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Abstract. Some Wiener—Hopf determinants on [0, s] are calculated explic-
itly for all s > 0. Their symbols are zero on an interval and they are related to
the determinant with the sine-kernel appearing in the random matrix theory.

The determinants are calculated by taking limits of Toeplitz determi-
nants, which in turn are found from the related systems of polynomials or-
thogonal on an arc of the unit circle. As is known, the latter polynomials are
connected to those orthogonal on an interval of the real axis. This connection
is somewhat extended here. The determinants we compute originate from
the Bernstein-Szegé (in particular Chebyshev) orthogonal polynomials.



1 Introduction

Let o(x) be an integrable function on the real line and
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Cor

K(z) = 6(x) /'W%@@
The Wiener-Hopf operator on Ls(0,2s) corresponding to the symbol o(§) is
defined by its kernel K (z) as follows:

(W(0)g)(w) = [ (6~ y) = K(z ~ y))ly)dy. 0
If I — W (o) is of trace class there exists the determinant (see, e.g., [1]):
det W = [6(z —y) — K(z — y)[g". (2)

As is well known, Wiener-Hopf determinants det W are continuous ana-
logues of the determinants of Toeplitz matrices. Let f(#) be an integrable
function on the unit circle. Define the (n+1) x (n+ 1) Toeplitz matrix 7,,(f)
by its elements as
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We denote the associated Toeplitz determinant by

D, (f) = det T,,(f).

There are many examples of Toeplitz determinants for which an explicit
expression for all n can be given. One reason for this is a simple relation
between Toeplitz matrices and orthogonal polynomials (see below). The
situation in the Wiener-Hopf case is more complicated. In the present paper
we calculate some Wiener-Hopf determinants whose symbols are zero on an
interval. Note that the known variants of the strong Szegd limit theorem,
which gives large s asymptotics of Wiener-Hopf determinants (see [1, 2, 3]),
are not valid in this case. The asymptotics of our Wiener-Hopf determinants
have the factor e—**/2 in them, and in that, resemble the asymptotics of
Toeplitz determinants with symbols f(f) on circular arcs found by Widom
[4]. This reflects the fact that, in both cases, the symbols are zero on intervals
(on (—a,a), 0 < a <, for f(A) [4], and on (—1,1) for ¢(§) in our examples).
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Similar asymptotics were known for the kernel Ky(x) = sinz/mz. The
corresponding Wiener-Hopf determinant det Wy = |§(x — y) — Ko(x — y)|2°
gives the probability in the Gaussian Unitary Ensemble for an interval of
length 2s (in the bulk scaling limit) to be free from eigenvalues (see [5]). The
large s asymptotics for it is as follows [6, 7, 8, 9]:

det Wy = 6_52/23_1/421/12634/(_1)(1 +0(1/s)), 5 — 00,

where (’(x) is the derivative of Riemann’s zeta function. Note that appear-
ance of the constant 2'/12e3¢(=1) has not yet been rigorously justified.

To get our results, we use the following observations:

1) Some Wiener-Hopf determinants can be obtained as the n — oo limit
of Toeplitz ones D, (f) if f(0) is allowed to depend on n [7, 2]. For example,
if f(0) = fo(f) = 1 on the arc @ < 6 < 27 — o, @ = 2s/n, and otherwise
fo(#) = 0, we have lim,, o, D,,(fo) = det W.

2) D,(f) can be easily obtained given the polynomials ®,,(e?) orthogonal
on the unit circle with the weight function f(#) (see [10] and Lemma 3.1).

3) Suppose () is symmetric (f(0) = f(2m —6)). Then, by the formulas
of Szegd, f(0) and the polynomials @, (e??) are related to a weight function
w(z) on the interval [—1, 1] and the orthogonal polynomials associated with
it. A variant of this connection simplified and adopted for weights f(#) on
an arc and symmetric w(z) (w(z) = w(—=z)) is Lemma 2.1 below (cf. [15]).
The Wiener-Hopf determinant for the kernel sinz/7x corresponds to

w(z) = (1 — 22?2, v = cos 2.
n

Unfortunately, the associated orthogonal polynomials on the interval [—1, 1]
are not explicitly known.

