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Abstract—In this paper, a new upper bound on the minimum In this paper, a new upper bound on the minimum dis-
distance of turbo codes is derived. The new bound is obtained tance of parallel concatenated convolutional codes with given
by construction of an undirected graph which reflects the i cormation word length and constituent encoder memory
characteristics of the constituent codes and the interleaver. The . . . . .
resulting expression shows that the minimum distance of a turbo IS d_erlved. This result is based (_)n_ the construct_lon of an
code grows approxima’[e|y with the base3 |ogarithm of the undll’eCted graph Whose CharacterIStICS are detel’mlned by the
information word length. The new bound is easy to compute, constituent encoders and interleaver. The graph construction is
applies to rate k/n constituent encoders, and often improves similar to that proposed in [13] for the parallel concatenation
over existing results. of accumulators, although our construction also adapts to

constituent encoders with larger memory. A correspondence
I. INTRODUCTION between the set of cycles in the graph and a subset of the
) ) ) ) ~ turbo codewords is established, and the minimum distance is

Turbo-like codes, in their parallel [1] and serial [2] versionssstimated through the length of the shortest cycle. It is shown
are widely known to be very powerful error correcting codeghat the minimum distance of turbo codes grows approximately
Their amazing performance are based on a code construcijth the bases logarithm of the information word length. The
that privileges very low error event multiplicities, rather thapew pound is fairly simple to compute, and proves to be tighter

large distances. For this reason, they tend to exhibit an “eri@h the previously known results [7] [10] [11] for a wide
floor” that limits their coding gain at very low bit error ange of parameter values.

probabilities [3].
The minimum distance of a turbo-like code is largely I
determined by the interleaver. In order to avoid the occurrence
of low-weight codewords, several methods have been proposedhe main characteristics of the code, such as the information
for the design of permutations [4] [5], and some of them akgord lengthK’, the memory of the constituent encoderand
based on graph theory [6]. Moreover, as shown in [7] and [8he permutation performed by the interleaver, determine the
the logarithmic dependence on the information word length afinimum distance of the concatenated code.
the minimum distance is due to the presence of the interleaverThe reference coding scheme (see Fig. 1) consists of two
While average bounds on the maximume-likelihood peequal recursive, convolutional systematic encoders (see Fig. 2
formance of turbo-like schemes are known [9] [2], basedr an example of a 4-state encoder) concatenated in parallel
on the concept of the so-called “uniform interleaver”, théhrough an interleaver. The information bit sequence=
evaluation of the minimum distance of a scheme using dm,,...,ux—_1} is sent to the first encoder, which generates
actual interleaver is a computationally intensive task. the systematic bit sequenceand the coded bit sequence.
Upper bounds on the minimum distance of parallel concatéhe sequenceu is interleaved according to a permutation
nated scheme based on known constituent codes as functibhs ¢ — 7(i) = m;, ¢ = 0,...,K — 1 and sent to the
of the interleaver size have been proposed in [7] [10] [11] [12§econd constituent encoder, where the coded bit sequsrise
Among these, the bound in [7] is based on graph theoggnerated. The output of each constituent encoder is punctured
and it results in a logarithmic expression. The time requirdd obtain the desired coding rate.
to evaluate the bound i©(K?), where K is the interleaver  Following the characterization carried out in [7], the con-
length, therefore it becomes impractical for large value&of stituent encoders are described by the two parameteasd
For this reason, in the same article a simpler bound is proposgdvhich express the Hamming weight of the constituent code
whose complexity is independent df. In [13], a similar sequence; when the information sequence consists of tivo
result is obtained which confirms the logarithmic growth ofeparated by:p — 1 zeroes. Herep = 2¥ — 1 is theencoder
the minimum distance in a two-branch turbo code to be dperiod This sequence causes a constituent encoder to leave
to the presence of the interleaver. the all-zero state, and return to it aftep trellis steps:

