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595. A COMBINATORIAL IDENTITY OF L. N. DORDEVIC*

L. Carlitz

1. L. N. DORDEVIC[1] has proved the following identity:

(1.1)
m ml mn-l

L L ... L (-l)mj(m-mp mI-mz' ..., mn-I-mn, mn)
Jnl=om2=O mn=O

m!

(Pj +... +Pn)m+1'

where the Pi are real numbers satisfying Pi> - 1 and
m!

(1.2) (m-mI' mI-mz' ..., mn-I-mn, mn)= .
(m-mj)! (mj-m2)!.. .(mn-I-mn)!mn!

The proof employs multiple integration over a certain infinite region in,
In the present note we prove a slight generalization of (1.1) by a

elementary method, namely

Rn+I'
more

(1.3)
m In! mn-l

L L'" L (-l)mj (m-ml' mI-mz"'" mn-I-mn, mn)
ml ~o m2~O mn~O

where A is not equal to zero

2. Put m=kO+mI and

mI=kI+kz+'" +kn-I +kn

mz= kz+...+kn-I+kn

(pj)ml- m2' . '(Pn-l)mn _j-mn (Pn)mn (A-Pj-'" -Pn+ l)m
x -

(A)mj+1 (A)m+I'

or a negative integer but is otherwise arbitrary.

m=n

kn-I + kn

kn,

Then (1.3) becomes

(2.1) L (- lll+'" Hn (ko, kI,...,
kn-I' k). (P1)kl (pzkz" .(PIl)kn

ko+kl+...+kn~m
n

(A)kl+...+kn+1

(A-P1-" '-PIl+ l)m

(A)m+ I

* Presented June 1, 1977 by D. S. MITRINOVIC.
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F or brevity denote the left hand side of (2.1) by An (m). Then

{2.2)

- L xm L (_I)kl+...+kn (P,)kl"'(Pll)kn .(I-.+k,+...+kn+l)ko

m~O ko+kl+...+kn~m kl!...kn! ko!

00

= L (- 1)' XS (1- x)-f.-s-I L
s~o kl + . . . +kn~s

(Pl)kl' . . (Pnkn

kl!.. .kn!

By the multinomial theorem, the inner sum is equal to
(PI + . . . + Pn)s , so that

s!
{2.2) becomes

~ (- 1)'
(P, +... +Pn)s

xS(1-x)-A-S-I
s~o s!

= (1-X)-A-I (1 +~ )-Pl-" '-Pn

I-x

= (1 - X)-(A-Pl-' . . -Pn+l)

=L
m~O

CA-p -"'-P +1)1 n m xm.
m!

Thus we have proved that

and therefore

(2.3) An (m)=
(A-PI-"'-pn+l)m

(A)m+l

This evidently proves (1.3).

(3.1)

3. Multiplying both sides of (2.1) by (A)m+I we get the identity

L (- l)k!+.. .+k,,' (ko' k1, ... , kn) (Pl)kl . . . (Pn)kn
ko+kl+'" +kn~m
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which holds for all A. In particular, for A= 0, (3.1) becomes

(3.2)

-(-p'-"'-Pn+I)m
m!

It is not difficult to give a direct proof of (3.2)
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