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Abstract

This reportdiscussesthefocusingin theFODOcellsalongthe linear
acceleratorsin a recirculatingmuonacceleratorthatis partof theongoing
studyof aneutrinofactoryin Europe.Thequadrupolesfor thefocusingin
theFODOcellsalternatewith RF cavities thatacceleratethemuonbeam.
The reportderivesthe parametersof the FODO cells that accommodate
themuonbeamwith theassumedemittance.Two differentstylesof focus-
ing areconsidered,constantbetatronwavelengthandconstantquadrupole
gradient.
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1 INTRODUCTION

This report discussesthe focusingin FODO cells along the linear acceleratorsin a
recirculatingmuonacceleratorthat is partof the ongoingstudyof a neutrinofactory
in Europe[1]. The quadrupolesfor the focusingin the FODO cells alternatewith
RF cavities that acceleratethe muonbeam. In our designof the recirculatingmuon
accelerators[2], we give the parametersof the FODO cells that accommodatethe
assumedmuonbeamemittance,but wedid notmuchdiscusstherelationsbetweenthe
parametersof thequadrupoles,theRFcavitiesandthemuonbeam.They arediscussed
in Section2.

2 FODO CELL PARAMETERS

Let usfirst considerthefirst FODOcell at theentranceof the linearaccelerator, and
ignorethe acceleration.Themuonbeamentersthecell with a normalisedemittance��� thatwe assumeto beequalin thehorizontalandverticaldirections,andrelativistic
parameters

�
and � . Hence,theRMS beamradius � at a placewherethe transverse

amplitudefunctionhasvalue
���

becomes:

�	� ��� ���� � (1)

Notethat(1) impliesmy definitionof ��� �
��� � ��
 ��� .

2.1 FODO Cell Length and Aperture

The apertureradius � of the FODO cells mustbe larger than � by a factor ��� . We
typically take ������� . In thin-lensapproximation,the period length � , the phase
advance� , assumedto beequalin thehorizontalandverticalplane,andthetransverse
amplitudefunction

���
in thefocusingquadrupolearerelatedby:
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We choose� suchthattheratio
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() . Here,theright handsideis theGoldenratio [3].

Numerically, we have
��� 
(��,;� /#<=< 81� . Puttingthepiecestogetherandsolvingfor � ,

wefind in full generality:
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We observe that the period length � is proportionalto the squareof the beamport
radius � , andhenceto the squareof the RF wavelength UWVYX , andproportionalto the
ratio GT
 ��� . We usethe I sign in (4) to make it clearthat it givestheupperlimit for
theperiodlength � . Wemayverify (4) by insertingtheparametersof therecirculating
linear acceleratorcells [2]. With GZ�;) GeV/c, �(� �[� / K=� mm, and �\� .0/#.(]=] )=8 m
we retrieve thepublishedvalue �^� <=/ K .(] m for RLA1, while with G_�`K GeV and��� �a� /#<(3 mm we againfind the publishedvalue �b�c) ]0/F3=] � m for RLA2. At the
periodlengthsneededfor the emittance,thereis just enoughspacefor onefour-cell
LEP cavity betweenthequadrupolesof RLA1, andfor a moduleof four suchcavities
in RLA2.

Theradius� of thebeamportsof theRFcavities is relatedto thefrequenciesof the
RF systemsin thewholeneutrinofactory. Thecurrentlyfavouredsetof harmonically
relatedfrequenciesis 44,88,176and352MHz, wherethehighestfrequency is thatof
theLEP RF systems[4, 5]. Thevalueof � above is theradiusof thebeamportsin the
super-conductingLEPcavities,oncetheconicalendpiecesareremoved.

The recirculatingmuon acceleratorsfor a �edY�ef collider must acceleratethe �ed
andthe � f in oppositedirectionsat thesametime. In this case,thespacingof theRF
cavitiesmustbeamultipleof UWVYX1
() asin LEP. It probablyis agoodideato imposethe
sameconditionon therecirculatingmuonacceleratorfor a neutrinofactory, although
it is not strictly necessary, sincethe � d and � f areacceleratedat differenttimes,and
possiblyboth in the samedirection. In the currentdesign,we have �'
()g�ch0UYVYX in
RLA1 and �'
()i�a� 30/ 80UYVYX in RLA2. Fig. 1 shows the optical functionsin the first
cellsof RLA1 andRLA2.