. REFERENCE CODING SCHEME
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Fig. 1. Reference coding scheme. I1l. GRAPH NOTATIONS AND PRELIMINARY RESULTS
. . A graphG is defined by its set of verticds and set of edges
: = “> E. An edge can be considered as the association between two
= verticesv; € V andv; € V, and is usually indicated using
4 ; -
’€J R o e the following notation:
Y, Cu
>H—"> e = (v;,v;)

Fig. 2. A 4-state systematic, recursive convolutional encoder. Ve Will consider here onlyndirectededges.
The degreeof a vertexv € V is the number of edges
incident inv, and is indicated withi(v).
A graph G is called r-regular when its vertices have all
u= D'+ Dithr degreer:

The resulting output Hamming weight is: Yo eV dv) =k

3-regular graphs are callezibic
wp(c) <ak+ B <kp+1 1) A cycleis a subgraphC = (V',E’) of G = (V,E),
. hereV/ C V and £’ C E, and the following properties
where o and § depend on the encoder connections an\;&re satisfied: (1) every vertex i’ has2 incident edges, and

puljztrlcjarmv?/epz\?\fitl(largc.)nsider eriodic puncturing oatterns. Th 2) C'is connected, i.e., a path exists between any two vertices
' P P gp ' EC. Thelengthof a cycleC is defined as:

systematic bit sequence is not punctured, while the co

sequences are punctured to obtain the desired rate. In general, 1(C)=|V'|=|FE.
if p; is the puncturing pattern applied to the outputf;, . . .
forpa turbo c?ode of ragté‘:)/(k +1) F\)/\?e have: P The girth of G is the length of its shortest cycle:
9(G) = min[l(C)] (6)
pr = 1+D* 4+ D% 4 . 2) cec
ps = DF4 D3 ypoky 3) where( is the collection of all the cycles af.

An upper bound on the girth ofregular graphs is obtained
) following the derivation of thenaive boundn [17]:

where al in p; means that the corresponding bit i is
selected, otherwise it is eliminated. 9(G) < 2logs([V]+1) — 1 (7

Table | (taken from [10] and here extended) shows a Set\%ere
example parameter values that will be used to compare our
results with [7]. The encoder connections are in octal form. IV. EXTENDED PERMUTATION GRAPHS
The numerator corresponds to the feedforward connectionsrhe construction of a joint model including the character-
and the denominator corresponds to the feedback connectiqgfes of the constituent encoders and the interleaver permits

to analyze the concatenated encoder as a whole. One way

|V| is the number of vertices af.

v | Connections| p 3 | 1 R o3 | 78 to construct such a model is to consider the permutation

> 58/7s 312212 . graph [14] associated to the interleaver and modify it according

3| 17s/13s 71 42122|4L,2] - to the constituent encoders characteristics.

4| 35s/23s |15]82]42]22]12 We will considertail-biting [15] as the trellis termination
TABLE | technique, which consists of forcing each constituent encoder

PARAMETERS , 3 OF THE CONSIDERED ENCODERS to start and end the block encoding in the same state. The

trellis can be consideredrcular and this results in a highly
regular extended permutation graph-g = (V, E), which is
Given the set of information wordé/, and the set of defined on the following set of vertices:
permutations of lengthi’, 1, we perform the derivation in
the following way: V=ViuW



where 2) Every path consisting of consecutive edge i’ (] E;
(resp.C' () E2) corresponds to an error event of length
Vi = {orj=0,... K -1} 1+kp trfallis s-teps inC'C1 (re§p.002?. .
) The two considerations lead to slightly different expressions
Vo = {vo;,j=0,.... K -1} for the upper bound. However, their values are very close each
V1 (resp.Vs) corresponds to th& bits at the interleaver input other. In the fO”OWing, we will consider the second statement,
(resp. output). The set of edgésis defined as follows: since it allows an easier extension to the case 1.

