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TOWARD MONOTONICITY ANALYSIS BETWEEN TWO
VAGUE CONCEPTS BASED ON FUZZY ROUGH SETS

M. INUIGUCHI, S. GRECO, AND R. SLOWINSKI

ABSTRACT. A fuzzy rough set approach has been proposed without using
any fuzzy logical connectives. By this approach, gradual decision rules
are induced from a given decision table. Fuzzy-rough modus ponens and
fuzzy-rough modus tollens have been formulated based on the gradual
decision rules. The equivalence condition between fuzzy-rough modus
ponens and fuzzy-rough modus tollens is discussed. The condition is
related to the monotonicity between membership degrees of fuzzy sets.
Monotonicity indices are proposed to measure the degree of monotonicity
between fuzzy sets.

1. INTRODUCTION

Rough sets [13, 14] and fuzzy sets [19] have been proposed to treat different
kinds of uncertainties. The former deals with uncertainty of information result-
ing from ambiguity caused by granular description of objects, while the latter
treats the uncertainty of information as result of linguistic categories with vague
boundaries. Because of this difference, many attempts in the combination of
rough sets and fuzzy sets have been done [1, 3, 6, 7, 11, 12, 15, 16, 17, 18]. In
many of them, some fuzzy logical connectives (t-norm, t-conorm, fuzzy impli-
cation) are employed.

Recently, the authors [4] proposed fuzzy rough sets without using any fuzzy
logical connective. The fuzzy rough sets are associated with gradual deci-
sion rules. The gradual decision rules are characterized by modifier functions
induced from a given decision table. Using modifier functions associated with
the gradual decision rules, we formulated fuzzy-rough modus ponens and fuzzy-
rough modus tollens and demonstrated their similarities [8]. The equivalence of
fuzzy-rough modus ponens and fuzzy-rough modus tollens has been discussed
[9]. The necessary and sufficient condition for the equivalence of fuzzy-rough
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modus ponens and fuzzy-rough modus tollens in a sub-domain of modifier func-
tions has been shown. The condition is related to the monotonicity between
membership degrees of two fuzzy sets.

In this paper, we extend the discussion about the equivalence of fuzzy-rough
modus ponens and fuzzy-rough modus tollens to the monotonicity analysis
between two vague concepts expressed by fuzzy sets. We show that the com-
bination of equivalence conditions for two pairs of fuzzy-rough modus ponens
and fuzzy-rough modus tollens implies the monotonicity relation between two
membership degrees of two fuzzy sets. Based on this fact, we propose to use
modifier functions associated with modus ponens and modus tollens, for mea-
suring the degree of monotonicity between two vague concepts.

In the next section, we introduce fuzzy rough sets as well as fuzzy-rough
modus ponens and fuzzy-rough modus tollens. We show the equivalence con-
dition for fuzzy-rough modus ponens and fuzzy-rough modus tollens, and we
discuss its relation with the monotonicity between membership functions of two
fuzzy sets in Section 3. In Section 4, measures of monotonicity are defined.

2. Fuzzy-ROUGH MODUS PONENS AND FUzzY-ROUGH MoODUS TOLLENS

Suppose that we want to approximate knowledge contained in fuzzy set Y
using knowledge about fuzzy set X over a finite set U of all objects in a given
decision table. Let us also adopt the hypothesis that X is positively related to
Y. Then, we can define the lower approximation App+(X ,Y), and the upper

approximation App+ (X,Y) of Y by the following membership functions [4, 8]:

Appt (X, Y), 2] = i ,
u[App™ (X, Y), z] zeU:#XH(li?zm@{“Y(Z)}
uApp  (X,Y),2l=  max  {uy(2)},

ze€U:pnx(2)<px(x)
where px and py are membership functions of X and Y.

Similarly, if we adopt the hypothesis that X is negatively related to Y, then
we can define the lower approximation App~ (X,Y’), and the upper approxima-

tion App (X,Y) of Y by the following membership functions [4, 8]:

App~(X,Y), ] = i ,
plApp~ (X,Y), 7] zeU:“Xr?zl?guX@{“Y(z)}

plApp (X, Y)a] = max  {py(2))

