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Proton conductance in a 2-D channel with a slab-like structure was studied to verify that the
lattice Boltzmann method (LBM) can be used as a simulation tool for proton conduction in a
Nafion membrane, which is a mesoscopic system with a highly disordered porous structure.
Diffusion resulting from a concentration gradient and migration by an electrostatic force were
considered as the origins of proton transport. The electrostatic force acting on a proton was
computed by solving the Poisson equation. The proton concentration in the membrane is
expressed as a continuous function and the sulfonic charge is placed discretely. The
space-averaged conductance of protons in a nonequilibrium stationary state was evaluated as a
function of the structural parameters: namely, channel width and distribution of the sulfonic
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groups. The resulting space-averaged conductance deviates from the bulk values, depending
particularly on the sulfonic group distribution. Details of the simulation scheme are described and
the applicability of the present scheme to real membranes is discussed.

1. Introduction

Proton conductivity of a polymer electrolyte membrane (PEM)
is one of the key factors that influence the efficiency of polymer
electrolyte membrane fuel cells (PEFCs)."> Nafion, produced by
DuPont, has mainly been used as a polymer electrolyte in
PEFC.' Nafion consists of fluorinated polyethylene (polymer
backbone) and perfluorinated vinyl ether side chains with a
sulfonic acid group (SO3;H) at the end of each chain. Hydrated
Nafion membranes have two phases on a nanometer scale, a
hydrophobic phase containing the backbone of the Nafion and a
hydrophilic phase containing sulfonic acid groups and water
molecules. The latter provides the means for proton conduction.
High proton conductivity can only be achieved at high water
contents. In this paper, we discuss a mesoscopic simulation of
proton transport in a 2-D model system and its implementation.
Our goal is to simulate the proton transport in PEMs with
various nanostructures.

Various kinds of theoretical studies have recently been
reported that simulate the proton transport in PEMs. '
Paddison and coworkers® 1> have calculated the friction coeffi-
cient of a hydronium ion moving with a constant velocity at the
center of a cylindrical channel, in which SO;™ groups represented
by a point charge were distributed on the channel wall, by
employing nonequilibrium statistical mechanics. They gave the
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proton conductance in a cylindrical channel as a correction to the
zeroth-order friction coefficient obtained in bulk water. It was
decomposed into three contributions arising from solvent-SO; ™,
solvent—proton, and proton-SO;~ interactions. The computed
diffusion coefficients agreed well with the measured values in
experiments. The effects of dielectric saturation and ionic
screening on the proton diffusion coefficients were also studied
by the same group.'? There is a cancellation of the effects due to
the dielectric saturation and ionic screening. Eikerling et af.'>'*
estimated the proton conductivity of the Nafion membrane based
on the Poisson—Boltzmann (PB) approximation and the Marcus
theory. Using the slab-channel model, they computed both the
proton density distribution and the electrostatic potential in the
channel by solving the PB equation.'® Their results indicate that
the local proton mobility in the first water monolayer near the
channel wall is considerably lower than that in the bulk region.
Based on those results, Eikerling er al.'"* computed the proton
conductivity of a cylindrical channel with a fixed number of
SO;™ groups with various channel radii using a two-state model
for the proton transport mechanism, and eventually estimated
the specific membrane conductivity, which agreed well with
typical experimental data. Both studies by Paddison e al. and
Eikerling et al. have shown that resistance to the proton motion
because of SO3™ groups plays an important role in the membrane
conductivity.

The model proposed by Paddison et al. can be used to estimate
the proton mobility in a nonequilibrium stationary state.
Moreover, the relative importance of various contributions from
different physical origins can be analyzed. In their model,
however, the hydronium ion moves only in the center of the
channel. Therefore, the density variation of the proton in the
channel is not explicitly included, although the model was
extended later so that the effect of the ionic screening and
dielectric saturation can be taken into account. In the work by

5678 | Phys. Chem. Chem. Phys., 2008, 10, 5678-5688

This journal is © the Owner Societies 2008


http://dx.doi.org/10.1039/b805107k
http://pubs.rsc.org/en/journals/journal/CP
http://pubs.rsc.org/en/journals/journal/CP?issueid=CP010037

Published on 29 July 2008. Downloaded by Pennsylvania State University on 15/09/2016 20:22:00.

View Article Online

Eikerling et al., the density distribution of the proton was taken
into account at the PB level of approximation. The PB equation
was, however, solved only for the equilibrium state.

The lattice Boltzmann method (LBM) has been used in
recent years to solve mesoscopic problems.'®!” Its simple
algorithm makes the LBM a powerful tool for simulating
complex fluids and flows in highly disordered nanoscale
porous structures. Because of its ability to adopt complex
structures, the LBM is regarded as a very appropriate method
for simulating proton transport in PEMs, such as Nafion. To
apply the LBM to solve proton transport problems, the
diffusion equation has to be solved instead of the ordinary
Navier—Stokes equations. Several authors have shown that the
LBM can deal with both the diffusion equation and the
Navier-Stokes equation.'®!® The LBM has also been
shown'®2! to be able to handle electrochemical systems
involving inhomogeneous reactions such as those in batteries.
In the work by He and Li,”! an LBM scheme for electro-
chemical systems has been proposed where several transport
processes, namely, convection, diffusion, migration by an
electrostatic force, and electrode reactions are involved.