U 000110000001100

where
INTERLEAVER
Ey = {(v14,v1,(+1) mod k)), J=0,..., K =1} o
Eo— f(orivm-) i=0... K—1 k 000010100110000
= {(vrj,v0,x,) 3 T } CC, TRELLIS

Ey = {(v0,,v0,((j+1) mod K)), J=0,..., K —1}

where £, (reSp.Eg) contains the edges correspondingﬁd’l Fig. 4. Correspondence between codewords and cycles.
error events (respC'Cy error events), andv; contains the

edges corresponding to the interleaver. , A. Extension to memony constituent encoders
In Fig. 3 an example of extended permutation graph for . . i _
Consider an information wordr. If u; = 1, the first

memory 1 constituent encoders is shown. i ,

constituent encoder leaves therostate at step. If u;1x, = 1,
k € N\{0}, the constituent encoder returns to the all-zero
state, causing the error event to terminate. This behavior
is modelled by connecting vertices;; (resp. vo;) and
UI,((i+p) mod K) (resp-vO,((i+p) mod K)) with an edge. The
R ~ Vo extended permutation grapfizp for period p constituent
encoders is defined by its set of edges

Fig. 3. An example of permutation graph for memary= 1 constituent
encoders.
E=F UFEqUE,

The resulting graph isubic W
Two key considerations allow to exploit the characteristics
of the extended permutation graph for our derivation:
1) If the constituent encoders are accumulators, i.e., 2-state E1 = {(v1,i,V1 (i4p) mod k) 1 =0,..., K —1}
recursive convolutional encoders, almost all the cyclesin - Ey = {(v;4,v0.,,), i =0,..., K — 1}
the permutation graph can be associated to codewords
2) The length of a cycle is related to the Hamming weight

here

2 = {(’UO,’“UO.,(’L“FP) mod K)v Z:OaaK_l}

of the associated codeword. The extended permutation graph for memory= 3 con-
In fact, if C C Grp is a cycle, we can associate to it arptituent encoders is shown in Fig. 5. This graph is cubic, and
information wordu in the following way: its girth can be easily bounded from above.
1 & (U[k,vo 77k) cC
.= ’ ’ 8
b { 0 < (vig,vom)¢C ®

i.e., every edge it N E; corresponds to & in the codeword.
Clearly, sincelC N Ey| is everd, only information words with
evenHamming weight are considered. This defines theget
of (5).
About the second consideration, the following statements
can be formulated:
1) Every vertexv € C can be associated to a non-zero
trellis transition in the corresponding constituent encod%rig' 5
(see Fig. 4).

Extended permutation graph for tail-biting terminated turbo codes.

. . Similarly to the casev = 1, cycles correspond to code-
We will see later that some cycles do not correspond to codewords. . . .
However, under certain constraints, this will not invalidate our result. words, and t_hew length can be used to estimate the_welght
2This property follows from the bipartite nature of the set of vertites  Of the associated codeword. However, before performing the



estimation, an improvement can be carried out: given a cycle

C, the edges inC' N C do not correspond to error events. dm < a+ B+ Wemax (gur(Grp) — 1)

A new graphG’.; is obtained fromGg by contracting the

edges inEr. As shown in Fig. 6, the contraction of an edg

incident in two degree-3 vertices results in a new degree-4

vertex. dp <a+p+(a++2)[2logs(K+1)—2].  (13)
The resulting graptG/.z = (V/, E’) is 4-regular and its

number of vertices i$V| = K. The main advantage is that

all the edges inG/.; correspond to error events.

on including (11):

This result depends only on few relevant, and easily derived
parameters of the turbo code. Moreover, its computation is of
very low complexity. However, a simpler expression can be
used when the parametersand§ of the constituent encoders
are not available. This simpler expression derives from the
second part of (1):

dm <p+1+4(p+3)[2logg(K +1)-2].  (14)

This result only requires the knowledge »f the memory of
the constituent encoders.

Fig. 6. Contraction of an edge.

