Piecewise Linear Wavelets over Type-2 Triangulations
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Abstract: The idea of summing pairs of so-called semi-wavelets has been found to be
very useful for constructing piecewise linear wavelets over refinements of arbitrary triangu-
lations. In this paper we demonstrate the versatility of the semi-wavelet approach by using
it to construct bases for the piecewise linear wavelet spaces induced by uniform refinements
of four-directional box-spline grids.
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1. Introduction

In a recent paper [ 2], piecewise linear (pre-) wavelets over uniformly refined triangulations
were constructed. The construction was later simplified in [3], [4] by recognizing these
wavelets as the sum of two so-called semi-wavelets. Though the main emphasis in all three
papers was on triangulations of arbitrary topology, an important special case is a trian-
gulation of Type-1, formed by adding diagonal lines in a single direction to a rectangular
grid. This can also be viewed as a three-directional box spline grid. The (interior) wavelets
in [2] reduce in this case to the elements previously found in [6].

However, Type-I triangulations are asymmetric in the sense that one of the two pos-
sible diagonal directions is favoured over the other. In view of the fact that this might
lead to asymmetric wavelet decompositions of symmetric data, we construct in this paper
piecewise linear wavelets over Type-2 triangulations, or four-directional box spline grids.
Bivariate splines on Type-2 triangulations have been studied as an alternative to three-
directional and tensor-product splines; see Chapter 3 of [1] and [7] and the references
therein.

In this paper, we will see how the semi-wavelet approach of [4] again turns out to
be a useful tool for constructing wavelets. We derive a complete set of wavelet functions,
including special elements at the (rectangular) boundary of the triangulation and we show
that the whole set forms a basis for the wavelet space.

2. Multiresolution for Type-2 Triangulations

The two diagonals of each square S;; = [i,i + 1] x [§,j + 1], 4, € Z, in the plane, divide
the square into four congruent triangles. Following convention, we will refer to the set of
all such triangles as a Type-2 triangulation. We will also refer to any subtriangulation as
a Type-2 triangulation and we will be concerned with the bounded subtriangulation 779,
generated by the squares S;; fori = 0,1,...,m—1and j =0,1,...,n—1, for some arbitrary
m,n, see Figure 1. Throughout the paper we will assume, for the sake of simplicity, that
m > 2 and n > 2, though wavelet constructions can be made in a similar way when either
m =1orn =1 (or both). We let V? and E® denote the vertices and edges respectively in

TO, so that VO = {(iaj)}i:o,...,m,jzo,,..,n U {(Z + 1/2,j + 1/2)}i:0,...,m—1,j:O,...,n—l-
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Fig. 1. A Type-2 triangulation.

DD
DDA DDA
PP

ECECECRECR0N
PEOOZOZOZOZOZOZ05
PO OZOZOZE05

Fig. 2. The first refinement.

Let S = SY(7Y) be the linear space of continuous functions over 79 which are
linear over every triangle. A basis for SY is given by the nodal functions ¢? in S°, for
v € VY, satisfying ng (w) = dyw-. The support of ¢?+1/2’j+1/2 is the square S;;, while the
support of gb?j is the diamond enclosed by the polygon with vertices (i — 1,7), (i,7 — 1),
(i+1,7), (i,7+1), suitably truncated if the point (7, j) lies on the boundary of the domain
D =[0,m] x [0,n].

Next consider the refined triangulation 7!, also of Type-2, formed by adding lines in
the four directions halfway between each pair of existing parallel lines, as in Figure 2, and
define V1, E', the linear space S!, and the basis ¢., u € V1 accordingly. Then S° is a
subspace of S and a refinement equation relates the coarse nodal functions ¢° to the fine
ones ¢.. In order to formulate this equation we define

VY ={w € V°: w and v are neighbours in V°},

and
VU1 ={u=(w+v)/2€ Viiwe VUO}.

Thus V0 is the set of neighbours of v in V? while V! is the set of midpoints between v
and its coarse neighbours. For example when v is an interior vertex, there are two cases:

Vit gerye = 10+ 1/4,5 +1/4), (i + 3/4,5 + 1/4), (i + 3/4,5 + 3/4), (i + 1/4,5 + 3/4)},
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and
Vi ={(41/2,5), (i +1/4,5 + 1/4), (i, 5 + 1/2), (i — 1/4,j + 1/4),

| (1 =1/2,7),(i = 1/4,5 = 1/4), (6,5 = 1/2), (i + 1/4,5 = 1/4)}.

