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Abstract

We propose an active set algorithm to solve the convex quadratic
programming (QP) problem which is the core of the support vector
machine (SVM) training. The underlying method is not new and have
been used by the optimization community to solve moderately sized
convex QPs. However, its application to large scale SVM problems
is new. The special structure of SVM problems makes it possible
to adapt this algorithm to work efficiently for large problems. We
also incorporate several “tricks” (such as shrinking) used by other
advanced SVM implementations. We present computational results
comparing our method with Joachims® SVM"“"! [11]. The results
show that our method has overall similar or better behavior on many
SVM problems. It has particularly strong advantage in problems that
either have bad separability in the feature space or have a lot of noise;
i.e., problems where the solution contains a lot of vectors violating
the margin condition (outliers). Another advantage of the method
is that it does not require the user to “guess” the chunk size and
that it typically produces more accurate solution in similar time. The
algorithm also naturally extends to the incremental mode.



1 Introduction

In this paper we introduce an active set method to solve the following convex
quadratic programming (QP) optimization problem which is defined by 1-
Norm Soft Margin SVM problem.

1 n
max —EaTQa—cZ&
i=1

(P) st.  —Qa+by+s—E=—e,
0<a<e s>0, £>0,

where o € R is the vector of dual variables, b is the bias (scalar) and s
and & are the n-dimensional vectors of slack and surplus variables, respec-
tively. y is a vector of labels, 1. @ is the label encoded kernel matrix, i.e.
Qij = yiy; K (z;, xj), e is the vector of all 1’s of length n and ¢ is the penalty
associated with errors. The dual of this problem is

1
min iaTQoz e
(D) st. oy a=0,
0<a<ec

General convex QPs are typically solved by one of the two approaches: in-
terior point method approach or active set method approach. If the Hessian
of an objective function (matrix @) in case of SVM) and/or the constraint
matrix of the QP problem is large and sparse than an interior point method
is usually the method of choice. If the problem is of moderate size but the
matrices are dense, then active set method is preferable. In SVM problems
the @ matrix is typically dense. Thus, large SVM problems present a chal-
lenge for both approaches. Recently it was shown [6], [3] that for some classes
of SVMs, for which () is dense but low-rank, one can adapt an interior point
method to work very efficiently. However, if the rank of () is high, an active
set approach seems to remain the only main alternative.

One of the most “traditional” active set methods in the optimization
literature is the Simplex method for linear programming (LP) problems. The
Simplex method is known to have very good practical performance. The QP
analogues, though not as extensively tested in practice, are also considered to



be very efficient. There are a few methods based on the Simplex method idea
for solving QP problems, see e.g., [7], [8], [9]. Many of them are theoretically
equivalent, meaning that they produce the same sequence of iterations, but
they have different numerical properties (such as per-iteration complexity and
numerical stability). In this paper we derive an implementation targeted to
SVM problems based on the framework described in [7], [8] and [12].

The main idea of this method in the context of SVM is to fix, at each
iteration, all variables in the current dual active set' at their current values(0
or ¢), and then to solve the reduced dual problem. After obtaining a solution
- decide whether it is optimal for the overall dual problem (same as being
feasible for the overall primal problem), or if any of the dual variables should
be released from the active set.

When applied to SVM, this approach poses the following problem: if
the complement of the dual active set (the set of “free” variables) has large
cardinality, then solving the restricted subproblems may be too expensive,
since () is completely dense. Also determining the next variable to leave the
active set may be expensive for the same reason. Therefore, updating all
“free” variables at once was considered impractical.

The most common approach to large SVM problems is to use a restricted
active set method, such as Chunking [2] or Decomposition [13], [11] where at
each iteration only a small number of variables are allowed to be varied. The
size of such “chunk” is determined heuristically. There are a few skillfully
implemented SVM solvers based on this type of restricted active set methods,
see e.g., [11], [14]. The main disadvantage of these methods is that their
performance is sensitive to the changes in chunk size and there is no good
way of predicting a good choice for the size of the chunks for a particular
problem? . Moreover, these methods tend to have slow convergence when
getting closer to the optimal solution.