The lower and upper approximations defined above can serve to induce lower
and upper gradual decision rules over all possible objects U D U in the following
way. Let us remark that inferring lower and upper gradual decision rules is
equivalent to finding modifier functions f;l < f;‘ P g¢| « and Iy |x associated
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with lower and upper approximations. These can be defined as follows: for

each a € [0,1],

max_ plApp*(X,Y),a],

f;/r‘x(a) = {zGU:,uX(m)Sa —
0,

max  pu[App (X,Y),z],

f;‘X(a) = {:EEUZ/,L)((JL’)>Q —
0,

min _ p[App (X,Y), ],

g%x(a) = {weU:ux(w)>a
1

)

min _ u[App (X,Y),a],

g{,‘X(a) = {weU:ux(wKa
1,

Note that u[App™(X,Y),z]

ifa>0and 3z €U, px(z) < a,
otherwise,
ifa<land 3z €U, px(z) > a,
otherwise,
ifao<land 3z €U, px(z) > a,
otherwise,
ifa>0and Jx €U, px(z) <a,

otherwise,

f;‘x(/uX(x)) and H[Aippi(va)vx] =

175

g{,|X(uX(x)) hold for x € U such that pux(z) > 0, while u[App~ (X,Y),z] =

f;‘x(ux(w)) and M[App+(X, Y),z] = g¢|X(uX(x)) hold for € U such that
px(z) < 1. We assume that data in a given decision table is only a sam-
ple. Therefore, it seems reasonable to define f;,r‘X(O) = f;lX(l) = 0 and

g}th(l) = g;lX(O) = 1 for possible existence of objects y, z € U such that
ix(y) = 0, px(z) = 1, py(y) < minfuy(@) | px(@) = 0, @ € U} and

py (2) > max{py (z) | ux(z) =1, x € U}.
Using f)fl o Iy X g;rl « and Gy |x» We may have the following decision rules:

o LP-rules: “if pux(z) > o then py (2) > fyf|
e LN-rules: “if px(x) < « then py(x) > fyix
7)< g3 (@),
2) < gy (@),

where the LP-rule can be regarded as a gradual decision rule [2]; it can be
interpreted as: “the more object x is X, the more it is Y”. In this case,
the relationship between credibility of premise and conclusion is positive and
certain. The LN-rule can be interpreted in turn as: “the less object = is X,
the more it is Y, so the relationship is negative and certain. On the other
hand, the UP-rule can be interpreted as: “the more object = is X, the more it
could be Y”, so the relationship is positive and possible. Finally, the UN-rule
can be interpreted as: “the less object x is X, the more it could be Y, so the
relationship is negative and possible.

V

o UP-rules: “if ux(z) < o then py

—_

e UN-rules: “if ux(x) > « then py
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Based on the decision rules, we formulated in [8] the following fuzzy-rough
modus ponens (MP):

(LP-MP) if ux(x

(LN-MP) if pux(z) < a, then py (z) > leX(a)
and px(z) <o
then i (1) > 5,5 (@)

(UP-MP) if px (2) = o, then py (z) < gy v (@)
and px(z) < o
then iy (2) < 71 (@)

(UN-MP) if px(z) < a, then py (z) < QY\X(O‘)
and px(z) > o’
then iy (2) < gy (@)

Moreover, the following fuzzy-rough modus tollens (MT) were obtained in [8]:
(LP-MT) if pux(x) > «, then py (z) > f;lx(a)
and py (z) < 3
then px (z) < (fx)c ' (B)

(LN-MT) if ux(z) < a, then py () > f;‘X(a)
and py (z) < 8
then NX(I) > (fy|X) ( )

(UP-MT) if ux(z) < o, then py (x) < g}t‘x(a)
and py (x) > 0
then ux(2) > (57702 ()

(UN-MT) if ux(z) > a, then py (z) < g;IX(a)
and py () > 3
then f1x(2) < (g5 ): "(9)

where € is an infinitely small positive number and the inverse functions are
defined as:

inf{a € [0,1]] £, (a) > 8},
() (8) = if {a € [0,1] | £ (@) > 8} # 0,

1+ €, otherwise,
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sup{a € [0’ 1] | f;|X<a) > 5}7
(fyix)e'(B) = if {o € [0,1] | fy x(a) > B} #0,

0 — €, otherwise,

supfa € [0,1] | g3 (@) < B},
(97,): " (8) = if { € [0,1]] g, (0) < 5} # 0,

0 — €, otherwise,

inf{a € [0,1] | g7 x (@) < B},
(97,x): " (8) = if {a € [0.1] | g7y (@) < B} # 0,

1+ ¢, otherwise.