Then the refinement equation is easily seen to be

) = k) + 5 3 oha).

ueV,}!

The main aim of this paper is to build a basis for the unique orthogonal complement
WO of SV in S!, treating S° and S' as Hilbert spaces equipped with the inner product

(f.9) = /D f(@)g(x)dz,  f.g € La(D).

Ideally we would like a basis of functions with small support for the purpose of conveniently
representing the decomposition of a given function f! in S! into its two unique components
%€ 8% and ¢g° € WP,

fl — fO D go'
We will call any basis functions wavelets. Clearly the refinement of 7° can be continued
indefinitely, generating a nested sequence

SOCS1C"'SkC"',

and if we define the wavelet space W*~! to be the orthogonal complement at every refine-
ment level k&,

Sk — Sk—l D Wk_l,

we obtain the decomposition
S"=8"eWlewle...ownl

for any n > 1. By combining wavelet bases for the spaces W* with the nodal bases
for the spaces S*, we obtain the framework for a multiresolution analysis (MRA). We
refer the reader to [5] for a discussion of the corresponding filter bank algorithms and
the approximation of functions by thresholding wavelet coefficients. Note that the basis
elements of any W* can simply be taken to be dilations of the basis elements for W° and
therefore we restrict our study purely to W©°.

3. Semi-wavelets and Wavelets

Our approach to constructing wavelets for the wavelet space W0 is to sum pairs of semi-
wavelets, elements of the fine space which have smaller support and are close to being
in the wavelet space, in the sense that they are orthogonal to all but two of the nodal
functions in the coarse space.



Letting v and v be two neighbouring vertices in V', and denoting by v € V\V? their
midpoint, we define the semi-wavelet 0., ,, € ST as the element with support contained in
the support of ¢21 and having the property that, for all v € V°,

—1 if v = vq;
<O-’U1,u7¢?;> — { 1 ifv= V2; (31)

0 otherwise.

Thus oy, ,, has the form

Oy () = Z a1, ¢y (),

vENY,

where
N, ={vn}uV}

denotes the fine neighbourhood of vi. The only non-trivial inner products between o, 4
and coarse nodal functions ¢ occur when v belongs to the coarse neighbourhood of vy,

N’l())l = {,Ul} U Vuol

Thus the number of coefficients and conditions are the same and, as as we will subsequently
establish, the element o, , is unique.

Since the dimension of W0 is equal to the number of fine vertices in V1, i.e. |[V1|—|VO|,
it is natural to associate one wavelet 1, per fine vertex u € V! \ V9. Since each u is the
midpoint of some edge in E° connecting two coarse vertices v; and vy in V°, the element
of St,

¢u = Ovi,u + Ovs,u (32>

is a wavelet since it is orthogonal to all nodal functions ¢?, v € V°.

Thus in the remainder of this section we turn our attention to establishing the unique-
ness of all the semi-wavelets with regard to (3.1) and to finding their coefficients. Initially
we consider only interior vertices v; and there are two cases: (i) v1 = (i +1/2,5 + 1/2)
and (i) vy = (4, 7). Firstly, if v = (¢ +1/2,5 + 1/2), then oy, , has support contained in
S;; and its fine and coarse neighbourhoods are

Ny ={(i+1/2,j+1/2), (i +1/4,5+1/4),(i +3/4,j + 1/4),

(i +3/4,5 +3/4), (i + 1/4,5 + 3/4)}, (3.3)

and
N) ={(i4+1/2,j+1/2),(6,4), (i +1,5), (i + 1,5 + 1), (i, + 1)}. (3.4)

Thus there are five coefficients and five constraints imposed by (3.1) and we must solve

the linear system
Az = b, (3.5)

where

A= (($0: buw))vens

vy?

weN],
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and

(—1,1,0,0,0)T if vy = (4, 4);

po 1,0,1,0,0)7 if vy = (i +1,7);
(-1,0,0,1,0)T ifwy = (i+ 1,5+ 1);
(=1,0,0,0, )T ifvg = (4,5 + 1),

and the ordering of the vertices in N and N, is the same as in (3.3) and (3.4). Due
to symmetry, we can simply assume that b = (—1,1,0,0,0)7 and the coefficients of the
remaining three semi-wavelets are the same but rotated appropriately around v;. In order
to compute the entries in the 5 x 5 matrix A, we apply the following standard lemma.

