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tWe propose an a
tive set algorithm to solve the 
onvex quadrati
programming (QP) problem whi
h is the 
ore of the support ve
torma
hine (SVM) training. The underlying method is not new and havebeen used by the optimization 
ommunity to solve moderately sized
onvex QPs. However, its appli
ation to large s
ale SVM problemsis new. The spe
ial stru
ture of SVM problems makes it possibleto adapt this algorithm to work eÆ
iently for large problems. Wealso in
orporate several \tri
ks" (su
h as shrinking) used by otheradvan
ed SVM implementations. We present 
omputational results
omparing our method with Joa
hims' SVMlight [11℄. The resultsshow that our method has overall similar or better behavior on manySVM problems. It has parti
ularly strong advantage in problems thateither have bad separability in the feature spa
e or have a lot of noise;i.e., problems where the solution 
ontains a lot of ve
tors violatingthe margin 
ondition (outliers). Another advantage of the methodis that it does not require the user to \guess" the 
hunk size andthat it typi
ally produ
es more a

urate solution in similar time. Thealgorithm also naturally extends to the in
remental mode.1



1 Introdu
tionIn this paper we introdu
e an a
tive set method to solve the following 
onvexquadrati
 programming (QP) optimization problem whi
h is de�ned by 1-Norm Soft Margin SVM problem.max �12�TQ�� 
 nXi=1 �i(P ) s:t: �Q� + by + s� � = �e;0 � � � 
; s � 0; � � 0;where � 2 Rn is the ve
tor of dual variables, b is the bias (s
alar) and sand � are the n-dimensional ve
tors of sla
k and surplus variables, respe
-tively. y is a ve
tor of labels, �1. Q is the label en
oded kernel matrix, i.e.Qij = yiyjK(xi; xj), e is the ve
tor of all 1's of length n and 
 is the penaltyasso
iated with errors. The dual of this problem ismin 12�TQ� � eT�(D) s:t: yT� = 0;0 � � � 
:General 
onvex QPs are typi
ally solved by one of the two approa
hes: in-terior point method approa
h or a
tive set method approa
h. If the Hessianof an obje
tive fun
tion (matrix Q in 
ase of SVM) and/or the 
onstraintmatrix of the QP problem is large and sparse than an interior point methodis usually the method of 
hoi
e. If the problem is of moderate size but thematri
es are dense, then a
tive set method is preferable. In SVM problemsthe Q matrix is typi
ally dense. Thus, large SVM problems present a 
hal-lenge for both approa
hes. Re
ently it was shown [6℄, [3℄ that for some 
lassesof SVMs, for whi
h Q is dense but low-rank, one 
an adapt an interior pointmethod to work very eÆ
iently. However, if the rank of Q is high, an a
tiveset approa
h seems to remain the only main alternative.One of the most \traditional" a
tive set methods in the optimizationliterature is the Simplex method for linear programming (LP) problems. TheSimplex method is known to have very good pra
ti
al performan
e. The QPanalogues, though not as extensively tested in pra
ti
e, are also 
onsidered to2



be very eÆ
ient. There are a few methods based on the Simplex method ideafor solving QP problems, see e.g., [7℄, [8℄, [9℄. Many of them are theoreti
allyequivalent, meaning that they produ
e the same sequen
e of iterations, butthey have di�erent numeri
al properties (su
h as per-iteration 
omplexity andnumeri
al stability). In this paper we derive an implementation targeted toSVM problems based on the framework des
ribed in [7℄, [8℄ and [12℄.The main idea of this method in the 
ontext of SVM is to �x, at ea
hiteration, all variables in the 
urrent dual a
tive set1 at their 
urrent values(0or 
), and then to solve the redu
ed dual problem. After obtaining a solution- de
ide whether it is optimal for the overall dual problem (same as beingfeasible for the overall primal problem), or if any of the dual variables shouldbe released from the a
tive set.When applied to SVM, this approa
h poses the following problem: ifthe 
omplement of the dual a
tive set (the set of \free" variables) has large
ardinality, then solving the restri
ted subproblems may be too expensive,sin
e Q is 
ompletely dense. Also determining the next variable to leave thea
tive set may be expensive for the same reason. Therefore, updating all\free" variables at on
e was 
onsidered impra
ti
al.The most 
ommon approa
h to large SVM problems is to use a restri
teda
tive set method, su
h as Chunking [2℄ or De
omposition [13℄, [11℄ where atea
h iteration only a small number of variables are allowed to be varied. Thesize of su
h \
hunk" is determined heuristi
ally. There are a few skillfullyimplemented SVM solvers based on this type of restri
ted a
tive set methods,see e.g., [11℄, [14℄. The main disadvantage of these methods is that theirperforman
e is sensitive to the 
hanges in 
hunk size and there is no goodway of predi
ting a good 
hoi
e for the size of the 
hunks for a parti
ularproblem2 . Moreover, these methods tend to have slow 
onvergen
e whengetting 
loser to the optimal solution.A full a
tive set method, su
h as the one presented in this paper, avoidsthese disadvantages. The method itself is not new, see e.g. [12℄. Our 
on-tribution is to adapt it to the SVM framework and provide an eÆ
ient im-plementation. We will refer to our implementation of the method as INCAS(INCremental A
tive Set method). We use the term \in
remental" to point1The dual a
tive set is the set of dual variables � whose values are at their bound.2See se
tion 12.1.1 in [14℄ for a similar dis
ussion whi
h motivated Platt's SMO. Es-sentially SMO is an a
tive set method in whi
h the 
hunk size is �xed to be the smallestpossible, i.e. 2. 3



