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t. Many problems in engineering and physi
s require the solution of a large sequen
e oflinear systems. We 
an redu
e the 
ost of solving subsequent systems in the sequen
e by re
y
linginformation from previous systems. We 
onsider two di�erent approa
hes. For several model prob-lems, we demonstrate that we 
an redu
e the iteration 
ount required to solve a linear system bya fa
tor of two. We 
onsider both Hermitian and non-Hermitian problems, and present numeri
alexperiments to illustrate the e�e
ts of subspa
e re
y
ling.Key words. Sequen
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ations. 65F101. Introdu
tion. We 
onsider the solution of a sequen
e of general linear sys-tems A(i)x(i) = b(i); i = 1; 2; : : : ; (1.1)where the matrix A(i) 2 C n�n and right hand side b(i) 2 C n 
hange from one sys-tem to the next, and the systems are typi
ally not available simultaneously. Su
hsequen
es arise in many problems, su
h as Newton or Broyden-type methods for solv-ing nonlinear equations. They also o

ur in modeling fatigue and fra
ture via �niteelement analysis. These analyses use dynami
 loading, requiring many loading steps,and rely on impli
it solvers [14℄. Generally, several thousand loading in
rements arerequired to resolve the fra
ture progression. The matrix and right hand side, at ea
hloading step, depend on the previous solution, so that only one linear system is avail-able at a time. We are interested in retaining a subspa
e determined while solvingprevious systems and use it to redu
e the 
ost of solving the next system. We referto this pro
ess as Krylov subspa
e re
y
ling.For the Hermitian positive de�nite 
ase, Rey and Risler have proposed to redu
ethe e�e
tive 
ondition number by retaining all 
onverged Ritz ve
tors arising in aprevious CG iteration [24, 25, 26℄. In general, this requires signi�
ant storage. More-over, memory-wise, they lose the advantage of a short re
urren
e, as they keep thefull re
urren
e during the solution of a single system. Sin
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2 PARKS, DE STURLER, MACKEY, JOHNSON, MAITIelement tearing and inter
onne
ting (FETI) method [11℄, it is less of a drawba
k, be-
ause the interfa
e problem is small relative to the overall problem, and it is 
ommonto use a full re
urren
e in FETI. The two Galerkin proje
tion methods developedby Chan and Ng [3℄ 
ould also be used. These methods require all systems to beavailable simultaneously, or at least the right hand sides. Moreover, they fo
us onsituations where all the matri
es are very 
lose. However, for the problems we target,the matri
es 
hange only slowly, but the in
remental 
hange over many steps 
an besigni�
ant.Solving a sequen
e of linear systems where the matrix is invariant is a spe
ial 
aseof (1.1). When all right hand sides are available simultaneously, blo
k methods su
has blo
k CG [23℄, blo
k GMRES [34℄, and the family of blo
k EN-like methods [35℄are often suitable. However, blo
k methods do not generalize to the 
ase (1.1). If onlyone right hand side is available at a time, the method of Fis
her [12℄, the de
ated
onjugate gradient method (de
ated CG) [29℄, or the hybrid method of Simon
iniand Gallopoulos [30℄ may be employed. Fis
her's method �rst looks for a solutionin the spa
e spanned by the previous solution ve
tors in the sequen
e, whi
h is onlyhelpful if the solution ve
tors are 
orrelated. In de
ated CG, only a small numberof the initial Lan
zos ve
tors for every system are used to update the approximateinvariant subspa
e. This is eÆ
ient, both in 
omputation and memory use, but the
onvergen
e to an invariant subspa
e is slow. Hen
e, the improvement in iterationsis modest. The hybrid method of Simon
ini and Gallopoulos is most e�e
tive onlywhen the right hand sides share 
ommon spe
tral information.When solving (1.1), we should 
onsider:1. Whi
h subspa
e should be re
y
led for the next system?2. How should it be used?We dis
uss two answers to the �rst question. One idea is to re
y
le an approximateinvariant subspa
e and use it for de
ation. Clearly, redu
ing the e�e
tive 
onditionnumber of a matrix may speed 
onvergen
e. An alternative idea is to re
y
le a sub-spa
e that minimizes the loss of orthogonality with the Krylov subspa
e from theprevious system [6℄. We elaborate on the latter 
hoi
e in se
tion 2.3.We dis
uss three answers to the se
ond question. We refer to these approa
hesas: � augmentation,� orthogonalization,� pre
onditioning.In an augmentation approa
h, we append additional ve
tors at the end of the Arnoldire
urren
e, in the manner of FGMRES, su
h that an Arnoldi-like relation is formed[27℄. In an orthogonalization approa
h, we �rst minimize the residual over the re
y-
led subspa
e, and then maintain orthogonality with the image of this spa
e in theArnoldi re
urren
e. In a pre
onditioning approa
h, we 
onstru
t pre
onditioners thatshift eigenvalues [1, 10℄. When using exa
tly invariant subspa
es, an augmentationapproa
h is superior to a pre
onditioning approa
h [8℄. Hen
e, we 
onsider only theaugmentation and orthogonalization approa
hes.In se
ton 2, we dis
uss several trun
ated or restarted linear solvers that use theideas above to redu
e the total number of iterations for solving a sequen
e of linearsystems. We de�ne a 
y
le as the 
omputation between trun
ations or restarts. Sub-spa
es that are useful to retain for a subsequent 
y
le when solving a single linearsystem may also be useful for subsequent linear systems in a sequen
e, espe
ially ifthe matrix does not 
hange signi�
antly. Therefore, we 
onsider linear solvers that