Lemma 1. Let T = [z1,x2,x3] be a triangle and let f,g : T — IR be two linear functions.
If f; = f(z;) and g; = g(x;) for i = 1,2,3, and a(T') is the area of the triangle T, then

| sl

Using this lemma, and the fact that

0= 3 [ f@u

TeT?

T) (fi91 + fag2 + f3gs + (f1 + f2 + f3)(91 + g2 + g3))-

for any f and ¢ in S', one can compute the entries (¢2, ¢L) of A and one finds that

20 6 6 6 6
1 3 8 1 0 1
=—13 1 8 1 0],
9213 01 81
3 1 0 1 8
which is non-singular with inverse

30 —-18 —-18 —-18 —18
1 -9 55 -1 7 -1
B=A"!= 5|9 -+ % -1 7
-9 7 -1 55 -1
-9 -1 7 -1 55

Thus the vector x of coefficients of o, ,, is given by

x = Bb=(1/2)(—48,64,8,16,8)7.

The coefficients are shown in Figure 3a after multiplying them by a factor of 2 (the same

scaling will be applied to all later semi-wavelet coefficients).
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Fig. 3a. First interior semi-wavelet.

centre of the figure (the only coarse vertex where o,, , is non-zero) and the fine vertex
u = (v1 + v2)/2 is circled.
In case (ii), we suppose that v; = (i, j), whose fine neighbourhood is
Ny, ={0,7), (@ +1/2,5), (i +1/4,5 +1/4), (4,5 +1/2), (i — 1/4,7 +1/4),
and whose coarse neighbourhood is
Ny, ={(0:9), (1 +1,9), G+ 1/2,5 +1/2), (6,5 +1), (i = 1/2,5 +1/2),
(Z - 17j)a (Z - 1/2a.7 - 1/2)7 (/ij - 1)7 (Z + 1/273 - 1/2)}

Thus we again solve the linear system (3.5) where A is this time a 9 x 9 matrix and b is
either

(-1,1,0,0,0,0,0,0)"  or  (—1,0,1,0,0,0,0,0)7,
depending on whether vo = (i +1/2,j) or vo = (i + 1/4,j + 1/4) and the remaining six
possible coarse neighbours v, lead to the same coefficients, only rotated. Applying lemma
1 we find after some straightforward calculation that

24 12 8 12 8 12 8 12 8

1 121 0 0 0 0 0 1

1 4 6 4 0 0 0 0 0

. 1 0 1121 0 0 0 0

=— 1|1 0 0 4 6 4 0 0 0

92019 9 0 0 1121 0 0

1 0 0 0 0 4 6 4 0

1 0 0 0 0 0 1 12 1

1 4 0 0 0 0 0 4 6

which is invertible with inverse

42 -6 -54 —6 —-54 —6 —54 —6 —54
-3 73 -9 5 3 1 3 5 -9
-3 —51 149 -51 13 -3 5 -3 13
-3 5 -9 @ -9 5 3 1 3
B=A1'1=-|-3 -3 13 —-51 149 -51 13 -3 5
3 1 3 5 -9 73 -9 5 3
-3 -3 5 -3 13 —51 149 —51 13
-3 5 3 1 3 5 -9 73 -9

-3 =51 13 -3 5 -3 13 =51 149



Thus if b = (—1,1,0,0,0,0,0,0)T, we find that
1
r = Bb= 5(—24, 38,-24,4,0,2,0,4, —24)T,
and if b = (—1,0,1,0,0,0,0,0)”, we have
1 T
r = Bb= 5(—48, -3,76,-3,8,3,4,3,8)".

These two semi-wavelets are illustrated in Figures 3b and 3c. Using the three interior
semi-wavelets of Figure 3 provides us with two wavelets 1,,, from (3.2). The first of these,
in Figure 4a, is the sum of two semi-wavelets from Figure 3b and the second, in Figure 4b,
the sum of the semi-wavelets in Figures 3a and 3c. Symmetries and rotations of these two
give us all interior wavelets 1, in the sense that v; and vy are both interior vertices of 7.

Fig. 4a. First interior wavelet. Fig. 4b. Second interior wavelet.