In the present study, diffusion resulting from a concentration
gradient and migration by an electrostatic force that is computed
by solving the Poisson equation are considered. The proton is
treated as residing in a continuum medium distributed in the
water region. The strategy to obtain the average mobility is as
follows: (1) we define the structures of the model channel and (2)
the continuum proton distribution in the channel is obtained
according to the PB theory. (3) A uniform electric field is applied
to invoke a current. (4) By measuring the magnitude of the
current at each point, the average mobility of the proton is
computed. Such an approach includes both factors mentioned
before: the nonequilibrium stationary state and the proton
distribution in the channel.

Because the membrane consists of channels with various sizes
and with various distributions of SO5, it is important to evaluate
the transport properties of each channel to estimate the proton
conductivity of the whole membrane. For this reason, we focused
on the basic transport property of a proton in a two-dimensional
single channel with a slab-like structure, eliminating the factor of
random structure. Two structure parameters of the model channel
were examined; the channel width R and the separation d between
SO~ groups. The variation of R can be regarded as variation of
the water content of the membrane, ie. the number of water
molecules per SO;~ group. The variation of d corresponds to the
variation of the equivalent weight, i.e. mass of the membrane per
SO;3™ group. Because the present scheme can be easily extended to
the 3-D case due to the simplicity of programming the LBM, a
quantitative estimation of the membrane conductance in practical
use will be possible using 3-D porous structures.

It is obvious that a “point charge” in a 2-D space is
equivalent to a line charge with infinite length in a 3-D space.
Because the electrostatic field created by a line charge has a
different dependency on the radial distance r compared to the
electrostatic field of a point charge (+~' and > for a line charge
and a point charge, respectively), 2-D models in this work give
only a qualitative result of how the proton conductivity behaves
as a function of the parameters R and d, which reflect the
macroscopic membrane structure parameters such as water

content and equivalent weight. Based on the results of the
present study, we can verify our methodology as a tool for
simulating proton conduction in a membrane, and use it for a
quantitative study of 3-D porous membrane systems. From
such a viewpoint, the exact functional form of the attractive
potential created by each SOz~ group is not essential in this
paper; rather, the configuration of each potential source should
be a critical factor. For such reasons, the 2-D description is
sufficient for the present purpose. We also point out that using
2-D models saves a considerable amount of computational
time. Therefore, we concluded that a 2-D description is suited
for the present purpose.

In macroscopic systems, the interaction between a fluid and the
solid surface can be well described by the stick condition, in which
the flux parallel to the interface is set to zero at the boundary. On
the other hand, when the slip velocity cannot be ignored, as in the
case of microscopic flows, the slip condition is more appropriate.
Most LBM simulations have so far employed the stick condition
because of its physical validity and computational convenience. In
diffusion problems, however, a necessary and sufficient boundary
condition in nonreacting diffusion problems is that the flux across
the fluid—solid interface vanishes and there is no physical basis to
set the flux parallel to the interface to zero. Although the stick
condition is desirable for computational convenience, ignoring
the flux parallel to the interface might lead to an artificial error in
estimating the conductivity. Thus, we used the slip conditions at
the fluid-solid interface after examining the effect of using the
stick condition in electrochemical diffusion systems.

The paper is organized as follows. Section 2 describes the
2-D model adopted in the present work and the fundamental
formulae of the diffusion LBM in the ionic system. Numerical
results and discussions will be given in section 3. Finally,
section 4 concludes the study.

2. Theory

We describe the 2-D model used in the present study. The
necessary formalism of the LBM for use in this work, as well
as details of the boundary conditions, are also described.

2.1 2-D slab channel

Various models have been proposed for mimicking the
water region in Nafion, namely; cluster—network, modified
core-shell, local-order, lamellar, sandwich-like, and rod-like
models." In the present work, we adopted the sandwich-like
model as described in the Introduction.

Fig. la illustrates a 2-D model of a pore in a Nafion
membrane. The aqueous region, which consists of protons
and solvent water, is sandwiched by the polymer backbone
regions. Wall charges that mimic the fixed SO;~ groups,
indicated by full black circles, are distributed at the interface
between the aqueous region and the polymer region. Each wall
charge is covered by a hydration shell as represented in dark
gray in Fig. la. The proton was allowed to move in the aqueous
region under the influence of the electrostatic potential from
the SO;™ groups, but not allowed to enter the hydration shells.
The hydration shells prevent the proton from binding to SO;™~
groups. The width of the hydration shells was set to 3 A, which
is close to the size of a solvent water molecule.
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Fig. 1 The 2-D sandwich model of ion channels in Nafion. (a) The
model channel used in the present calculation. Light gray, polymer
region (P); dark gray, hydration shell (HS); hatched, water region (W);
full circle, point charges representing SO3;~ groups. The point charges
were placed between the W—HS and HS-P interfaces, separated by 1 A
from the HS-P interface and 3 A from the W-HS interface. (b) The
way to project a 3-D sandwich model (left) to a 2-D model (right).