Thesuper-conductingLEPcavitiesareonly afirm basisfor thedesignstudyof the
recirculatingmuonaccelerators,sincemuchis known aboutthem.Thetotal RF volt-
agein therecirculatingmuonacceleratorsis about12GV, muchmorethanthatin LEP.
Hence,theconstructionof aneutrinofactorywill useRFcavitieswith frequenciesand
beamport radii thatareoptimisedfor thepurposeof acceleratingmuonbeamswith a
largeemittance.If theshapeof thecavities is independentof their frequency, thenthe
ratio between� andtheRF wavelengthUYVYX is constant.In theLEP cavities, �j
(UYVYX is
about0.117,in the200MHz single-cellcavity understudy[6] it is about0.133.

So far, we have discussedonly the focusingin thefirst linear accelerator, paying
muchattentionto theRMSbeamradii andthemuonmomentumat its entrance.At the
entranceof thesecondlinearaccelerator, themuonmomentumis a factor3/2 higher
[2]. Accordingto (3) and(4), theperiodlength � therecouldalsobeafactor3/2 larger
thanin thefirst linearaccelerator, if this is convenient.

2.2 Quadrupole Length

Thefocal length k of thequadrupolesin a FODOlatticewith equalphaseadvances�
in thehorizontalandverticalplanesis in thin-lensapproximation:

kl� �
h'�� @"%$ �

(5)
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Figure1: Amplitudefunctions z {}| and {}~ andphases��|=�(�2� and��~��(�2� in thefirst
cell of thefirst linearacceleratorsof RLA1 (left) andRLA2 (right)

We mayuseit to calculatethe lengthof thequadrupoles�2� in thefirst FODOcell at
the entranceof the linear accelerator, assumingthat it hasa field ��� at the aperture
radius � , i.e.agradient�����=� , andfind:

�2�_� �+���Y����(���
�L���2���

�����!�#� �
��+� � � �

(6)

Here ���Y�=�_�¡ 0¢ �  =£(¤=£=¥=¦=¥(§ GV is the restvoltageof the muon,and � is the speed
of light.Usingtheradiusof thebeamportsof theRF cavities alsofor thequadrupole
aperture� is slightly pessimistic.Notethat(6) is independentof themuonmomentum.
With �'�(�2�¨�^ 0¢#� � �= =© � and � � �
¦ , wefind numerically:

�2���(ª«�  0¢#  � ¦= =£=©T¬ ��� �(ª­ª­®
¬7�����(¯°®±¬²�L�(ª­® (7)

We may verify (7) by insertingthe parametersof the recirculatinglinear accelerator
cells [2]. With ���³�� 0¢#£ T, �g�� 0¢F =§=§=�(£ m, and ��� � � ¢#¥(¦ mm we retrieve the
publishedvalue �2�B�[ =¢#´=¥ � m for RLA1, andwith ��� �[�0¢F =§ mm �2�J�[ 0¢F£=´=§ m
for RLA2. The lengthsof the quadrupolesalong the linear acceleratorsdependon
the assumptionaboutthe variationof the focusingthere,which will be discussedin
Section3.

3 FOCUSING ALONG THE LINEAR ACCELERATORS

Therearetwo extremepossibilitiesfor thefocusingalongthelinearacceleratoron the
first pass:

Constant betatron wavelength: Thequadrupolestrengths�µ�¶�+� arevariedalongthe
linearacceleratorin proportionto theincreasingmuonmomentum,suchthatthe
betatronwavelengthis constant.
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Constant strength: Thequadrupolestrengths·�¸¶¹2¸ areconstantalongthelinearac-
celerator. Thebetatronwavelengthincreasesroughlyin proportionto theincreas-
ing muonmomentum.

Hybrid schemeswith constantstrengthsin sectionsof a linearacceleratorcanalsobe
envisaged.