A full active set method, such as the one presented in this paper, avoids
these disadvantages. The method itself is not new, see e.g. [12]. Our con-
tribution is to adapt it to the SVM framework and provide an efficient im-
plementation. We will refer to our implementation of the method as INCAS
(INCremental Active Set method). We use the term “incremental” to point

!The dual active set is the set of dual variables & whose values are at their bound.

2See section 12.1.1 in [14] for a similar discussion which motivated Platt’s SMO. Es-
sentially SMO is an active set method in which the chunk size is fixed to be the smallest
possible, i.e. 2.



out that this method can be naturally used in an incremental setting, and
that at each iteration the active set is updated by increments of only one
point.

First we notice that the support vectors that violate the margin constraint
(i.e., the corresponding £ surplus variable is positive) correspond to variables
« which are at their upper bound and therefore are in the dual active set.
The complement of the dual active set contains variables « that are strictly
between the upper and lower bounds. Such variables correspond only to the
support vectors that are exactly on the margin (i.e., both corresponding slack
and surplus variables are zero). The current number of such support vectors,
n, is the size of the reduced QP. Solving such QP requires at least O(n?)
operations, which might be prohibitively expensive if repeated over and over
again and if n, is relatively large. If, however, the active set is incremented
only by one variable at a time (either one variable leaving, or one entering
the active set) then one can store and update a factorization of the reduced
matrix ). Each update takes O(n?) operations and so does solving a system
of equations with the reduced matrix Q).

To ensure “one-variable-at-a-time” increment strategy we cannot require
solving the subproblems (reduced QPs) for optimality at each iteration. In-
stead we take a few steps towards optimality. At each such step we either
find an optimal solution or encounter a bound on one of the “free” variables.
In the latter case this variable is included into the active set and the pro-
cess repeats. This process does not always produce an optimal solution to
the subproblem, but usually produces a good approximation of it. Typically
this does not affect the overall number of iterations significantly, whereas the
reduction of the per-iteration cost is significant.

If the search for the optimum of the subproblem is terminated then our
method determines whether the primal feasibility was achieved and if not,
which dual variable should leave the active set. To do that we need to
compute a product between a part of () that corresponds to the variables at
their upper bounds and the unit vector of an appropriate length. This can
be very expensive to compute at each iteration, instead one should rather
store and update the result of this multiplication. Another advantage of
using “one-variable-at-a-time” increments is in potentially reducing the cost
of such updates.

The multiple updates to the active set, which are used in “chunking” and
“decomposition” methods could still have an advantage if the overall number



of iterations were significantly smaller than in the case of single updates.
But as our computational results indicate this is not the case. We offer some
intuition to support this claim. Assume that your data contains 10 identical
data points which at the current iteration are the most violated examples
and we would like to introduce them into the next “chunk”. Introducing all
the 10 at once implies 10 times more work than introducing just one. Yet
since they are identical, then introducing just one produces the same result
as introducing all ten. Since the training data is often somewhat repetitive
(there may not be identical points, but rather very similar points, e.g. in
clustered data sets) this example is not too far fetched.

As the computational results show, our method has the main advantage
over SVM'9"* on problems where the number of variables at the upper bound
is large (but not necessarily excessive, e.g., ~ 1000 out of 20000 vectors).
This is very common in problems where the data either has a lot of noise,
or cannot be separated well in the feature space. Our algorithm is currently
slower on problems where the number of outliers is not too large but the
number of support vectors is large. This often means that the chosen kernel
suffers from overfitting the data, so the problem is badly posed in some sense.
On the other hand the performance on such problems may still be address
by improving the implementation.

Finally we would like to point out that many of the ideas presented here
are independently developed but are similar to the ones described in Cauwen-
berghs and Poggio at [4]. However, our method is somewhat different, it is
applied not only in the incremental mode and it is expected to be more
efficient® (the real comparison is hard to produce, since their code is in Mat-
lab and only works in incremental mode which is inherently slower).