On the other hand, many systems of orthogonal polynomials on an inter-
val have been extensively investigated. Thus, taking various w(z) for which
the associated polynomials are known, we can hope to obtain the correspond-
ing Wiener-Hopf determinants. However, for most known weight functions
w(z) the limit lim,, . D,(f) does not have proper convergence. So it is
only in very special cases that we get Wiener-Hopf determinants. Those we
calculate correspond to

VA

w(x) = 1 _ 727«2

r > 0. (4)

)
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In this case the polynomials can be explicitly written in terms of Bernstein-
Szegd polynomials. The corresponding function f(6) is asymptotically (n —
o0) 1 on the unit circle except for a small (of order 1/n) neighbourhood of
0 =0 (cf fo(f)). Our main result is

Theorem 1.1 (Bernstein-Szegé Fredholm determinant.) Let the kernel

sinz 1 o sinh ¢ cosh t
Kps(r, 2) = ——/ ht) | " — 1 sinh tdt, > 0.
Bs(r, 2) P cos(z cosh t) (sinh2 PR ) sin r>
(5)

0(z —y) — Kps(z —y)[2° = e=**/2725(cosh s + rsinh s). (6)

For r # 0 the kernel can be rewritten as

Then

1 oo r?cosh®t + (r? — 1)sinh®¢
Kps(r,z) = 72 Jo sin(z cosh ) (sinh2t+ r2)?

dt, r >0,

(7)

and, furthermore, forr =1, as

< Ji(t
KBS(LZ) = /z 12(15)dt7

(8)

where J1(t) is the 1st order Bessel function.
Remark. As is easy to verify, the symbol

o0 ; 0’ |§| < 17
o(r,§) =1 —/ Kps(r,2)e**dz = { /o1
. e €| > 1.

Should we wish to generalize this theorem, we could consider the weights
obtained by multiplying (4) with factors of the form (1 — 22 + ax?/n?)/(1 —
2?2 + bx?/n?). The corresponding polynomials can be reconstructed from the
Bernstein-Szegdé polynomials using the Christoffel formula ([10], Theorem
2.5).

We also consider the polynomials orthogonal on the arc a < 6 < 27 —
a of the umit circle with the weights f1() = sin6/2, fo(f) = sin~'6/2
(Lemma 2.2). They are related to the Legendre polynomials. Note that
the polynomials associated with the weight sin#/2 were discussed in [11]
where their reflection coefficients were found. For a review of polynomials
orthogonal on an arc of the unit circle, see [12, 11, 13, 14] and references
therein. The determinants D, (f;) and D, (fy) are given by Lemma 4.1.
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2 Polynomials on an arc

Let w(x) be a symmetric (w(z) = w(—x)) weight function on the interval
[—1,]]and 0 < vy < 1. Let Py(z) =2"+ ..., Qu(z) =2"+...,n=0,1,...
be the systems of monic orthogonal polynomials associated with the weights
w(z) and w(z)(1 — y2x?), respectively. We have

[ P Ptz = by o
/_11 Qn(2)Qu(2)w(z)(1 — Y22 dx = R0 m,n=0,1,....

Since we assumed w(z) to be symmetric the polynomials P,(z) and Q,(x)
contain only even (odd) powers of z if n is even (odd).
Furthermore, let f(€) be a weight function on the unit circle and ®,,(2) =

2"+ ..., 2 =e" the corresponding monic orthogonal polynomials:
1 2m 6 8 §mn .
%/O Pu() PO = 5 =01, (10)

Lemma 2.1 (Connection between polynomials on an arc and on an interval.)
Let f(0) = w(y ' cos0/2)sinb/2, if « < 0 < 27 —a, and f(0) = 0 otherwise.
Here v = cosa/2, 0 < a < 7. Set v = vy Lcosf/2 = (27) 7 (212 4 271/?),
z = €. Then the corresponding polynomials ®,(z) are related to P,(x),
Qn(z) by the following expressions:

n+12n/2 1 -1
O,(2) = @) <zl/2Pn+1(a:) _ %mw) :

z—1
(11)
*Poa(v7)
= (2 L =0,1,....
tn
() = (205" (Qule) — 20,1 (0))
n—1
tn
X;2 = (27)2”—%_1; n=12...; (12)
7rtn—l
1 2T—«
te = —/ A0 () f(0)do;  k=0,1,....
27T «@
Xo~ = to. (13)
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Remark. The expressions (11) were obtained in [15].

Proof. Note first that, since f(0#) = f(2m — ), the coefficients of ®,(z)
are real. This follows from the definition of the polynomials ®,(z) as a
determinant (e.g., [10], p.286). As in the proof of Theorem 11.5 in [10] we
establish the formulas for n = 0,1, .. .:

220, (2) + 220, (27Y)  Du(2) + B (2)
Bl =iy - @ —aer
h, = 2n (15)

(27" (1 = an-1)X3

where a, = —®,,,1(0) and ®}(z) = 2"®,(2!). Note that orthogonality of
P,(x) and P,,(z) with m, n of different parity is obvious from the symmetry
property of the weight. As is well known (e.g., [16], p.132), the polynomials
®,,(2) satisfy the following recurrence relations:

i (2) = 2B0(2) — @ @3(2),  Bhy(2) = BL(2) — a2 (2).