out that this method 
an be naturally used in an in
remental setting, andthat at ea
h iteration the a
tive set is updated by in
rements of only onepoint.First we noti
e that the support ve
tors that violate the margin 
onstraint(i.e., the 
orresponding � surplus variable is positive) 
orrespond to variables� whi
h are at their upper bound and therefore are in the dual a
tive set.The 
omplement of the dual a
tive set 
ontains variables � that are stri
tlybetween the upper and lower bounds. Su
h variables 
orrespond only to thesupport ve
tors that are exa
tly on the margin (i.e., both 
orresponding sla
kand surplus variables are zero). The 
urrent number of su
h support ve
tors,ns, is the size of the redu
ed QP. Solving su
h QP requires at least O(n3s)operations, whi
h might be prohibitively expensive if repeated over and overagain and if ns is relatively large. If, however, the a
tive set is in
rementedonly by one variable at a time (either one variable leaving, or one enteringthe a
tive set) then one 
an store and update a fa
torization of the redu
edmatrix Q. Ea
h update takes O(n2s) operations and so does solving a systemof equations with the redu
ed matrix Q.To ensure \one-variable-at-a-time" in
rement strategy we 
annot requiresolving the subproblems (redu
ed QPs) for optimality at ea
h iteration. In-stead we take a few steps towards optimality. At ea
h su
h step we either�nd an optimal solution or en
ounter a bound on one of the \free" variables.In the latter 
ase this variable is in
luded into the a
tive set and the pro-
ess repeats. This pro
ess does not always produ
e an optimal solution tothe subproblem, but usually produ
es a good approximation of it. Typi
allythis does not a�e
t the overall number of iterations signi�
antly, whereas theredu
tion of the per-iteration 
ost is signi�
ant.If the sear
h for the optimum of the subproblem is terminated then ourmethod determines whether the primal feasibility was a
hieved and if not,whi
h dual variable should leave the a
tive set. To do that we need to
ompute a produ
t between a part of Q that 
orresponds to the variables attheir upper bounds and the unit ve
tor of an appropriate length. This 
anbe very expensive to 
ompute at ea
h iteration, instead one should ratherstore and update the result of this multipli
ation. Another advantage ofusing \one-variable-at-a-time" in
rements is in potentially redu
ing the 
ostof su
h updates.The multiple updates to the a
tive set, whi
h are used in \
hunking" and\de
omposition" methods 
ould still have an advantage if the overall number4



of iterations were signi�
antly smaller than in the 
ase of single updates.But as our 
omputational results indi
ate this is not the 
ase. We o�er someintuition to support this 
laim. Assume that your data 
ontains 10 identi
aldata points whi
h at the 
urrent iteration are the most violated examplesand we would like to introdu
e them into the next \
hunk". Introdu
ing allthe 10 at on
e implies 10 times more work than introdu
ing just one. Yetsin
e they are identi
al, then introdu
ing just one produ
es the same resultas introdu
ing all ten. Sin
e the training data is often somewhat repetitive(there may not be identi
al points, but rather very similar points, e.g. in
lustered data sets) this example is not too far fet
hed.As the 
omputational results show, our method has the main advantageover SVMlight on problems where the number of variables at the upper boundis large (but not ne
essarily ex
essive, e.g., � 1000 out of 20000 ve
tors).This is very 
ommon in problems where the data either has a lot of noise,or 
annot be separated well in the feature spa
e. Our algorithm is 
urrentlyslower on problems where the number of outliers is not too large but thenumber of support ve
tors is large. This often means that the 
hosen kernelsu�ers from over�tting the data, so the problem is badly posed in some sense.On the other hand the performan
e on su
h problems may still be addressby improving the implementation.Finally we would like to point out that many of the ideas presented hereare independently developed but are similar to the ones des
ribed in Cauwen-berghs and Poggio at [4℄. However, our method is somewhat di�erent, it isapplied not only in the in
remental mode and it is expe
ted to be moreeÆ
ient3 (the real 
omparison is hard to produ
e, sin
e their 
ode is in Mat-lab and only works in in
remental mode whi
h is inherently slower).In the next se
tion we will brie
y introdu
e the method and dis
uss thekey implementation points. In Se
tion 3 we will present the 
omputationalresults. We'll wrap it up in Se
tion 4 with some 
on
luding remarks.3it is analogous to dual Simplex method, whereas their method is analogous to theinferior primal-dual Simplex method
5