In the next section we will briefly introduce the method and discuss the
key implementation points. In Section 3 we will present the computational
results. We’ll wrap it up in Section 4 with some concluding remarks.

3it is analogous to dual Simplex method, whereas their method is analogous to the
inferior primal-dual Simplex method



2 Active set method for SVM

Any optimal solution to problems (P) or (D) must satisfy the Karush-Kuhn-
Tucker (KKT) necessary and sufficient optimality conditions:

a;s;, =0, 1=1,...,n

(c—w)& =0, i=1,...,n

y a=0, (1)
—Qa+by+s—§&=—e,

0<a<e,

s>0, £>0.
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Let us introduce some notation. A primal-dual solution («, b, s, £) is called
dual basic feasible if it satisfies condition (1)-(5) of the KKT system, but
may violate condition (6). For a given dual basic feasible solution, («a, b, s, £),
we partition the index set I = {1,...,n} into three sets Iy, I, and I, in the
following way: Vi € Iy s; > 0 and o; = 0, V2o € I. & > 0 and «o; = ¢ and
Viel,s;=& =0and 0 <aq; <ec. Itiseasy to see that [yUI.UI, =T and
IynI,=1.NnI, = I,N I, = (. We will refer to I, as the primal active set
and to Iy U I, as the dual active set.

Based on the partition (I, I, I5) we define Qs (Qes Qse Qee, Qos, Qoo)
as the submatrix of () whose columns are the columns of ) indexed by the
set I (I, Iy, I., Iy, Iy) and whose rows are the rows of ) indexed by I, (I,
I, 1., I, Iy). We also define y, (y., yo) and oy (ar, ap) and the subvectors
of y and « whose entries are indexed by I (1., Iy). By es (e.) we denote a
vector of all ones of the appropriate size.

To initiate the algorithm we assume that we have a dual basic feasible
solution o, b, 5%, &% and the corresponding partition (IOU,ICO,ISU). For ex-
ample setting o’ = 0 and Iy = {1,...,n} produces a starting point for the
algorithm.

We know that Vi € Iy o, = 0 and Vi € I. o; = ¢. Then if we fix the
variables in the dual active set then our dual problem reduces to

. 1 + T T
min,, 5% Qssts + ce Qesrg — €
T T
S.t. Yy g = — Y, Q,
0<a,<ec



The outline of the algorithm is the following:

Step 1
(i) Solve
) 1 7 T T
MmN, 5()‘5 stas + ce chas — € Qg
T T
s.t. Yy Oy = =Y, O

(ii) From the current iterate make a step towards the solution until
for some i € I, (ay); = 0 or (a,); = ¢ or until solution is reached.

(iii) If for some i € I, (a5); =0

Then update I, = I,\{i}, Iy = Iy U {i}, and go to step (i).
(iv) If for some i € I, (a,); = ¢

then update I, = I,\{i}, I. = I. U {i}, and go to step (i).

(v) If the optimum is reached in step (ii), proceed to Step 2.

Step 2

(i) Compute sq
so = —Qusas — Yo+ 1 — cQqoce
and &,
§e = Qests T+ Yyl — 1+ Qe
(ii)) Find iy = argmin,{s; : i € Ip}.
Find i, = argmin,{&; : i € I.}.
(iii) If s;, > 0 and &_ > 0 then the current solution is optimal, Exit.
If s;, <&, , then Iy, = I, U{ig} and Iy = Iy\{io}.
Else, I, = I, U {i.} and I, = I.\{i.}.
Go to Step 1.

The most time consuming steps of the algorithm are Step 1(i) and Step
2(i). To solve the reduced QP in Step 1(i) one needs to solve one system of



linear equations (since the problem does not have inequality constraints, the
problem has a closed form solution). The matrix of this system is

Qss Y
yT 0 .