The relative dielectric constant ¢, in Nafion may have different
values depending on the position in a membrane. Because a
typical value of ¢, for resins such as Teflon and paraffin lies
within the range of 2.0-2.5, &, = 2.0 was assumed for the
polymer region. Hereafter, “water region” means the region in
which the proton can move around, i.e. the aqueous region
except for hydration shells, and will be denoted by “W”. “HS”
and “P” will be used to refer to the hydration shell and the
polymer backbone region, respectively. According to dielectric
response measurements, the dielectric function of the Nafion
membrane varies depending strongly on the water content.?**
The assumption of constant ¢, (for example, the bulk value) for
the whole region cannot describe properly the dielectric property
of water in the Nafion membrane of various water contents.
Paddison ef al. estimated the dielectric constant as a function of
the radial position within a cylindrical channel based on a
statistical mechanical point of view.”>?’ According to their
estimation the value of ¢, around the channel center is close to
the value of the bulk water. It decreases continuously and
reaches nearly 10 (ref. 25) and 2 (ref. 26 and 27) in the proximity
of the SO;~ group due to the interaction between the dipole
moment of water molecules and the negative charge of SOz~
groups. The region where the water molecules can be regarded
as “free water” is rather restricted, especially for the low water
content, /. = 6; / is defined as a ratio of the number of water
molecules against the number of SO;~ groups. These results

indicate that while the bulk value of ¢, well describes the water
around the channel center, the value of ¢, in the proximity of
SO;™ groups should be different. Thus, in the W region, we used
¢. = 78. For the HS region, ¢, may be less than 10 because of the
strong dielectric saturation.”> >’ The possible lowest limit in this
region can be estimated based on the electronic polarizability of
a water molecule, 1.45 (ref. 28) and the high frequency limit of
the water dielectric function, 4.5-6.0 (ref. 29). These values imply
that the rotation of the water molecules is inhibited around
the SOz~ group. However, a recent first-principle molecular
dynamics simulation of the proton in Nafion suggests that the
motion of the water molecules hydrating the SO;~ groups is not
strongly restricted.>® Therefore, we varied &, of HS over a wide
range of 2.0-78.0 to find its influence on the average proton
mobility.

SO;5™~ charges are represented by line charges with an infinite
length in the perpendicular direction to the 2-D plane. The
amount of charge ¢ per unit length was determined so that the
density of the negative charge per unit area of the polymer—water
interface corresponds to that of the regularly arranged point
charges with a lattice distance d (see Fig. 1(b)). When the
separation of adjacent wall charges is 10 A, for example, o is
—0.1e A",

Haubold er al. estimated the thickness of the polymer
backbone, including side chains and ionic groups, to be
approximately 30-35 A3 According to Dreyfus et al., the
shortest distance between micelles in the Nafion117 membrane
varies from 24.11 to 34.44 A .*> The influence was confirmed to
be small by calculating the proton conductivity by varying the
thickness of the polymer region from 10 to 50 A. Thus, we will
present the results obtained only for the thickness of the
polymer regions equal to 30 A.

2.2 Lattice Boltzmann equations for
electromigration—diffusion systems

The time-evolution equation for the single-component LBM
can be generally written as'®!7

= (I = w)gr) + 0 g (r) &

where At is the time step, ¢, (¢ = 1 to b, where b is determined by
the type of the lattice employed) is a discrete velocity, g, is the
density distribution function of the fluid species (i.e., proton)
corresponding to the velocity ¢,, g5 is the equilibrium distribution
function of the fluid species corresponding to the velocity ¢,, and
o is the frequency for Bhatnagar-Gross—Krook (BGK) collision.
We employed a 2-D, nine velocity lattice (2D9V) in the present
work. The set of ¢, in the 2D9V lattice is expressed as

g.(r + ¢,Af)

0 «=0

¢y = { (cos[’5tn], sin[*5n]) a=1,2,34

V2(cos[ 52+, sin[52n +5])  «=5,6,7,8
2

The equilibrium function can be written as
me, -u  m*(e -u)2 e

A=w,up|l ’ - ——|, 3

< P T g T 3)

where k, m, p, and T are the Boltzmann constant, the mass of
the fluid particle which is regarded as a hydronium ion in this
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study, density of the fluid species, and the temperature,
respectively. u is the convection velocity of the solvent, while
we assumed # = 0 in this work. The weight factors { W,} have
values of 4/9 foro = 0,1/9 foro = 1to4,and 1/36 fora = Sto
8. The fluid density, p, at each lattice point r is obtained by
summing up all components of g,:

p(r) = &ulr). (4)

The collision frequency o is related to the relaxation time 7 by

-1
T 1
=(—+=) . 5
@ <Az + 2> )
In diffusion problems, the BGK relaxation time 7 is related to
the diffusion coefficient D, which is equivalent to the mobility
via the Nernst—Einstein relation, as'®

mD
=TT (6)
D was assumed to be constant in the W region, ie., T is
independent of position. In ionic systems, the electrostatic force
plays a critical role in transport phenomena. By incorporating
the electrostatic force, one obtains the time-evolution equation of
the distribution functions {g,} for the diffusion—electromigration
problem as

2 (r+ e, Af) = (1 — w)g,(r) + wgi(r)
o\ ze(e, —u) -V
1 - —) — g% 7
+(1-9) e ()
where ¢ is the electrostatic potential and ze is the charge on
the fluid ion. One can prove, using the Chapman—Enskog
expansion, that eqn (7) becomes the following electromigration—
convection—diffusion equation for the proton density p.