2 A
tive set method for SVMAny optimal solution to problems (P ) or (D) must satisfy the Karush-Kuhn-Tu
ker (KKT) ne
essary and suÆ
ient optimality 
onditions:1 �isi = 0; i = 1; : : : ; n2 (
� �i)�i = 0; i = 1; : : : ; n3 yT� = 0; (1)4 �Q� + by + s� � = �e;5 0 � � � 
;6 s � 0; � � 0:Let us introdu
e some notation. A primal-dual solution (�; b; s; �) is 
alleddual basi
 feasible if it satis�es 
ondition (1)-(5) of the KKT system, butmay violate 
ondition (6). For a given dual basi
 feasible solution, (�; b; s; �),we partition the index set I = f1; : : : ; ng into three sets I0, I
 and Is in thefollowing way: 8i 2 I0 si � 0 and �i = 0, 8i 2 I
 �i � 0 and �i = 
 and8i 2 Is si = �i = 0 and 0 < �i < 
. It is easy to see that I0 [ I
 [ Is = I andI0 \ I
 = I
 \ Is = I0 \ Is = ;. We will refer to Is as the primal a
tive setand to I0 [ I
 as the dual a
tive set.Based on the partition (I0; I
; Is) we de�ne Qss (Q
s Qs
 Q

, Q0s, Q00)as the submatrix of Q whose 
olumns are the 
olumns of Q indexed by theset Is (I
, Is, I
, I0, I0) and whose rows are the rows of Q indexed by Is (Is,I
, I
, Is, I0). We also de�ne ys (y
, y0) and �s (�
, �0) and the subve
torsof y and � whose entries are indexed by Is (I
, I0). By es (e
) we denote ave
tor of all ones of the appropriate size.To initiate the algorithm we assume that we have a dual basi
 feasiblesolution �0; b; s0; �0 and the 
orresponding partition (I00; I
0; Is0). For ex-ample setting �0 = 0 and I0 = f1; : : : ; ng produ
es a starting point for thealgorithm.We know that 8i 2 I0 �i = 0 and 8i 2 I
 �i = 
. Then if we �x thevariables in the dual a
tive set then our dual problem redu
es tomin�s 12�TsQss�s + 
eTQ
s�s � eT�ss:t: yTs �s = �yT
 �
;0 � �s � 
:6



The outline of the algorithm is the following:Step 1(i) Solve min�s 12�TsQss�s + 
eTQ
s�s � eT�ss:t: yTs �s = �yT
 �
(ii) From the 
urrent iterate make a step towards the solution untilfor some i 2 Is (�s)i = 0 or (�s)j = 
 or until solution is rea
hed.(iii) If for some i 2 Is, (�s)i = 0Then update Is = Isnfig, I0 = I0 [ fig, and go to step (i).(iv) If for some i 2 Is, (�s)i = 
then update Is = Isnfig, I
 = I
 [ fig, and go to step (i).(v) If the optimum is rea
hed in step (ii), pro
eed to Step 2.Step 2(i) Compute s0 s0 = �Q0s�s � y0� + 1� 
Q0
eand �
 �
 = Q
s�s + y
� � 1 + 
Q

e(ii) Find i0 = argminifsi : i 2 I0g.Find i
 = argminif�i : i 2 I
g.(iii) If si0 � 0 and �i
 � 0 then the 
urrent solution is optimal, Exit.If si0 � �i
, then Is = Is [ fi0g and I0 = I0nfi0g.Else, Is = Is [ fi
g and I
 = I
nfi
g.Go to Step 1.The most time 
onsuming steps of the algorithm are Step 1(i) and Step2(i). To solve the redu
ed QP in Step 1(i) one needs to solve one system of7