To invert this matrix one needs to have an inverse or factorization of ().
Since @y, is positive semidefinite, using Cholesky factorization is more effi-
cient and more numerically stable than using the inverse. If n, is the cardinal-
ity of Iy then computing Cholesky factorization of (), from scratch requires
O(n?) operations. Since at each step I, can be either reduced or increased
by only one element, then the matrix ()55 can be updated by adding or drop-
ping one row and one column. The Cholesky factors of the new )y, can be
obtained from the old Cholesky factors by O(n?) operations. Details of this
update will be given in the full version of the paper and also can be found in
[10].

If ng is very large and is comparable to n then even storing and updating
the Cholesky factors of (Q,s become too expensive. Our method is not prac-
tical on such problems. However, it is questionable whether such problems
should ever be solved, since the resulting classifiers is most likely overfitting
the data and its generalization properties are expected to be very poor * .

If k£ is the number of operations required to compute one kernel value,
then Step 2(i) requires O(ns(n — ny)k) operations to compute Qgscvs and
Qcsas. To reduce the cost we store as many computed kernel values in
Qos and @, as possible. Currently INCAS is implemented in Fortran and
proper caching is not done. We roughly mimic caching by providing a few
levels of storage. In our computational examples, however, the memory was
always sufficient to store all values of current (05 and @).;,. Hence the work is
reduced to O(ns(n—ny)). Next, we use “shrinking”, or selective pricing, as it
is called in the optimization literature, to reduce the workload further. The
idea behind shrinking is that if some elements of sy or &, remain positive for
many consecutive iterations, then it is likely that they will remain positive
through the rest of the iterations. Hence we can skip computing their values
at Step 2(i). We do however, compute their value to verify the optimality
when the algorithm terminates and if not all of these elements are positive we

4See for example [5], Theorem 4.25, for the generalization power of compression
schemes, and the discussion right after and in chapter 6.



proceed with more iterations. Shrinking typically has very significant effect
on overall computational time.

One can also argue that computing all values in sy and &, is not necessary.
As soon as a negative value is encountered, one can drop the corresponding
element from the active set and proceed with the algorithm. However, in
our experiments we discovered that the overall reduction in the number of
iterations achieved by choosing the most violated slack or surplus variable is
well worth the extra per-iteration effort.

Finally, instead of computing vectors Qo.e and @)..e at each iteration we
store and update these vectors each time we update I.. The storage and
update cost is O(n) and, hence is negligible.

It is easy to see that this algorithm naturally adapts to the incremental
setting. As more data becomes available one initially assigns it to Iy and then
applies Step 2 to the new data. If as a result the active set gets updated,
then the algorithm is applied again from Step 1. We will discuss this in
more detail in the full version of the paper, space permitting.

3 Computational results

In this section we present the computational results®. We compare INCAS

to SVMU9ht [11]. We used a high-end IBM RS/6000 workstation in our ex-

periments. We made the same amount of memory available to both methods

(which exceeded 40 megabytes only on 2 examples). Just as in SVM9h? the

sparsity of the examples is exploited by INCAS during the kernel evaluations.

Unlike SMO [14] there is no special handling for the case of linear kernel).
We used the following data sets in our experiments:

o Letter-G: The Letter Image Recognition dataset from the UCI Repos-
itory [1] - A large number of black-and-white character images were
randomly distorted to produce a file of 20,000 unique stimuli. Each
stimulus was converted into 16 primitive numerical attributes (statis-
tical moments and edge counts) which were then scaled to fit into a
range of integer values from 0 through 15. In the table we examined
performances on an arbitrary binary classification problem which was
set to separate the letter “G” from all the other letters.

Swe expect to have more extensive results in the full version of the paper



e OCR: USPS (United States Postal Service) data set of hand written
digits. This data set comprises 7291 training and 2007 test patterns,
represented as 257 dimensional vectors with entries between 0 and 255.
T0(T9) stand for the binary classification problem in which the target
is the digit 0(9) vis. the all the other digits.

e Web and Adult® : We used the tasks that was compiled by Platt and
available from the SMO home page’

— Adult - The goal is to predict whether a household has an income
greater than $50000. After discretization of the continuous at-
tributes, there are 123 binary features, with ~ 14 non-zeros per
example.