9 (- V)p=V-(DVp)+ V- (ZD"’pv(p) (8)

ot kT

The electrostatic field V¢ is the sum of the electrostatic field
V¢, created by the charge density determined by SO;~ charges
plus proton density and a uniform electric field E applied along
the x:direction in Fig. la. The lattice separation was taken to
be 1 A.

2.3 Lattice Boltzmann equations for the Poisson equation

The electrostatic potential ¢, created by the charge density is
obtained as the solution of the Poisson equation
2 q
V¢, = et )

In the above expression, ¢, and ¢, mean the dielectric constant
of the vacuum and the relative dielectric constant of the
medium that is under consideration, respectively. In our work,
the medium is either the aqueous solution (water) or the
polymer backbone of Nafion. ¢ is the charge density distribu-
tion that is given as the sum of the proton distribution, p, and
the SO;~ charge of the Nafion. Eqn (9) may be solved by
various numerical methods such as successive over-relaxation
and multigrid techniques.>>** In the present work, we solved

eqn (9) by the LBM as well, in accordance with the approach

by He and Li.!
Introducing a set of distribution functions {/,}, which is

related to the electrostatic potential ¢ by
8
Go(r) =Y ha(r), (10)
=0

one can obtain the solution of eqn (9) by solving the following
lattice Boltzmann equation for {A,}
q(r)

hy(r 4 e, At) = (1 — wg)hy (r) + wghi(r) + W, et (11)
06y

where

hz (r) = Wado(r), (12)

at the stationary state. The 2D9V lattice was used in solving
the Poisson equation by the LBM.

2.4 Boundary conditions

Periodic boundary conditions were applied to both the x-
and y-directions. After solving eqn (9), a uniform electric
field parallel to the channel wall (x-axis; see Fig. 1) was
added to V¢, to induce a proton flow. At the channel
walls, both ¢ and p need to satisfy suitable boundary condi-
tions.

Boundary condition for the electrostatic potential. To
calculate the electrostatic potential, we need to take account
of the dielectric interfaces between the W, HS, and P regions.
Because the dielectric constant in the polymer is much smaller
than that in water, it is expected that the effect of image
charges has a non-negligible effect on the electrostatic force
acting on the proton. According to classical electro-
magnetics,”” the gradient of an electrostatic potential has a
discontinuity at a dielectric interface while the potential itself
is continuous. If we, for simplicity, ignore HS and consider the
interface between the W and P regions, the boundary condi-
tion at the W-P dielectric interface can be expressed as
follows:

¢W‘s‘ = d)P‘s = ¢s
epnyNowls + epnpVopl, = 0, (13)

where ¢y and ¢p are the relative dielectric constant in the water
and polymer regions, respectively, and the index |, means that
the value is evaluated at the interface. ny and np are unit
vectors normal to the W—P interface, as shown in Fig. 2. In the
above expression, we introduced the potential functions ¢y~
and ¢ p so that the electrostatic potential ¢ in the whole system
is expressed as

[ ¢w(r) re water region
¢ = { ¢p(r) re€ polymer region’ (14)

¢, is the value of the potential shared by ¢y and ¢p at the
interface. We introduce the above conditions into an LBM
framework in a way similar to the work of He and Li.?' When
the dielectric interface is placed horizontally between the water
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Polymer region

Fig. 2 A schematic view of the boundary condition for the electro-
static potential ¢ at a dielectric interface. Thin line, electrostatic
potential in the water region (¢w); broken line, electrostatic potential
in the polymer region (¢p); dotted line, dielectric interface. np and ny
are unit vectors normal to the interface. Discrete velocity components
of the 2D9V lattice are shown for convenience.

region on the lower side and the polymer region on the upper
side as depicted in Fig. 2, the unknown quantities are:
® Ny, hy 7, hys .. .incoming distribution functions in the
water region,
® /ips, hps, hpg ...incoming distribution functions in the
polymer region,
e ¢ ...value of the potential at the dielectric boundary.
In general, the distribution function /, can be approximated

ale

hy = B3| 1 — w4 (e, V)In B4 . (15)

Using the above equation, one can easily derive the following
expressions that relate the potential and its derivative at the
boundary.

by + CU$IC4'V¢W\3- = 6(hwyo + hws + hwg)
by + w;lcz-Vqﬁp\x = 6(hps + hp7 + hpg) (16)

The right-hand-side terms of the above equations are known.
Using eqns (13) and (16), one obtains an equation for ¢y

(ew + ep)ps = Geylhywyo + hys + hyy)
+ 68})(}113.4 + hp,7 + hp’g). (17)

Once we know the potential ¢, at the boundary, {h%,} and
{h%},} can be obtained from eqn (12) and the distribution
functions can be obtained using the relation

hy + hg = BS + Wi (¢, = — ¢p), (18)
which is derived from eqn (15).

