, decreasalongthe linearacceleratorsFig. 3 shavs the
opticalfunctionsthroughthefirst linearacceleratoof RLA1 andRLA2 onthefourth
passanddemonstratetheseeffects.

The RMS beamradius,and hencethe apertureneededdo not increasebetween
passeslthoughthe focusingbecomesgess. Thereasons thatthe maximumvalue of
the g-function increasedessrapidly thanthe betatronwavelength,becausehe ratio
betweenmaximumand average3-function in a FODO cell becomessmallerwhen
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Figure 3: Amplitude functions./3, and\/ﬁ; andphases,/2r andp, /27 through
thefirst linearacceleratoref RLAL (left) andRLA2 (right) on the fourth passin the
caseof constanbetatrorwavelength

the phaseadvancedecreasegndbecaus¢he unnormalizecemittancds proportional
to the reciprocalof the muon momentum. This justifiesa posterioricalculatingthe
apertureneededrom thefirst cell at the entranceof the linearacceleratoon thefirst
pass.

3.2 Constant Gradient Lattice

The engineeringof the secondpossibility, constantstrength,is easiey becauseall
guadrupolesn a linear acceleratolareidentical. Fig. 4 shaws the optical functions
throughthe first linear acceleratoof RLA1 andRLA2 on the first pass. Becauseof
the constantquadrupolegradients,the betatronwavelengthand the s-functionsin-
creasealongthe linear accelerators.However, the RMS beamradii are still largest
at the entranceof the linear acceleratorsbecausehe increasen the g-functionsis
smallerthantheincreasan the muonmomentum.

As wasthe casewith constantbetatronwavelengthalongthe linear accelerators,
themuonbeamis lessfocusedon the secondthird andfourth passthroughthelinear
acceleratorshecauseghe muon momentaare higherthan on the first pass. Hence,
the betatronfunctions 3, and 3, at the entranceto the linear acceleratorsncrease
from passto pass. Becauseof the relative increaseof the muon momentumalong
thelinearacceleratorshe betatronfunctionsg, andg, alsoincreasealongthelinear
acceleratorsFig. 5 shaws the optical functionsthroughthe first linear acceleratoof
RLA1 andRLA2 onthefourth passanddemonstratetheseeffects. The behaiour of
theopticalfunctionsthroughthesecondandthird passs intermediatédbetweerthaton
thefirst andfourth passasonewould expect.
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Figure4: Amplitude functions./3, and\/@ andphases,/2r andp, /27 through
thefirstlinearacceleratorsf RLA1 (left) andRLA2 (right) onthefirst passn thecase
of constanguadrupolegradient
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Figure5: Amplitude functions./3, and\/@ andphases, /2 andp, /27 through
thefirst linearacceleratoref RLAL (left) andRLA2 (right) on the fourth passin the
caseof constanfjuadrupolegradients

4 PARAMETERLIST

Tah 1 shovsthe parametersf thelinearacceleratorin RLA1 andRLA2. Theinjec-
tion andejectionmomentaareniceroundnumbers Of coursetheejectionmomentum
from RLA2 hasto be equalto the muonmomentumin the storagering. However, the
injectionmomentanto bothRLA1 andRLA2 oughtto be the resultof a calculation,
ratherthanbeingfixed at the beginning. The numberof passess four in bothRLAL
andRLAZ2. It might be betterto adopta smallernumberfor RLA1 anda larger one
for RLA2. In RLA1 andRLA2, anRF moduleconsistof oneandfour four-cell LEP
cavities, respectiely. Thelengthsof the FODO cellsare8 and35 RF wavelengthre-
spectvely. Thetotallengthof thelinearacceleratorss thesumof thelengthof thetwo
linearacceleratorgn thetwo oppositestraightsectionsof theracetrack-shapedLAl



Table 1: Parameterf the linear accelerators.Input parametersare marked by an
asterisk(x).

RLA1 RLA2

xInjectionmomentum 2 10 GeVic
xNumberof passes 4 4
xEjectionmomentum 10 50 GeVic
xFrequeng of RF system 352.209 352.209 MHz
xRadiusof beamports 0.09925 0.09925 m
xNumberof RF modules 200 256
xLengthof FODOcell 6.809 29.791 m
Total lengthof linacs 680.942 3813.28 m
xPhaseadvancein first pass/z 0.212071 0.212071
Focallengthof quadrupoles 2.754 12.0508 m
xQuadrupoldield 0.5 05 T
Quadrupoldength 0.48076 0.549445 m
Maximum g-functionin linac 11.338 49.605 m
Normalizedacceptance 1.8298 2.08839 mm

andRLA2. Thelengthof eachstraightsectionis half thattotal length. The lengths
of the FODO cellsaresmallerthanthe valuescalculatedn section2.1 above. Hence
the normalizedacceptancearelargerthanthe normalizedemittance:,, = 1.667 mm.

In the caseof constantquadrupolegradient,the figure for quadrupolefield B, and

length/, applyto all quadrupolesn thefirst linearacceleratarin the caseof constant
betatronwavelength they only applyto thevery first quadrupolenext to the entrance
of thefirstlinearacceleratorThe productB,/ increaseslongthelinearaccelerator
At its exit, it is afactor3/2 higherthanat the entrance All the otherfiguresin Tah 1

applyto bothcasesconstangradientandconstantvavelength.

5 SUMMARY OF CELL DESIGN PROCEDURE

For given frequeny of the RF systemand cavity design,one hasa fair ideaabout
likely valuesfor the beamport radiusb. The normalizedemittances,, of the muon
beam,andto a lesserextentalsoits momentumat injection arealsogiven. Onecan
thenuse(3) or (4), and(6) or (7) to find an upperlimit for the length of the FODO
cellsanda lower limit for thelengthof the quadrupoled,. Fromthesefigures,one
getsanideaaboutthe spaceavailablefor the RF cavities, andotherequipmenneeded.
Onecanthendecidehow to choosethe numberof cellsin an RF cavity, andhow to
packagethemin cryostats. Note that the length of RF cavities is quantizedin steps
of half an RF wavelength. Fine adjustmentsare betterdoneby small changedo the



muonmomentumatinjection. It is alwaysbestto packthe equipmeninto the FODO
cells asclosely as possible,sincethis increaseghe acceptechormalizedemittance,
andminimizesthemuondecaylosses We have donethisin our designsof RLA1 and
RLAZ2 [2], wherewe assumdour cellsin a cavity asin LEP, packagednto cryostats
thatcontainoneandfour suchcavities, respectrely, andachiarze emittancesargerthan
thoserequired.

For thefocusingalongthelinearacceleratorawo schemesrepresentedconstant
betatronwavelengthand constantquadrupolegradient. The engineeringof the latter
schemdookssimpler sincethelayoutof the FODO cellsandthe RF cavities doesnot
changealongthewholelinearaccelerator
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