KRYLOV SUBSPACE RECYCLING 3retain a 
arefully sele
ted subspa
e after ea
h 
y
le. Several su
h solvers have beenproposed. We 
onsider Morgan's GMRES-DR [22℄ and de Sturler's GCROT [6℄, andmodify GCROT to re
y
le subspa
es between linear systems. GMRES-DR 
annotbe modi�ed to do this, so we introdu
e GCRO-DR, a 
exible variant of GMRES-DR
apable of Krylov subspa
e re
y
ling.In se
tion 3, we introdu
e several test problems, in
luding both realisti
 problemstaken from engineering and physi
s, as well as a problem 
onstru
ted expli
itly foranalysis of subspa
e re
y
ling. In se
tion 4, we give the experimental results, whi
hshow that re
y
ling 
an be very bene�
ial. Con
lusions and future work are given inse
tion 5.2. Trun
ated and Augmented Krylov Methods. Restarting GMRES [28℄may lead to poor 
onvergen
e and even stagnation. Therefore, re
ent resear
h hasfo
used on trun
ated methods that improve 
onvergen
e by retaining a 
arefully se-le
ted subspa
e between 
y
les. A taxonomy of popular 
hoi
es is given in [8℄. In thisse
tion, we dis
uss those 
hoi
es and solvers implementing them. We then investigatehow those solvers might be modi�ed to re
y
le subspa
es between linear systems.Morgan's GMRES-DR and GMRES-E [20℄ retain an approximately invariant sub-spa
e between 
y
les. In parti
ular, both methods fo
us on removing the eigenvaluesof smallest magnitude, and retain a subspa
e spanned by approximate eigenve
torsasso
iated with those eigenvalues. GMRES-E uses an augmentation approa
h, whi
hwas analyzed in [27℄. In 
ontrast, GMRES-DR uses an orthogonalization approa
h.Despite these di�eren
es, GMRES-E and GMRES-DR generate the same Krylov sub-spa
e at the end of ea
h 
y
le if they retain the same harmoni
 Ritz ve
tors; see[20, 22℄. Although GMRES-E retains the same subspa
e between 
y
les as GMRES-DR, GMRES-E 
an be modi�ed to sele
t any subspa
e, whereas GMRES-DR 
annot.Thus, GMRES-E is suitable for Krylov subspa
e re
y
ling between systems, as in(1.1). GMRES-DR 
annot be modi�ed for Krylov subspa
e re
y
ling, even when thematrix does not 
hange. We dis
uss GMRES-E and GMRES-DR further in se
tion2.4. Be
ause GMRES-DR 
annot be used for Krylov subspa
e re
y
ling, we 
ombineideas from GCRO [5℄ and GMRES-DR to produ
e a new linear solver, GCRO-DR.GCRO-DR is suitable for the solution of individual linear systems as well as sequen
esof them, and is more 
exible than GMRES-DR. We dis
uss GCRO-DR in se
tion 2.5.In se
tion 2.6 we give some analysis suggesting why re
y
ling nearly invariant sub-spa
es may improve 
onvergen
e.Another strategy for subspa
e sele
tion was proposed in [6℄ and was used for theGCROT method, an extension of GCRO. We dis
uss this approa
h, and its modi�-
ation towards solving (1.1) in se
tion 2.3.We �rst review some de�nitions.2.1. De�nitions. The Arnoldi re
urren
e in GMRES leads to the following re-lation, whi
h we denote as the Arnoldi relation.AVm = Vm+1Hm; (2.1)where Vm 2 C n�m , and Hm 2 C (m+1)�m is upper Hessenberg. Let Hm 2 Cm�mdenote the �rst m rows of Hm.For any subspa
e S � C n , y 2 S is a Ritz ve
tor of A with Ritz value � ifAy � �y ? w; 8w 2 S: (2.2)



4 PARKS, DE STURLER, MACKEY, JOHNSON, MAITIFrequently, we 
hoose S = K(j)(A; r), the jth Krylov subspa
e asso
iated with thematrix A and the starting ve
tor r. In this 
ase the eigenvalues of Hm are the Ritzvalues of A.Ritz values tend to approximate the extremal eigenvalues of A well, but 
an givepoor approximations to the interior eigenvalues. Likewise, the Ritz values of A�1 tendto approximate the interior eigenvalues of A. We de�ne harmoni
 Ritz values as theRitz values of A�1 with respe
t to the spa
e AS,A�1ey � e�ey ? w 8w 2 AS; (2.3)where again S = K(j)(A; r), and ey 2 AS. We 
all e� = 1=e� a harmoni
 Ritz value.In this 
ase, we have approximated the eigenvalues of A�1, but using a Krylov spa
egenerated with A.2.2. GMRES and GCR. We now review the linear solvers GMRES [28℄ andGCR [9℄, whi
h form the basis for the linear solvers we dis
uss later. The Arnoldiiteration is the 
ore of GMRES. When solving Ax = b with GMRES, we start withan initial guess x0 2 C n and 
ompute the initial residual r0 = b � Ax0. Let the�rst Arnoldi ve
tor be v1 = r0=kr0k2. We pro
eed with m Arnoldi iterations toform relation (2.1) with range(Vm) = Km(A; r0). Then, we solve min k
 � Hmdk2for d 2 Cm , where 
 = kr0k2e1. Finally, we form the new approximate solution,xm = x0 + Vmd. GMRES solves the least squares problem A(x0 + Vmd) � r0 for d.So, rm ? AK(m)(A; r0).The linear solver GCR is algebrai
ally equivalent to GMRES, but requires morestorage, as it keeps separate bases for K(m)(A; r0) and AK(m)(A; r0). GCR maintainsthe matri
es Um; Cm 2 C n�m , so thatrange(Um) = K(m)(A; r0); (2.4)AUm = Cm; (2.5)CHmCm = Im: (2.6)We solve the minimization problem min kr0 �AUmdk2 for d 2 Cm , and 
ompute thesolution as xm = x0 + Umd = x0 + UmCHmr0, and residual as rm = r0 � CmCHmr0 ?AK(m)(A; r0). The relations (2.5)-(2.6) still hold if range(Um) is not a Krylov spa
e,allowing us to �nd the minimum residual solution over any subspa
e range(Um). Inthis 
ase the method would not be 
alled GCR, but the relations (2.5)-(2.6) are stillvalid.2.3. GCROT. GCROT is a trun
ated minimum residual Krylov method thatretains a subspa
e between 
y
les su
h that the loss of orthogonality with respe
t tothe trun
ated spa
e is minimized. This pro
ess is 
alled optimal trun
ation.We dis
uss the idea of optimal trun
ation in the 
ontext of restarted GMRES,although it 
an be des
ribed in more general terms, and independently of any spe
i�
linear solver [6, 18℄. Consider solving Ax = b with initial residual r0. The idea isto determine, after ea
h 
y
le, a subspa
e to retain for the next 
y
le in order tomaintain good 
onvergen
e after the restart. At the end of the �rst 
y
le of GMRES,starting with v1 = r0=kr0k2, we have the Arnoldi relation (2.1).Let r1 denote the residual ve
tor after m iterations. Consider some iterations < m. After s iterations of GMRES, we have the Arnoldi relationAVs = Vs+1Hs: (2.7)