These relations substituted into (14) where n is replaced by n+ 1 allow us to
express P,1(x) as a combination of ®,(z) and ®}(z). On the other hand,
(14) also gives P,(z) in terms of ®,(z) and & (z). Eliminating ®(2) from
these expressions gives:

1= an_an(x)> .

(z = 1)@, (2) = (29)"H12"/2 <zl/2Pn+1(a:) -,

Setting here z = 1, we obtain

Pn—i—l(ry_l)

1—ap_1 =2y————7"+=. 1

An—1 g Pn(W_l) ( 6)
The last two equations and (15) yield (11).
The analogue of (14), (15) for Q,—1(x), n =1,2,... reads:
On(2) = 93(2)

_ = . 1
Qur0) = Gy )2 (21 = 27173y ()
o = . (18)

(27)2"(1 + ap—1)x2



An argument as before with the recurrence relations gives:
14+ a,_
() = (205 (Qule) - L, 0).
Y

Multiplying this equation with f(6) and integrating over 0 < 6 < 27, we get
by orthogonality of ®,,(z) and ®g(z) = 1:

1 2m—«
I fap =22y, [ e reye. (19)

tho1 271 Ja

Using this, we immediately obtain (12). The equation (13) is obvious from
(10).0

As an example, we shall now present two functions f(#) for which the
corresponding orthogonal polynomials on an arc are explicitely given (in
terms of Legendre polynomials).
Lemma 2.2 1) Let f(0) =sin6/2 ifa < 0 < 2r—a, and f(0) = 0 otherwise.
Then ®,,(z) are given by (11) where

22n+1

(2n+1) ()"

Ln(x):%zn:C;) <”Zk> (%”)kzxu (20)

n ) k=0

P,(z) = L,(z); h,, =

Here

are the monic Legendre polynomials.
2) Let f(0) =1/sinf/2 ifa <0 <2r—a, a > 0, and f(0) = 0 otherwise.
Then ®,,(z) are given by (12), (13), where

22n+1

Qn(z) = Ln(2); hy=————.

(2n+1)(%r)

Proof. Applying Lemma 2.1, we obtain in the case 1 w(z) = 1 and in the
case 2 w(z)(1 — v22?) = 1. Now it only remains to note that the Legendre
polynomials defined by (20) satisfy the orthogonality relation:

1 22n+1
/ L, (z)Ly,(z)dt = ———0mn, n,m=0,1,...
~1 (2n +1)(%)



3 Wiener—Hopf determinants

Consider again monic orthogonal polynomials satisfying relation (10). A
simple but very important fact about the Toeplitz determinant D, (f) is
that (see, e.g., [10], p.286)

D) =11x* (21)

Using this we immediately obtain from Lemma 2.1 the following statement:
Lemma 3.1 Let the quantities f(0), v, Pe(z), Qr(x), hg, hy., tx be the same
as in Lemma 2.1. Then

. ,yn2+3n+2 n
Dn(f) = it )an—i-l(l/'}/) H h;; (22)
7=0
i tn n—1
D,(f) = @) T 0. (23)

0

<
I

Now we are ready to prove Theorem 1.1. We begin with a particular case
of r=0:
Theorem 3.2 (Chebyshev Fredholm determinant.) Let the kernel

sing 1 [
Ko(z) =22~ [ ht)etdt. 24
c(2) — = cos(z cosht)e (24)
Then

6z — y) — Koz —y)[s” = e/ cosh s (25)

Proof. Consider the weight function

1

w(r) = —— x e [-1,1]. (26)

V1— 22’

The corresponding monic orthogonal polynomials Py (x) are the Chebyshev
polynomials of the first kind:

Py(z) =1, ho=m, (27)
1 s
Pi(x) = i1 cos(k arccos ), hy = o k=1,2,... (28)



Lemma 2.1 gives us now the polynomials ®;(z) orthogonal on the arc a <
0 < 21 — « with the weight function

0 0 sin ¢

f(o :w(v_lcos—> sin — = 2 . 29
) ) A R ey 2

Consider D,(f) for a = 2s/n, s > 0 and large n. In this case v =
cosa/2 =1—5*/(2n*) + O(n™*) and (29) takes the form

2 —-1/2
£(6) = (1 - %cotarﬁ 2{1 + O(n—2)}> . (30)

