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1 Introduction

Different classes of stochastic optimal path problems are considered in the literature. The first work
known in this area is due to Frank [1] where the shortest optimal path over a probabilistic graph is
determined.

The most common criterion to determine the optimal path is the one that maximizes the expected
value of an utility function. This criterion stems from the formulation presented by Von-Newman-
Morgenstern where evaluations should be made under uncertainty [2].

Algorithms for the linear and quadratic utility functions have been presented by Mirchandini and
Soroush [3], Murthy and Sarkar [4, 5, 6] and more recently by Deolinda Dias Rasteiro, Anténio Batel
Anjo anf Helena Ramalhinho Lourengo [7].

The present paper proposes a mathematical model where the expected value of a nonlinear utility
function is maximized over an oriented network. The theoretical formulation presented is based on
multicriteria models and computational results stem from the application of metaheuristics, as Entropy
by driven Annealing (EdA) to obtain the solution.

2 Problem Definition

Given an oriented network (A, A) where to each arc (i,j) € A is associated a real random variable

Xij, called random cost of arc (¢, j) € A, we define the random cost of path p € P as X, = Z Xij
(i.5)€p

(P is the set of all paths in the given network).

We will consider the case where the real random variables X;;,¢ =1,...,n;5 = 1,...,n have gaussian
distributions with mean p,;; € IR and variance 02-2]- (0;; € RT). Therefore the random cost of each path
p is also a gaussian variable and we can state that

XPNN Z Hij, Z 0'2-2]- .

(i,5)€p (i,5)€p
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We will denote by p,, and 012) respectively the mean and the variance of X,.

Associated to each path p an utility function i/ : P — IR is also considered. For each path p, U(X,)
depends on the random variables X;; where (4, j) € p.

We will assume that the utility of a path p is zero after some time-value d, called deadline, imposed by
the decision maker.

The density function associated with p will be:

1 1 (2 —pp\°
gp(x) = N exp <§ <—U:Lp) ),Vaz € IR.
p

The expected value of the utility function is given by

BU(X,) = / U(2)gp(2) d

R
= _/d U(x)\/%gp exp (—% (”””;—p’@)g)da:.

The Stochastic Shortest Path Problem, (SSOP), can be defined as

glea% EU(X,)) (SSOP)

where E(U(X,,)) is given by the expression above.

3 Solving the Problem

Observe that (SSOP) does not verify the optimality principle as shown in the following example:

QoW
[l
N =

. [:LLijv Uij] .
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[0,0]

All paths from node 1
to node 4

[—1,1000]
o.f = 88.686

(4) [~1,1100]
o.f = 82.674 o.f = 89.249

f

[1,101] o.f = 85.306 optimal value

In this example we can observe that the path from 1 to 4 that maximizes the expected value of a
linear utility function (U(X,) = a —bX,) is (1, (1,3),3,(3,4),4) with optimal value 89.249. Although
it is not formed by optimal subpaths once the subpath (1, (1, 3), 3) has value 88.686 and exists another
(1,(1,2),2,(2,3),3) with value 98. Therefore labelling algorithms can not be straightforward applied
to solve the problem.

Once the objective function of (SSOP) depends on the parameters p, and og we will have, at most,
four biobjective problems to be solved in order to obtain its optimal solution. Those four problems
have their origin on the possible signs of the first order partial derivatives of E(U(X,,)), with respect to
pp and 0‘5. As an example, if

BU,) _, . OBU,)
Hp 7 012)

>0

then the expected value of the utility function will be non-increasing, respectively non-decreasing, on
the mean and on the variance. Thus we want to minimize the mean and maximize the variance over all
paths p € P and so it follows that the optimal solution for problem (SSOP) will be the non dominated
path of the resulting four biobjective problems.

In order to solve those problems we will apply the referred metaheuristics and present the obtained
computational results.
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