Boundary condition for the proton density

For the proton density distribution, a mid-grid bounce-back
condition®® was applied to maintain the zero-flux at the W—HS
interface. Because of the nature of the mid-grid bounce-back
scheme, the interface is assumed to lie between the neighboring
lattice points. The flux perpendicular to the interface needs to
be zero. Such a condition can be satisfied by using either stick
or slip conditions at the boundary. However, the choice of

Fig. 3 Sub-lattice points at a fluid—solid boundary. Open circles,
lattice points in the fluid region; full circles, lattice points in the solid
region; open squares, sub-lattice points that intersect one fluid—solid
link; full squares, sub-lattice points shared by two fluid-solid links;
dotted line, the interface.

stick or slip conditions is relevant to the flux parallel to the
interface. Both the fluxes parallel and those perpendicular to
the interface are always zero in the stick condition. In the slip
condition, on the other hand, the flux parallel to the interface
is not modified. The latter is physically more reasonable in
diffusion problems. In general, the error caused by using the
stick condition might be negligible. In the present case,
however, it is expected that the stick condition causes signifi-
cant reduction of the total flux because a large portion of the
proton exists close to the boundary due to the attractive
electrostatic force from the SO3;~ groups. The slip condition
may be appropriate, as explained below.

The mid-grid bounce-back procedure can be regarded as a
collision at the sub-lattice points between lattice points
belonging to fluid (W) and solid (HS) regions at time ¢t = n
+ 1/2 between successive time steps ¢t = nand ¢t = n + 1,
followed by a half-way streaming from sub-lattice points to
the fluid region. Two types of sub-lattice points exist in the
2D9V lattice, as illustrated in Fig. 3, the points that intersect
one fluid-solid link (open square) and the points shared by
two fluid—solid links (full square). The latter type involves two
unknown distribution functions (e.g., in the situation shown in
Fig. 3, distribution functions along 5 and 6 directions are
unknown for full square points) with one “‘physical”
condition, i.e., the flux perpendicular to the interface is zero.
Thus, one needs an artificial condition in order to complete the
scheme. As discussed by He and Li>' the distribution
functions at the lattice points satisfy the following
relationship:

8 + 8o = g;q + g;ﬂ (19)

In our case, the equilibrium distribution functions g5 can be
written as

g =wipi = (0 = 3)ze, 9], (20)

Inspection of the above expression reveals that the right-hand
side of eqn (19) is independent of the velocity component, «. In
fact, using Ws = Wy = W7 = Wg = 1/36, eqn (19) can be
written as

1
87185 =8 +8 = gp- (21)
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If we assume that the distribution functions at the sub-lattice
boundary points satisfy a similar relationship, i.e.,

g7t g = g t+ g = K, (22)

where K is an unknown constant that is independent of o,
eqn (22) can be solved by combining with the zero-flux
condition g5 + g¢ = g7 t+ gg. The result is g5 = gg and g¢
= g5, which is identical to the slip condition. Therefore, we
adopted the slip condition in all calculations in this paper.
A comparison between the slip and stick conditions will also
be given.

3. Results and discussion
3.1 Electrostatic potential with dielectric interfaces

To confirm that the boundary condition described in the
previous section gives the correct behavior of the electrostatic
potential at the dielectric interface, we calculated the electro-
static potential in a simple system, in which the image charge
method can be used; a 2-D channel for a medium of dielectric
constant & sandwiched by two media of dielectric constant &,
as shown Fig. 4a. A point charge Qy was placed at the center
of the system. If the system length, L, is infinitely large, the
effect of the dielectric interface is equivalent to placing an
infinite series of image charges O, = Q,_1(e1 — &)/(&1 + &)
(n =1, 2,...,00) at positions y,, = yo = nR where y, and R
are the positions of the real charge and the separation between
two dielectric interfaces, respectively. We computed the
electrostatic potential in the following situations:

e case A: The first set of image charges (n = 1) is placed.

e case B: Image charges up to n = 5 are placed.

e case C: Image charges up to n = 10 are placed.

e case D: The boundary condition given in section 2.4 is

used instead of placing image charges.

Fig. 4 compares the calculated profiles of the electrostatic
potential along the y-axis in cases A, B, C, and D. One can
observe a good agreement between case B and case C,
indicating that convergence of the image charge series is
achieved. Because the result using our method (case D) agrees
well with case C, we conclude that our treatment of the
dielectric boundary works correctly.

3.2 Transport property of a proton in the model channel

3.2.1 The average mobility of a proton. The average proton
mobility u,y. through the channel was calculated for two
structural parameters, the channel width R and the separation
d of the SO;™ groups. It was evaluated using the following
expression:

</X (r)>channe|
Have = ’ (23)
‘ <p(l’ >channe|Z€Ex

where E, is the uniform electric field imposed along the x-axis
to invoke the proton flow. The local flux j(r) was calculated as
an average of the first-order moments of the pre-collision and
post-collision distribution functions as