linear equations (sin
e the problem does not have inequality 
onstraints, theproblem has a 
losed form solution). The matrix of this system is" Qss yyT 0 # :To invert this matrix one needs to have an inverse or fa
torization of Qss.Sin
e Qss is positive semide�nite, using Cholesky fa
torization is more eÆ-
ient and more numeri
ally stable than using the inverse. If ns is the 
ardinal-ity of Is then 
omputing Cholesky fa
torization of Qss from s
rat
h requiresO(n3s) operations. Sin
e at ea
h step Is 
an be either redu
ed or in
reasedby only one element, then the matrix Qss 
an be updated by adding or drop-ping one row and one 
olumn. The Cholesky fa
tors of the new Qss 
an beobtained from the old Cholesky fa
tors by O(n2s) operations. Details of thisupdate will be given in the full version of the paper and also 
an be found in[10℄.If ns is very large and is 
omparable to n then even storing and updatingthe Cholesky fa
tors of Qss be
ome too expensive. Our method is not pra
-ti
al on su
h problems. However, it is questionable whether su
h problemsshould ever be solved, sin
e the resulting 
lassi�ers is most likely over�ttingthe data and its generalization properties are expe
ted to be very poor 4 .If k is the number of operations required to 
ompute one kernel value,then Step 2(i) requires O(ns(n � ns)k) operations to 
ompute Q0s�s andQ
s�s. To redu
e the 
ost we store as many 
omputed kernel values inQ0s and Q
s as possible. Currently INCAS is implemented in Fortran andproper 
a
hing is not done. We roughly mimi
 
a
hing by providing a fewlevels of storage. In our 
omputational examples, however, the memory wasalways suÆ
ient to store all values of 
urrent Q0s and Q
s. Hen
e the work isredu
ed to O(ns(n�ns)). Next, we use \shrinking", or sele
tive pri
ing, as itis 
alled in the optimization literature, to redu
e the workload further. Theidea behind shrinking is that if some elements of s0 or �
 remain positive formany 
onse
utive iterations, then it is likely that they will remain positivethrough the rest of the iterations. Hen
e we 
an skip 
omputing their valuesat Step 2(i). We do however, 
ompute their value to verify the optimalitywhen the algorithm terminates and if not all of these elements are positive we4See for example [5℄, Theorem 4.25, for the generalization power of 
ompressions
hemes, and the dis
ussion right after and in 
hapter 6.8



pro
eed with more iterations. Shrinking typi
ally has very signi�
ant e�e
ton overall 
omputational time.One 
an also argue that 
omputing all values in s0 and �
 is not ne
essary.As soon as a negative value is en
ountered, one 
an drop the 
orrespondingelement from the a
tive set and pro
eed with the algorithm. However, inour experiments we dis
overed that the overall redu
tion in the number ofiterations a
hieved by 
hoosing the most violated sla
k or surplus variable iswell worth the extra per-iteration e�ort.Finally, instead of 
omputing ve
tors Q0
e and Q

e at ea
h iteration westore and update these ve
tors ea
h time we update I
. The storage andupdate 
ost is O(n) and, hen
e is negligible.It is easy to see that this algorithm naturally adapts to the in
rementalsetting. As more data be
omes available one initially assigns it to I0 and thenapplies Step 2 to the new data. If as a result the a
tive set gets updated,then the algorithm is applied again from Step 1. We will dis
uss this inmore detail in the full version of the paper, spa
e permitting.3 Computational resultsIn this se
tion we present the 
omputational results5. We 
ompare INCASto SVMlight [11℄. We used a high-end IBM RS/6000 workstation in our ex-periments. We made the same amount of memory available to both methods(whi
h ex
eeded 40 megabytes only on 2 examples). Just as in SVMlight thesparsity of the examples is exploited by INCAS during the kernel evaluations.Unlike SMO [14℄ there is no spe
ial handling for the 
ase of linear kernel).We used the following data sets in our experiments:� Letter-G: The Letter Image Re
ognition dataset from the UCI Repos-itory [1℄ - A large number of bla
k-and-white 
hara
ter images wererandomly distorted to produ
e a �le of 20,000 unique stimuli. Ea
hstimulus was 
onverted into 16 primitive numeri
al attributes (statis-ti
al moments and edge 
ounts) whi
h were then s
aled to �t into arange of integer values from 0 through 15. In the table we examinedperforman
es on an arbitrary binary 
lassi�
ation problem whi
h wasset to separate the letter \G" from all the other letters.5we expe
t to have more extensive results in the full version of the paper9