KRYLOV SUBSPACE RECYCLING 5Let r denote the residual after s iterations. Now suppose that we had restarted afteriteration s, with initial residual r, and made m � s iterations, yielding residual r2.The optimal residual after m iterations is r1. At best, we may have kr2k2 = kr1k2,but in general, kr2k2 > kr1k2, be
ause GMRES restarted after iteration s ignoresorthogonality to the Krylov subspa
e AK(s)(A; r0). The deviation from optimalityin
urred by restarting after iteration s is e = r2� r1, whi
h we 
all the residual error.The residual error e depends on the prin
ipal angles [13, pp. 603{4℄ between the twosubspa
es AK(s)(A; r0) and AK(m�s)(A; r). Optimal trun
ation involves sele
tingand retaining a k-dimensional subspa
e of AK(s)(A; r0) su
h that the magnitude ofthe residual error kek2 = kr1 � r2k2, is minimized. The 
omplement of that subspa
eis dis
arded. Sin
e the Krylov spa
e generated with r 
ontained ve
tors 
lose to there
y
led subspa
e, this is likely to happen again after restarting with r1. Therefore,we retain the sele
ted k-dimensional subspa
e for the next 
y
le.GCROT maintains matri
es Uk and Ck satisfying the relations (2.5)-(2.6). Theminimum residual solution over range(Uk) is known from the previous 
y
le. In thefollowing 
y
le, we 
arry out the Arnoldi re
urren
e while maintaining orthogonalityto Ck . This 
orresponds to an Arnoldi re
urren
e with the operator (I � CkCHk )A.Then we 
ompute the update to the solution as in GMRES, but we take the singularityof the operator into a

ount. Hen
e, GCROT uses an orthogonality approa
h. The
orre
tion to the solution ve
tor and other ve
tors sele
ted via optimal trun
ationof the Krylov subspa
e are appended to Uk, and then Uk and Ck are updated su
hthat (2.5)-(2.6) again hold. At the end of ea
h 
y
le, only the matri
es Uk and Ckare 
arried over to the next 
y
le. Ea
h 
y
le of GCROT requires approximatelym � k matrix-ve
tor produ
ts and O(nm2 + nkm) other 
oating point operations.For details, see [6℄.GCROT 
an be modi�ed to solve (1.1) by 
arrying over Uk from the ith systemto the (i+1)st system. After we solve the ith system A(i)x(i) = b(i) with GCROT, wehave the relation A(i)Uk = Ck. We must modify Uk and Ck so that (2.5)-(2.6) holdwith respe
t to A(i+1), whi
h we do as follows:1: [Q;R℄ = redu
ed QR de
omposition of A(i+1)Uoldk2: Cnewk = Q3: Unewk = Uoldk R�1Now, A(i+1)Unewk = Cnewk , and we 
an pro
eed with GCROT on the systemA(i+1)x(i+1) =b(i+1). Note that in many 
ases 
omputing A(i+1)Uoldk = Coldk + �A(i)Uoldk is mu
h
heaper than k matrix-ve
tor produ
ts, be
ause �A(i) is 
onsiderably sparser thanA(i) or has a spe
ial stru
ture. See our example problem in se
tion 3.1. Moreover,even if we were to 
ompute A(i+1)Uoldk dire
tly, this 
an be faster than k separatematrix-ve
tor multipli
ations [7℄. So long as A(i+1) has not 
hanged signi�
antlyfrom A(i), the use of Unewk should a

elerate the solution of the i+ 1st linear system.2.4. GMRES-DR and GMRES-E. GMRES-DR and GMRES-E rely on spe
-tral or nearly invariant subspa
e information, rather than orthogonality 
onstraints.Removing or de
ating 
ertain eigenvalues 
an greatly improve 
onvergen
e. Basedon this idea, Morgan has proposed three linear solvers (GMRES-E, GMRES-IR [21℄,and GMRES-DR) that aim to de
ate the eigenvalues of smallest magnitude. How-ever, these solvers 
an be 
hanged to de
ate other eigenvalues. We 
onsider onlyGMRES-E and GMRES-DR.



6 PARKS, DE STURLER, MACKEY, JOHNSON, MAITIGMRES-E (GMRES with eigenve
tors) appends harmoni
 Ritz ve
tors after theArnoldi re
urren
e, resulting in the Arnoldi-like relationA[Vm�k eYk℄ = VmHm; (2.8)where v1 = r0=kr0k, eYk = [ey1; ey2; : : : ; eyk℄ 
ontains the k harmoni
 Ritz ve
tors fromthe previous 
y
le, and where the last k 
olumns of Vm are formed by orthogonalizingthe ve
tors Aeyi, for i = 1 : : : k, against the previous 
olumns of Vm. For the �rst
y
le, the harmoni
 Ritz ve
tors 
an be 
omputed from Hm in (2.1). It 
an be shownthat the augmented subspa
espanfr0; Ar0; A2r0; : : : ; Am�k�1r0; ey1; ey2; : : : ; eykg (2.9)is itself a Krylov subspa
e, but with another starting ve
tor [21℄.GMRES-DR is algebrai
ally equivalent to GMRES-E at the end of ea
h 
y
le ifboth sele
t the same harmoni
 Ritz ve
tors. Be
ause (2.9) is a Krylov subspa
e, itmeans that the harmoni
 Ritz ve
tors 
an go �rst, rather than being appended at theend. It was shown in [21℄ that the subspa
espanfey1; ey2; : : : ; eyk; Aeyi; A2eyi; : : : ; Am�keyig (2.10)is identi
al to subspa
e (2.9) for 1 � i � k. In one 
y
le, GMRES-DR �rst orthogo-nalizes eYk, giving e�k. Then GMRES-DR 
arries out the Arnoldi re
urren
e for m�kiterations while maintaining orthogonality to e�k. This gives the Arnoldi-like relationA[e�k Vm�k℄ = [e�k Vm�k+1℄Hm; (2.11)where Hm is upper Hessenburg, ex
ept for a leading dense (k+1)�(k+1) submatrix.It updates the solution and residual as in GMRES. It then 
omputes the harmoni
 Ritzve
tors asso
iated with the k smallest harmoni
 Ritz values using (2.11), and �nallyrestarts with those ve
tors. Note that ea
h 
olumn ve
tor in Vm�k is orthogonal torange(eYk) in GMRES-DR, but this is not true in GMRES-E.GMRES-DR 
annot be dire
tly used to solve (1.1), even if the matrix is invari-ant. The harmoni
 Ritz ve
tors of A in eYk do not form a Krylov subspa
e for anothermatrix or even just another starting ve
tor. However, Morgan dis
usses in [22℄ amodi�
ation to GMRES-DR that 
an be used for the 
ase of multiple right handsides. Standard GMRES-DR is run for the �rst right hand side, and the approximateeigenve
tors are retained. For subsequent right hand sides, restarted GMRES is used.Between 
y
les of restarted GMRES, the minimum residual solution over the spa
espanned by the approximate eigenve
tors is found, and the solution and residual ve
-tors updated a