— Web - A text classification problem with binary representation
based on 300 keyword features. This representation is extremely
sparse. On the average there are only ~ 12 non-zero features per
example.

e Abalone: The Abalone dataset from the UCI Repository [1]. Since,
we were not interested in evaluating generalization performances, we
fed the training algorithm with increasing subsets up to the whole set
(of size 4177). The gender encoding (male/female/infant) was mapped
into {(1,0,0),(0,1,0),(0,0,1)}. Then data was scaled to lie in the [-1,1]
interval.

For each data set we used a selection of kernels and parameters to demon-
strate how the performance of the methods is affected by |I;| - the number
of support vectors at the margin, and |I.| - the number of support vectors at
the upper bound. For the same reason we use various values of C. We use
RBF kernel with parameter 0. We also use the linear kernel, and we indicate
it in the table of results by o = 0. We also use polynomial kernel of degree
5 for the Abalone dataset and we indicate it by o = —5.

We provide two columns of CPU times for SVM!9"* . The first one,
SVM!9ht - contains the time of the runs with default accuracy. The second
column, SVM%9" contains the CPU time of the runs with the accuracy set
to 1075 which is the accuracy of INCAS.

60riginal data set is from the UCI Repository [1]
Thttp://www.research.microsoft.com/jplatt /smo.html
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We chose CPU time as the most reasonable performance measure in our
setting. A “*” in the table indicates that SVM"9"" was terminated before
it reached the solution because it was taking “unreasonably” long time (at
least 20 minutes and more than 5 times longer than INCAS). On Adult-7
with 0 = 40 INCAS ran into memory problems due to the fact that |I]
became greater than 2000, which was the maximum allowed value in the
current implementation (recall that INCAS is a FORTRAN 77 code, and
hence does not handle dynamic memory allocation). The “-” in the table
indicate the failure of INCAS on that problem.

Below is the table of results.

Problem | dim | n C | o | 1] |I.| | SVMY9ht [ QyMbght [ INCAS
Letter-G | 16 | 20000 | 100 | 0 48 1051 * * 128
Letter-G | 16 | 20000 | 10 | 100 | 193 146 40 78 21
Letter-G | 16 | 20000 | 10 | 40 320 27 30 45 22
Letter-G | 16 | 20000 | 100 | 40 346 8 o6 87 20
OCR-TO | 256 | 7291 | 100 | 256 | 309 0 18 20 12
OCR-T9 | 256 | 7291 | 100 | 256 | 378 0 30 38 17
Web-7a | 300 | 24692 | 1 0 200 724 103 965 238
Web-7a | 300 | 24692 | 5 | 200 | 258 1163 384 410 144
Adult-3a | 123 | 3185 | 100 | 100 | 383 832 53 109 26
Adult-3a | 123 | 3185 | 100 | 40 720 503 92 185 183
Adult-3a | 123 | 3185 | 100 | O 151 1025 * * 71
Adult-7a | 123 | 16101 | 100 | 100 | 871 | 4824 * * 1359
Adult-7a | 123 | 16101 | 100 | 40 | >2000 - * * -
Adult-7a | 123 | 16101 | 100 | 0O 376 | 5573 * * 2108
Abalone | 10 | 4177 | 100 | 4 64 1863 673 * 22
Abalone | 10 | 4177 | 100 | -5 163 | 1700 * * 73

4 Concluding Remarks

e The results show that our method has overall similar or better perfor-
mance than SVM!9"* on many SVM problems.

e The suggested approach has an advantage in problems where the solu-
tion contains a lot of outliers, such as noisy or inseparable problems.

11



On the other hand, it performances drops when there are the solution
contain many support vectors on the margin, a setting which usually
indicates over-fitting.

Another advantage of the method is that it does not require the user
to “guess” the chunk size and that it typically produces more accurate
solution in similar time.

on the other hand - it is difficult (though possible in some cases) to
relax the high accuracy and trade it with running time.

The “one-variable-at-a-time” increment strategy has many computa-
tional advantages over other active set updates schemes. Moreover, it
provides the means for a natural extension of the algorithm to be used
in an incremental mode of operation.
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