Considering the fact that we induce gradual decision rules from a given
decision table, we may find some similarities between the above fuzzy-rough
MT and fuzzy-rough MP based on f;ly, fg‘y, g;ly and Ix|v In fact, the
fuzzy-rough MP based on f;IY’ f)zlY’ g}ly and x|y are similar to inference
patterns (LP-MT), (LN-MT), (UP-MT) and (UN-MT) in which X and Y are
exchanged.

In what follows, we concentrate the discussion on fuzzy-rough MP and fuzzy-

rough MT when two fuzzy sets X and Y are positively related. In the case of
negative relation, a similar discussion can be drawn by the following relations:

f);|y(a) :f;(_|yc(1_a)a g)_qy(a) = 1_f;(_c\y(a),

Fyp) X @) = (g0 A= a), (970 @) = 1= (g5 ) ().
3. THE EQUIVALENCE CONDITIONS AND THE MONOTONICITY

The necessary and sufficient condition for equivalence of (UP-MP) and (LP-
MT) in a sub-domain of modifier functions has been discussed in [9]. To com-
pare (UP-MP) and (LP-MT), we exchange X and Y in (UP-MP) so that both
inference patterns conclude the upper bound of px(z). Since (UP-MP) and
(LP-MT) are characterized by g}ly and ( f{fl )b, respectively, the condition
is reduced to the necessary and sufficient condition for infinitely small difference
between g;'m, and ( f;',’l +)c ' The condition is shown in what follows based on
the result from [9].

In order to describe the necessary and sufficient condition, we define the
following items:

m*(Y]X) = min{uy (2) | px(2) = max{ux(y) |y € U}, z € U},
VX]Y)={z e Uy €U, px(y) > px(x) and py (y)=py (x)<m”(Y]X)},

Mo(X|Y) = max{pux(x) | py(x) =0, x € U}, ifdx e U, py(x) <0,
0 —E€, otherwise,
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“X V(X|Y) : strictly increasing
M+(X| Y) A 1
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FIGURE 1. An area satisfying conditions in Proposition 1

m{y(X|Y) = min{ux (y) | py (y) >0, y € V},
M (X]Y) = max{ux(y) | py(y) >0, y € U}.

Based on the result from [9], the equivalence condition is obtained as follows.

Proposition 1. Assume that there exists y € U such that py (y) > 0. Then,
the necessary and sufficient condition for

) () (0) = gy () < e Vo€ (0,1]
1s that the following conditions are all satisfied:

(a) For any z, y € V(X|Y) such that py(x) and py (y) € [0,m*(Y|X)],
py (x) > py (y) implies px(z) > px(y),

(b) for all z € U — V(X|Y) such that py(x) > 0 and px(z) €
[m{(X|Y), M+ (X|Y)], there exists y € V such that py (y) € (0, py (z))]
and px(y) = px (),

(0) Mo(X|Y) > maxc{ux (x) | px () < mf(X|Y), @ € U},

(d) if there exists y € U such that py (y) =1, then MT(X|Y) =1,

(e) ‘there exists y € U such that px(y) = 17 or ‘for all x € U such that
px(x) = MT(X|Y), there is noy € U such that py (y) > py(z)’.

An area satisfying conditions in Proposition 1 is depicted in Figure 1.
Similarly, the necessary and sufficient condition that (LP-MP) and (UP-
MT) are equivalent is obtained as the necessary and sufficient condition that
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the difference between f;IY and (gi—tl )t is infinitely small. Therefore, we
define further items:

m.(Y|X) = max{py (2) | px(z) = min{ux(y) |y € U}, z € U},
AXY)={z €U |2y e U, px(y) <px(x) and py (y)=py (2)>m.(Y|X)},

My(X]Y) = min{px(x) | py(z) =1, x €U}, if Iz €U, py(x) > 1,
! o 1+e, otherwise,

my (X]Y) = max{ux(y) | py(y) <1, y € A},
M~ (X]Y) = min{ux(y) | py(y) <1, y € U},

Then, we obtain the necessary and sufficient condition for equivalence of (LP-
MP) and (UP-MT) as follows:

Proposition 2. Assume that there exists y € U such that puy (y) < 1. Then,
the necessary and sufficient condition for

(2) ffiy (@) = (gF )7 (@) < € Ya e [0,1)
1s that the following conditions are all satisfied:

(f) For any z, y € A(X|Y) such that py (z) and py (y) € [m.(Y|X),1],
py (z) < py (y) implies px(z) < px(y),

(g) for all x € U — AX|Y) such that py(x) < 1 and px(z) €
(M~ (X|Y),m, (X|Y)], there exists y € A such that py (y) € [py (x),1)
and pix (y) = ux (2),

(h) My(X[Y) < minpx (2) | px(2) > my (X|YV), @ €U},

(i) if there exists y € U such that py (y) = 0, then M~ (X|Y) =0,

(j) ‘there exists y € U such that ux(y) = 0’ or ‘for all x € U such that
px(z) = M~ (X|Y), there is no y € U such that py (y) < py ().