ordingly. However, the approximate eigenve
tors are never updated.We expe
t this pro
ess may su�er the same diÆ
ulties as restarted GMRES, su
has poor 
onvergen
e or stagnation. Additionally, for nonsymmetri
 problems, settingthe residual orthogonal to an invariant subspa
e does not remove that subspa
e fromthe residual, whi
h may result in poor 
onvergen
e.Be
ause GMRES-E takes an augmentation approa
h, it 
an be used when solving(1.1). After the solution of the ith linear system, we 
ould run GMRES on thei + 1st linear system for m � k steps, then append the k approximate eigenve
torsfrom the ith linear system to the Arnoldi basis ve
tors, and then pro
eed as normalwith GMRES-E. This would form the subspa
e (2.9) for the matrix A(i+1), whi
his not a Krylov subspa
e. Note that breakdown 
an o

ur if a subspa
e of eYk is
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ontained in the Krylov subspa
e generated �rst. We observed this when GMRES-E was run on the example problem in se
tion 3.1. Be
ause GMRES-E extends thesear
h spa
e as restarted GMRES, it may su�er from stagnation. Further, the Krylovsubspa
e generated by GMRES-E ignores the orthogonality to range(A(i+1) eYk) andthus 
onsiders 
orre
tions in range(eYk) even though the residual is already orthogonalto range(A(i+1) eYk). Although GMRES-E 
an be used when solving (1.1), be
auseof these problems, we do not 
onsider it further. Based on experiments, we believethat it is preferable to preserve orthogonality to range(A(i+1) eYk). The linear solverGCRO-DR, dis
ussed next, a

omplishes this.2.5. GCRO-DR. We introdu
e a new Krylov method that retains a subspa
ebetween restarts. We 
all this method GCRO-DR be
ause it uses de
ated restartingwithin the framework of GCRO [5℄. The method is a generalization of GMRES-DRto solve (1.1). GCRO-DR is more 
exible be
ause any subspa
e may be retainedfor subsequent 
y
les, and also between linear systems. In the pseudo
ode given inthe appendix, the harmoni
 Ritz ve
tors 
orresponding to the harmoni
 Ritz valuesof smallest magnitude have been 
hosen. However, any 
ombination of k ve
torsmay be sele
ted. An interesting possibility would be to sele
t a few harmoni
 Ritzve
tors 
orresponding to the harmoni
 Ritz values of smallest magnitude, and a fewRitz ve
tors 
orresponding to the Ritz values of largest magnitude. This would allowsimultaneous de
ation of eigenvalues of both smallest and largest magnitude usingthe better approximation for ea
h.When solving a single linear system, GCRO-DR and GMRES-DR are algebrai
allyequivalent. The primary advantage of GCRO-DR is its 
apability to solve sequen
esof linear systems.Suppose that we solved the ith system of (1.1) with GCRO-DR. We retain k ap-proximate eigenve
tors, eYk = [ey1; ey2; : : : ; eyk℄. GCRO-DR maintains matri
es Uk; Ck 2C n�k su
h that A(i+1)Uk = Ck; (2.12)CHk Ck = Ik; (2.13)where Uk and Ck are determined from eYk andA(i+1) as follows.1: [Q;R℄ = redu
ed QR de
omposition of A(i+1) eYk2: Ck = Q3: Uk = eYkR�1We �nd the optimal solution over the subspa
e range(Uk) as x = x0 + UkCHk r0, andset r = r0�CkCHk r0, and v1 = r=krk2. We next generate a Krylov spa
e of dimensionm� k + 1 with (I � CkCHk )A(i+1), whi
h produ
es the Arnoldi relation(I � CkCHk )A(i+1)Vm�k = Vm�k+1Hm�k: (2.14)Ea
h of the Arnoldi ve
tors Vm�k+1 = [v1; v2; : : : ; vm�k+1℄ is orthogonal to range(Ck).We 
an rewrite (2.14) asA[Uk Vm�k℄ = [Ck Vm�k+1℄ � Ik Bk0 Hm�k � (2.15)where Bm�k = CHk AVm�k . For numeri
al reasons, we normalize the 
olumn ve
torsof Uk and repla
e the identity matrix Ik above with a diagonal matrix Dk, su
h



8 PARKS, DE STURLER, MACKEY, JOHNSON, MAITIthat UkDk has unit 
olumns. We denote the res
aled Uk as eUk. Now, the 
olumnsof [eUk Vm�k ℄ and [Ck Vm�k+1℄ have unit norm, whi
h ensures that the rightmostmatrix in (2.15) is not unne
essarily ill-
onditioned. This improves the a

ura
y ofthe numeri
al solution.We de�nebVm = [eUk Vm�k℄; 
Wm+1 = [Ck Vm�k+1℄; Gm = � Dk Bk0 Hm�k �;and write (2.15) more 
ompa
tly, asAbVm = 
Wm+1Gm: (2.16)Note that Gm = 
WHm+1AbVm is upper Hessenberg, with D diagonal. The 
olumns of
Wm+1 are orthogonal, but this is not true for the 
olumns of bVm.At ea
h 
y
le, GCRO-DR solves the minimization problemt = arg minz2 range(bVm) kr �Azk2; (2.17)whi
h redu
es to the (m+1)�m least squares problemGmy �= 
WHm+1r = krk2ek+1; (2.18)with t = bVmy. The residual and solution are given byr = r �AbVmy = r �
Wm+1Gmy; (2.19)x = x+ bVmy: (2.20)To 
ompute new harmoni
 Ritz ve
tors the method solves the generalized eigen-value problem GHmGmezi = e�iGHm
WHm+1 bVmezi; (2.21)derived from (2.3), and re
overs the harmoni
 Ritz ve
tors as eyi = bVmezi.Computationally, GCRO-DR and GMRES-DR use the same number of matrix-ve
tor produ
ts per 
y
le, although a matrix-ve
tor produ
t for GCRO-DR is slightlymore expensive, as a modi�ed operator is used. If f is the average number of nonzerosper row in A(i), then the 
ost of a matrix-ve
tor produ
t for GMRES-DR is 2fn, and2fn+4kn for GCRO-DR, where k � n. The additional 4kn is the 
ost orthogonalizingagainst Ck. Both GCRO-DR and GMRES-DR solve a smallm�m eigenvalue problemea
h 
y
le. GMRES-DR orthonormalizes k+1 ve
tors of length m+1 while GCRO-DR �nds the QR-fa
torization of a small (m+ 1) �m matrix. Finally, GMRES-DRstores k fewer ve
tors.2.6. Re
y
ling Invariant Subspa
es. When re
y
ling nearly invariant sub-spa
es, we show a residual bound demonstrating improved 
onvergen
e under 
ertainassumptions. The following theorem is adapted to our purpose from [31℄, whi
h wasin turn inspired by [27℄.Theorem 2.1. Let range(Qk) be a k-dimensional invariant subspa
e of A 2C n�n . Let PQ be the spe
tral proje
tor onto range(Qk). Let range(Yk) be a k-dimensional subspa
e 
lose to range(Qk). Let PAY be the orthogonal proje
tor onto