Applying (7) with » = 4, we obtain: A. Singular cycles and their associated codewords
, , Some types of cycles iGrp and G/.; deserve a further
9(Grp) < gup(Grp) < 2logg(K +1) — 1. ©) analysis: for example, two edges may be partially overlapping
Eq. (9) provides a preliminary insight on the asymptotic4p€€ Fig. 7). The information word associated to this pair
behavior of the minimum distance turbo codes: of edges corresponds to the modulo-2 sum of two weight-2

information sequences:
dpm < wlogs(K) , ,
’ u=u +uy = (D' + D*) + (DI + D'
where thew coefficient corresponds to the Hamming weight ] ] )
of the error events. and, as long as the constituent codes are linear, the resulting

code sequence is the modulo-2 sum of the two error events:
V. THE UPPER BOUND
We start from the following consideration: every edge c1 = CCi(uy) + CCy(ug).
sequence it/ ; N E; and Gz N E; corresponds to an error
event of lengthl + kp trellis sections. Using (1), we write the
output weight corresponding to an error event of lenigthkp
for a systematiconstituent encoder:

This results in a longer error event starting in positioand
terminating in positioni. In this case, the codeword weight
is overestimated, because, in the overlapping region, trellis
transition are counted multiple times. This situation results in
a possibly looser, but still valid, upper bound.

wg(u) +wg(c) <2+ ka+p P y PP
Hence, we can define thmaximum equivalent weigldf an
error event of lengtlp + 1 as

N 2+ ka+p
We, max = I]?gg{ |:k:| . (10) ‘ .
which is clearly obtained fot = 1: ’ i;"
ZeSSREaRSaRSAN
We,max = 2+a+ ﬁ (11)

Putting together (9) and (11), we obtain the following result:
, Fig. 7. An example of cycle with partially overlapping error events.
dm S We, max gub(GTB)

Another class of cycles inGrg has to be considered:
cycles containing no edges ;. Since these cycles do not
correspond to codewords (or correspond to information words

dpy < 2)[21 K+1) -1 12 . . . . .
< (a4 f+2) [2logs (K +1) — 1] (12) with zero Hamming weight), they could invalidate our result.
A slight improvement can be obtained by considering th&towever, their length is at least (the minimum length is
at least one edge corresponds(t@, where the contribution obtained whenk is an integer multiple o), and, under the
to the output weight of the systematic bits is not present: following constraint:

or:



best, the former provides a tighter bound for heavily-punctured
codes in the considered range of block lengths.
VIl. HIGH-RATE TURBO CODES

In order to obtain high ratesR > 1/2), the following
techniques are usually applied:

1) Puncturing of the coded bit sequence at the output of

K
> > 2logs(K +1) — 1> g(GrB) (15)
none of these cycles can be the shortesFFifg.

Tab. Il shows the minimum values &f for which the upper
bound for tail-biting codes is valid for different values of

v [ Kmin the constituent encoders (usually performed when the
é ﬂ constituent code rate is/n)
2| 115 2) Use of ratek/n, k > 1 constituent encoders

?ABLE | The two techniques can be applied jointly as well; however,

we will analyze them separately.

Puncturing consists in eliminating some bits in the code
sequence at the output of the constituent encoders, and is
usually performed applying a periodic puncturing pattern.
The elimination of coded bits results in a reduced value
VI. COMPARISON WITH THE PREVIOUSLY KNOWN BOUNDS of parametersy and 3 (see Tab. 1). Moreover, due to the

This section shows the obtained results for tail-biting turbeharacteristics of the iterative decoding algorithm used to
codes compared to the best previously known upper bound [dge_code turbo codes, systematic bits are seldom punctured. This
Fig. 8 show the new upper bound (13) for independentl@sults in a larger number of eliminated coded bits rather than
terminated codes compared to the logarithmic upper boutformation bits. Fig. 9 shows the obtained results for high-rate

MINIMUM VALUES OF K FOR WHICH THE UPPER BOUND FOR TAILBITING
CODES IS VALID.

in [7]. turbo codes.
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When ratek/n constituent codes are considered, the infor-
500 / mation sequence consists of a sequencE ¢ (K a multiple
Za00 ta — S of k) symbols.
200 o i It is easy to prove that, for linear recursive convolutional
g T codes, twoequal information symbols whose distance is an
200 — /XM/ L . . . . . .
P e BB integer multiple ofp in the information word result in a
100 e SEs o S short error event. Indeed, this is true also when the Hamming
0 weight of the considered information symbol is 1. Therefore,
1.E+01 1.E+02 1.E£0: K 1.E+04 1.E+05 1.E+06 . . .
® v=4 an information word in the form:

Fig. 8.