3 1 e e
J(ri) _ EZ [ggre collision (ri) 4 ggost collision ("i)]cou (24)
o

(a)
L
S >
X al| a &
® 99 @ o 0 0
Q1o Qs Q4 ()} Q (@3 Qo
Y A
R
(b)
|

Electrostatic potential

AN
32 ' ' ' \N

-10 -9 -8 7 6

Fig. 4 Electrostatic potentials created by a point charge in a 2-D
system with dielectric interfaces. (a) An illustration of the system.
(b) The electrostatic potential profile calculated for the following
situations: image charges Q.; (see text for details) were placed
(case A), image charges Q. to Q.5 were placed (case B), image
charges Q. to Q¢ were placed (case C), and no image charges were
placed and the discontinuity of the dielectric constant was taken into
account by the method described in the text (case D). Q is placed at
Y = 0 and a dielectric interface lies at ¥ = —10. The following values
were used: R = 20 lattice points, L = 1000 lattice points, & = 78.0,
and & = 7.09.

because momentum is not collision-independent in the diffu-
sion LBM. The value of |E| was taken to be small enough so
that g,y is independent of |E|. |[E| = (kT/e) x 10~ per A was
adopted for all calculations. An approximate expression for
Uave Up to a first order in | E| is derived in the Appendix using a
perturbation expansion.

SO;~ groups in the present model are represented by line
charges instead of point charges because a 2-D model was used.
Because the electrostatic potential created by a line charge
is much more long-ranged than is the case of a point
charge, a periodic array of line charges creates a smoother
(in other words, more homogeneous) electrostatic potential
profile compared to a periodic array of point charges. This
means that the potential gradient V¢, in the 2-D system
becomes smaller than in 3-D space. Therefore, according to
eqn (A3), it is expected that the resistance to proton motion due
to the SO;™ charges is underestimated in the present 2-D system.
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Fig. 5 Ratio of the average mobility p,. to the bulk mobility ug as a
function of the channel width R for various values of the separation
d of the SO5~ groups. (a): high screening of SO;~ charges by hydration
shells (¢, = 78.0 in the HS region), (b): low screening of SO; ™ charges
by hydration shells (¢, = 2.0 in the HS region). ¢, of the water region
where the proton can move was set to 78.0 for both cases. The slip
boundary condition was used. p,ye/tto as a function of the dielectric
constant of the HS region is plotted in the inset of Fig. 5a.

3.2.2. Dependency on the channel width and the separation
of the SO; ™ groups. First, we show the results obtained using
the slip boundary condition. Fig. 5 plots the ratio of . to the
bulk mobility uy as a function of the channel width R for
several values of the separation d of the SO3;™ groups. Fig. 5a
and b correspond to two different values of ¢, in the HS region

having high and low screenings effects. It is seen that gy
approaches i as R increases and d decreases. As the water
content increases, i.e. R increases, the channels in the
membrane are filled by a large number of water molecules
and therefore the environment for the proton in the channels
becomes like that of bulk water. The dependency of .. on
R shown in Fig. 5 agrees with such a general relationship
between the proton conductivity and water content of
the membrane.

In Fig. 6, the electrostatic potential profiles that the proton
experiences along the direction of the proton path are plotted
for R = 7 A and various values of d. The potentials plotted in
Fig. 6 are measured on the lattice plane next to the W-—HS
interface. It is seen that the proton feels a higher potential
barrier in the channel with large d. By comparing this with the
dependency of p,,. on d which is shown in Fig. 5, one can
observe a clear correspondence between g,/ ito and the barrier
height of the electrostatic potential that the proton needs
to overcome; that is, .y is reduced for a larger potential
barrier. From Fig. 6 it is obvious that with a large barrier, the
potential has a large gradient. Therefore, deviation of p,ye
from uq is determined by the magnitude of V¢, as shown in
the Appendix.

Fig. 5 also reveals that y,,. depends on R more strongly when d
becomes larger, because of the higher electrostatic potential
barrier with larger values of d. This agrees with the calculations
carried out by Eikerling ef a/. using a 3-D channel with a slab-like
structure.’® One can also observe that as R decreases fiue/to
deviates from 1.0 more rapldly for larger d. For example Lave/Ho
is almost constant for ¢ = 5 A. In the case of d = 25 A, on the
other hand, p,./to varies considerably over a wide range of R.
This can be understood in terms of the magnitude of R relative to
d; if d is considerably smaller than R, which is the characteristic
length of the channel, the electrostatic potential created by SO;~
charges becomes flat along the x-direction. On the other hand,
when d is larger than the characteristic length, the proton in the
channel recognizes the discreteness of the SO;~ charges, and
therefore, feels higher potential barriers.

Fig. 5b indicates that the low screening condition (g, = 2 in
the HS region) leads to a significant reduction of p,ve/Llo,
indicating that the proton experiences a higher barrier for
the electrostatic potential because of the SO;~ group in the
low screening case. Intuitively, the lower the screening of
the SO;~ charge, the higher the potential barrier that the
proton can feel. Because the SO;™ charge is placed between the
W-HS interface and the HS—P interface, one has two series of
image charges of SO3~ groups created in the W and P regions.
The image charges in both regions raise the magnitude of the
electrostdtic field at the W-HS interface, and hence, reduce
Lave/ 10> The image charges in the W region are stronger for
lower ¢, of HS. The image charges in the P region, on the other
hand, are weaker for low ¢, of HS. Thus, there are two
competing effects because of the W-HS and HS-P interfaces.
In the inset of Fig. 5a, Mave/ﬂo is plotted as a function of ¢,
of HS for R = 7 and 20 A at d = 21 A. It is seen that
the behavior of p,../uo for ¢, which is larger than ~10.0,
is mostly affected by the W-HS interface. For small values
of ¢,, the effect of the HS-P interface turns out to be more
significant.*®
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Fig. 6 Variation of the electrostatic potential ¢ in the channel along
the direction of the external electric field E. Each profile of ¢ was
measured on the plane next to the W—HS interface. (a) Profiles of
¢ with various values of R for d = 9 A and (b) profiles of ¢ with
various values of d for L = 24 A and R = 20 A.