Now consider the case where v; is a boundary vertex, which means that vy = (4, j).
Let us suppose first that v; lies on an edge of the domain, but not at one of the four
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corners, thus we assume without loss of generality that j = 0 and 0 < ¢ < m. The coarse
and fine neighbourhoods of v, are then

NSI ={(4,0), (i +1,0), (¢ +1/2,1/2),(i,1),(: — 1/2,1/2), (i — 1,0)},
and
le ={(4,0), (i + 1/2,0), (i + 1/4,1/4), (i,1/2), (i — 1/4,1/4), (i — 1/2,0)},

respectively, and the matrix A has dimension 6 X 6. From Lemma 1 we find that

12 6 8 12 8 6
1/2 6 1 0 0 0
1 1 46 4 00
1920 1 01 12 1 0
1 00 4 6 4
1/2 0 0 0 1 6

which is invertible and its inverse is

42 -6 -54 -6 -—-54 -6
-3 73 -9 5) 3 1
-3 =51 8 =27 9 -3

— A1 _
B=A"=3513 5 3 31 -3 5
-3 -3 9 =27 81 51
-3 1 3 5 -9 73
There are three solutions of interest, depending on ve. If vo = (i + 1,7) then b =

(=1,1,0,0,0,0)T and x = Bb = (1/2)(—48,76,—48,8,0,4)T. If vy = (i+1/2,5+1/2) then
b=(-1,0,1,0,0,0)" and x = Bb = (1/2)(—96,—6,84,0,12,6)7. If vy = (4,5 + 1) then
b=(-1,0,0,1,0,0)T and z = Bb = (1/2)(—48,8, —24,40, —24,8)T. These three elements
are shown in Figures 5a, 5b, and 5c. Summing two of the first edge semi-wavelets gives us
the edge wavelet 1, shown in Figure 6a. Summing the second edge semi-wavelet and the
first interior semi-wavelet gives us the edge wavelet 1, shown in Figure 6b. Finally, sum-
ming the third edge semi-wavelet and the second interior semi-wavelet gives us the edge
wavelet ¢, shown in Figure 6¢c. Up to rotation and symmetries these elements provide all
wavelets 1, for which one of v; and vy is an interior vertex while the other one lies on the
boundary but not at a corner.

Fig. 5a. First edge semi-wavelet. Fig. 5b. Second edge semi-wavelet.
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Fig. 6b. Second edge wavelet. Fig. 6¢. Third edge wavelet.

In the case that vy is one of the four corners of the domain, we may suppose without
loss of generality that v; = (0,0). The coarse and fine neighbourhoods of v; are then

Ny, =1(0,0),(1,0),(1/2,1/2),(0,1)},

and
N,, ={(0,0),(1/2,0),(1/4,1/4),(0,1/2),},

and the matrix A has dimension 4 x 4, specifically,

6 6 8 6
g L |y2 6 10
192 1 4 6 4
1/2 0 1 6



which is invertible with inverse

42 -6 —-54 —6
-3 37 =3 )

-3 =27 45 =27
-3 5 -3 37

B=A1=

There are only two cases, up to symmetry: if vo = (1,0) then b = (—1,1,0,0)T and
r = Bb = (1/2)(—96,80,—48,16)T; while if vy = (1/2,1/2) then b = (—1,0,1,0)T and
r = Bb=(1/2)(—192,0,96,0). These two semi-wavelets are shown in Figures 7a, and 7b.
Summing the first corner semi-wavelet and the first edge semi-wavelet yields the wavelet in
Figure 8a and summing the second corner semi-wavelet and the first interior semi-wavelet
yields the wavelet in Figure 8b. Symmetries and rotations of these give us all remaining
wavelets 1,,.

Fig. 7a. First corner semi-wavelet. Fig. 7b. Second corner semi-wavelet.

Fig. 8a. First corner wavelet. Fig. 8b. Second corner wavelet.

We complete the paper by proving the following theorem.

Theorem 1. The set of wavelets {1, },cy1\vo defined by (3.2) is a basis for the wavelet
space W0,

Proof: It is sufficient to show that the wavelets v, are linearly independent. We demon-
strate this by showing that the square matrix

Q= (wv (U))u,vevl\vo

is diagonally dominant and therefore non-singular. Diagonal dominance is clearly equiva-
lent to the condition that

Py (v) > Z 19 (V)] for all v € V1 \ VO

ueVI\VO utv
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Thus for each v in V1\V? we need to show that the sum of the absolute values of coefficients
at v of wavelets other than ), is less than the coefficient at v of 1, itself. It turns out
that this condition does indeed hold in every topological case. In Figure 9 each distinct
topological case of v € V1 \ VY is illustrated by placing the value 1, (v) at u for each
relevant u. The vertex v is circled in each case. Thus the coefficients in each figure are the
non-zero elements of the row v of the matrix (). m
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