Upper bounds for ratk/3 and rate! /5 codes.

u(D) = D' + D*tikp

The new bound is significantly tighter than the logarithmicesults in an error event of lenggttp + 1 trellis steps. Hence
bound in [7] for a wide range of block lengths and encoder modified permutation graph can be constructed even in this
memory values, except for memory = 2, rate 1/2 codes. case.

In fact, as explained in Sec. VII, the result in [7] allows When comparing a punctured convolutional encoder with
to evaluate the exact weight of each considered informatiank/n convolutional encoder with the same rate (punctur-
word, while the graph defined here only provides an uppgng included), the latter possibly results in largerand 3
bound. Therefore, although our bound remains asymptoticaigrameters (equal to the parameters for the non punctured



version). Hence, the turbo codes resulting form the parallel
concatenation possibly allows a larger minimum distance.

VIIl. CONCLUSIONS
We have shown in the paper that a connection between

The resulting upper bound for the second code is larger thgga|lel concatenated convolutional codes and the topological

the upper bound for the first code, as shown in Fig. 10.

250

-5~ Rate 1/2 (punct.), Breiling bound
—e—Rate 1/2 (punct.), new bound

properties of certain associated graphs can be established.
The connection has been used to obtain an upper bound on
the minimum distance of parallel concatenated convolutional
codes. The proposed method has been extended td: fate
constituent codes with bit- and symbol-interleaving. The new
bound is easy to compute, and improve over known bounds

200 1= -&—Rate 1/2 (k/n), new bound E/ |
-
/

150 / / )
= A / / ol
< 4

100 !// > el

e
Bl
,4/ = /Ayf"i/

50

10E+01
Fig. 10. Upper bounds for a rat/o 8-state turbo code obtained by (1]
puncturing alternatively the code bits compared with the parallel concatenation
of two systematic rat€)2 /3 constituent encoders.

1.E+02 1.E+03 K 1E+04 1.E+05 1.E+06

(2]
A. Symbol interleaving

Symbol interleaving consists of performing a permutation
on the set of symbols instead of bits. Indeed, a permutation3!

K
m:2—-m, 1€ {0,...,—1}
ko
(K an integer multiple o) operating onky-bit symbols is
equivalent to a permutatidi’ : ¢ — 7}, i€ {0,...,K —1}
having the following property:

(4]
(5]

(6]
(i mod ko) = (n}

K2

mod ko)

The resulting extended permutation graphy.; can be
partitioned inkq disjoint subgraphs containing’/k, vertices
each. Its girth can be upper bounded choosing at rando
one of theky subgraphs and applying (7) with = 4 and
n = K/kq. The resulting upper bound is:

(7]

El

dmsr <o+ B+ (a+ 3+ 2) {2105;3 <kK + 1) — 2} (16) (10
0

Since usuallyK /ko > 1, the +1 term in the argument of

11
the logarithm can be neglected. -

s00 EREEEEH EREEEEH [12]
—+Rate 1/2 (k/n), Breiling bound
—&—Rate 1/2 (k/n), new bound et
400 1= —e—Rate 1/2 (k/n), new bound (symbol int.)
] (13]
300
=z
(14]
200 /
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e ) %%
- o — [15]
100
e
e
0 [16]
1E+01 1.E+02 1E+03 K  1E+04 1.E+05 1.E+06

Fig. 11. Effect of symbol interleaving on a rat¢3 tail-biting turbo code. [17]

for a wide range of constituent codes parameters.
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