3.1 Constant Wavelength Lattice

We have chosena linearacceleratorlatticewith constantbetatronwavelengthon the
first pass[2]. In thefirst linearaccelerator, themuonmomentumincreasesfrom 2 to
3 GeV/c.Hence,theproduct¹2¸�·�¸ mustalsoincreaseby afactor3/2betweenthefirst
andthe last quadrupolesthere. Similarly, in the secondlinear accelerator, the muon
momentumincreasesfrom 3 to 4 GeV/c,and ¹2¸�·�¸ increasesby a factor4/3. Fig. 2
shows theopticalfunctionsthroughthefirst linearacceleratorof RLA1 andRLA2 on
thefirst pass.Becauseof theconstantbetatronwavelength,thegraphsareratherdull.
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Figure2: Amplitude functions z {}| and {}~ andphases��|��(�+� and ��~��(�+� through
thefirst linearacceleratorsof RLA1 (left) andRLA2 (right) onthefirst passin thecase
of constantbetatronwavelength

Onthesecond,third andfourthpassthroughthelinearaccelerators,themuonbeam
is lessfocused,becausethemuonmomentaarehigherthanon thefirst pass.Hence,
thebetatronfunctions{}| and{}~ at theentranceto thelinearacceleratorsincreasefrom
passto pass. Furthermore,the relative increaseof the muon momentumalong the
linear acceleratorsis lessthanthe relative increaseof theproduct�2����� . Hence,the
betatronfunctions{}| and {}~ decreasealongthe linearaccelerators.Fig. 3 shows the
opticalfunctionsthroughthefirst linearacceleratorof RLA1 andRLA2 on thefourth
pass,anddemonstratestheseeffects.

The RMS beamradius,andhencethe apertureneeded,do not increasebetween
passesalthoughthefocusingbecomesless.Thereasonis that themaximumvalueof
the { -function increaseslessrapidly thanthe betatronwavelength,becausethe ratio
betweenmaximumand average{ -function in a FODO cell becomessmallerwhen
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Figure3: Amplitude functions z {}| and {}~ andphases��|��(�+� and ��~��(�+� through
thefirst linearacceleratorsof RLA1 (left) andRLA2 (right) on thefourth passin the
caseof constantbetatronwavelength

thephaseadvancedecreases,andbecausetheunnormalizedemittanceis proportional
to the reciprocalof the muonmomentum.This justifiesa posterioricalculatingthe
apertureneededfrom thefirst cell at theentranceof thelinearacceleratoron thefirst
pass.

3.2 Constant Gradient Lattice

The engineeringof the secondpossibility, constantstrength,is easier, becauseall
quadrupolesin a linear acceleratorare identical. Fig. 4 shows the optical functions
throughthe first linear acceleratorof RLA1 andRLA2 on the first pass.Becauseof
the constantquadrupolegradients,the betatronwavelengthand the { -functionsin-
creasealong the linear accelerators.However, the RMS beamradii arestill largest
at the entranceof the linear accelerators,becausethe increasein the { -functionsis
smallerthantheincreasein themuonmomentum.

As wasthe casewith constantbetatronwavelengthalongthe linear accelerators,
themuonbeamis lessfocusedon thesecond,third andfourth passthroughthelinear
accelerators,becausethe muon momentaare higher than on the first pass. Hence,
the betatronfunctions {}| and {}~ at the entranceto the linear acceleratorsincrease
from passto pass. Becauseof the relative increaseof the muon momentumalong
thelinearaccelerators,thebetatronfunctions{}| and {}~ alsoincreasealongthelinear
accelerators.Fig. 5 shows theoptical functionsthroughthefirst linearacceleratorof
RLA1 andRLA2 on thefourthpass,anddemonstratestheseeffects.Thebehaviour of
theopticalfunctionsthroughthesecondandthird passis intermediatebetweenthaton
thefirst andfourth pass,asonewouldexpect.
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Figure4: Amplitude functions z {}| and {}~ andphases��|��(�+� and ��~��(�+� through
thefirst linearacceleratorsof RLA1 (left) andRLA2 (right) onthefirst passin thecase
of constantquadrupolegradient
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������ through
thefirst linearacceleratorsof RLA1 (left) andRLA2 (right) on thefourth passin the
caseof constantquadrupolegradients