KRYLOV SUBSPACE RECYCLING 9range(AYk). Let range(Xj) be a j-dimensional Krylov subspa
e. Let r0 2 C n ,d� = argmind2range(AYk) kr0 � dk2, and r1 = r0 � d�. Then,mind12range([AXj ;AYk℄) kr0 � d1k2 �mind22range(AXj)fk(I � PQ)(r1 � d2)k2 + 
kPQ(r1 � d2)k2g;where 
 = k(I � PAY )PQk2.Proof. See Theorem 2:1 in [31℄.Theorem 2:1 in [31℄ is used to explain superlinear 
onvergen
e in GMRES asfollows. If the Krylov subspa
e generated by GMRES 
ontains a nearly invariantsubspa
e of range(A), then the GMRES iteration a
ts nearly as if the residual ve
torhas no 
omponents in the asso
iated invariant subspa
e, resulting in an in
reased rateof 
onvergen
e. Our use of the proof is similar, ex
ept that we begin our iterationby optimizing over a nearly invariant subspa
e (re
y
led from the previous linearsystem). In the 
ontext of the methods we have dis
ussed, we 
an 
onsider range(Qk)to span an invariant subspa
e of A 
lose to the sele
ted k-dimensional approximateinvariant subspa
e, and Yk to represent the k approximate eigenve
tors re
y
led fromthe previous system. In the ideal 
ase, range(Qk) = range(AYk). The term k(I �PQ)(r1�d2)k2 represents the residual norm a
hieved by j steps of a Krylov method ifthe residual r1 had no 
omponents in range(Qk), and the term 
kPQ(r1 � d2)k2 willbe small if range(Qk) is suÆ
iently 
lose to range(AYk) [31℄. We observe that forGCRO-DR, the Krylov subspa
e range(Xj) is not Xj = K(j)(A; r0), but is insteadXj = K(j)((I � PAY )A; (I � PAY )r0).3. Test Problems. We dis
uss our main example in se
tion 3.1, a problem fromfra
ture me
hani
s that produ
es a large sequen
e of linear systems. The matri
es aresymmetri
 positive de�nite (SPD), and both the matrix and right hand side 
hangefrom one system to the next. As these systems are SPD, we also provide results forthree problems that involve real nonsymmetri
 matri
es and 
omplex non-Hermitianmatri
es. To illustrate the e�e
tiveness of our approa
h for the 
ase of an invariantmatrix, we 
onsider two examples from physi
s. We dis
uss ele
troni
 stru
ture 
al-
ulations in se
tion 3.2, and a problem from latti
e QCD in se
tion 3.3. Finally, inse
tion 3.4, we apply the two main approa
hes we have dis
ussed to a simple 
on-ve
tion di�usion problem. We use this example to explore the e�e
ts of subspa
ere
y
ling in the nonsymmetri
 
ase, independently from perturbations in the matrixor right hand side. We show all methods for the main example, but for brevity weshow only sele
ted methods for the remaining problems. Computational results arepresented in se
tion 4.3.1. Fatigue and fra
ture of engineering 
omponents. Resear
h on failureme
hanisms (e.g. fatigue and fra
ture) of engineering 
omponents often fo
uses onmodeling 
omplex, nonlinear response. Finite element methods for quasi-stati
 andtransient responses over longer time s
ales generally adopt an impli
it formulation.Together with a Newton s
heme for the nonlinear equations, su
h impli
it formulationsrequire the solution of linear systems, thousands of times, to a

omplish a realisti
analysis [14℄.We study a sequen
e of linear systems taken from a �nite element 
ode developedby Philippe Geubelle and Spandan Maiti (both Aeronauti
al and Astronauti
al Engi-neering, UIUC). The 
ode simulates 
ra
k propagation in a metal plate using so-
alled\
ohesive �nite elements". The plate mesh is shown in Figure 3.1. The problem is
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Fig. 3.1. 2D plate mesh for 
ra
k propagation problem.symmetri
 about the x-axis, and in this problem the 
ra
k propagates exa
tly alongthis symmetry axis. The 
ohesive elements a
t as nonlinear springs 
onne
ting thesurfa
es that will de�ne the 
ra
k lo
ation. As the 
ra
k propagates the 
ohesive ele-ments deform following a nonlinear yield 
urve, and eventually break. These elementsare usually inserted dynami
ally, although that is not the 
ase here. The element sti�-ness is set to zero for a broken 
ohesive element. This results in a sequen
e of sparse,symmetri
 positive de�nite, sti�ness matri
es that 
hange slowly from one system tothe next. Ea
h sti�ness matrix 
an be expressed as A(i+1) = A(i) +�A(i). Although�A(i) is 
onsiderably more sparse than A(i), it is not low-rank, as the terms in theupdate �A(i) 
ome from the 
ohesive elements. The other �nite elements model linearelasti
ity and have 
onstant sti�ness matri
es. The matri
es produ
ed in our exam-ples are 3988� 3988, and have a 
ondition number on the order of 104. They havean average of 13.4 nonzero entries per row. We will 
onsider a sequen
e of 150 linearsystems, both pre
onditioned and nonpre
onditioned. We give results in se
tion 4.1.3.2. Ele
troni
 Stru
ture. First-prin
iples, ele
troni
-stru
ture 
al
ulationsbased on the S
hr�odinger equation are used to predi
t key physi
al properties ofmaterials systems with a large number of atoms. We 
onsider systems arising in theKKR method [17, 16℄.For an ele
tron that is not s
attered going from atom i to atom j, the Green'sfun
tion solution is the stru
tural Green's fun
tionG0(ri; rj ;E) = eipEjri�rj j4�jri � rj j ;where ri and rj are position ve
tors, and E is the 
omplex energy. For an ele
trons
attered going from atom i to atom j, the Green's fun
tion 
an be given as follows.Gij = ti + tiGij0 tj + tiGik0 tkGkj0 tj + :::; (3.1)where ea
h ti is a single-site s
attering matrix depending only on the lo
al potential.In matrix notation, this re
ursive de�nition gives the following equation for G,G = t+ tG0(t+ tG0t+ : : :) = t+ tG0G,(I � tG0)G = t; (3.2)where t is the blo
k-diagonal matrix with blo
ks ti. A lo
alization strategy transforms(3.2) into an equation for the Green's fun
tion relative to a �
titious referen
e system
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hosen to ensure lo
alization. This yields a sparse matrix to invert.Gref = (I � trefG0)�1tref ;G = (I � (t� tref)Gref)�1(t� tref):The �rst system above 
an be inverted very rapidly. The se
ond requires the inversionof a sparse, 
omplex, non-Hermitian matrix, where the relative number of nonzerosin the matrix de
reases with the number of atoms [15, 36, 32℄. We give results inSe
tion 4.2, using a model problem provided by Duane Johnson (Materials S
ien
e,UIUC) and Andrei Smirnov (Oak Ridge National Laboratory).Only the blo
k-diagonal elements (
orresponding to lo
al sites) are needed to
al
ulate physi
al properties. Iterative methods o�er the advantage to store only those
omponents of the inverse (
omputed 
olumn-by-
olumn) that we need. Standarddire
t inversion methods are infeasible for large numbers of atoms (N � 500) onregular workstations be
ause the memory and 
omputational 
osts grow as O(N3).On
e the ele
troni
 Green's fun
tion is determined, one 
an determine importantphysi
al properties su
h as 
harge densities, total energy, for
e, formation and defe
tenergies in terms of the Green's fun
tion.3.3. QCD. Quantum 
hromodynami
s (QCD) is the fundamental theory de-s
ribing the strong intera
tion between quarks and gluons. Numeri
al simulations ofQCD on a four-dimensional spa
e-time latti
e are 
onsidered the only way to solveQCD ab initio [4, 33℄. As the problem has a 12 � 12 blo
k stru
ture, we are ofteninterested in solving for 12 right hand sides related to a single latti
e site. The linearsystem to be solved is (I � �D)x = b with 0 � � < �
, where D is a sparse, 
omplex,non-Hermitian matrix representing periodi
 nearest neighbor 
oupling on the four-dimensional spa
e-time latti
e [19℄. For � = �
 the system be
omes singular. Thephysi
ally interesting 
ase is for � 
lose to �
; �
 depends on D. We present resultsin Se
tion 4.3.3.4. Conve
tion Di�usion. We 
onsider the �nite di�eren
e dis
retization ofthe partial di�erential equation uxx + uyy + 
ux = 0;on [0; 1℄� [0; 1℄ with boundary 
onditionsu(x; 0) = u(0; y) = 0;u(x; 1) = u(1; y) = 1:Central di�eren
es are used, and we set the mesh width to be h = 1=41 in bothdire
tions, whi
h results in a 1600 � 1600 matrix. We 
onsider the symmetri
 