In Fig. 7, the proton density change Jdp induced by the
uniform electric field E is plotted together with the electrostatic
potential resulting from the charge distribution (SO;™ charge
plus proton distribution). The arrow indicates the direction of
E. From Fig. 7, one can obtain a clear insight into the physical
origin of the reduction of . from . The average position of
the proton is shifted along the direction of E. The electrostatic
potential resulting from the SO;~ charge, on the other hand,
tends to restore the proton to the original position. Such a
restoring force by the SO;~ charges is the origin of the
reduction of y,. from puq.

external electric field E

010°®

-510°

-110*

15 ' ' ' ' -1510"
25

X/ nm

Fig. 7 Density change dp (full circles) induced by applying a uniform
external electric field E, in the direction parallel to the channel wall
and the electrostatic potential ¢, (open squares) created by the charge
density (SO~ charges plus proton density distribution). The values on
the lattice plane next to the W—HS interface are plotted. The arrow
indicates the direction of E.. The structure of the channel is R = 20 A
and d = 24 A.

Uave/lto computed using the stick boundary condition is
plotted in Fig. 8. Because the stick condition forces the flux
parallel to the boundary to be zero at the boundary, there is no
contribution to the total flux from the protons located at the
boundary. Therefore, the values of p,,./ito plotted in Fig. 8 are
lower than the values in Fig. 5, especially when the channel
width R is small. It is expected that, as the ratio of the area of
boundary to the volume of fluid domain increases (that is, for
smaller R), the influence of using the stick condition will
become more significant. Moreover, for the case of proton
diffusion in Nafion, a large portion of the proton is located
near the W—HS boundary because of the electrostatic attractive
force resulting from the SO3;~ charges. We also note that the
proton located at the boundary feels the highest electrostatic
potential barrier within the channel. As we discussed earlier,
deviation of y,,. from gy is strongly related to the electrostatic
potential barrier. Therefore, an appropriate treatment of the
local flux at the boundary is critical to estimating the proton
conduction of the whole system. Fig. 8 implies that p,./to
calculated with the stick condition is much less sensitive to the
channel structure, because the flux at the boundary, the most
important contribution to the total flux that determines the
behavior of p,.e/tlp as a function of channel structure, is
ignored by using the stick condition. Therefore we conclude
that the stick condition should be avoided or used with extreme
caution (recognizing that the result is more insensitive to the
structure) in simulating the proton conduction in Nafion with
low water content.

Molecular dynamics (MD) simulations have been applied to
Nafion by several authors.®®* Dupuis and coworkers
demonstrated that the diffusion coefficient of H;O ™ ion in a
low water-content membrane (4 = 3.5 and 6) is reduced from
that in a high water-content membrane (4 = 16) by a factor of
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Fig. 8 The average mobility .. obtained with the stick boundary
conditions. Other conditions are the same as those in Fig. 5.

two to three, though they used a classical force field and, as a
result, the Grotthuss mechanism was not taken into account.*
Hofmann and coworkers used a reactive force field so that the
Grotthuss proton hopping was taken into account.*’ They
obtained 3.2 x 107° cm? s~ ! and 10.5 x 107® cm” s ! as the
value of the diffusion coefficient of proton in the Nafion
membrane with 4 = 6 and 12, respectively. These MD studies
illustrate that the conductivity of the low-water-content
membrane is 30 to 50% of that of the high-water-content
membrane. Our results shown in Fig. 5b also indicate that
proton diffusivity of the low water-content membrane
(R =7 A) is ~70% of the bulk value. We note that
dependencies of ,../tto on R shown in Fig. 5 and 8 are very
weak compared to the values obtained by MD simulations. In
the present calculation a uniform relaxation time t for the
BGK collision was used, based on the assumption that the

mobility (~1/7) of the proton has the same value everywhere.
Under such an assumption, the direct electrostatic attractive
interaction between the proton and SO;~ charges is the only
factor that reduces the overall conductance of the channel. The
random porous structure involved in MD simulations also
inhibits proton conduction; however, such an effect is not
involved in straight channel models.

Hindrance of the proton motion by the restoring force
resulting from the SO;~ charges can be attributed to the direct
interaction to SOz~ groups in the model of Paddison and
coworkers.® According to their calculations,'! the average
mobility of the proton increases monotonically as the SO;~
groups are distributed more homogeneously in a 3-D cylindrical
channel. Our results shown in Fig. 5 qualitatively agree with
those by Paddison and coworkers, in spite of the simplified 2-D
model in the present work.