4 PARAMETER LIST

Tab. 1 shows theparametersof thelinearacceleratorsin RLA1 andRLA2. Theinjec-
tion andejectionmomentaareniceroundnumbers.Of course,theejectionmomentum
from RLA2 hasto beequalto themuonmomentumin thestoragering. However, the
injectionmomentainto bothRLA1 andRLA2 oughtto be theresultof a calculation,
ratherthanbeingfixedat thebeginning. Thenumberof passesis four in bothRLA1
andRLA2. It might be betterto adopta smallernumberfor RLA1 anda larger one
for RLA2. In RLA1 andRLA2, anRF moduleconsistsof oneandfour four-cell LEP
cavities, respectively. Thelengthsof theFODOcellsare8 and35 RF wavelength,re-
spectively. Thetotal lengthof thelinearacceleratorsis thesumof thelengthof thetwo
linearacceleratorsin thetwo oppositestraightsectionsof theracetrack-shapedRLA1
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Table 1: Parametersof the linear accelerators.Input parametersare marked by an
asterisk( � ).

RLA1 RLA2
� Injectionmomentum 2 10 GeV/c
� Numberof passes 4 4
� Ejectionmomentum 10 50 GeV/c
� Frequency of RF system 352.209 352.209 MHz
� Radiusof beamports 0.09925 0.09925 m
� Numberof RF modules 200 256
� Lengthof FODOcell 6.809 29.791 m
Total lengthof linacs 680.942 3813.28 m
� Phaseadvancein first pass/2* 0.212071 0.212071
Focallengthof quadrupoles 2.754 12.0508 m
� Quadrupolefield 0.5 0.5 T
Quadrupolelength 0.48076 0.549445 m
Maximum

�
-functionin linac 11.338 49.605 m

Normalizedacceptance 1.8298 2.08839 mm

andRLA2. The lengthof eachstraightsectionis half that total length. The lengths
of theFODOcellsaresmallerthanthevaluescalculatedin section2.1 above. Hence
thenormalizedacceptancesarelargerthanthenormalizedemittance��� �³� /#<(<=3 mm.
In the caseof constantquadrupolegradient,the figure for quadrupolefield ·�¸ and
length¹+¸ applyto all quadrupolesin thefirst linearaccelerator. In thecaseof constant
betatronwavelength,they only apply to thevery first quadrupolenext to theentrance
of thefirst linearaccelerator. Theproduct·�¸¶¹2¸ increasesalongthelinearaccelerator.
At its exit, it is a factor3/2 higherthanat theentrance.All theotherfiguresin Tab. 1
applyto bothcases,constantgradientandconstantwavelength.

5 SUMMARY OF CELL DESIGN PROCEDURE

For given frequency of the RF systemandcavity design,one hasa fair idea about
likely valuesfor the beamport radius � . The normalizedemittance��� of the muon
beam,andto a lesserextent alsoits momentumat injectionarealsogiven. Onecan
thenuse(3) or (4), and(6) or (7) to find an upperlimit for the lengthof the FODO
cellsanda lower limit for the lengthof thequadrupoles¹2¸ . Fromthesefigures,one
getsanideaaboutthespaceavailablefor theRFcavities,andotherequipmentneeded.
Onecanthendecidehow to choosethenumberof cells in an RF cavity, andhow to
packagethemin cryostats.Note that the lengthof RF cavities is quantizedin steps
of half an RF wavelength.Fine adjustmentsarebetterdoneby small changesto the
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muonmomentumat injection. It is alwaysbestto packtheequipmentinto theFODO
cells ascloselyaspossible,sincethis increasesthe acceptednormalizedemittance,
andminimizesthemuondecaylosses.Wehavedonethis in our designsof RLA1 and
RLA2 [2], wherewe assumefour cells in a cavity asin LEP, packagedinto cryostats
thatcontainoneandfour suchcavities,respectively, andachieveemittanceslargerthan
thoserequired.

For thefocusingalongthelinearaccelerators,two schemesarepresented:constant
betatronwavelengthandconstantquadrupolegradient.The engineeringof the latter
schemelookssimpler, sincethelayoutof theFODOcellsandtheRFcavitiesdoesnot
changealongthewholelinearaccelerator.
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