=0
ase and the nonsymmetri
 
=40 
ase. In order to study how a re
y
led subspa
ea�e
ts 
onvergen
e, we will 
onsider the \ideal" situation for subspa
e re
y
ling bysolving a linear system twi
e with GCRO-DR and GCROT, re
y
ling the subspa
egenerated from the �rst run. We show results in se
tion 4.4.4. Numeri
al Results. We explore the e�e
ts of subspa
e re
y
ling by 
om-paring the performan
e of GCRO-DR and GCROT utilizing subspa
e re
y
ling withCG, GMRES, restarted GMRES, GMRES-DR, and GCROT without subspa
e re
y-
ling. All of the examples in this se
tion use a zero initial guess. In parti
ular, forthe fra
ture me
hani
s problem, we solve for the in
remental displa
ement asso
iated



12 PARKS, DE STURLER, MACKEY, JOHNSON, MAITITable 4.1The total number of iterations required to solve 150 sequential IC(0) pre
onditioned linearsystems is 
ompared. Only GCRO-DR and GCROT(re
y
le) exploit subspa
e re
y
ling.Method Matrix-Ve
tor Produ
tsGMRES(40) 27188GMRES-DR(40,20) 14305GCROT(40,34,30,5,1,2) 14277CG 14162GMRES 14142GCROT(40,34,30,5,1,2) (re
y
le) 7482GCRO-DR(40,20) (re
y
le) 6901with the loading in
rement. In this 
ase, using the previous solution as the initialguess for the next system has no bene�t, as the displa
ements are not 
orrelated.Both pre
onditioned and nonpre
onditioned examples are given.In the following se
tions, GMRES(m) indi
ates restarted GMRES with a maxi-mum subspa
e of dimension m, and GMRES indi
ates full (not restarted) GMRES.CG refers to the 
onjugate gradient method. For GMRES-DR(m, k) and GCRO-DR(m, k), m is the maximum subspa
e size, and k is the number of ve
tors keptbetween 
y
les. For GCROT(m, kmax, kmin, s, p1, p2), m is the maximum subspa
esize over whi
h we optimize. The maximum number of 
olumn ve
tors stored in Ukand Ck (as des
ribed in se
tion 2.3) is kmax. The argument kmin indi
ates the numberof 
olumn ve
tors retained in Uk and Ck after trun
ation. The argument s indi
atesthe dimension of the Krylov subspa
e from whi
h we sele
t p1 ve
tors to pla
e in Uk.We also in
lude in Uk the last p2 orthogonal basis ve
tors generated in the Arnoldipro
ess. See [6, 18℄ for more regarding the 
hoi
e of parameters. At ea
h restart,GMRES is run for m� kmin steps.In 
omparing restarted GMRES, GCROT, GMRES-DR, and GCRO-DR, we de-
ided to make the solvers minimize over a subspa
e of the same dimension. Analternative 
hoi
e would be to provide the same amount of memory to ea
h solver,but we felt that our 
hoi
e would provide a more informative 
omparison.4.1. Fatigue and fra
ture of engineering 
omponents. In this example,we solve a sequen
e of 150 symmetri
 positive de�nite linear systems. Results fornonpre
onditioned systems and pre
onditioned systems are given. Ea
h matrix hasa 
ondition number of approximately 104, before pre
onditioning. All solvers wererequired to redu
e the relative residual to 1:0e�10. The number of matrix-ve
tormultipli
ations required to solve ea
h of these systems is shown in Figure 4.1 for fullGMRES, CG, GMRES-DR(40, 20), GCRO-DR(40,20), and GCROT(40,34,30,5,1,2),both with and without subspa
e re
y
ling. Ex
ept for GMRES and CG, all meth-ods in Figure 4.1 minimize over a subspa
e of dimension 40. GMRES(40) is notshown in Figure 4.1 be
ause it required an order of magnitude more matrix-ve
tormultipli
ations than the other methods to 
onverge. The results in Figure 4.2 arefor the same sequen
e with an in
omplete Cholesky (IC(0)) pre
onditioner appliedto ea
h problem. A new pre
onditioner was 
omputed for ea
h matrix, whi
h is notthe most eÆ
ient approa
h. The number of matrix-ve
tor produ
ts to solve all 150pre
onditioned linear systems is given in Table 4.1.We see in Figure 4.1 that GCRO-DR, whi
h employs subspa
e re
y
ling, requiresthe fewest matrix-ve
tor produ
ts, ex
ept for the �rst system in the sequen
e, for
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(b) Later Linear System in Sequen
e.Fig. 4.3. Typi
al 
onvergen
e 
urves for GCROT and GMRES-DR applied to the fra
tureme
hani
s problem, with and without Krylov subspa
e re
y
ling. The subspa
e re
y
led by GCRO-DR 
onverges to an invariant subspa
e, whereas GCROT re
y
les the subspa
e sele
ted in the last
y
le of the previous linear system. This subspa
e may not be as important for the �rst 
y
le of thenext system.whi
h there is no re
y
led subspa
e available. For the �rst system, GCROT outper-forms GCRO-DR. GCRO-DR and GCROT outperform the solvers without subspa
ere
y
ling by a signi�
ant number of matrix-ve
tor produ
ts. Overall, GCROT (with-out re
y
ling) and CG show about the same 
onvergen
e. Full GMRES outperformsCG, indi
ating that the 
onvergen
e of CG is delayed due to e�e
ts of �nite-pre
isionarithmeti
.
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onditioned 
ase shown in Figure 4.2, GCRO-DR performs best, withGCROT with subspa
e re
y
ling a 
lose se
ond. All the other solvers 
luster nearGMRES.Comparing GMRES-DR and GCRO-DR, we see a signi�
ant di�eren
e in 
onver-gen
e, even though both methods fo
us on removing the same approximate eigenspa
e.The di�eren
e is due solely to subspa
e re
y
ling. With no subspa
e to re
y
le,GCRO-DR is algebrai
ally equivalent to GMRES-DR. The data suggests that theeigenspa
e asso
iated with the interior eigenvalues is hard to estimate a