As arccos y71 = is/n+0(n~3), we also have P, (y™!) = (cosh s+0(n~2))/2" 1.
The formula (22) gives

D,(f) = gn(n+1) <(1 — 32/(2n2);g(n—4))n2+3n+2> (coshs _;_no(n—2)> y

[ " /2 cosh s(1+o0(1)).
(31)
Thus D, (f) tends to a finite limit as n — oo. This indicates existence
of the Fredholm determinant lim,, .., D, (f). Let us therefore consider the
behaviour of the matrix elements of T,,(f) as n — oo, that is of

JA— / T ik f(g)dp — 1 / " cos kOf(0)d6, (32)

21 Ja T Ja

where f(0) is given by (30). We now split the last integral into a sum of two:
one Iy, over a small neighbourhood («, @ + €) of «, the other Iy, over the
interval (o + €, 7). In the first integral we change the variables 6 = 2zs/n:

25 [lten/(2s) cos(2sxk/n)
]kl = — T =
mn )1 V1= 2721+ O(a?/n?))
9s [l4en/(2s) 1

2sxk ——
— cos(2sxk/n) (m
2 1+en/(2s)

il cos(2szk/n)dx 4+ O(€%).

— 1) dz+

™ J1



Here we added and subtracted cos under the sign of the integral. It ensures
that we can replace the upper integration limit in the first integral of the
last sum by infinity introducing by doing so the error of order 1/(n%). After
that we change the variable x = cosh ¢ in the first integral and integrate the

second one to get:
2s [ k 1 k 1 k 1
Iy = il cos(2s— cosh t)e "dt+— sin(2s—+ek)—— sin(2s—)+O <—, e3> :
mn Jo n wk n wk n n2e
where for k = 0 expressions sin ak/k should be replaced by a. As for Iy, we
have

Loy L\ [1—2(a+e)+0({net?), k=0,
fea = ; /a+e cos(k6)df+0 <W> N { —Lsin(2s% + ek) + O({ne}2), k#0.

Taking, e.g., € = 1/n?°, we finally obtain

Iy = Ini+ 12 = { L+o(n™), k=0,
— L sin(2s%) + 28 [ cos(2sE cosht)e™'dt + o(nt), k #0,

(33)

uniformly in k. Thus, as a simple analysis shows, lim,, ... D,(f) = |d(z —

y) — Ko(x — y)|2°, where Ko(2) is given by (24). In view of equation (31),
we completed the proof. O

Proof of Theorem 1.1. Take the weight function

V1— a2

m, S [—1, 1], r > 0. (34)

w(z) =

The corresponding orthogonal polynomials are a particular case of the Bernstein-
Szegé polynomials ([10], Theorem 2.6). They are given by the expressions:

sin(k + 1)y
sin ¢

[ Gt B 3((1—2m2)

s ™

+ 2ax cos(k + 1)¢> ,
T = cos, k=1,2,...,

(35)
where a = (1 — /1 —4%?)/2. The polynomials Py(z) are orthonormal, that
is f_ll b, (x)ﬁm(x) = Om. Therefore the monic polynomials and constants hj,

are given by the formulas:

B
Py =0 k=0

Rk
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where kK, are the coefﬁcients of the highest degree of f’k(x) Collecting the
coefficients of z* in (35), we obtain:

1_
\/ ) = [2’“1—@ k=1,2,....

The weight function of the corresponding polynomials ®,(z) on the arc a <
0 <27 —«

9 ] 1 —~v2cos?? 9
_ -1 . _ 2 .
f(0) =w <7 cos 5) sing, = o T og2 D sin 5. (36)
Note that the functions for r = 0 and r» = 1 are inverses of each other. Just
as in the previous proof, we consider D, (f) for & = 2s/n, s > 0 and large n.
Since a = 1/2 — rs/(2n) + O(n™3) we obtain

_ rs _ T 2rs _
ho:KOQZW(l—g+O(n2)>; hk—/‘ik —m(l—Y“‘O(n 2)),
k=1,2,..., Poi1(1/7) = 27"(cosh s 4+ rsinh s + o(1)).