� OCR: USPS (United States Postal Servi
e) data set of hand writtendigits. This data set 
omprises 7291 training and 2007 test patterns,represented as 257 dimensional ve
tors with entries between 0 and 255.T0(T9) stand for the binary 
lassi�
ation problem in whi
h the targetis the digit 0(9) vis. the all the other digits.� Web and Adult6 : We used the tasks that was 
ompiled by Platt andavailable from the SMO home page7{ Adult - The goal is to predi
t whether a household has an in
omegreater than $50000. After dis
retization of the 
ontinuous at-tributes, there are 123 binary features, with � 14 non-zeros perexample.{ Web - A text 
lassi�
ation problem with binary representationbased on 300 keyword features. This representation is extremelysparse. On the average there are only � 12 non-zero features perexample.� Abalone: The Abalone dataset from the UCI Repository [1℄. Sin
e,we were not interested in evaluating generalization performan
es, wefed the training algorithm with in
reasing subsets up to the whole set(of size 4177). The gender en
oding (male/female/infant) was mappedinto f(1,0,0),(0,1,0),(0,0,1)g. Then data was s
aled to lie in the [-1,1℄interval.For ea
h data set we used a sele
tion of kernels and parameters to demon-strate how the performan
e of the methods is a�e
ted by jIsj - the numberof support ve
tors at the margin, and jI
j - the number of support ve
tors atthe upper bound. For the same reason we use various values of C. We useRBF kernel with parameter �. We also use the linear kernel, and we indi
ateit in the table of results by � = 0. We also use polynomial kernel of degree5 for the Abalone dataset and we indi
ate it by � = �5.We provide two 
olumns of CPU times for SVMlight. The �rst one,SVMlight, 
ontains the time of the runs with default a

ura
y. The se
ond
olumn, SVMlight� 
ontains the CPU time of the runs with the a

ura
y setto 10�6 whi
h is the a

ura
y of INCAS.6Original data set is from the UCI Repository [1℄7http://www.resear
h.mi
rosoft.
om/~jplatt/smo.html10



We 
hose CPU time as the most reasonable performan
e measure in oursetting. A \*" in the table indi
ates that SVMlight was terminated beforeit rea
hed the solution be
ause it was taking \unreasonably" long time (atleast 20 minutes and more than 5 times longer than INCAS). On Adult-7with � = 40 INCAS ran into memory problems due to the fa
t that jIsjbe
ame greater than 2000, whi
h was the maximum allowed value in the
urrent implementation (re
all that INCAS is a FORTRAN 77 
ode, andhen
e does not handle dynami
 memory allo
ation). The \-" in the tableindi
ate the failure of INCAS on that problem.Below is the table of results.Problem dim n C � jIsj jI
j SVMlight SVMlight� INCASLetter-G 16 20000 100 0 48 1051 * * 128Letter-G 16 20000 10 100 193 146 40 78 21Letter-G 16 20000 10 40 320 57 30 45 22Letter-G 16 20000 100 40 346 8 56 87 20OCR-T0 256 7291 100 256 309 0 18 20 12OCR-T9 256 7291 100 256 378 0 30 38 17Web-7a 300 24692 1 0 200 724 103 965 238Web-7a 300 24692 5 200 258 1163 384 410 144Adult-3a 123 3185 100 100 383 832 53 109 26Adult-3a 123 3185 100 40 720 503 92 185 183Adult-3a 123 3185 100 0 151 1025 * * 71Adult-7a 123 16101 100 100 871 4824 * * 1359Adult-7a 123 16101 100 40 >2000 - * * -Adult-7a 123 16101 100 0 376 5573 * * 2108Abalone 10 4177 100 4 64 1863 673 * 22Abalone 10 4177 100 -5 163 1700 * * 734 Con
luding Remarks� The results show that our method has overall similar or better perfor-man
e than SVMlight on many SVM problems.� The suggested approa
h has an advantage in problems where the solu-tion 
ontains a lot of outliers, su
h as noisy or inseparable problems.11



� On the other hand, it performan
es drops when there are the solution
ontain many support ve
tors on the margin, a setting whi
h usuallyindi
ates over-�tting.� Another advantage of the method is that it does not require the userto \guess" the 
hunk size and that it typi
ally produ
es more a

uratesolution in similar time.� on the other hand - it is diÆ
ult (though possible in some 
ases) torelax the high a

ura
y and trade it with running time.� The \one-variable-at-a-time" in
rement strategy has many 
omputa-tional advantages over other a
tive set updates s
hemes. Moreover, itprovides the means for a natural extension of the algorithm to be usedin an in
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