urately,and GCRO-DR exhibits superior performan
e (ex
ept for the �rst system) be
auseit does not have to re
ompute that spa
e with ea
h new linear system. De
ating theeigenspa
e asso
iated with the 20 smallest eigenvalues is parti
ularly well-suited tothese problems be
ause the matri
es are SPD, and so the 
onvergen
e is determined bythe spe
tra. In Figure 4.3(a), we show typi
al 
onvergen
e 
urves for GCRO-DR andGCROT without pre
onditioning for the �rst linear system in a sequen
e, when nosubspa
e is available to re
y
le. At ea
h 
y
le, GCROT 
ontinually updates the sub-spa
e it retains between 
y
les, whereas the subspa
e retained by GCRODR between
y
les 
onverges to an invariant subspa
e. Commonly, we have observed GCROT tooutperform de
ation-based solvers in the absen
e of Krylov subspa
e re
y
ling. InFigure 4.3(b) we show typi
al 
onvergen
e 
urves for GCRO-DR and GCROT fora later system in the sequen
e, when both methods use Krylov subspa
e re
y
ling.The subspa
e re
y
led by GCRO-DR is nearly invariant, and GCRO-DR shows good
onvergen
e. The subspa
e retained by GCROT is the subspa
e that was sele
ted inthe last 
y
le of the previous linear system. This subspa
e may not be as importantfor the �rst 
y
le in the next linear system. This observation suggests that retainingthe subspa
e determined through optimal trun
ation in the �rst 
y
le of the previoussystem may prove more bene�
ial than retaining the one determined in the last 
y
leof the previous system. This remains to be explored.4.2. Ele
troni
 Stru
ture. We 
onsider a small model problem that arises inthe KKR method [17, 16℄. The problem involves the simulation of a 
ubi
 latti
eof 54 
opper atoms (treated as inequivalent) for a 
omplex energy point 
lose to thereal axis. This is the key physi
al regime for metals and leads to problems that
onverge poorly. We use 16 basis fun
tions per atom, whi
h leads to 864 unknowns.The matrix has about 300; 000 nonzeros. However, for in
reasingly larger systemsthe matrix be
omes more sparse; the number of nonzeros grows roughly linearly withthe size of the matrix. We solved this problem using GCRO-DR(50,25) with subspa
ere
y
ling for 32 
onse
utive right hand sides. In parti
ular, we solve for the �rst 32 unitCartesian basis ve
tors 
orresponding to the 2�16 basis fun
tions asso
iated with the�rst two atoms. We give the 
onvergen
e history for the �rst atom in Figure 4.4. Notethat the �rst two right hand sides together take about 500 iterations, the remainingright hand sides take approximately 140 iterations ea
h, a redu
tion of almost 50%.Ea
h right hand side for the se
ond atom (not shown) also takes approximately 140iterations. Although for problems of this size iterative methods are not 
ompetitivewith dire
t solvers, we have observed this 
onvergen
e behavior for larger problems, inparti
ular the immediate a

eleration in 
onvergen
e for subsequent right hand sides.4.3. QCD. As a model problem we use the matrix 
onf5.0 00l4x4.1000.mtxdownloaded from the Matrix-Market website at NIST [2℄. The model problems weresubmitted by Bj�orn Medeke (Dept. of Mathemati
s, University of Wuppertal) [19℄.For this problem we have �
 = 0:20611 and we used � = 0:202.We solve for 12 
onse
utive right hand sides (the �rst 12 Cartesian basis ve
tors)
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tureproblem. Ea
h distin
t 
urve gives the 
onvergen
e for a subsequent right hand side, plotted againstthe total number of matrix-ve
tor produ
ts. The �rst two right hand sides together take about 500iterations, while the remaining right hand sides take about 140 iterations ea
h, a redu
tion of almost50%.
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h distin
t 
urve gives the 
onvergen
e for a subsequent right hand side,plotted against the total number of matrix-ve
tor produ
ts.using the GCROT method with subspa
e re
y
ling. The results are presented inFigure 4.5.4.4. Conve
tion Di�usion. In this example, we 
onsider GMRES, GMRES(25),GMRES-DR(25,10), GCRO-DR(25,10), and GCROT(25,18,15,5,1,1). To explore thee�e
ts of subspa
e re
y
ling on this example problem, we rerun GCRO-DR andGCROT on the same linear system, and re
y
le the subspa
e from the �rst run.
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tor produ
ts vs. timestep for various solvers for the 
onve
tion-di�usion problem with 
=0.We do this to ex
lude the e�e
ts of right hand sides having slightly di�erent eigen-ve
tor de
ompositions. In a sense, this is the ideal 
ase for subspa
e re
y
ling. WhenGCRO-DR keeps the same subspa
e between 
y
les as GMRES-DR, these methodsare equivalent, so we do not plot the �rst run of GCRO-DR. The results for the
=40 (nonsymmetri
) 
ase are quite interesting, and 
ounterintuitive. The resultsare shown in Figure 4.6 for the 
=0 (symmetri
) 
ase and Figure 4.7 for the 
=40(nonsymmetri
) 
ase. In the legend for ea
h of these �gures, \re
y
le" denotes these
ond run of a solver that was run twi
e. All solvers were required to redu
e theresidual to 1:0e�10.For the 
=0 
ase, we see that the se
ond runs of GCRO-DR and GCROT both
onverged faster than GMRES. All other solvers are, of 
ourse, slightly worse thanGMRES, with GMRES(25) being far worse. GCRO-DR and GCROT re
y
led a smallsubspa
e from their �rst run that improved 
onvergen
e signi�
antly. For the 
=40
ase, GMRES and the se
ond run of GCROT terminate in about the same numberof iterations, but the se
ond run of GCROT had a signi�
antly smaller residual foralmost the entire run. Only near the end, with a mu
h larger sear
h spa
e, doesGMRES 
at
h up. The se
ond run of GCROT also does better than its �rst run,indi
ating that it re
y
led a subspa
e useful for 
onvergen
e. However, GCRO-DRperformed initially somewhat better on the se
ond run than the �rst, but the overall
onvergen
e was approximately the same for both runs. This means that the subspa
eit re
y
led failed to improve 
onvergen
e.Table 4.2 shows the 
osines of the prin
ipal angles between the subspa
e re
y
ledby GCRO-DR and the invariant subspa
e asso
iated with the 10 and 21 eigenvaluesof smallest magnitude, respe
tively, for the 
=0 and 
=40 
ases. For the 
omparison
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GMRES
GMRES(25)