(37)
Substituting this into (22) gives
Dy (f) = e=*/>25(cosh s + rsinh s + o(1)). (38)
For the elements of the Toeplitz matrix T,,(f) we now have:
2 1/2
1 1 — %cotan® {1+ O(n~?
]k:—/ cosk9( Tih s(1+0(n™))) a9 (39)
7 Ja 14+ =D cotan? 2{1 + O(n~2)}

This integral can be estimated in the same way as the one in the previous
proof. We then obtain the result of the theorem with

i 1 feo inh ¢ cosht
Kps(r,z) = SZIZZ_;/O cos(z cosh t) <% - 1) sinh tdt, r > 0.
(40)

If » # 0, we can use the following formula in the analysis of (39):
o0 V1—a2
/ Ccos cx —1)dx =
1 1+ (r2—=1)x—2
' 0 2 _ 2 _ 2.2
sinc 1 / sin(cz) (*=1)(r*—=1) +r°z
1

¢ ¢ 2 1(2% 412 — 1)
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(integration by parts). In this case we get expression (7) for the kernel. For
r =1 it takes the form

1 00
Kps(l,2) = — / sin(z cosh t) cosh ™ tdt. (41)
0

Tz

Recalling the integral representation of Bessel functions, we see that

d2 Jo(Z)
@ (ZKBs(l,Z)) = — 9 y

z> 0.

Multiply this relation by z and integrate from zero to z. We integrate the
L.h.s. by parts, and for the r.h.s. use the result [; Jo(z)zdz = zJ1(z). This
leads to the following equation:

d - Jl(Z)
@KBS(L 2) = 2z

, z > 0.

Its solution satisfying the condition Kpg(0o) = 0 (see (41)) gives:

> Ji(t)
2t

Kgs(1,2) :/Z

Since by (41) Kps(1,2) = Kps(1, —z) this completes the proof. O
Second proof for r = 1. In this case, let us write the weight function (34) in
the form

w(x)(1 —~*2?) = V1 — 22,

We see that the polynomials Qi (z) are the Chebyshev polynomials of the
second kind. We have

sin(k + 1)y T
Qk(l’) = W, r = COSlp, h;C = W,

dt, z > 0.

k=0,1,... (42)

In the variable ¢, the quantity ¢, defined by (12) has the form

e cos(n arccos (7 cos))
"o Jo 1 —~2cos?

sin(n + 1)1 sin ¢da. (43)

The asymptotics of this integral as a = 2s/n (v = cos(a/2)) and n — o
are analyzed similarly to those of (32) in the proof of Theorem 3.2. The

12



main contribution to the integral comes from the small neighbourhoods of
the points zero and w. The result is

R (2 % cos Va2 + 52

) 1
y e a:smxdx+§> (1+o0(1)).

Representing the product of cosine and sine functions as a sum of two sines
and changing the variables y = x & v/x2 + s2, we finally obtain

1 oo dyy? — s?

tp=2"" <;/0 R siny + %) (I+o0(1))=2""e*(1+o(1)).

Substituting this and A}, (42) into (23), we obtain (38) for » = 1. The rest
of the argument is the same as in the first proof. O

4 Toeplitz determinants for sin®!(6/2) on an
arc

Lemma 4.1 Let f1(0) = sin6/2, f2(0) =sin"'0/2 if a < 0 <27 — «, and
f1(0) = f2(0) = 0 otherwise. Then for a = 2s/n, large n, we have

Dyi(fi) = 270! (V2! /263 CDe 12 Jy is) + o(1))
Dyoa(fo) =2t (Va2 /RN PR (s) v o)) gy

Fls)= L [T OSVIESE G e,

7 Jo T+ 52

where ('(x) is the derivative of Riemann’s zeta function, and Jo(x) is the Oth
order Bessel function.
Proof. Combining Lemmas 2.2. and 3.1 (22), we obtain:
2n2—n,yn2+n n—1 22j
Dua(f) = T L), A= T — . (4
™ =0 (j+1/2) (%)

Here (n) = cos(s/n). For the Legendre polynomial we use the well-known
Hilb asymptotics which is uniform in s/n:

é:) (Jo(is) +o(1)) = \/Q—Z_n(Jo(is) +o(1)).

n

Ln(1/7) =

13



The asymptotics of A, are easy to compute (see [4]):
A, = 21263 0= 99277 (1 4 o(1)).

Substituting these results into (45) gives the first asymptotics in the lemma.
The determinant D,,(f2) is obtained by using the second part of Lemma
2.2. and (23) of Lemma 3.1.:

Du(fa) = @y lma, (46)

7TTL

and to get its asymptotics, it only remains to calculate t¢,,, n — o0o. Exactly
as (43) we have

L /7r cos(n arccos (7 cos))
"o

———; L, (cos(v))) sinpdip.

Now we use Hilb’s asymptotics for L, (cos(1)) and estimate the integral in
the same way as (43). We get

L (L [ i o).

2 \ 7 Jo T+ 52

t, =

which, in view of (46), completes the proof.0
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