As described in section 2.1, the relative dielectric constant ¢, in
the W region was assumed to have the value of bulk water
irrespective of the value of the channel width R. The effect of the
dielectric saturation was reflected to small values (2 in the low-
screening case) of ¢, in the HS region. Our choice of ¢, values is
based on the works by Paul and Paddison, in which the profile
of ¢. as a function of radial distance from the center of a
cylindrical channel was estimated.” >’ Their results indicate
that while ¢, is quite small (less than 10) in the proximity of
SO;™ group due to strong dielectric saturation, it is close to the
value of bulk water around the channel center even when the
water content is small (A = 6). The fact that ¢, in the channel
center is close to the value of bulk water even for the low water
content is rather unexpected, because the environment of the
water molecules in such a small channel should be significantly
different from that in large channels. One could expect that ¢, in
the channel center deviates much more from the value of bulk
water in the case of a channel with low water content. This might
partly explain the smaller dependencies obtained for pi,e/io on
R than the experimental ones. It should be noted, however, that
the above discussion about the possibility of reducing the value
of &, in the W region for low water content channels is a purely
intuitive one. The value of the physical parameter should be
selected based on the available literature.

Another important factor to be considered is the local
mobility of the proton. In the present calculation, the uniform
relaxation time 7 in the BGK collision term was employed;
that is, T does not depend on position. Because 7 is equivalent
to the diffusion coefficient (and therefore, equivalent to the
mobility), this means that we assumed a priori that the
mobility of the proton takes the same value everywhere in
the channel. We know a posteriori that the average mobility
Uave changes from the initially assumed po. However, it is
expected that the mobility of the proton is strongly affected by
the local environment such as solvent water molecules around
the proton and the distance from the nearest SO3™ group. As
demonstrated by Eikerling er al.,'>'* it is critically important
for a quantitative estimation of membrane conductance that
one has information on the nonuniform local mobility a priori.
Such information may be derived, for example, by a first
principles simulation. Once we have knowledge of the local
mobility in the whole system, it is trivial to incorporate such
information into the LBM calculation. We note that the LBM
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has been shown to work well with a nonuniform relaxation
time.'¢

As stated in section 2, the LBM can handle any structures
with no additional computational demands. Therefore, it is
possible to extend the present work to analyse the disordered
porous structure of Nafion which can be obtained by dissipa-
tive particle dynamics simulations.*’ Using such a 3-D “real
structure” of the membrane, it is possible to evaluate the
membrane conductance directly by the present method. This
capability of the LBM will enable the present scheme to
evaluate the performance of PEFC systems.

4. Conclusions

In this paper we have developed a 2-D LBM scheme for
electromigration—diffusion systems for the purpose of deve-
loping a simulation method for proton conduction in PEMs.
The average mobility u,.. of the proton in a nonequilibrium
stationary state in which a uniform external electric field was
applied to induce a current was evaluated using the 2-D
channel of a slab-like structure. The behavior of pu,,. as a
function of the channel width R and the separation d of the
SO;™~ groups was analyzed. Large dependencies of p,.. on
those structure parameters were observed, especially when d
was changed. Our results illustrate that while the proton
density distribution at the equilibrium state is shifted by the
uniform external field, the attractive force resulting from SOz~
groups tends to restore the shifted density distribution to the
original distribution, and thus the average mobility of the
proton is considerably reduced from the mobility in bulk
water. The dependencies of u,,. on R and d agree qualitatively
with the perturbation analysis. Although we used the slip
condition, which is appropriate for diffusion problems, the
validity of the conventional stick boundary condition was also
examined. It was shown that the results obtained using the
stick condition are much less sensitive to channel structure.
Using the stick condition should be avoided for narrow
channels.

It is possible to adapt the present scheme to real membrane
structures. It is expected that our LBM scheme for electro-
migration—diffusion systems will provide a powerful tool for
simulating the proton transport phenomenon in PEFC
systems. Calculations with more realistic models involving
extension to 3-D systems are now in progress.

Appendix

In this Appendix we see the physical meaning of our calculations
by means of a perturbation expansion. If we assume that the
external electric field is much smaller than the electrostatic field
resulting from the charge density (SO3~ charges plus proton
density), ie., |[E| = AV¢o| ~ AEy where . « 1 and E; is the
characteristic magnitude of V¢, the proton density distribution
p(r) in the presence of E can be expanded as follows:

p(r) = po(r) + op(r)

po(r) + ipi(r) + Ppa(r) + oo, (A
where p is the proton density distribution at the equilibrium
state. The flux of the proton in the presence of E can be written

as a follows up to the first order of 4:

Julr) = =Dy [),{Vpl + 22 (0, Vo + pOEo)} + 0(»2)],

kT
(A2)

where D is the proton diffusion coefficient in bulk water. By
introducing eqn (A2) into eqn (23), we obtain the following
expression for i,y in the limit 4 — 0:

Have = L.O/ (V¢0)Pld"+ Ho, (A3)

where o = Do/kT is the proton mobility in bulk water, and
N is the total number of protons in the unit cell. The second
term on the right-hand side of eqn (A3) represents the zeroth-
order approximation for p,y.; that is, ignoring the first-order
density derivative p;, one obtains the bulk mobility y, as the
average mobility. Actually, u,,. deviates from g because of
the nonzero density change dp induced by the applied field E,
according to the first term on the right-hand side of eqn (A3).
We note that eqn (A3) was obtained at the nonequilibrium
stationary state with a nonzero flow.
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