GMRES-DR(25,10)

GCRO-DR(25,10) (Recycle)
GCROT(25,18,15,5,1,1)

GCROT(25,18,15,5,1,1) (Recycle)Fig. 4.7. Number of matrix-ve
tor produ
ts vs. timestep for various solvers for the 
onve
tion-di�usion problem with 
=40.Cosines of the prin
ipal angles betweenthe re
y
led subspa
e and the subspa
espanned by the 10 smallest eigenve
tors Cosines of the prin
ipal angles betweenthe re
y
led subspa
e and the subspa
espanned by the 21 smallest eigenve
tors
=0 
=40 
=0 
=401.00000000000000 1.00000000000000 1.00000000000000 1.000000000000001.00000000000000 0.99999999999997 1.00000000000000 1.000000000000001.00000000000000 0.99999999839942 1.00000000000000 1.000000000000001.00000000000000 0.99999970490203 1.00000000000000 0.999999999999370.99999999999703 0.99990149788562 1.00000000000000 0.999999995453940.00000000593309 0.98844658524616 1.00000000000000 0.999996810645650.00000000003840 0.89957454665058 0.99999999999988 0.999838960062150.00000000000003 0.54237185670110 0.99999999316379 0.993930079435470.00000000000000 0.06426938073642 0.99993817690380 0.945845199764710.00000000000000 0.02603228754605 0.99792215267787 0.20867650942988Table 4.2Cosines of prin
ipal angles between the re
y
led subspa
e and the invariant subspa
es spannedby the 10 and 21 eigenve
tors asso
iated with the eigenvalues of smallest magnitude, respe
tively,for the 
=0 and 
=40 
ases.with 10 eigenve
tors, we see that the re
y
led subspa
e for the 
=0 
ase only 
aptures5 eigenve
tors. We 
hoose to 
ompare with the spa
e spanned by 21 eigenve
torsbe
ause it 
aptures the entire re
y
led subspa
e for the 
=0 
ase. This means thatGCRO-DR does not sele
t the invariant subspa
e spanned by the eigenve
tors for the10 smallest eigenvalues, but rather sele
ts some subspa
e of the spa
e spanned by the21 smallest. The table also shows that the approximation of an invariant subspa
e for
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=40 
ase is nearly as good as for 
=0. However, this does not lead to similar
onvergen
e.5. Con
lusions and Future Work. We have presented an overview of Krylovsubspa
e re
y
ling for sequen
es of linear systems where both the matrix and righthand side 
hange. Di�erent 
hoi
es for subspa
e sele
tion and re
y
ling have beenshown, as well as methods implementing those 
hoi
es. We propose the solver GCRO-DR to implement Krylov subspa
e re
y
ling of approximate invariant subspa
es forHermitian and non-Hermitian systems. When solving a sequen
e of linear systems,methods employing Krylov subspa
e re
y
ling frequently outperformed GMRES whilekeeping only a small number of ve
tors. However, as the examples in se
tion 4.4 show,this is not always the 
ase. It is not yet well understood pre
isely how subspa
e se-le
tion a�e
ts 
onvergen
e, so further theory is needed. Optimized minimum-residualmethods for the Hermitian 
ase are being developed.
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ated Restarting (GCRO-DR).1: Choose m, the maximum size of the subspa
e, and k, the desired number ofapproximate eigenve
tors. Let tol be the 
onvergen
e toleran
e. Choose an initialguess x0. Compute r0 = b�Ax0, and set i = 1.2: if eYk is de�ned (from solving a previous linear system) then3: Let [Q;R℄ be the redu
ed QR-fa
torization of AeYk .4: Ck = Q5: Uk = eYkR�16: x1 = x0 + UkCHk r07: r1 = r0 � CkCHk r08: else9: v1 = r0=kr0k210: 
 = kr0k2e111: Performm steps of GMRES, solvingmink
�Hmyk2 for y and generating Vm+1and Hm.12: x1 = x0 + Vmy13: r1 = Vm+1(
�Hmy)14: Compute the k smallest eigenve
tors ezj of (Hm + h2m+1;mH�Hm emeHm)ezj = e�jezjand store in Pk.15: eYk = VmPk16: Let [Q;R℄ be the redu
ed QR-fa
torization of HmPk.17: Ck = Vm+1Q18: Uk = eYkR�119: end if20: while krik2 > tol do21: i = i+ 122: Perform m�k Arnoldi steps with the linear operator (I � CkCHk )A, lettingv1 = ri�1=kri�1k2 and generating Vm�k+1, Hm�k, and Bm�k.23: Let Dk be a diagonal s
aling matrix su
h that eUk = UkDk where the 
olumnsof eUk have unit norm.24: bVm = [eUk Vm�k℄25: 
Wm+1 = [Ck Vm�k+1℄26: Gm = � Dk Bm�k0 Hm�k �27: Solve mink
WHm+1ri�1 �Gmyk2 for y.28: xi = xi�1 + bVmy29: ri = ri�1 �
Wm+1Gmy30: Compute the k smallest eigenve
tors ezj of GHmGmezi = e�iGHm
WHm+1 bVmezi andstore in Pk.31: eYk = bVmPk32: Let [Q;R℄ be the redu
ed QR-fa
torization of GmPk.33: Ck = 
Wm+1Q34: Uk = eYkR�135: end while36: Let eYk = Uk (for the next system)
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