Replacing X and Y in Propositions 1 and 2, we obtain equivalence conditions

for g}tIX and (f;‘y)€ I and for f;lX and (g;r(ly)zl. However, we have the
following proposition.

Proposition 3. (f;,rlx);l(a) = gjﬂy(a) in the range (0,1) if and only if
f;,r‘x(a) = (g}ly)gl(a) in the range (0,1). Similarly, (g}t‘x)gl(a) = f;(rly(a)
in the range (0,1) if and only if (f;‘y)gl(a) = g;p{(a) in the range (0,1).
This proposition follows from definitions of inverse functions ( f;‘y)gl and
(g;rqy);l'
Equations (1) and (2) simultaneously hold if and only if conditions (a)~(j)
are satisfied. An area satisfying conditions (a)~(j) is depicted in Figure 2.
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FIGURE 2. An area satisfying all conditions in Propositions 1 and 2

As shown in Figure 2, even if we combine conditions of Propositions 1 and
2, we cannot obtain the total monotonicity. However, the combined condition
requests the monotonicity of lower and upper surfaces of the sample data. This
implies that the conditions for the equivalence of fuzzy-rough MP and fuzzy-
rough MT allow fluctuations in membership degree assessment to some extent.
Moreover, when V N A # ), the combined condition approaches to the total
monotonicity as shown in the following proposition.

Proposition 4. When VNA#Q, (a)~(j) imply

(k) For any z, y € U such that (py (2), px (2)), (uy (y), nx(y)) € (0,1) x
(0,1), py () > py (y) is equivalent to px(x) > px (y)-

A similar condition of equivalence is stated in the following proposition.

Proposition 5. When there are no x, y, z, w € U such that py(x) = 0,
py (y) =0, px(z) =0 and px(w) =0, (a)~(j) imply

(1) For any x, y € U such that py (z), py(y) € [0,1], py(z) > py(y) is
equivalent to px(x) > px(y).

The last proposition shows the closeness of conditions for (1) and (2) to the
total monotonicity between membership functions of two fuzzy sets.
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4. MEASURING THE LOWER AND UPPER SURFACE MONOTONICITIES

To evaluate the monotonicity, it will be convenient to measure the degree
of monotonicity. Utilizing the modifier functions associated with fuzzy-rough
MP and fuzzy-rough MT, we can define measures of lower and upper surface
monotonicities. To this end, we define

Ny ={uy(2) | z € U}.

Now upper surface monotonicity ratio U R and lower surface monotonicity ratio
LR can be defined as

{a € Ny | (f072 (@) # gy (@), a# 0}

vt N~ (0]] |
o€ Ny | (6507 (@) # Fiy (), a # 1)
M N~ (1] |

The larger these ratios, the higher the monotonicity degree is. They do not
represent, however, the differences |(f;r‘X)E_1(a) —g;ly(aﬂ and |(g}+,|X);1(a) -
f;(_IY(a)" To this end, we may define upper surface monotonicity grade UG

and lower surface monotonicity grade LG by

I 07 @) — gy (@)
i s BP W) |
) ! (g )74 @) — £y (@)
SR, @

where the width W («a) at level « is defined by

W (@) = min { (f0)7 (@), g3y (@) | = max { (657 ) (@), S5y (@) } -

The larger those grades, the higher the monotonicity degree.

5. CONCLUSIONS

In this paper, we investigated the equivalence condition of fuzzy-rough
modus ponens and fuzzy rough modus tollens associated with a fuzzy rough set
model. We showed that the conditions are related to a specific monotonicity
between membership degrees of fuzzy sets. We proposed a few indices to mea-
sure this monotonicity. Future developments are related to a thorough analysis
of this monotonicity and to the extension of the conditions for equivalence
of fuzzy-rough modus ponens and fuzzy rough modus tollens with multiple
premise fuzzy sets [5].
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